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KEYWORDS Abstract Chinese ice-ray lattices are perhaps one of the earliest and controlled designs of
Ice-ray; asymmetric and complex patterns applied as a traditional motif in windows. Such intricate
Algorithm; and complex designs developed centuries back have created an evident curiosity to explore
Random fractals; its underlying geometric rules. Some scholars used the Shape Grammar as a tool to explain
IFS; and recreate similar patterns. The previous studies conceive the ice-ray lattice design as
Visual complexity; the iterative subdivisions of a polygon. However, they missed explaining this geometric quality
Fractal dimension through the discussion of fractal geometry, which can explain the shapes consuming self-

similar or self-affine repetitions of itself at different scales. As a novel approach, this paper
analytically focuses on the fractal characters of ice-ray lattice designs and uses fractal geom-
etry as a unique tool for generating different types of ice-ray lattices. The significance of this
study is the demonstration of the efficacy of fractal geometry and the simple geometric rule of
IFS for analyzing and algorithmically modeling complex lattices and cracked-like patterns.
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1. Introduction possibly influenced the Chinese artisans to design the
cracked ice pattern as a decorative motif (Dye, 1937). In
the real world, the cracked pattern results from internal
stress behavior influenced by external forces or different
thermal coefficiencies (Taylor and Bull, 1986). Therefore, a
numerical algorithm based on the stress phenomena of
surface cracking can explain and model a natural pattern of
a cracked surface (Iben & O’brien, 2009). However, Chinese
artisans at that time did not use any stress-induced method
to create the ice-ray lattices but possibly adopted its
simplified version and used geometric rules to construct

E-mail address: iasef.rian@xjtlu.edu.cn. such intricate designs. George Stiny was the first who used
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The uniquely irregular and intricate design of the tradi-
tional Chinese ice-ray lattices, popular in the 17th century
as a decorative motif, fascinates researchers to quest for
exploring its underlying geometric rule and inspires them to
develop algorithms for reconstructing the ice-ray patterns.
The natural appearance of crackled ceramic glaze or ice
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shape grammar to geometrically analyze and model ice-ray
lattices cataloged by Daniel Sheets Dye (Stiny, 1980) (Stiny,
1977) (Dye, 1937). Later, an extended version of the shape
grammar and a couple of new algorithms were proposed to
model ice-ray patterns matching with the original lattices
(Tapia, 1992) (Yuan et al., 2011) (Ji, 2016). Yuan et al.
(2011) had an interesting approach of using the Chinese
cultural intention to develop a new shape grammar rule for
ice-ray lattice design (Yuan et al., 2011). They used the
Chinese character of human ‘A’ as a key design motif in
their shape grammar rule. Recently, Yu et al. (2021) used
Shape Machine based on Shape Grammar to develop origami
patterns through recursive applications of shape rewriting
rules using lines and curves taking the reference of ice-ray
grammar (Yu et al., 2021). However, most previous studies
observed and modeled the ice-ray lattice designs as the
iterative subdivisions or growth of polygons. The hierar-
chical subdivisions of a polygon and its outcome shape show
a quality of fractal geometry. In the previous studies, a
thorough discussion on fractal characteristics of the ice-ray
lattices is missing.

Fractal geometry can explain the shapes containing self-
similar or self-affine repetitions of itself (Mandelbrot,
1982). Accordingly, this paper intends to perceive the ice-
ray lattice designs from the fractal geometry perspective
and develop a fractal-based algorithm to generate the ice-
ray lattices. For this, we will use the Iterated Function
System (IFS) as a fractal-based algorithm popularized by
Barnsley (2014). In this approach, the IFS-based algorithm
will create multiple scaled and geometry transformed
copies of a polygon and then pack them inside the parent
polygon in such a way so that they occupy the entire space
touching to each other. This process will be repeated on
each new polygon till we get a desired ice-ray lattice
design. We have used different geometric transformations
in the IFS algorithm to make different variations of ice-ray
lattices, such as affine transformation, projective trans-
formation, and Duffy transformation (Mousavi & Sukumar,
2010).

About the technique of constructing “rustic ice-ray”
designs, Dye observed, *...he (Chinese craftsman) divides
the whole area into large and equal light spots, and then
subdivides until he reaches the size desires” (Dye, 1937).
‘Equal light spots’ in this observation indicates the uniform
perforations of the ice-ray lattices. Previous studies did not
emphasize the uniformity of perforations of ice-ray lat-
tices. Accordingly, this paper aims to obtain the uniformity
of lattice perforations by running the size optimization of
lattice holes. For analyzing the uniformity of perforations
that appeared in the randomly complex configuration of
ice-ray lattices, we will use the fractal dimension measure
that quantifies the space-filling capacity of a pattern in
different scales from the space it is embedded in (Sagan,
2012). It will also enable us to evaluate the level of ice-
ray lattice’s visual complexity as a ratio of the change in
detail to the change in scale (Mandelbrot, 1982). This
measure of space-filling capacity and visual complexity is
essential for analyzing the visual rationality and daylight
efficacy of ice-ray lattice as a latticed window.
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2. Fractal geometry and ice-ray lattices

A fractal, in general, is a shape or a pattern that repeats
itself within or outside of its own body, i.e., each of its parts
is a scaled copy of the entire or the original shape
(Mandelbrot, 1982). In constructing a fractal figure, a
defined geometric transformation rule acting on the primary
shape is repeated to the resulting shapes, thus continued
this rule for each new resulting shape (Falconer, 2004). As an
example, Fig. 1 shows that a triangle is equally subdivided
into four parts. Except for the central one, three new tri-
angles are again subdivided in the same way. This rule is
repeated on each new triangle, resulting in a self-similar
fractal pattern that we know famously as the Sierpinski
Triangle (Fig. 1, Top). Suppose we subdivide the initial tri-
angle not equally but randomly and continue this process
with a new random factor on each subdivision. In that case,
the self-similar Sierpinski triangle will become a distorted
Sierpinski triangle, an example of random fractals (Fig. 1,
bottom). With this understanding, when we look at the ice-
ray patterns, we observe the asymmetric and random
subdivisions of a square which gives its impression as a
random fractal. Fig. 2 shows the disintegration of a typical
Chinese ice-ray lattice revealing the underlying randomized
subdivision rule. Therefore, it hints that the idea of random
fractals can be applied to develop an algorithm for gener-
ating ice-ray-like patterns. There are several methods to
construct fractal shapes, among which Iterated Function
System (IFS) is popular and easy to use because of its simple
and short algorithmic rule of recursion.

3. Method: ifs-based algorithm

3.1. Iterated Function System (IFS)

Iterated Function System (IFS) is one of the standard recur-
sive algorithmic tools for making fractals that can not be
easily explained by Euclidean geometry. It was first
conceived in the present form by John Hutchinson in 1981
and popularized by Michael Barnsley in 1988 (Hutchinson,
1981) (Barnsley, 2014). For the IFS, the contraction map-
ping and affine transformation methods are used by which
the parent shape is scaled, rotated, sometimes mirrored,
and finally placed within or outside the parent body mostly
without distorting its original shape (Barnsley, 2014). In
performing the IFS, one or more affine transformation
functions (f;) are applied to an initial shape, and the same
rule is applied to the resulting shapes. This process is
iteratively continued on each new outcome (Fig. 3). Because
of the property of self-repetition, IFS has been used in
several applications, prevalently in design, graphic arts and
engineering. Some researchers proposed the IFS applications
in designing structural trusses (Rian and Sassone, 2014)
(Asayama and Mae, 2004), trussed beam (Rian, 2019), can-
opy roof (Rian and Asayama, 2016), reticulated shells (Rian
et al., 2016) (Vyzantiadou et al., 2007), latticed dome
(Asayama and Mae, 2016), layered arches (Asayama and
Mae, 2002), and artistic products (Soo et al., 2006).
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triangle (above) and the random Sierpinski triangle (bottom). Source:

Fig. 1  The construction of the self-similar Sierpinski
Author.
A
traditional cracked-ice single-lines transformation
lattice
Fig. 2

1st order segments

2nd order segments 3rd order segments

Anirregular ice-ray lattice found in Chengtu, Szechwan in 1880 (left, taken from Stiny, 2006), and the marking of polygons

revealing the possible underlying iterative subdivisions into three random segments on each subdivision. Source: Author.

Fig. 4 shows the application of affine transformations
(f1, f2, and f3) to an equilateral triangle T that results in its
three half-sized copies (T4, T, and Ts), which are arranged
to form a central empty triangle within the boundary of the
initial triangle. The same rule of transformations is recur-
sively continued with each new smaller triangle on each
iteration, thus results in a well-known Sierpinski triangle, a
self-similar fractal (Fig. 4). This process is differently
approached by the recursive subdivision mentioned in
Fig. 1. Here, the Sierpinski triangle T can be observed as an
attractor, an intersection set of all the self-similar but
hierarchically scaled copies of the primary triangle, rep-
resenting as,

T- AT, 2)
ie, T=TNT,NT:N........ NT,NTy 3)
where,

T,= f1(Tn—1)Uf2(Tn—1)Uf3(Tn—1) (4)

The same IFS process can be used for making a ran-
domized version of the Sierpinski triangle. In this case, the
initial triangle is transformed into three different smaller
and deformed copies of itself first using three different
projective transformations, and then, repeated this rule on
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each new triangle (Fig. 5). Barnsley and Bovill demon-
strated the use of IFS for modeling a list random fractal
shapes and analyzing random patterns exists in nature and
built environment (Rutten and McNeel, 2007) (Bovill, 1996).
In applied design, we notice the application of the IFS for
modeling random and irregular patterns, such as for
manufacturing art objects (Sharif Ullah, 2015), textile
patterns design (Meng et al., 2013), packaging design
(Niu and Yuan, 2017), etc.

3.2. Geometric transformations of a polygon

In creating self-similar and random fractals, several geo-
metric transformations are used, among which affine

m
() s —)
i=1

n=0tow
Fig. 3 A schematic diagram that shows how IFS recursively
calls output as input iteratively. Source: Rian and Sassone
(2014).
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Fig. 4 The construction of the Sierpinski triangle through self-similar repetition of the parent triangle using the IFS method and

affine transformations. Source: Author.
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projective transformations. Source: Author.

transformation (f.) and projective transformation (f,) are
common. These two transformations are classified as
linear transformations, generally represented as the matrix
al a2 b1 al a2
a3 a4 b2 3 a4
cl c2 1
rotation matrix and defines the type of the transformation

In this matrix, { } represents a

that will be performed via scaling and rotation. [z” is the

translation vector which moves the points in the two-
dimensional plane, and [c1 2] is the projection vector.

D G
D’ c
(a) B
A B A B’
D c
c
D
Jo
» (| —— >
A i
A B B
Fig. 6 (a) Affine transformation, and (b) Projective
transformation.
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The construction of the Sierpinski triangle through self-similar repetition of the parent triangle using the IFS method and

If x and y are the coordinates of a point, the trans-

formation can be performed using the following
multiplication.

al a2 b1 X X

a3 a4 b2 | x|yl|=|V (1)
cl c2 1 1 1

In Equation (1), x” and y’ are the new coordinates of the
transformed point. For the projective transformation, all
elements of the projector vector, i.e., c1 and c2, carry non-
zero values. For the affine transformation, all elements of
this vector are always equal to zero. This difference
in projector vector leads to different properties of the
two operations. The projective transformation does not
preserve parallelism, length, and angle, but it still preserves
collinearity and incidence. On the contrary, apart from
maintaining collinearity and incidence, the affine trans-
formation preserves parallelism. Fig. 6 shows (a) affine

\%

y

X

(@) 0<z<1,0<y<z (b) 0<uv<1

Fig. 7 Duffy transformation from (a) a standard triangle to
(b) a unit square. Source: Mousavi and Sukumar, 2010.
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Fig. 8 Duffy transformations. (a) Negative and positive
Duffy transformations from a quadrilateral to a triangle and a
pentagon followed by their projective transformations, (b)
Positive Duffy transformation from a triangle to a quadrilat-
eral followed by the projective transformation, and (c)
Negative Duffy transformation from a pentagon to a quadri-
lateral followed by the projective transformation. Source:
Author.

D c D (o}
®------ peoooee- IERTEEE °

Q 5

@ -} | *

A B A B

Fig. 9
formations. Source: Author.

transformation and (b) projective transformation of square
ABCD.

Duffy transformation (fy) is another type of geometric
transformation that is useful for generating random frac-
tals. For instance, in this transformation, a square is
transformed into a unit triangle by merging two adjacent
vertices into one (Mousavi and Sukumar, 2010) (Fig. 7). This
paper will call it a positive Duffy transformation (f4..) if the
number of vertices of a polygon is increased by one, i.e., a
triangle becomes a quadrilateral. Similarly, we will call it a
negative Duffy transformation (fy.) if the number of
vertices of a polygon is reduced by one, i.e., a quadrilateral
becomes a triangle. Some examples of negative and posi-
tive Duffy transformations of different polygons followed
by projective transformations are shown in Fig. 8. In Fig. 8,
the negative Duffy transformation shows the merging of
two neighboring vertices (labeled in red) into one (marked
in blue), whereas the positive Duffy transformation shows
the splitting of one vertex (labeled in red) into two (labeled
in green).

4, Applications: IFS-based ice-ray lattices

Fig. 4 illustrates the use of IFS with a random factor for
geometric transformations of a triangle into three non-
identical pieces forming a random Sierpinski triangle after
some iterations. This paper has used a similar approach of
using the IFS with randomness factor for designing several
variations of ice-ray lattices starting with a unit square Q.

4.1. Type 1: Q—QQ

In making the Type-1 ice-ray lattices, we have used the
Q—QQ rule. In this rule, the initial square Q (ABCD) is
deformed through projective transformation fp; by which
two adjacent vertices (A & B) remains unchanged while the
other two vertices (C & D) are scaled-down with random
values. This way, C and D are transformed into E and F,
respectively. E and F are set in such a way so that they can
float in the place between one-third and two-third of A and

D F C
o----- penees o °
° 1@ -1 °
A E B

Q —QQ rule, a geometric transformation of a unit square Q into two quadrilaterals Q1 and Q2 after projective trans-
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Fig. 10 Q —QQ rule applied to the two new quadrilaterals Q1 and Q2. Source: Author.

B to ensure a reasonable shrink for getting a balanced split.
This shrink results in a new quadrilateral Q; (AEFB). The
exact process is performed by keeping C & D unchanged this
time and scaled-down the other two (A & B) in such a way
so that new vertices end up as E & F, respectively. This
creates another quadrilateral Q, (EBCF). This way, two
quadrilaterals Q; and Q,, share the same vertices E and F
(Fig. 9). Thus, Q becomes {Q; U Q}, i.e., the unit square
becomes a union of its two projectively transformed
quadrilaterals (Fig. 10). This IFS-based rule of polygonal
dissection is repeated to each new quadrilateral on each
iteration and continued this process for multiple iterations
to obtain the Type-1 ice-ray lattice (Fig. 11).

4.2. Type 2: Q—QQQ

In the Type-2 ice-ray lattice, the Q—QQQ rule has been
followed in which the main square Q is split into three
deformed copies of itself, i.e., three quadrilaterals Q1, Q2,
and Q3 after projective transformation fp and assembled
such a way so that three new copies occupy precisely the
area of Q by touching each other without overlapping. As

the first step, A and B vertices are kept untouched, and D
and C vertices are transformed to E and F respectively in
such a way so that E and F always float in between one-
fourth and three-fourth of AD and BC. The position of E
and F are random. The first copy of Q is produced as Q1,
which is ABFE. To get the other two copies of Q, we have
located O, which floats in between one-fourth and three-
fourth of EF. Similarly, we positioned G in between C and
D. Now, taking O as a common vertex, we produced two
other copies of Q that are Q2 (OGDE) and Q3 (OFCG)
(Fig. 12). The assembly of Q1, Q2, and Q3 results in three
polygons as three subdivisions of Q. The Q—QQQ rule has
been applied to Q1, Q2, and Q3 (Fig. 13) and repeated the
same rule iteratively to each new quadrilateral using the
IFS algorithm. After few iterations, we obtain the Type-2
ice-ray lattice design (Fig. 14).

4.3. Type 3: Q—QQP and P—PPQ
We have used Q—QQP and P—PPQ rules for constructing

the Type-3 ice-ray lattice. In the Q—QQP rule, the main
square Q (ABCD) becomes an assemblage of its two

iteration 3 iteration 4

Fig. 11

iteration 5
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iteration 6 itreration 7

Construction of Type-1 ice-ray lattice design after seven iterations applying the Q—QQ rule. Source: Author.
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quadrilateral copies and one pentagonal copy. The pro-
jective transformation generates the first two quadrilateral
copies, while the positive Duffy transformation creates the
pentagonal copy. In this case, E, F, and G are new vertices
that randomly float in between the one-fourth and three-
fourth of AD, BC, and CD, respectively. We have located O
at any random position within the one-fourth offset of Q. E,
F, G, and O are the shared vertices forming Q1 (EOGD), Q2
(OFCG), and P1 (ABFOE) (Fig. 15). The Q—QQP rule has
been applied on Q1 and Q2. The P—PPQ rule starts with a
pentagon which produces two pentagons P1 and P2 using
projective transformation and one quadrilateral Q1 using

Jo3

L‘)
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fp‘ -

Fig. 13

A B A B
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Q—QQQ rule, a geometric transformation of a unit square Q into three quadrilaterals Q1, Q2, and Q3 after projective

negative Duffy transformation (Fig. 16). The Q— QQP rule is
repeated iteratively to each newborn quadrilateral and the
P—PPQ rule to each newborn pentagon (Fig. 17).
Combining these two rules is applied in the IFS-based al-
gorithm that finally produces Type-3 ice-ray lattice
(Fig. 18).

4.4. Type 4: Q— TPQ, P—QQP, and T—TQ
Type-4 ice-ray lattice design is developed using three rules:

Q—TPQ, P—QQP, and T—TQ. In the Q—TPQ rule, the
initial quadrilateral Q is transformed into one triangle T1

s [T

@2/ a fp Q
. N

iteration 1

Q—QQQ rule applied to the two new quadrilaterals Q1, Q2, and Q3. Source: Author.
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iteration 2

iteration 3 itreration 4

Fig. 14  Construction of Type-2 ice-ray lattice design after four iterations applying the Q— QQQ rule. Source: Author.

(ECF) after negative Duffy transformation where E and F
are the scaled vertices. O is a new point in between one-
fourth and three-fourth of EF. Sharing O as a common
vertex, first a pentagon P1 (ABEOG) is created after the
positive Duffy transformation of Q. Then a quadrilateral Q1
(GOFD) is generated after the projective transformation of
Q. (Fig. 19). These three copies T1, P1, and Q1 are
assembled to occupy the whole area of Q without over-
lapping each other. In the P— QQP rule, a parent pentagon
P (ABCDE) is copied and transformed as two quadrilaterals
Q1 (ALME) and Q2 (ONDM), and one pentagon P1 (OLBCN)
(Fig. 20). One parent triangle T (ABC) is copied and trans-
formed into one quadrilateral Q1 (EFCA) and one triangle
T1 (EFB) in the T—>TQ rule (Fig. 21). These three rules are
collectively applied as three different functions to initiate
the IFS (Fig. 22). After some iterations, the IFS shows Type-
4 ice-ray lattice design (Fig. 23).

D C D C
o b----®
Q
L b----@
A B A B
(a) (b)

Fig. 15

4.5. Type 5: Q—PQQ, P—QQP, and T—TQ

Type-5 ice-ray design is the result of three different rules
Q—PQQ, P—QQP, and T—TQ that are used iteratively on a
parent square Q. First, a square Q has been transformed into
one pentagon P1 and two quadrilaterals Q1 and Q2 followed
by the Q—PQQ rule. It follows the same rule as Q—PQQ
used in the Type-3 ice-ray lattice design (Fig. 15). The only
difference is that the Q—PQQ rule in the Type-3 ice-ray
lattice creates no empty space in the center, whereas the
Q—PQQ rule in the Type-5 ice-ray lattice creates an empty
triangular space at the center share by three adjacent
polygons (Fig. 24, left). The P—QQP rule creates two
quadrilaterals Q1 and Q2, and one pentagon P1 from a
pentagon P (Fig. 20). A triangle T becomes a combination of
a triangle T1 and a quadrilateral Q1 using the T—TQ rule
(Fig. 21). All these three rules are used as three different

D G c
o -1 o0
°
o
Ee oF
L b----@
A B
(© G C

Q—QQP rule, a geometric transformation of a unit square Q into two quadrilaterals Q1 and Q2 after projective trans-

formations and one pentagon P1 after positive Duffy transformation. Source: Author.
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P—PPQ rule, a geometric transformation of a pentagon into two smaller pentagons P1 and P2 after projective trans-

formations and one quadrilateral Q1 after negative Duffy transformation. Source: Author.

functions for the IFS to initiate the iteration (Fig. 24, right).
After few iterations, we obtain the Type-5 ice-ray lattice
design (Fig. 25) resembling the traditional Chinese ice-ray
lattice found in Chengtu, Szechwan in 1880 (Fig. 2).

5. Results & discussion

The IFS-based algorithm using three different geometric
transformation rules (projective, positive Duffy, and nega-
tive Duffy) results in five different ice-ray lattice designs.
Their appearances at first glance show a nearly equal level
of visual complexity resembling the traditional Chinese ice-
ray lattices (Fig. 26). However, a closer look can quickly

reveal a distinctive composition of each IFS-generated ice-
ray lattice. Fractal Dimension (FD) is a measure that can
evaluate the irregularity or complexity of a shape. There-
fore, we can use this measure to evaluate the level of
intricacy of these five types of ice-ray lattices.

5.1. Visual complexity measures: fractal
dimensions

The Minkowski—Bouligand or Box Counting Dimension (BCD)
is a common method that can be suitably used for finitely

iterated complex shapes that are either self-similar fractal,
random fractal, or non-fractal (Bovill, 1996). In the BCD
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Q—QQP and P—PPQ rules applied to the new quadrilaterals Q1 and Q2, and the new pentagon P1. Source: Author.
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iteration 0 iteration 1 iteration 2 iteration 3 itreration 4

Fig. 18 Construction of Type-3 ice-ray lattice design after four iterations applying the Q—QQP and P—PPQ rules. Source:
Author.
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Fig. 19 Q—TPQ rule, a geometric transformation of a unit square Q into a triangle T1 after negative Duffy transformation, a
pentagon P1 after positive Duffy transformation, and a quadrilateral Q1 after projective transformation. Source: Author.
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Fig. 20 P—QQP rule, a geometric transformation of a pentagon P into two quadrilaterals Q1 and Q2 after negative Duffy
transformations and a pentagon P1 after projective transformation. Source: Author.
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Fig. 21 T—TQrule, a geometric transformation of a triangle T into a smaller triangle T1 after projective transformation and a
quadrilateral Q1 after the positive Duffy transformation. Source: Author.
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Fig. 22 Q— TPQ, P—QQP, and T—TQ rules applied to new quadrilateral Q1, new triangle T1, and new pentagon P1, initiating
the IFS. Source: Author.
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Fig. 23  Construction of Type-4 ice-ray lattice design after four iterations applying the Q— TPQ, P—QQP, and T—TQ rules.
Source: Author.
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Fig. 24 Q—PQQ, P—QQP, and T—TQ rules applied to new quadrilaterals Q1 and Q2, new triangle T1, and new pentagon P1,

initiating the IFS. Source: Author.
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Fig. 25
Source: Author.

method, we lay a square grid on a two-dimensional planar
figure and count the boxes that contain a part of that
figure. The exact process is continued iteratively by
doubling the grid number, i.e., by making the grid size half
at each iteration. Considering the number of boxes con-
taining a part of the main figure as ‘n’ and the grid size as
‘s’, we can calculate the fractal dimension (FD) of the
figure by using the following log-log relation.

iteration 2

iteration 3 itreration 4

Construction of Type-5 ice-ray lattice design after four iterations applying the Q—PQQ, P—QQP, and T—TQ rules.

This relation (5) can be represented through a graph
taking log(1/s) on X-axis and log(n) on Y-axis. The slope of
the log-log relation is the fractal dimension of the figure.
We have applied the BCD method on the Type-1 ice-ray
lattice (Fig. 27) and obtained its fractal dimension (FD)
value as 1.437 (Table 1, Fig. 28).

The slope shows the FD of the type-1 ice-ray lattice is
1.437. Similarly, we calculated the FDs of all the remaining
IFS-generated types of ice-ray patterns, and overall, the

. log(n . .
FD = lim 8(n) . (5) following results are obtained (Table 2).
s—olog(1/s)
Type 1 Type 2 Type 3 Type 4 Type 5
(iteration 7) (iteration 4) (iteration 4) (iteration 4) (iteration 4)
Fig. 26 Five different types of ice-ray lattice designs developed by IFS-based algorithm using projective and Duffy trans-

formations. Source: Author.
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Table 2 Fractal dimensions (FD) of IFS-generated ice-ray
lattice types.
Ice-ray lattice Types Fractal Dimension (FD)
Type-1 1.437
Type-2 1.482
Type-3 1.469

S

s=64 §=32 =16 Type.4 1.447
Type-5 1.463
E i Table 3  Point clouds of square grid, affinely transformed
"f-.k"‘ grid, and type-1 ice-ray lattice and their corresponding
_ _ fractal dimensions.
s=8 s=4 s=2
Point Clouds Fractal Dimension (FD)
Fig. 27 Box counting on Type-1 ice-ray lattice with the Regular square grid 1.613
changing of grid sizes. Source: Author. Affinely transformed square grid 1.592
Type-1 ice-ray lattice 1.604
Table 1  Values of ‘n’ and ‘s’ and their corresponding log
values.
s n log(1/s) log(n)
64 16 ~1.806 1.204
32 64 —1.505 1.806 "‘S'gfgsfrf:;ﬁ"ay
16 227 —1.204 2.356 Im’——»
8 562 —0.903 2.750
4 1240 —0.602 3.093
2 2402 —0.301 3.381

| total number of cells (n) }—b{ average area (A, = A/n) ‘

each cell area (a)

One thing to notice is that the FD calculations are done on
the 7th iterated lattice of type-1 and 4th iterated lattice of
type-2, type-3, type-4, and type-5. The FDs of these ice-ray
lattices are nearly equal, confirming the same level of design

number (n,) of cells with uniform area (Au = A, +7)
A, <as< A,,+ [ris a range factor]

complexity. However, changing the random value in the IFS
in constructing each ice-ray type will result in its variation

utterly dissimilar to the previous result. Therefore, the FD of
the same type of ice-ray lattice will have a slightly different

FD value. We expect that the higher iterated lattice will NO VES
have higher FD values as the lattice will be denser at a finite Iil
scale. We applied the BCD method on the 10th iterated cefimizedinodel

Fig. 29 Flowchart of the optimization for achieving the

uniformity of the perforations. Source: Author.
4.0 - log(n)

y=1437x+3.9454 -, N
o 5

15

0 log(lls) g o e o

0.0 g. 30 Results of the optimization of Type-1 ice-ray lattice;

(a) model with 60 cells fall in A,, (b) model with 75 cells fall in

Fig. 28 The log-log graph shows the slope, which is the Ay, (c) model with 104 cells (maximum) fall in A,. Source:
fractal dimension value (1.437). Source: Author. Author.

-2.0 -1.5 -1.0 -0.5
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(@) (b)

(@ (e) (U]

Fig. 31  (a) Square grid, (b) Affinely transformed square grid,
(c) ice-ray lattice type 1, (d) points cloud of Square grid
(FD = 1.613), (e) points cloud of Affinely transformed square
grid (FD = 1.592), and (f) points cloud of ice-ray lattice type 1
(FD = 1.604). Source: Author.

Fig. 32 Left - An graphical impression of the Type-1 ice-ray
lattice window with nearly uniform perforations and a clear
view looking outside of the window; Right — A sample image of
a latticed facade with type-1 ice-ray lattice. Source: Author.

Type-1 lattice, and its FD is 1.707, whereas its FD at the 7th
iterated model was 1.437. Theoretically, at infinite itera-
tion, all the ice-ray types will have the FD tending to 2.0.
That means the infinitely iterated lattice will become a
dense mesh, i.e., nearly a two-dimensional planar surface.
Since we are dealing with the finite scale of window lattices,
it is not rational to use a very high number of iterations. A
reasonable number of iterations with respect to the window
size is practical for getting enough perforations and daylight.

5.2. Optimization for uniform perforations

The specialty of traditional Chinese ice-ray lattices is the
uniformity of perforations. According to Dye’s observation,

Fig. 34 Models of latticed decors generated by IFS using
Type-1 ice-ray pattern. Source: Author.

*...he (Chinese craftsman) divides the whole area into large
and equal light spots, and then subdivides until he reaches
the size desires (Dye, 1937).” In this study, the IFS-
generated ice-ray lattices are parametric, which means
we can parametrically adjust the cell sizes. To follow Dye’s
(1937) observation, we have therefore performed a size
optimization for obtaining the uniform perforations of the
lattice. However, as the shape of each polygonal cell in the
IFS-based ice-ray lattices results from a randomness factor,
straightforward size optimization of each hole is a difficult
task. To ease this process, we set a goal to maximize the
number of polygons whose areas are nearly equal to
the average area with a given tolerance. Figure 29 shows
the optimization strategy. We first calculate the average
area (A,) of each cell after diving the main polygonal area
(A) by the total number (n) of cells. Then we set a range of
area A, for getting the uniformity in such a way so that

A=A, £r (6)
which means
A=A, —r and At =A,—r (7)

A,

where r is tolerance, a floating number; r = .

Now, we look for the cells each of whose area (a) fall in
the range of A, i.e., A, <a < A% .

Through an optimization tool opossum (Wortmann, 2017),
a surrogate-based optimizer plugin in Grasshopper3D
(Rutten and McNeel, 2007), we ran the optimization to
achieve the maximum number (n,) of cells having area
a, i.e., fall in the area range, A,. This optimization thus
results in an optimized ice-ray pattern with nearly uniform
hole sizes (Fig. 30).

The optimized ice-ray lattice having a uniform cell area
does not ensure the even distribution of the holes or the
‘light spots’. Therefore, we need to evaluate the distribu-
tion of the hole spots (i.e., the centroid of each polygon)
and find their even distribution. For this, we have again
used the Box Counting Dimension (BCD) method for

Type-1

Fig. 33
ice-ray patterns. Source: Author.

Type-3
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measuring the fractal dimension of hole spots, in other
words, the points cloud. Fig. 31 represents the distribution
of the opening spots of a regular square grid and an ice-ray
lattice. The spots appear almost evenly distributed in both
the regular and asymmetric lattices.

We have taken a regular square grid for comparative
analysis, an affinely transformed square grid, and the Type-
1 ice-ray lattice. These three are generated from the same
initial square using the IFS method. The square grid has
been developed using the self-similar IFS algorithm by
which four 1/4th scaled and identical copies of the previous
square are accommodated without overlapping. The
affinely transformed square grid has been generated using
the self-affine IFS algorithm by which four asymmetric
copies of the previous square are contained within the
previous square by touching each other on each iteration.
The ice-ray follows the Q— QQ rule in the IFS algorithm by
adding a factor of random value (range 0.0—1.0) on each
iteration. All these three lattices are the results of the 8th
iteration. Their point clouds are obtained by extracting
the centroid of each polygon. To assess the distribution of
the holes of three experimental lattices, we will not use the
perforation density method, which does not clearly assess
the perforation distribution. For example, a unit size planar
surface with five holes with area A/5 each and the same
surface with twenty scattered holes with area A/20 will
provide the same perforation density, but the hole distri-
bution will differ. Therefore, we find the BCD method is a
suitable method of evaluating the level points distribution.
Using the BCD method, we can count whether an individual
point is contained in the hierarchically decreasing size of
the boxes with the increasing of BCD’s reference grid
numbers. The number of the grid boxes that cover the
points will provide the measure of perforation distribution
in the fractal dimension unit. Table 3 shows the FDs of
these three lattices’ perforations or ‘light spots’ by
applying the BCD method.

The result shows that the FDs of the points clouds of the
affinely transformed square grid and the ice-ray lattice are
nearly equal to the FD of the regular square grid, which
assures that the points distribution of the ice-ray lattice is
as uniform as in the regular square grid. The deviation is
only 0.07, which is negligible. This comparative analysis
taking the FD of a regular square grid as a reference con-
firms the equal distribution of the ‘equal light spots’ that
Dye mentioned in making the ice-ray lattices (Dye, 1937).
Equal light spots with optimized uniform perforations
ensure a clear view of the outside from inside (Fig. 32,
Left). In this context, a latticed facade can be imagined as
a modern and extended version of the traditional Chinese
ice-ray window lattice.

6. Conclusion

This paper has proposed a novel approach to understanding
the underlying geometric rule in traditional Chinese ice-ray
lattices using fractal geometry and then parametrically
modeling different types of ice-ray lattice designs using the
Iterated Function System (IFS), a fractal-making recursive
algorithm. Different geometric transformation rules, pre-
cisely the projective and Duffy transformations, have been
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used in the IFS method to generate different ice-ray lat-
tices variations. Through this study, the IFS-based approach
demonstrates the efficacy of using fractal geometry and the
IFS algorithm for studying and modeling other random and
complex lattice patterns that are man-made and natural. In
addition, the fractal dimension measure has been applied
here to analyze the visual complexity and detailedness of
the IFS-generated ice-ray lattices using the Box Counting
Dimension (BCD) method. The fractal dimension calcula-
tions show nearly the same level of visual complexity of the
five ice-ray lattice types and confirm the uniform distribu-
tion of the perforations in each ice-ray type.

We have implemented our IFS-based ice-ray making al-
gorithm for simulating crackle glazes on a pot by applying
our five different types of ice-ray patterns (Fig. 33) and
modeling some three-dimensional latticed decors (Fig. 34)
for checking its further applicability in graphics, design,
and research. In architecture, for instance, in perforated
facade design, this IFS-based fractal-making method, along
with the connected visual complexity and perforation dis-
tribution measures, can be applied to design optimized and
adaptable latticed screens by performing daylight and
airflow performance simulations. Correspondingly, the sig-
nificance of this study is the demonstration of the potency
of using fractal geometry as a tool for exploring and
modeling a rich source of complex, random, and intricate
shapes that are man-made or natural.

However, the IFS-based algorithm that we have demon-
strated here to model ice-ray lattices has one limitation.
Because of its random factor, this algorithm cannot produce
a definitive or pre-determined design; instead, it is an
indeterministic system. Hence, designers will not be able to
predict the design using the IFS-based algorithm. Another
limitation of this particular IFS-based approach is its inability
to make all types of Chinese traditional window lattices
except some. In some cases, other algorithms proposed by
previous scholars are more compatible. In the future, we will
use the IFS-based approach and fractal dimension method to
analyze and design different symmetric and complex lattice
designs and simulate real-world cracked patterns based on
studying the cracking phenomena.
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