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Abstract  This paper is an application of delay differential equations to 
entrepreneurship and unemployment. It shows that the results of empirical 
studies can be replicated through a simple DDE. The paper also carries out a 
comparative study between a solution of a DDE and the observation of cyclic 
behaviors. The calculated delay (and growth rate) of the entrepreneurship DDE 
for the US and Spain is 1.25 years (1.25), for Ireland is 1.75 years (0.89), and for 
the UK is 2 years (0.78). The delay (and growth rate) of the unemployment DDE 
for the US and Ireland is 1.5 years (1.04), for Spain is 2 years (0.78), and for the 
UK is 2.5 years (0.62). 
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1  Introduction 

This paper shows that entrepreneurship and unemployment cycles can be 
generated through a delay differential equation or difference differential equation 
(DDE). DDE is a direct, simple and efficient way to model cycles. However, the 
economic applications of DDE are few and far apart. Among the pioneering 
economic applications is Kalecki (1935), and recent applications are, to list a few, 
Asea and Zak (1999), de la Croix and Licandro (1999), Dekle (2001). 

The relation between unemployment and entrepreneurship has been an object 
of a large literature (e.g., Blau, 1987, Evans and Jovanovic, 1989; Cressy, 2000; 
Thurik, 2003; Parker, 2004). For some authors unemployment is positively 
associated with a greater propensity to start a new firm (e.g. Highfield and 
Smiley, 1987; Evans and Leighton, 1990), other authors, however, find that 
entrepreneurship and unemployment are inversely related (e.g., Audretsch and 
Fritsch, 1994). The ambiguous empirical evidence has led researchers to 
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hypothesize that the relation between entrepreneurship and unemployment is 
dynamic (e.g., Thurik et al., 2008), and nonlinear, possibly cyclical (Faria et al., 
2009, 2010). 

Faria et al. (2009) present a model between firm creation and unemployment 
that can generate a unique stable limit cycle, or dampen cycles. They study a 
system of two differential equations, one for unemployment, and the other for 
entrepreneurship, which can form a Liénard type differential equation, or a second 
order linear differential equation with constant coefficients and constant term. 
They show evidence of the periodicity of the cycles for the Ireland, Spain, UK, 
and US. Extending this line of research, this paper presents a DDE model for 
entrepreneurship and unemployment as an alternative method to produce cycles.  

Besides illustrating an application of DDE to economics, this paper also does a 
comparative analysis between a solution of a DDE and the observation of cyclic 
behaviors, which is rare. One of the few studies doing this exercise is Banks 
(1998), which examines the NFL football teams’ winning seasons during 40 
years showing that their performance can be described by a DDE. 

2  The Model 

The dynamic system analyzed by Faria et al. (2009) is the following: 
 ( ),u f e= −  (1) 
 ( ),e u g e= −  (2) 
where e and u are entrepreneurship and unemployment, respectively, and x ≡  

/ .dx dt  
Depending whether functions f, and g, are odd functions of e, and other 

functions’ characteristics, the above dynamic system can be described as a 
Liénard type differential equation for e: 
 ( ) ( ) 0,ee g e e f e+ + =  (3) 

where ( ) /eg e dg de= , and 2 2/ .e d e dt=  However, in the case f and g are linear 
functions of e, such as g(e)=e, and f(e) = e–a , where a is a constant, the dynamic 
system becomes a second order linear differential equation with constant 
coefficients and constant term:  
 .e e e a+ + =  (4) 

It is well-known that Eq. (3) admits a unique stable limit cycle; while Eq. (4) 
generates dampen cycles. What we consider in this paper is an alternative method 
to generate cycles through DDE.  

Consider the following linear DDE: 

 ( ) [ * ( )],de t b e e t
dt

τ= − −  (5) 

where b>0 is the entrepreneurship growth rate, τ is the time lag, and e* is the 
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socially optimal level of entrepreneurship, i.e., the level consistent with the 
natural unemployment rate, u : * ( *)e h u= . Eq. (5) says that it takes some time 
for entrepreneurship to turn around for better or worse. Assuming ( ) ( ) *,x t e t e= −  
we can rewrite Eq. (5) as: 

 ( ) ( ),dx t qx t
dt

τ= −  (6) 

where q = – b<0. The solution of Eq. (6) can be oscillatory, admitting a particular 
harmonic solution of the form (see Erneux, 2009):  
 sin( )x A tω= , if / 2ωτ π= , and / 2qτ π= − . (7) 

Therefore Eq. (5) admits the harmonic solution 
 sin( ) *e A t eω= + , if / 2ωτ π= , and / 2bτ π= . (8) 

Faria et al. (2009) using annual observations from COMPENDIA data base 
from 1972 to 2004 estimated that the entrepreneurship periodicity for the US, 
and Spain is short, the cycles repeat themselves every 5 years, in the case of 
Ireland, every 7 years, and for the United Kingdom, every 8 years.  

Using these estimated periods P we can determine ω from the expression: 
2 / Pω π= . Then inserting it into Eq. (8) / 2ωτ π= , it yields an expression to 

calculate the delay τ : 
 / 4Pτ = . (9) 

The calculated delay τ  for entrepreneurship in the US and Spain is 1.25 
years [ 5 / 4τ = ], for Ireland is 1.75 years, and for the UK is 2 years. Given delay 
τ  we can calculate the entrepreneurship growth rate b, from Eq. (8) / 2bτ π= . 
The entrepreneurship growth rate b for the US and Spain is 1.25 (π/2.5), for 
Ireland is 0.89, and for the UK is 0.78. With these parameters we can write the 
DDE for these countries, for example, the entrepreneurship DDE for the UK, 
with τ = 2, and b = 0.78 is the following: 

 ( ) 0.78[ * ( 2)]de t e e t
dt

= − − . (10) 

It is important to stress that an analogous study can be made for unemployment. 
In order to illustrate let us assume that entrepreneurship and unemployment are 
linearly related through function h: ( )( ) ( ) ( )e t h u t u tα= = , where α is a constant. 

Differentiation with respect to time yields, 1( ) ( ) ,du t de t
dt dt

α−= using ( )e t τ− =  

( )u tα τ− , * *e uα= , and Eq. (5) yields: ( ) [ * ( )]du t b u u t
dt

τ= − − , which is 

structurally similar to Eq. (5) and admits the harmonic solution sin( ) *,u A t uω= +  
if / 2ωτ π= , and / 2bτ π= . According to Faria et al. (2009), the estimated 
periodicity of unemployment for the US, and Ireland is 6 years, in the case of 
Spain is 8 years, and 10 years for the UK. The calculated delay τ for unemployment 
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for the US and Ireland is 1.5 years [ 6 / 4τ = ], for Spain is 2 years, and for the 
UK is 2.5 years. The calculated unemployment growth rate b for the US and 
Ireland is 1.04 [π/3] for Ireland is 0.78, and for the UK is 0.62. The 
unemployment DDE for the UK, with τ = 2.5, and b = 0.62, is the following: 

 ( ) 0.62[ * ( 2.5)]du t u u t
dt

= − − . (11) 

What lies behind the cyclic behavior of entrepreneurship? Competition drives 
the cyclic behavior. If a startup firm has a poor performance relatively to the 
optimal level of entrepreneurship, its existence is on the line, the entrepreneur 
has to invest in new resources, improve the way of doing business, put more 
effort managing his firm, etc. After a while, the performance of the firm is high, 
and the entrepreneur may become relaxed, failing to make the necessary 
improvements in his business, becoming, as a consequence, vulnerable to 
competition and the cycle repeats itself. An analogous explanation holds for the 
cyclic behavior of unemployment. 

3  Concluding Remarks 

This paper is an application of delay differential equations to entrepreneurship 
and unemployment. It shows that entrepreneurship and unemployment cycles can 
be generated through a simple DDE. The paper is also a comparative study 
between a solution of a DDE and the observation of cyclic behaviors estimated 
by Faria et al. (2009). The calculated delay of the DDE for entrepreneurship in 
the US and Spain is 1.25 years, in the case of Ireland is 1.75 years, and for the 
UK is 2 years. The entrepreneurship growth rate b for the US and Spain is 1.25 
for Ireland is 0.89, and 0.78 for the UK. The calculated delay of the DDE for 
unemployment for the US and Ireland is 1.5 years, for Spain is 2 years, and for 
the UK is 2.5 years. The calculated unemployment growth rate for the US is 1.04, 
0.78 for Ireland, and 0.62 for the UK. 
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