
Geohazard Mechanics 2 (2024) 83–94
Contents lists available at ScienceDirect

Geohazard Mechanics

journal homepage: www.keaipublishing.com/en/journals/geohazard-mechanics
Viscoelastic solution of optimal reserved deformation for deep soft rock
tunnels with large deformation

Longyu Luo, Mingming He *, Guofeng Li

State Key Laboratory of Eco-hydraulics in Northwest Arid Region, Xi'an University of Technology, 710048, China
A R T I C L E I N F O

Keywords:
Reserved deformation
Circular cavity
Viscoelastic decomposition
Burgers model
* Corresponding author.
E-mail address: hemingming@xaut.edu.cn (M. H

https://doi.org/10.1016/j.ghm.2024.02.003
Received 18 January 2024; Received in revised for
Available online 3 March 2024
2949-7418/© 2024 The Author(s). Publishing serv
license (http://creativecommons.org/licenses/by/4
A B S T R A C T

In the construction process of soft rock tunnels, determining a reasonable amount of reserved deformation is
important to ensure the tunnel stability. This article presents the viscoelastic solution of reserved deformation for
deep soft rock tunnels considering the support effects. Based on the analytical solution of the Burgers model, the
expression of surrounding rock displacement was derived by considering reserved deformation and optimal
reserved deformation. Subsequently, based on numerical simulation experiments, the variation laws and errors of
the numerical and analytical solutions of the expressions of reserved deformation and surrounding rock
displacement were analyzed. To gain a better understanding of the factors that affect reserved deformation, the
factors influencing the expression of optimal reserved deformation were analyzed. The errors in the numerical
simulation and analytical solution results were within 10%. This study could provide a theoretical basis for
determining the amount of reserved deformation and analyzing the variation law of surrounding rock affected by
the amount of reserved deformation.
1. Introduction

With the rapid development of tunnel engineering, tunnels have
gradually moved toward greater burial depth and more complex
geological conditions [1–4]. However, during the construction process of
tunnels, the large deformation caused by excavation of weak surrounding
rock is more prominent [5,6], such as Zhegu mountain tunnel [7],
Hongshiliang tunnel [8], Jiaoding tunnel [9] and Changning highway
tunnel [10]. At present, the management of large deformation of soft
surrounding rocks has become a hot spot in the research of tunnel
engineering.

The support system of soft rock tunnels is generally divided into
initial support, reserved deformation, and secondary lining. Reserved
deformation is located between the initial support and the secondary
lining, which is the space reserved for the deformation of surrounding
rock and the initial support (As shown in Fig. 1) [5,11]. Therefore, in the
treatment of large deformation of tunnel surrounding rock, usually a
reasonable amount of reserved deformation is set [12]. Setting a
reasonable amount of reserved deformation can release pressure of sur-
rounding rock, control surrounding rock displacement, ensure that initial
support will not invade the construction clearance of tunnel, and improve
the safety reserve of the secondary lining [13]. If reserved deformation is
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too large, concrete will need to be used for backfilling, which will in-
crease the construction cost. However, if reserved deformation is too
small, surrounding rock may invade the construction clearance of tunnel.
So determining a reasonable amount of reserved deformation is of great
significance for fully utilizing the self-supporting capacity of surrounding
rock, optimizing the lining structure, and ensuring the stability of the
tunnel.

At present, scholars have conducted relevant research on the deter-
mination of reserved deformation and provided relevant deformation
control standards by engineering analogies, reference to relevant code,
numerical simulation experiments, monitoring measurements, and so on
[14]. However, based on these methods, only an approximate reserved
deformation can be obtained, which is an estimated value and lacks a
certain theoretical basis. On the other hand, scholars use theoretical
methods such as elastic-plastic theory [15] and viscoelastic theory [16]
to study the large deformation laws and influencing factors of soft rocks.
The cases are very rare of using theoretical methods to study reserved
deformation. Therefore, using theoretical methods to obtain an accurate
and reasonable amount of reserved deformation (optimal reserved
deformation) is of great significance.

Burgers model is a creep model widely used to study the creep
behavior of surrounding rock [17,18]. Based on Burgers model, the
8 February 2024
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Fig. 1. Schematic diagram of reserved deformation in a soft rock sup-
port system.

L. Luo et al. Geohazard Mechanics 2 (2024) 83–94
analytical solution considering the support effect was derived. Then, the
expression of surrounding rock displacement was derived by considering
reserved deformation, and optimal reserved deformation expression was
derived. To gain a better understanding of the factors affecting reserved
deformation, the factors influencing the expression of optimal reserved
deformation were analyzed. Subsequently, based on numerical simula-
tion experiments, the variation laws and errors in the numerical and
analytical solutions of the expressions of reserved deformation and sur-
rounding rock displacement were compared and analyzed by considering
reserved deformation. The purpose of the present study was to provide a
theoretical basis for determining the amount of reserved deformation and
to analyze the variation law of surrounding rock affected by the amount
of reserved deformation.

2. Analytical solution of Burgers model considering support
effect

At present, many scholars have proposed different creep models,
which are adapted to different engineering conditions. Among them,
Burgers model has a creep curve with instantaneous deformation at the
beginning stage, followed by an exponential decrease in strain, finally, a
constant increase in strain. Therefore, Burgers model is the best and
simplest model for describing the creep curve before the third creep
stage. Thus, the present study derived relevant expressions based on
Burgers model. To better conduct the theoretical analysis, four assump-
tions were made as follow:

(1) Surrounding rock is homogeneous, isotropic, incompressible (i.e.
μ ¼ 0.5), and linearly elastic.

(2) The stress state is the hydrostatic pressure state, that is, the lateral
pressure coefficient λ is equal to 1.

(3) When the buried depth enough, the influence of gravitational
acceleration can be ignored.

(4) The support timemust be ignored, and it must be assumed that the
support is completed instantaneously.
2.1. Solution of displacement expression of surrounding rock

The strain expression of surrounding rock in Burgers model [19] can
be expressed as

ε¼ σ
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where G1 is elastic modulus of Kelvin model; η1 is viscosity coefficient of
Kelvin model; G1 is the elastic modulus of Maxwell model; η2 is the
viscosity coefficient of Maxwell model; t is the time variables.

In Eq. (1), the σ is a function of the distance r. where r is the distance
from the center of the tunnel to surrounding rock.
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Eq. (2) is the expression for surrounding rock displacement over time
under unsupported conditions in Burgers model. It can be seen that the
magnitude of displacement UðtÞ is related to shear modulus G1, G2 of
surrounding rock; viscosity coefficients η1 and η2; stress σ; time t.

The stress distribution around a circular tunnel in hydrostatic stress
field was presented by kirsch [20] (i.e. Eq. (3)). It can be seen that the
stress field of surrounding rock is axisymmetric.

Thus, the stress component is not related to the angle of θ, but related
to the distance to the center of the tunnel. Therefore the stress at this
point is exactly the magnitude of the principal stress, and there is no
shear stress [21].
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where σ0 is the initial magnitude of stress; r is the radial distance to the
center of the tunnel; a is the tunnel radius; ξ is a face position parameter,
as shown in Eq. (4).

An empirical relation that considers the propulsion effect of tunnel
face was proposed by Panet and Guenot [22].

ξðxÞ¼ 0:28þ 0:72
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(4)

where χ is the calculation parameter(χ ¼ 0:84b), x is the distance from
the cross-section to the tunnel surface, b is the tunnel radius, and ξ is
between 0 and 1.

Fig. 2 shows the position of the ‘calculated section’ in expression (4).
With regard to the studied tunnel cross-section (‘calculated section’),
when ξ ¼ 1, the ‘calculated section’ is far from the tunnel face.

Under a plane strain state, the stress along the tunnel axis can be
expressed as

σz ¼ νðσr þ σθÞ (5)

where ν is Poisson's ratio.
When the ‘calculated section’ is on the tunnel surface, the mean stress

considering the tunnel surface effect can be expressed as

σmean ¼ σr þ σθ þ σz

3
¼ σ1 þ σ2 þ σ3

3
¼ σ0 (6)

Then, the radial deviator stress can be written as

σdev
r ¼ σr � σmean ¼

�
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By substituting the radial deviator stress σdevr into the strain expression
Fig. 2. calculated section diagram.
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of Burgers model in unsupported conditions(i.e. Eq. (1)). Then the
expression for the variation of radial strain of surrounding rock over time
can be obtained
εr ¼ σdevr
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The radial displacement UrðtÞ of tunnel surrounding rock can be ob-
tained by integrating Eq. (8) once for r
ε'r ¼ σdevr
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Because r ¼ a at the tunnel wall, the radial displacement UaðtÞ of
surrounding rock at the tunnel wall can be expressed as

UaðtÞ¼ ξσ0a
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2.2. Expression of surrounding rock displacement considering support
effect

Assuming lining support is carried out at t0, and the support is
completed in an instant. When t � t0, the tunnel is in an unsupported
state. And surrounding rock displacement during this period can be
calculated according to Eq. (9), as follows

Urðt0Þ¼ ξσ0a2
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When t > t0, the support is completed, and the support resistance [19]
can be expressed as

Ps ¼Ks

�
UðtÞ0r
a

� Urðt0Þ
a

�
(12)

where Ks is the stiffness of support.
According to the formula proposed by Brady and Brown [23], the

stiffness of support (elastic material) can be expressed as

Ks ¼
E

0�
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where E
0
is the elastic modulus of the support material; v

0
is the Poisson's

ratio of the support material; b2 is the internal radius of the support; b1 is
the outer radius of the support.

In this case, radial stress σ0
r at the tunnel wall is equal to the sum of the

force �Ps caused by the lining pressure and the force ð1� ξb2 =r2Þσ0
caused by the effect of the tunnel face.
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Then, the radial deviator stress can be written as
σdev
r ¼ σ 'r � σmean ¼ �Ps þ
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By substituting the radial deviator stress σdev
r (i.e. Eq. (15)) into

equation (1), the expression of radial strain over time can be obtained as
follows

By integrating Eq. (16) once for r, the radial displacement UðtÞ0r of
surrounding rock can be obtained as follows
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Because r ¼ a at the tunnel wall, the radial displacement UðtÞ0a of
surrounding rock can be written as

UðtÞ0a ¼ð�Ps þ ξσ0Þa
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In Eq. (18), it can be seen that Ps is a function of Urðt0Þ and UðtÞ0r . So
Eq. (18) is implicit. However, by Substituting Eqs. (11) and (18) into Eq.
(12), the explicit expression of Ps can be obtained as follows
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It can be seen that Eq. (19) is very complex. For simplification Eq.
(19), two variables, GðtÞ and Gðt0Þ, are proposed. They can be expressed
as
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Substituted Eq. (20) into Eq. (19), Eq. (19) can be simplified as

Ps ¼Ks

�ð�Ps þ ξσ0Þ
GðtÞ � ξ σ0

Gðt0Þ
�

(21)

According to Eq. (21), support resistance Ps can be solved as follows
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Ps ¼ ξKsσ0½Gðt0Þ � GðtÞ�
½GðtÞ þ Ks�Gðt0Þ (22)
By substituting Eq. (22) into Eq. (17), the expression of the variation
of surrounding rock displacement over time under support conditions can
be obtained as follows

UðtÞ0r ¼
ξσ0

GðtÞ
�
a2½GðtÞ þ Ks�Gðt0Þ � r2½Gðt0Þ � GðtÞ�Ks

½GðtÞ þ Ks�Gðt0Þr
�

(23)

From Eq. (23), it can be seen that the magnitude of surrounding rock
displacement is related to shear modulus G1 and G2, viscosity coefficients
η1 and η2, the initial magnitude of stress σ0, the time t0 from tunnel
excavation to installation of support, the total time t, tunnel radius a, a
face position parameter ξ, and support stiffness Ks.

When the “calculated section” is far from the tunnel face, ξ ¼ 1.
Then, Eq. (23) can be written as

UðtÞ0r ¼
σ0
GðtÞ

�
a2½GðtÞ þ Ks�Gðt0Þ � r2½Gðt0Þ � GðtÞ�Ks

½GðtÞ þ Ks�Gðt0Þr
�

(24)

At the tunnel wall, r ¼ a. By substituting r ¼ a into Eq. (24), the
expression of surrounding rock displacement at the tunnel wall over time
can be obtained as follows, without considering the tunnel face effect

UðtÞ0a ¼
aσ0½Gðt0Þ þ Ks�
½GðtÞ þ Ks�Gðt0Þ (25)

In this section, according to the expression for the strain of sur-
rounding rock in Burgers model, the expression of surrounding rock
displacement considering support resistance is derived. When the
expression of surrounding rock displacement considering the support
resistance is obtained, the viscoelastic solution of the circular cavity
considering reserved deformation can be derived. The derivation process
is shown in section 3.

3. Viscoelastic solution and influencing factor analysis of
circular cavity considering reserved deformation

Soft rock has rheological properties [24,25]. At present, the main
support measures for large deformation of soft rock include conventional
support, yielding support and double layer support [12]. Setting a
reasonable amount of reserved deformation is a commonly support
measure. Therefore, in the construction process of soft rock tunnels,
determining a reasonable amount of reserved deformation is important
to ensure tunnel stability.
3.1. Solution of displacement expression for surrounding rock

Scholars have not conducted in-depth research on reserved
Fig. 3. Schematic diagram of converting non a
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deformation, and no expression was proposed to consider reserved
deformation. Because reserved deformation is a space between the initial
support and the secondary lining [11], it is necessary to consider the
impact of the initial support when conducting research.

During the design phase of tunnel, assuming reserved deformation is
m. Then the tunnel radius changes from a to aþ m. By substituting aþm
into Eq. (23), the expression of surrounding rock displacement with
reserved deformation can be obtained as follows.

UðtÞ0r ¼
ξσ0
GðtÞ

(
ðaþ mÞ2½GðtÞ þ Ks�Gðt0Þ � r2½Gðt0Þ � GðtÞ�Ks

½GðtÞ þ Ks�Gðt0Þr

)
(26)

Because r ¼ a at the tunnel wall, the expression of surrounding rock
displacement can be expressed as

UðtÞ0r¼aþm ¼ ξσ0ðaþmÞ
� ðGðt0Þ þ KsÞ
½GðtÞ þ Ks�Gðt0Þ

�
(27)

where t0 is the time from tunnel excavation to installation of support. The
magnitude of t0 is influenced by factors such as design and construction,
and t is the total time of tunnel excavation.

When the tunnel is under non-axisymmetric load conditions, an
elliptical plastic zone will appear in surrounding rock, and the sur-
rounding strata in the plastic zone will gradually become uniform. At this
time, the unequal pressure original rock stress can be converted ac-
cording to Eq. (28) [26].

σ0 ¼ 1þ λ

2
σv (28)

where σ0 is the initial magnitude of stress, λ is the ratio of horizontal
stress and vertical stress of surrounding rock(i.e. the lateral pressure
coefficient), σv is vertical stress.

Fig. 3 is a schematic diagram of converting non axisymmetric loads
into axisymmetric loads. Therefore, this article simplifies the non-
axisymmetric load condition to an axisymmetric load condition based
on Eq. (28), and conducts a relevant solution analysis based on the so-
lution ideas under axisymmetric conditions.

By substituting Eq. (28) into Eq. (27), the expression of surrounding
rock displacement at the tunnel wall under non-axisymmetric load con-
ditions can be obtained as follows

UðtÞ0r¼aþm ¼
1þ λ

2
ξσvðaþmÞ

� ðGðt0Þ þ KsÞ
½GðtÞ þ Ks�Gðt0Þ

�
(29)

To more vividly express the relationship between support resistance

Ps and the displacement UðtÞ0r¼aþm of surrounding rock at the tunnel wall,
Eq. (29) needs to be changed.

Firstly, it can be obtained from Eq. (22) that
xisymmetric loads to axisymmetric loads.
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½GðtÞþKs�Gðt0Þ¼ ξKsσ0½Gðt0Þ � GðtÞ�
Ps

(30)
Fig. 5. Trend diagram of difference K with reserved deformation
(The black solid line represents the actual value of K; the red dotted line rep-
resents the absolute value of K).
By substituting Eq. (29) into Eq. (30), the relationship between sup-

port resistance Ps and surrounding rock displacement UðtÞ0r¼aþm at the
tunnel wall can be obtained as follows

8>>><
>>>:

UðtÞ0r¼aþm ¼ ðaþ mÞ½Gðt0Þ þ Ks�
Ks½Gðt0Þ � GðtÞ� Ps

Ps ¼ ξKsσ0½Gðt0Þ � GðtÞ�
½GðtÞ þ Ks�Gðt0Þ

(31)

According to Eq. (31), the magnitude of displacement is related to
shear modulus G1 and G2, viscosity coefficients η1 and η2, the initial
magnitude of stress σ0, the lateral pressure coefficient λ, the time t0 from
tunnel excavation to installation of support, the total time t, tunnel radius
a, a face position parameter ξ, support stiffness Ks and reserved defor-
mation m.

By substituting Eq. (28) into Eq. (31), the relationship between the

support resistance Ps and the displacementUðtÞ0r¼aþm of surrounding rock
at the tunnel wall under non-axisymmetric load conditions can be ob-
tained as follows

8>>>>><
>>>>>:

UðtÞ0r¼aþm ¼ ðaþ mÞ½Gðt0Þ þ Ks�
Ks½Gðt0Þ � GðtÞ� Ps

Ps ¼
1þ λ

2
ξσvKs½Gðt0Þ � GðtÞ�
½GðtÞ þ Ks�Gðt0Þ

(32)

The trend of surrounding rock displacement over time at the cave wall
was plotted, as shown in Fig. 4.

As shown in Fig. 4, with the increase of time t, the curve shows a trend
of increasing first and then stabilizing, and surrounding rock tends to
stabilize after 90 days. As reserved deformationm increases, surrounding
rock displacement will gradually increase.

Difference K is defined as the difference between surrounding rock
displacement and reserved deformation. At the same time, when the final
displacement of the surrounding rock at the tunnel wall just reaches
reserved deformation, then define reserved deformation asm0. Due to the
stability of surrounding rock after 90 days, a trend chart of the K with
reserved deformation m was plotted.

In Fig. 5, it can be seen that as reserved deformation m increase, the
value of K (black solid line) shows a decreasing trend. At the turning
Fig. 4. Tendency diagram of surrounding rock displacement over time at tun-
nel wall.
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point of the black solid line and the red dashed line, it is assumed that
optimal reserved deformation ism0. When reserved deformationm is less
thanm0, K is larger than 0, indicating that surrounding rock displacement
is larger than reserved deformation and surrounding rock may invade the
construction clearance of tunnel. When reserved deformation m is larger
thanm0, K is less than 0, indicating that surrounding rock displacement is
less than reserved deformation, and it is equivalent to over-excavation.
When m is equal to m0, K is equal to 0, indicating that there is neither
intrusion nor over excavation in the tunnel.

3.2. Solution of optimal reserved deformation

In soft rock tunnel engineering, the purpose of setting reserved
deformation m is to prevent surrounding rock from invading the design
contour line, and also to release some pressure from surrounding rock,
which indirectly improves the safety of the initial support and reduces
the project cost. The results, as shown in Fig. 5, indicate that setting an
unreasonable reserved deformation amount can cause inconvenience to
tunnel construction, affect project progress, and increase project costs.
When reserved deformation is too small, indicating that the displacement
of surrounding rock is larger than reserved deformation, and the initial
support will invade structural approach limit of tunnel. When reserved
deformation is too large, indicating that the displacement of surrounding
rock is less than reserved deformation, and tunnel will experience over
excavation phenomenon. However, when reserved deformation is equal
to optimal reserved deformation m0, neither intrusion nor over-
excavation will occur in the tunnel.

This article holds that under the action of support resistance Ps, when
the final displacement of surrounding rock at the tunnel wall reaches
optimal reserved deformationm0, surrounding rock no longer moves and
gradually stabilizes. It is believed that reserved deformation m0, which is
set at this time, is the most reasonable value of reserved deformation.
Therefore, in an ideal state, the assumptions below can be made.

(1) When surrounding rock displacement is equal to optimal reserved
deformation m0, surrounding rock is no longer displaced and
tends to stabilize.

(2) The value of support resistance Ps is a fixed value and does not
change with the change of surrounding rock stress field

According to these assumptions, when surrounding rock displace-
ment reaches optimal reserved deformation m0, the following holds
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UðtÞ0r¼aþm0
¼m0 (33)
By substituting Eq. (33) into Eq. (32), Eq. (32) can be written as

8>>>>><
>>>>>:

m0 ¼ ðaþ m0Þ½Gðt0Þ þ Ks�
Ks½Gðt0Þ � GðtÞ� Ps

Ps ¼
1þ λ

2
ξσvKs½Gðt0Þ � GðtÞ�
½GðtÞ þ Ks�Gðt0Þ

(34)

According to Eq. (34), optimal reserved deformation m0 can be
calculated as follows

8>>>>><
>>>>>:

m0 ¼ aPs½Gðt0Þ þ Ks�
Ks½Gðt0Þ � GðtÞ� � Ps½Gðt0Þ þ Ks�

Ps ¼
1þ λ

2
ξσvKs½Gðt0Þ � GðtÞ�
½GðtÞ þ Ks�Gðt0Þ

(35)

By substituting the expression of Ps into Eq. (35), the expression of
optimal reserved deformation m0 can be obtained under non-
axisymmetric load conditions

m0 ¼
1þλ
2 aξσv ½Gðt0Þ þ Ks�

½GðtÞ þ Ks�Gðt0Þ � 1þλ
2 ξσv½Gðt0Þ þ Ks� (36)

In Eq. (36), it can be seen that the magnitude of optimal reserved
deformation m0 is related the shear moduli G1 and G2, viscosity co-
efficients η1 and η2, vertical stress σv, the lateral pressure coefficient λ, the
time t0 from tunnel excavation to installation of support, total time t;
tunnel radius a, a face position parameter ξ, support stiffness Ks.

4. Comparative analysis of numerical and analytical solutions
considering reserved deformation

With the rapid development of computers, numerical simulation has
become an important means of studying geotechnical engineering
[27–30]. FLAC 3D is an explicit finite difference numerical simulation
software. FLAC 3D can simulate the mechanical properties of rock and
soil, especially suitable for analyzing progressive failure instability and
simulating large deformations. Thus, the finite difference software FLAC
3D was used to carry out numerical simulation base on the expression of
surrounding rock displacement considering reserved deformation m, and
the expression of optimal reserved deformation m0.

Due to the relevant expressions are derived base on the Burgers
model, this Burgers model was chosen for numerical simulation. Then
Yang and Gao's [31] modeling method was used to construct the nu-
merical models. The model size is 88 m � 88 m � 1 m. According to the
Saint-Venant principle [32], When the distance from the tunnel wall to
the model boundary exceeds five times the tunnel diameter, the tunnel
excavation is not affected by the boundary conditions. Thus, it is neces-
sary to fix the model's left, right, front, rear, and bottom surfaces. In the
derivation process of the analytical solution, the top boundary is fixed. So
in the numerical simulation process, the top boundary of the model is
also fixed at the nodes.
4.1. Comparison of numerical and analytical solutions for the expression
of surrounding rock displacement

In the process of numerical simulation based on the expression of
surrounding rock displacement considering reserved deformation m, it is
Table 1
The basic parameters of surrounding rock.

a/m E/GPa σv/MPa ηK/Pa⋅d GK/Pa ηM/P

4 0.83 20 1.53e9 1.5e8 2.25e
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necessary to determine the value of support resistance Ps and reserved
deformation m. Then compare the errors in the displacement values of
surrounding rock which obtained by analytical solutions and numerical
simulation methods. The values of reserved deformation m in sequence
were 0, 10, 20, 30, 40, and 50 mm, and those of the other relevant pa-
rameters of surrounding rock are shown in Table 1.

Through numerical simulation experiments, it was found that after
the 90th day of creep, the displacement of surrounding rock tends to
stabilize. Thus, a cloudmap from the 90th day was selected for analysis of
the results.

Fig. 6 shows that as reserved deformation increases, the displacement
of surrounding rock at the side wall is slightly larger than both the arch
top and bottom. The displacement of surrounding rock near the tunnel
wall presents an elliptical shape. As reserved deformation m increases,
the displacement of surrounding rock at the tunnel wall also gradually
increases.

In Fig. 7, the extracted numerical simulation results of surrounding
rock displacement on the 90th day are compared with the analytical
solution results of surrounding rock displacement. As shown in the
figure, the variation law of surrounding rock displacement obtained
through numerical simulation is basically the same as that obtained using
Eq. (32). As reserved deformation m increases, the displacement of sur-
rounding rock also gradually increases. The two curves in the figure do
not overlap, and the slope is also different, indicating an error in sur-
rounding rock displacement value obtained through numerical simula-
tion and that obtained through analytical solution.

Surrounding rock displacement values obtained through analytical
solution and numerical simulation under different reserved deformation
m values were compared. The comparison results are shown in Table 2. In
the table, it can be seen that as reserved deformation m increases, the
errors in surrounding rock displacement values obtained through
analytical solution and numerical simulation also gradually increase. The
maximum error is 8.29% when reserved deformation m was 500 mm.
However, the errors between the values obtained through numerical
simulation and analytical solution were within 9%, indicating that the
analytical solution and numerical simulation methods for obtaining Eq.
(32) have good consistency.

4.2. Comparative analysis of numerical and analytical solutions for
optimal reserved deformation

In the process of numerical simulation based on the expression for
optimal reserved deformation m0 (i.e. Eq. (36)), it is necessary to
determine the support stiffness Ks, and then solve optimal reserved
deformation m0 according to Eq. (36). The model can be constructed
based on optimal reserved deformation m0 and numerical simulation can
be carried out.

Comparing surrounding rock displacement obtained from numerical
simulation with reserved deformationm0 obtained according to Eq. (36),
and it was determined whether the percentages of surrounding rock
displacement and reserved deformation were equal to 1. If they were
equal to 1, it indicated that the numerical simulation and analytical so-
lution of Eq. (36) have good consistency.

The values of surrounding rock parameters are shown in Table 1.
These parameters are the same as those in section 3.3. In section 3.3, the
numerical simulation results indicate that the creep rate of surrounding
rock reaches a lower level after 90 days. In this case, surrounding rock
can be considered to have reached an equilibrium state. However, due to
conservatism, the numerical simulation test set the creep time to 180
days. The values of support stiffness Ks are 1 GPa, 2 GPa, 3 GPa, 4 GPa, 5
a⋅d GM/Pa λ Ks/GPa C/MPa φ/(�)

11 3.15e9 1.5 1.51 0.027 34



Fig. 6. Displacement nephograms of surrounding rocks with different reserved deformation(m).

Fig. 7. Trend diagram of surrounding rock displacement with reserved
deformation.
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GPa, and 6 GPa sequentially. By substituting the values of surrounding
rock parameters and different support resistance into Eq. (36), reserved
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deformation under different support stiffness Ks values can be obtained,
as shown in Table 3.

Based on reserved deformation values obtained from Table 3, a model
for numerical simulation was constructed. Burgers model was selected
for the numerical simulations in the present study. The numerical
simulation results are shown in Fig. 8. In this figure, it can be seen that as
support stiffness Ks increases, surrounding rock displacement at the side
wall becomes significantly larger than that at the arch top and bottom.
However, as support stiffness Ks increases, surrounding rock displace-
ment at any position around the tunnel wall gradually decreases. Optimal
reserved deformation gradually decreases with the increase of support
stiffness Ks, which is consistent with the pattern presented in Eq. (36).

In order to compare the consistency between the analytical solution
and numerical simulation methods, the data was extracted on sur-
rounding rock displacement obtained from numerical simulation. Then
the data was compared with reserved deformation obtained from the
analytical solution (i.e. Eq. (36)). The data were plotted as a curve, as
shown in Fig. 9.

In Fig. 9, the solid line represents reserved deformation obtained from
the analytical solution, while the dashed line represents surrounding rock
displacement obtained from the numerical solution. The two curves in
the figure show a downward trend of concave curves, indicating that
both reserved deformation obtained through the analytical solution and
surrounding rock displacement obtained through the numerical simula-
tion will gradually decrease with the increase of support stiffness Ks.



Table 2
Comparisons between analytical solutions and numerical simulation results of surrounding rock displacements.

Reserved deformation/mm 0 10 20 30 40 50

Surrounding rock displacement/mm Analytical solution 89.85 92.10 94.34 96.59 98.84 101.08
Numerical solution 86.80 88.10 89.30 90.40 91.60 92.70
error/% 3.39 4.34 5.35 6.41 7.32 8.29

Table 3
Analytical solution value of reserved deformation under different support
stiffness.

Support stiffness Ks/GPa 1 2 3 4 5 6

Reserved deformation m0/mm 124 81.5 66.1 58.3 53.5 50.2
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However, the two curves of the analytical solution and numerical solu-
tion results in the figure do not coincide with each other, indicating that
there are still errors between the analytical solution and numerical
solution.

Table 4 lists reserved deformation values obtained from numerical
simulation and analytical solution, as well as the errors between the
analytical solution and numerical solution. In Tables 4 and it can be seen
that as support stiffness Ks increases, the errors gradually increase be-
tween the numerical solution and analytical solution. The maximum
Fig. 8. Displacement nephogram of surroundin
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error is 9.53% when support stiffness Ks ¼ 6 GPa. However, the errors in
the values obtained through numerical simulation and in the values ob-
tained through the analytical solution were basically within 10%, indi-
cating that the expression of optimal reserved deformation (i.e. Eq. (36))
in the analytical and numerical results has good consistency.

Summarizing the results of sections 4.1 and 4.2, it can be seen that the
expression of surrounding rock displacement considering reserved
deformation under non-axisymmetric conditions and optimal reserved
deformation expression in the analytical solution and numerical simu-
lation methods have good consistency.

Although the present study derived a viscoelastic expression for a
circular cavity considering reserved deformation under non-
axisymmetric load conditions, it has some shortcomings. The expres-
sion of optimal reserved deformation was derived base on Burgers model
under the creep state of surrounding rock. But in practice, many char-
acteristics of rock are not suitable for Burgers model. Therefore, further
research is needed to consider the expression of reserved deformation
g rock under different support stiffness(m).



Fig. 9. Change trend diagram of surrounding rock displacement with sup-
port resistance.

Table 4
Comparison of reserved deformation and surrounding rock displacement.

Support stiffness Ks/GPa 1 2 3 4 5 6

Reserved deformation
(analytical solution)/
mm

123.96 81.45 66.14 58.26 53.45 50.21

Surrounding rock
displacement
(numerical solution)/
mm

127.20 85.20 69.70 62.90 58.80 55.50

Error/% 2.55 4.40 5.10 7.38 9.10 9.53

Fig. 10. Trend curve of reserved deformation over time.
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under the creep state of surrounding rock. During the solution process,
the present study assumed that support resistance is constant, but in fact,
it will change over time [33]. Moreover, the present study considered
only the support resistance of the initial support. Therefore, in the sub-
sequent research, the support effect of secondary lining and the variation
of support resistance over time need to be considered.
4.3. Analysis of the influencing factors of optimal reserved deformation

According to the analysis of Eq. (36), the magnitude of optimal
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reserved deformation is affected by multiple factors. In order to better
determine optimal reserved deformation m0, the influencing factors will
be studied according to Eq. (36). The basic parameters of surrounding
rock refer are shown in Table 1.

Based on the basic parameters in Table 1, the impact of a single factor
on optimal reserved deformation was analyzed by changing its
magnitude.

(1) Analysis of the influencing of t on m0.

With reference to Table 1, the curve of the variation trend of reserved
deformation m0 with vertical pressure σz is drawn under different lateral
coefficients of earth pressure, as shown in Fig. 10.

It can be seen in Fig. 10 that optimal reserved deformation m0 first
increases and then tends to be stable with the increase of time t under the
different lateral pressure coefficient. At the same time, the larger the
lateral pressure coefficient is, the larger optimal reserved deformationm0

is. After the 125th day, the curve is basically a horizontal line, and the
growth rate of optimal reserved deformation m0 has been decreased.
However, to be conservative, in the process of analyzing the influencing
factors, the results with a creep time of 180 days were analyzed.

(2) Analysis of the influencing of vertical pressure σv, support stiffness
Ks, time t0, and tunnel radius a on optimal reserved deformation
m0.

The values of each influencing factor are taken as follows.

(a) for vertical pressure σv, 5 MPa, 10 MPa, 15 MPa, 20 MPa, 25 MPa,
and 30 MPa.

(b) for support stiffness Ks, 1 GPa, 2 GPa, 3 GPa, 4 GPa, 5 GPa, and 6
GPa.

(c) for time t0 before support, 0 day, 0.5 day, 1 day, 1.5 days, 2.0 days,
and 2.5 days.

(d) for tunnel radius a, 2 m, 3 m, 4 m, 5 m, 6 m, and 7 m.

The values of the other surrounding rock parameters are shown in
Table 1. The trend curve of reserved deformation with different influ-
encing factors under different lateral coefficients of earth pressure is
shown in Fig. 11.

It can be seen in Fig. 11a that under different lateral pressure co-
efficients, the curves show a straight upward trend with the gradual in-
crease of vertical pressure σv, indicating that optimal reserved
deformationm0 will gradually increase. Under the same vertical pressure
σv, the larger lateral pressure coefficient λ, the larger optimal reserved
deformation m0 is, and the change magnitude in m0 is more larger.

It can be seen in Fig. 11b that, whatever the lateral pressure coeffi-
cient is, optimal reserved deformation m0 gradually decreases with the
increase of support stiffness Ks, and the change amplitude gradually
decreases. Under the same support stiffness Ks, the larger lateral pressure
coefficient λ is, the larger reserved deformation m0 is, and the change
magnitude in reserved deformation m0 is more larger.

In Fig. 11c, the slopes of the curves are larger than 0 and remain
unchanged. Indicating that under different lateral pressure coefficients,
reserved deformation m0 will gradually increase with the gradual in-
crease of the time t0, but the change amplitude remains unchanged.
Under the same time t0, the larger the lateral pressure coefficient λ is, the
larger reserved deformation m0 is. With the lag of support time t0, the
larger the reserve deformation m0 is, the larger the displacement of
surrounding rock is. On the contrary, the earlier the support is con-
structed, the smaller reserved deformation is, and then the smaller the
deformation of surrounding rock is. This also proves the correctness of
the concept of timely support during soft rock construction.

In Fig. 11d, it can be seen that reserved deformation m0 gradually
increases with the increase of tunnel radius a under different lateral
pressure coefficient. Under the same radius a, the larger the lateral



Fig. 11. Trend curve of reserved deformation with different influencing factors.

Fig. 12. Trend curve of reserved deformation m0 affected by single factor(η1、 η2、 G1、 G2).
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pressure coefficient λ is, the larger reserved deformation m0, and the
change magnitude of reserved deformation m0 is more larger.

(3) Analysis of the influencing of shear modulus G1, G2 and viscosity
coefficient η1, η2 on m0.

The influencing of the shear modulus G1, G2 and the viscosity co-
efficients η1 , η2 on m0 are studied by controlling variable method. The
values of each influencing factor are determined as follows:
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(a) for viscosity coefficients η1, 1 � 1010 Pa d, 5 � 1010 Pa d, 10 �
1010 Pa d, 15 � 1010 Pa d, 20 � 1010 Pa d, and 25 � 1010 Pa d.

(b) for viscosity coefficients η2, 1 � 1010 Pa d, 5 � 1010 Pa d, 10 �
1010 Pa d, 15 � 1010 Pa d, 20 � 1010 Pa d, and 25 � 1010 Pa d.

(c) for shear moduli G1, 0.1 GPa, 0.25 GPa, 0.5 GPa, 0.75 GPa, 1 GPa,
and 1.25 GPa.

(d) for shear moduliG2, 1 GPa, 2 GPa, 3 GPa, 4 GPa, 5 GPa, and 6 GPa.

The values of the other surrounding rock parameters are shown in
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Table 1. Under different lateral pressure coefficient, the change trend
curve of reserved deformation m0 under the influence of η1, η2, G1, and
G2 was drawn (see Fig. 12). As shown in Fig. 5, with the increase of a
single influencing factor (η1, η2, G1, or G2), reserved deformation m0 will
gradually decrease. However, different influencing factors have varying
degrees of impact on reserved deformation m0.

Yang et al. [27] studied Burgers model parameters, shear modulus G1

and G2 and the viscosity coefficients η1 and η2. The research results
indicate that the viscosity coefficient η1 mainly affects the initial creep
variable and elastic recovery of surrounding rock. The viscosity coeffi-
cient η2 mainly affects the initial creep rate, stable creep rate, initial creep
variable, and residual strain of surrounding rock. The shear modulus G1

mainly affects the initial creep and elastic recovery of surrounding rock;
The shear modulus G2 mainly affects the instantaneous strain and
instantaneous recovery of surrounding rock.

According to Fig. 12 and in conjunction with Yang's et al. [27]
research, it can be concluded that an increase in viscosity coefficient η1
leads to a decrease in the initial creep rate of surrounding rock. The in-
crease of viscosity coefficient η2 leads to a decrease in the initial and
stable creep rate of surrounding rock. The increase of shear modulus G1

leads to a decrease in the initial creep deformation of surrounding rock.
The increase in shear modulus G2 leads to a decrease in the instantaneous
strain of surrounding rock. The reduction of the above four influencing
factors indirectly leads to a decrease in optimal reserved deformationm0.

5. Conclusion

This article presents the viscoelastic solution of reserved deformation
for deep soft rock tunnels considering the support effects. The main
conclusions of this study are as follows:

(1) Based on the analytical solution of Burgers model, the expression
of surrounding rock displacement was derived by considering
reserved deformation. At the same time, optimal reserved defor-
mation expression was derived.

(2) Based on numerical simulation experiments, the variation laws
and errors of the numerical and analytical solutions of the ex-
pressions of reserved deformation and surrounding rock
displacement were compared and analyzed. The results show that
the errors in the numerical simulation results and the analytical
solution results are both within 10%, indicating that the analytical
solution and numerical simulation results of surrounding rock
displacement expression considering reserved deformation and
the expression of optimal reserved deformation have good
compatibility.

(3) By controlling the variables, the factors influencing the expression
of optimal reserved deformation were analyzed. The analysis re-
sults showed that optimal reserved deformation showed a trend of
first increasing and then stabilizing with the increase of time t.
With the increase of vertical pressure σv, time t0, tunnel radius a,
and lateral coefficient of earth pressure λ, optimal reserved
deformation also increases. With the increase of support stiffness
Ks, optimal reserved deformation decreases. As the parameters η1,
η2, G1, and G2 of Burgers model increase, optimal reserved
deformation m0 will decrease, but the mechanisms that affect the
reduction of optimal reserved deformation m0 are different.
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