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An Incremental RLS Algorithm for Network Parameter Estimation
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(School of Mathematics and Statistics , Xidian University , Xi’an 710126, China)

Abstract: Aiming at the problem that existing incremental least mean square algorithms, which relied
solely on the local data at each node to perform local estimation., suffered from low estimation
accuracy under limited information exchange, we proposed an incremental recursive least squares
algorithm based on cyclic network estimation. The algorithm performed exponentially weighted
summation of local loss functions node by node in the cyclic network, and recursively solved the local
estimate at each node by using only the local estimate of parameter and intermediate process matrix
estimate from the immediately preceding node. It featured low demand for information exchange and
high estimation accuracy. Through theoretical analysis of the mean and mean-square error of proposed
estimation method, the simulation experimental results are highly consistent with the theoretical
analysis. In different application scenarios, the estimation accuracy of proposed algorithm is superior
to the current comparative incremental least mean square algorithms, providing an efficient and
practical solution for parameter estimation in distributed cyclic networks.

Keywords: adaptive algorithm; incremental form; recursive least squares

UTAFEK , B TOLR F I D O 28 05 5 Al oSR3I R I 5T O T T A 3 T o A1 3R 2% 1 S
T R SRk Ry g M AL RO PSS A SR N 46 % Ak S Hamilton

B HI. 2025-01-10.

F—EEEN: THEH Q0L , B, DK, BEIRAE, NESEIHES AL AP, E-mail: 23071213312@ stu. xidian.
edu.cn. BEEMEEE . HARA967 ), B, Wik, W+, #8, NERIFEIBEMNEES 5F B0 7 L 5% . E-mail
jmye@mail. xidian. edu. cn.

EE£mMAB.: BRARFFIES S 12571329).



644 oMK A R (B 2R RO %64

o B RO OL DU 5 T — 1 0 R A T A 4G R R A I, IR T A R E TS
A EGE T SR A OE R EME , FRACAE B SRR BERED . PR FE h A S AR AT Y A
BN B E /N B A 2T 2 A RS AT A BT 55 3 A R W 4 AR
o5 A BEUER G, CUEBZE R0 R H 50 F i RS Rt o\ sk . B, MEAR
B oY AR P AE R /NI T (least mean square, LMS) B A 2R A8 K L, ) 4n [ 52 26 K12, 28 45
F MR 2O AR T LMS Bk 3 B A R R Sk B AN M R AT A ekt s 1]

3% F 5 /N 3 (recursive least squares, RLS) B LAE H & DI b o 28, B RIS I E L
BRS04 Ry e 0 Ak . HAT B bR i e S50 B AR O R A S B2 L Ok T LMS Bk b iy b
KyERE . RLS BELAE [ B W 45 b i B F2 20 9o 280 1 SCiRC12 48 1 7 567 3 2 BB i
PO RLS 833k, {0 46 R S8 19 BT AT S8 0 g 455 s Bt — > R die /D e s SCRR[ 14 o i 2
SRAY 5 HAR I 1 ROE AR, JO R A% AR R U MR, RRAR TR BRI A ek, 7RI P
ORI R 0 285 RN S H A T 8 OE Y RLS 2R HE ST B ET R W SCERHE . A SCHR B — R g P AC
XRS5 RLS B3k R [E N 3 50T f9XF L S g 25 S 3R WY . %3 A RLS Sk vk et T3
AEHH LMS KRk, i Bk M E ST 0 nl J0 . 07 BLA5 R 5 B A W) & B

1 BEBETHEENEE

K1 —A il Hamilton BRERZEA N AT AWML, A8 @ bRt y, O MR A
ABmmw e RV, 5w BERWF .
e (D) =x DOw 4+ n, () s (D
Hrr: x, (D€ RIS S UGB AR &, M RA &K E; 2, (DFRR—DEERH O,
T3 2270 or W IEZS 53 A1 By fin ok e 75
1.1 #EEXFNNIFTEEE
LAY 1 X LS B3 3 o 6 4 2 pR A

Tusss 00> = EL |3 (D) = xF w027 (2)
KFAG T we GO SRR EEFFAE we o (OMBBE BE TR, BI ALK IR F o 15 3R M R Fom 2 1 2R A KR
Wi (D) =wiy () p (D (3 () — wiy (Dx, (D). (3)
HATHOR B LMS 2858 A8 20 K 3 i i (1D, 7D @) (1. 1,(1)
/N J5 (variable step size incremental LMS, i=1
VSSILMS) 5 1) il W 75 24 3R 4 Bt 2t dik /N 34 07 DO e ‘_‘;3@ )
(noise constrained incremental LMS, NCILMS) @
Fk =
it F VSSILMS 83, Hordt o (D 55 2 A5 \®+@
% WIERB LKA, a0y 200 HEESI S50, R (e . () (D= Q@ . ym)
0<a<{1, 7>0. ‘\Jw
Hik1 VSSILMS 5. @ (1), y, (1) «@ @(n). 9,0n)
wo (D =wir | MEWRHNAFANGRSRERLRE
e, (D)= (y, (D) —wi 1 (Dx (D)), Fig. 1 N node network and parameter updating
wy (D =w,— D+ Dx (Dep Dy k=1,2,++,N, process in incremental case
e G 1) =ap, (D) +ve; (i),
w,=wy (7).
XFF NCILMS 8k, FORE A7 J7 224 R 0 s m 21 28 (2) o, 75 3055 i 401 % pR %K
Jxennts (Wi () = Jiaas (W (D) 4 7,2, (D [T s (W (D)) — 67 ] — 7347 (D) 4

Hp 2, ()R Lagrangian &+, 7, A RF 0 G S5 R, @i % 20O T w, O RKBEE 5] A



553 E!

&3

&, & — RS HAG TR A RLS 5k 645

B KT a, (DF B 45w, (DF A D IEARLAR. NCILMS BiEF.
BiE2 NCILMS &,
w, (D) =w,_,
e (D) =y (D) —wi (Dx, (D)),
ak(i)z;zkflJr)’Mk(i)]’
we (D =w, (D) +a,(Dx, (e, (i) k=1,2,++,N,

w,=wy (1).
1.2 #HEXBERAFN_REE
O LMS 283 5 2CUR L 70 B A5 s R 3 A A0 F R A Bl XTI B TR N 1 s &%,
TEE PG TF P 25 A 0 T A A1 A 80, o 2 00 & 09 1 5 B eR BCES BOm B . B R AN S A
50 WEARR B R
min J (w () = D A7y, () — x! (Dw, () ]2 (5)

i=1

C A T A B E PR A OGRS R, () = ZA”*fx](z')x,-T(i% Ay, () 2Z (8] 5 P R O ) A

k
P.(D) =D 1 x, (Dy, (). W25 KT w OKEEIFAH T, w15
ji=1

w, (i) =R, (DP, (D). (6)
HETE R (DERER K, FEAESN RLS B krh, lad AR 00 5] BROE R, (1) BYR s F
0 Sy (D=R, " (), HitBESHEMT .

YD)

. . T/ - .
SD_',\)(Z') :Rfl(z) :%[Sl).k,l (l) o SD_kfl (Z)xk(l)xk (Z,)Sp,kfl(l):| ,

A+ xF(DSp (Dx, (D)
MR (Dwe  (D=P, (i), P, (D)=2P, (D) +x, Dy, (D). FR 6B 715

we (D) =w () + e, (DSp, (Dx, (D), €))
Hrpow, (DFR w FES b A S 0 WIE BT B AT . S BEARSRD T BE B, a0 ) ) i
he () =8p., (Dx, (. A SCHE & 7058 VH /D — 3 (incremental RLS, IRLS) FIEH IR AT .

%)J!Z!ﬁ’ﬂﬁ SDJ(O):é\Ia (9
W()(i) =W, 1 (10)
SD0(1+1) :S[)\'(Z)s (11)
6,&(1.) :y/(l)*W;Tl(Z) xk(i), (12)
N Sy (Dx, (D)
) = T (DSpa (D (D) (19
S0 (1) =[S0 (D) — e (DT (DSpu 1 (D] (14
Wk(l):W171(Z)+€/(Z) S]),k(l.)xk(l.)v k:1929"'7N7 (15)
w; =wy (1), (16)
2 BRSO
FE SRR 2E )

Aw, () =w —w, (). an

e (DORAKXA2), FFRB L (15 =X (17) A) 15 R AR 2 1) i kAR A =
AW}»(Z) :(I'\/[*SD;(l)x;(l)x/T(l))AW;fl(l) *n;(l)SDk(l)x;g(l) (18)

225 SCHRL LS A (R



646 oMK A R (B 2R RO %64

(Hy) Sp. () s, GO AHE A ST 5

(Hy) x, (D) on () yw, GO A E AT
2.1 HESH

Bear (DO R 6), AT

k
wi (i) =R (DP () =Sp, () [ 2325 7x, (D y, (D] =
j=1
k
o () [ 23257x, (D (] (DOw' + 0, ()] =
ji=1

k
W' Sp (D DA T x (D (). (19)

X 20 (20) P i ] B BT 28 L 3 2 ]
E(w, (1)) =w". (20)
K20 FRW, FEFALRET . 6 45 I B9 AT R Bm] & A Ak T2 o 1. (HAE S8 i #2 b IRLS 89k
AHES R T TR MR S, NI S BUE B B R (D 45 th A T B A A T R 25 RTRA TR
REOREZ 0 Aw, (DTEECTE R b i BRI, i F 4347,
XF 2 (18) W i [ B A2 3fe 56 B R, (i), 7T 4%

R;(Z)Awk(l) :ARk 1(1)AW/Q 1(1’) *nk(i)xk(i). (21)
B QO B, A
k—1
R, () Aw, (i) =R, (i) Aw, (i) — Eafnk,j<zt>xk,j<i>. (22)
XF X (22) W 1 [RI B A2 SR B Sy, (i) » FEER A R BUHE H E(n, () =0, A%
E(Aw, (i) =XE Sy, (DR, G)YE(Aw, (). (23)
Besr RO MR (1) a5
k
NS, (IEW), i=1,
E(Aw,()) =4 0 (24)

A’E(SD/\(I)R\(7*1))E<AW\(1*1>)9 1=2,3,""n

it O M PR RIBIE A, ElﬂDRm)—Zﬂ x; (Dx) Gy A TTER R/ Fid &

PIRT A AT & x, (D) XY g—>co B, A*—> 0, Mﬁrﬂ&ﬁ% IR | ERE N I RS BT E AN =)
R, (D W52 o] Z B AT, R, (DFE k—coliffa TARE. Wk, RO Sy, (DY AF &, Nial 5
NE (S (DR, ())—>0(k—>o0), # ECAw, (i))—>0(k—>0), Rl w, () I {EULEE] w'.
2.2 HHESH
2.2.1 HMEHFEE
H A JT IR 22 (excess mean square error, EMSE) J2 i H 16 W & B S e — | EIE 45,
WA RELERSM R IR EN M EESHER RN REZEMES. & X EMSE H o, (), H
oL (D=En, () —e, ()", X ADIRA ol (D IFB L KD FX QD A 15
olr (1) =tr(Aw, (D AWE (Dx, (Dl (). (25)
2.2.2 HHF £
Y175 2% (mean squared deviation, MSD) & i 1 5 1 75 35 A Q0 72 b 45 B 09 R B0l T ) 4t 5 058 ) i
Z ) 22 1 B 45 b5, B MSD=EC || aw, () || ). 32
E(Aw, (D) Aw; () =U, (D), X, (i) =E(x,(Dx{ (),
I EF MSD 1] 7R 4
EC| Aw, (D | ) =tr(EAw, (D AW} (1)) =tr (U, (1)) (26)
H AT H B EIFRUNE, 15



%3 EL&E. . — DRGSR R0 RLS 5k 647

U, (i) =U, () —ESp, GDX, (DU, () —U, 1 (DX, (DES,, (1)) +

E(S), (D)) (X, (Dtr (X, (DU, () +2X, (DU, (DX, G E(S,,, (1)) +

GiE(Sp GDX, (DES,, (). 27)
QDI U, G) Y36 17 %5 5.
2.3 BEEESH

e A KBy M, XF F VSSILMS 2945 | NCILMS B3k FA SC IRLS Bk 7e &4 5
AT —WEARRT TP E 2, SR TR 1. hFR 1 a0, A SCRIETH R 22 B K F R B8 h 1
X LMS Bk, & T IRLS Bk 5 T RLS HESE, FR4E4m IF g M ety 2296 B . RIS 2= i T
2 O, pREREEE R E K.
®1 FEAEFESITASRERMNTESRE

Table 1 Computational complexity of different algorithms at each iteration of each node

ik e ik KB LUEESYS
VSSILMS 2M+3 2M+3
NCILMS 2M+5 2M+3

IRLS 3M? +4M 2M* +3M+1

3 RUER
N % %¢ IRLS Bk 7E AR5 FRbERE. R mmE w'=(1,1,--, D"/ /M, maEKE M=5,

W AABN=20, n, (DB )72 N of B BT 025 P aiiiE
BEALAS B, 7652 BR TR RS SR A 1 PR B ol v FRER
N 0. 99 <A< 1. A BT | 0k B A IR 2 A L A
A WS AN, S E R %L T f
T AL AR 25 A B X L R AR
E X 3R B2 A5 e 10 36 35 R 0 B 3. s SC S 5 o i I oosk y A
A=0.999. PIFERGEAM N 1 AT B R N P
MR 2) AT RO 2 A S BB 0. 5. P2t e s 0 e
&1 2 g PR 37 5 B YT B Oy 2 4 A B2 REEBGETRES &S
HEAT 100 ¥R A 37 SE g0 O {E, X LB IRLS, Fig.2 Variance of different nodes in
VSSILMS S 1 NCILMS ™ 585k 78 Wi v 3% 5 different experimental scenarios

NS T 5 N 89 MSD, Z5 B 3~ & 5 B, s 3~& 5 o] i, IRLS % 3 &5 Ho At 91 fb
LMS RHEEA KNI MSD 3R 2208 XF H R SE 5037 5, fEf AT s8R A — @ MR T
IRLS # NCILMS 53k WSt A7 58 R B 4 5.

—— IRLSH i — IRLSH i
_10 —— NCILMSS7i% -10 —— NCILMSH %
VSSILMSH#:#% — VSSILMSHi
20 it
i H =30
B B
= " 40 ERo2759)
-50 ) ‘
L
-60 -
—60 1 1 1 1 1 _70 L 1 1 1 1
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
BARREL AU EL

3 BERRLEAI 10 BB HAREENYFTEINLER B4 EREA20BEFAEEEZNHFTFETILER
Fig.3 Comparison results of mean square errors of different Fig.4 Comparison results of mean square errors of different

algorithms when signal-to-noise ratio is 10 dB algorithms when signal-to-noise ratio is 20 dB



ES
=]

648 MR A A i GR % RO %64

El==N

Bl 643 FEEELRIE 1M 20 dBEMHET R TR EMSE $®Cik. mE 6 i,
IRLS 32 5 T Hofl W Fh 3309 45 5/ 1) EMSE, 26 W 1% 80 vk 78 3k B Fa A8 5 2 $loim) B A5 1108 42 0T 52 b
. A B sk g,

— IRLSH ¥ 0 — IRLSH %
-10 —— NCILMSH ¥ - —— NCILMSH %=
20 —— VSSILMSH % ged) —— VSSILMSH %
20 F
-30 L
s s ~25
R -40 —— R =30 F
x St T 35
~50 3
.
=70 50
—80 1 1 1 1 1 - 5 1 Il | 1
0 500 1000 1500 2000 2500 3000 0 100 200 300 400 500 600 700 800 900 I 000
BEACUH SRR
5 ERIEAIOIBHAFEEZHNHFETILER Ee BIMMAREBILESLIEEIL

Fig.5 Comparison results of mean square errors of different

algorithms when signal-to-noise ratio is 30 dB

Fig. 6 Comparison between theoretical values and

experimental values of excess mean square error
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Table 2 Comparison results between theoretical values and experimental values
of mean square error in two experimental scenarios
StE R (EMELL/dB EARRE NS SIEH || EE R [FEM/dB AR ELSH S

1 10 500 —36.407 4 —36.677 2 2 —60.484 2 —60.595 4
2 —49.346 5 —49.568 2 1 20 3000 —46.7228 —46.726 2
1 10 1500 —36.6631 —36.4454 2 —59.414 3 —59.102 6
2 —48.8553 —49.212 4 1 30 500 —56.593 7 —56.594 3
1 10 3000 —36.2621 —36.3392 2 —70.040 0 —69.971 9
2 —49.441 4 —49.319 9 1 30 1500 —56.8794 —56.839 4
1 20 500 —46.520 6 —46.334 5 2 —69.772 8 —69.854 2
2 —59.226 2 —59.664 3 1 30 3000 —56.7608 —56.428 4
1 20 1500 —46.5917 —47.1252 2 —69.419 1 —69.744 2
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