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Local Preserving Graphs Using Intra-Class
Competitive Representation for Dimensionality
Reduction of Hyperspectral Image

Zhen Ye, Shihao Shim, Tao Sun, Lin Bai

Abstract: As a key technique in hyperspectral image pre-processing, dimensionality reduction has
received a lot of attention. However, most of the graph-based dimensionality reduction methods
only consider a single structure in the data and ignore the interfusion of multiple structures. In this
paper, we propose two methods for combining intra-class competition for locally preserved graphs
by constructing a new dictionary containing neighbourhood information. These two methods ex-
plore local information into the collaborative graph through competing constraints, thus effectively
improving the overcrowded distribution of intra-class coefficients in the collaborative graph and en-
hancing the discriminative power of the algorithm. By classifying four benchmark hyperspectral
data, the proposed methods are proved to be superior to several advanced algorithms, even under

small-sample-size conditions.
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1 Introduction

Hyperspectral images (HSI) based on remote
sensing technology development consist of hun-
dreds of spectral bands [1-5]. Due to the rich
spectral information of hyperspectral images, it
has significant advantages over conventional im-
ages in areas such as target recognition. However,
overly rich spectral information can make data
processing difficult and is prone to Hughes phe-

nomena that reduce classification accuracy [6]. In
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addition, the existence of the “dimensional curse’
would require a more advanced hardware envir-
onment for processing hyperspectral data [7].
Therefore, dimensionality reduction techniques
have been investigated to solve the problem.
Projection  strategy-based methods are
viewed as a common strategy for dimensionality
reduction, which is achieved by projecting hyper-
spectral images into a lower dimensional feature
space. As a representation of the application of
projection techniques, the goal of principal com-
ponent analysis (PCA) is to find a projection
matrix and make it satisfy the maximum vari-
ance or minimum reconstruction error [8,9]. Lin-
ear discriminant analysis (LDA), as a super-
vised learning-based projection dimensionality re-
duction technique, aims at finding a projection
matrix that maximizes the generalized Rayleigh
quotient [10]. However, both PCA and LDA have
limitations. In the feature extraction phase of
pattern recognition, PCA is not optimal for clas-
sification tasks. When the input data is mul-
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timodal, it is difficult for LDA to perform the re-
quired dimensionality reduction. As a solution
idea, a graph-based approach based on manifold
learning is proposed.

Graph theory, employed to describe the rela-
tionship between vertices in a graph, is widely
used in social network structure analysis, HSI di-
mensionality reduction, and other areas [11,12].
The application of graph theory to dimensional-
ity reduction is achieved by extracting the geo-
metric structure from the HSI and maintaining
similarity. The graph-based strategy solves the
generalized eigenvalue problem by constructing a
graph-rights matrix to obtain a low-dimensional
representation of the problem [13-15]. Locality
preserving projections (LPP), a classical graph
theory approach, maintains the local structure of
the data by constructing nearest neighbor graphs
[16]. On the basis of LPP, locality preserving
Nonnegative matrix factorization (LPNMF) in-
troduces the concept of non-negative matrix fac-
torization (NMF) [17]. NMF, as a matrix decom-
position method, achieves nonlinear dimensional
approximation reduction based on the assurance
that the decomposed data are all non-negative
[18,19].

The obvious drawback of graph-based meth-
ods based on the Euclidean distance between two
points is that they are sensitive to noise [20]. To
solve this problem, sparse representation is pro-
posed as a solution, due to the fact that the
sparse coefficients, which are weights of the
graph power matrix, represent most of the in-
formation in the HSI and satisfies the minimize
reconstruction errors [21]. Sparse representations
can be broadly classified into {;-norm based
sparse representations and ¢,-norm based sparse
representations, where ¢,-norm is of interest as an
ideal sparse representation constraint [22,23].
However, the sparse representation with /-norm
constraint is not a convex optimization problem
and the optimal solution is more difficult to ob-
tain, so the sparse representation based on /-

norm is widely used as a substitute solution.

Sparse graph-based discriminant analysis (SG-
DA) has been applied as a sparse representation
method that uses ¢,-norm based optimization to
construct sparse graphs [24]. The method further
improves the classification accuracy by  pre-
serving the sparse connections in the manifold.
Since SGDA is not effective in obtaining the
global structure of the data, an improved meth-
od called sparse and low-rank graph for discrim-
inant analysis of hyperspectral imagery (SLG-
DA) was proposed, which combined a sparse
graph with a low-rank representation to con-
struct a more information-rich graph and main-
tain the global and local structure of [25,26].
Compared with traditional techniques, al-
though the method based on sparse graphs with
¢,-norm has made progress in HSI dimensionality
reduction, it suffers from problems such as the
relationship between global data is not con-
sidered and high requirements on the number of
training samples. In addition, estimating similar
matrices using {,-norm minimization requires
high computational cost [27].Therefore, to im-
prove the computational efficiency and reduce
the sparsity of similar matrix coefficients, collab-
orative graph-based discriminant analysis (CG-
DA) has been designed to use f,-norm minimiza-
tion instead of ¢-norm minimization [28,29].
Since CGDA emphasizes the joint action of all
elements, the collaborative representation is sig-
nificantly stronger than the sparse representa-
tion in maintaining the global geometric struc-
ture of the data. This further validates the view
of some scholars that it is more important to ex-
plore the global structural information than to
maintain the local structure in the data.
However, while CGDA performs well in main-
taining global structure, it performs unsatisfact-
orily in maintaining local manifold structure,
which is a drawback of collaborative representa-
tion. To enhance the intra-class representation,
block collaborative graph-based discriminant ana-
lysis (BCGDA) introduces the block concept in-
to CGDA, i.e., constructing collaborative graphs
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in subgraphs and saving them as diagonal block
matrices [30,31]. Since BCGDA uses elements of
the same kind as the target element to construct
the collaboration graph, its effective weighting of
the intra-class coefficients improves the perform-
ance of the collaboration representation in the in-
tra-class. Different from BCGDA, an unsuper-
vised approach of collaboration-competition pre-
serving graph embedding (CCPGE) combined
the concepts of collaboration and competition to
construct a “collaboration-competition” diagram,
taking advantage of the difference in focus
between the two concepts to effectively learn the
global geometry and local manifold structure [32].

Due to the limitations of collaborative rep-
resentation, the coefficients of similar matrix con-
structed by CGDA and BCGDA may be too
dense in local regions. Based on this, two super-
vised dimensionality reduction approaches are
proposed, named as competition-introduced col-
laborative graph-based discriminant analysis (C-
CGDA) and competition-introduced block collab-
orative graph-based discriminant analysis (C-
BCGDA). In order to combine the local informa-
tion in the data with the global geometric in-
formation of the collaborative representation, we
design a new dictionary to hold the local inform-
ation adding it as a constraint to the construc-
tion of the collaborative graph. Since the role of
this constraint is to enhance the influence of the
neighboring elements of the target element in the
process of constructing the graph, this constraint
is named as a competition constraint. The main
contributions of this work are as follows:

1) Two improved local preserving graphs for
dimensionality reduction of HSI are designed,
which optimize the objective function using a
closed solution due to collaborative representa-
tion. By adding intra-lass competitive constraint,
the proposed graphs can effectively exploit the
competition relationship of intra-class samples
and preserve their local manifold features.

2) Corresponding to the proposed graphs, C-

CGDA and C-BCGDA have their own character-
istics for supervised dimensionality reduction of
HSI. C-CGDA is based upon inter-class collabor-
ative representation, which introduces intra-class
competitive constraint to exploit the relationship
of inter-class and intra-class samples. C-BCGDA
changes the situation that collaborative repres-
entation treats all elements equally through in-
tra-class competition constraints, and uses local
information to make the weight coefficient distri-
bution more reasonable.

3) The proposed approaches make full use of
the adjacent labeled samples, which is equivalent
to expand the labeled samples and then solve the
small-sample-size (SSS) problem and improve
the discriminant capability in classification task.

The remainder of this paper is distributed as
follows. Section 2 is divided into two major parts
to discuss the dimensionality reduction methods:
A review of related works, mainly including CG-
DA and BCGDA algorithms and graph subspace
embedding, is presented; The derivation of for-
mulas for the proposed methods C-CGDA and C-
BCGDA and feasibility analysis are presented. In
Section 3, we present an extensive body of exper-
imental evaluations, following with Section 4

wherein we make several concluding remarks.

2 Dimension Reduction Methods

2.1 Related Work

2.1.1 Graph-Embedding Subspace Learning

Set a N dimensional data with M labeled samples
as X =[x, @,, -, 2, An intrinsic graph is de-
noted as G = (X,W) and a penalty graph is
defined G, = (X, W;), where W is the similar-
ity matrix and W, is the matrix of edge weight
of size M x M [22]. The graph-based approach to
dimensionality reduction builds on graph embed-
ding, which aims to find a low-dimensional rep-
resentation of a high-dimensional graph, i.e., to
find a projection matrix P of size N x R(R < N)
where R is the dimensionality after dimensional-

ity reduction that generates a low-dimensional
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subspace by
Y=PX (D
Thus, based on the preservation of certain
geometric and statistical properties of the image,
the objective function can be expressed as

P = argmin Z ||P'x, — P'x,|[*W, ; =

PIXLpXTP <
P i#j

argmin tr(P"XLX'"P) 2
PTXLpXTP
where the Laplace matrix L =D — W, and D is

the diagonal matrix with the ith diagonal ele-
M
ment D,, = Y W, [14]. Also, the Laplace matrix

j=1
L, of the penalty graph G, can be considered as
a simple scale normalization, so that the optimal

projection matrix P can be described as

- P'XLX'P
P = argmin | |

—_— (3)
> |PPXL.X'P|

which can be solved as a generalized eigenvalue

problem
XLX'P=AXL . X"P (4)

where A is a diagonal matrix of R minimal non-
zero eigenvalues with eigenvalues corresponding
to R eigenvectors in the projection matrix P.
Since the choice of intrinsic graph G plays a
decisive role in taking the effect of graph-based
dimensionality reduction algorithms, it is very
important to choose the appropriate similar mat-
rix construction graph [31].
2.1.2 CGDA and BCGDA
Setting the hyperspectral data with the A train-
ing data as X= {z,}," € RV where N is the
dimension. Assume that there are C classes of

data and the number of samples of class ith is M,,

C

then there are Y M, = M. Since the collaborat-
i=1

ive representation is optimized for [, minimiza-

tion, the collaborative representation w, for x,

can be represented as

min ||w;||, s.t. ||z, — X,w;]||, <e 5

where X, does not contain x, itself and w, is a

collaborative representation vector of size

(M —1) x 1 corresponding to x,. Thus, the ob-

jective function of CGDA can be expressed as

2y )

xz, — X,w,

2+ A|w;

min{|
w

where A is the regularization parameter that acts
as a balance between the residual part and the
regularization term and makes the least-squares

solution more stable. The solution to (5) is
w, = (XX, +AI)"' X, @D

To improve the performance of collaborat-
ive representation in maintaining a local mani-
fold structure, BCGDA combines the idea of
blocks with CGDA. Rather than using interclass
data to build similar matrix, BCGDA builds col-
laboration graphs within classes to eliminate the
influence of interclass data, which is also more
consistent with the concept of collaboration. In
BCGDA, class labels are set to w={w,}M, €
{1,2,---,C}, where C is the number of classes
and > ¢ m, = M. So the training samples can be
set to X, ; = {x,;};2, € RV*™ = without x,; it-
self, where m, represents the number of training
data for Ith class and x, ; means that it is belong

to Ith class. Thus, (6) can be rewritten as

min{||z,; — X, jw, |5 + A|w,,[[5 (8
‘UJL,J

where w, ; is the collaborative representation vec-
tor corresponding to x,; of size N x 1, A is the
regularization parameter of the stable least
squares solution. The collaborative representa-

tion vector can be calculated as
w,; = (X, X, + M) X[ x, 9

Due to the strong correlation between the
bands of HSI, it may not be accurate to use ori-
ginal data to construct the similarity matrix [33].
Since the non-zero coefficients in the weight mat-
rix may not come from intra-class samples but
from inter-class samples, this limits the classifica-
tion ability of collaborative expressions. There-
fore, constructing the weight matrix using intra-
class samples or eliminating the influence of coef-

ficients between inter-class data can avoid this
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problem and effectively-enhance the differenti-
ation between classes, where the weight matrix is

designed in block-diagonal form

w, - 0
W:[ R : ] (100

where w, = [w;,, w2, - ,w,,,] is a matrix of size
m, X m, constructed from intra-class samples and
W is a block-diagonal matrix represents the

graph weight matrix.

2.2 Local Preserving Graphs Using Intra-Class
Competitive Representation

Since CGDA uses inter-class data to jointly rep-
resent the target element, it results in the coeffi-
cients of the weight matrix being equally divided
among all the elements at the time of construc-
tion, making the coefficients of elements of the
same kind as the target element too small to give
an inaccurate representation of the target ele-
ment. Therefore, BCGDA wuses intra-class ele-
ments to construct the weight matrix, so that the
weight coefficients are evenly distributed among
the intra-class elements, which effectively im-
proves the inter-class differentiation. However,
BCGDA still suffers from the effect that the col-
laborative representation treats all elements
equally (i.e., the collaborative representation
only considers the global structure of the data
and ignores the local information contained
between the target element and its neighboring
elements) , making the differentiation between in-
tra-class coefficients in the weight matrix insigni-
ficant. Thus, we investigate competitive and col-
laborative representation for HSI and add an in-
tra-class competitive constraint into graph of
CGDA and BCGDA, respectively.

221 C-CGDA

In [32], an unsupervised collaboration-competi-
tion graph is constructed to exploit global geo-
metric structures as well as local manifold struc-
tures. However, it simply combines competitive
representation with collaborative representation

by inter-class samples neglecting the relationship

between intra-class and inter-class samples.
Therefore, a new dictionary is designed to store
the nearest neighbors of the target element in the
same kind of samples, thus ensuring that the loc-
al information is obtained from around the tar-
get element. As shown in Fig. 1, the C-CGDA
construction diagram is divided into two main
parts, the first part is to use collaborative repres-
entation to represent all elements together to
represent the target element, while the second
part of the competition constraint is to use
neighboring elements to represent the target ele-
ment. The common effect of these two parts is to
change the collaborative representation to treat
all elements equally and to elevate the status of
neighboring elements in the construction of the
weight matrix, thus combining local information
with global structural information.

The method introduces intra-class competit-
ive constraint to inter-class collaborative repres-
entation exploiting the relationship of inter-class
and intra-class samples to significantly improve
discriminant capability. For C-CGDA, which can
be viewed as a combination of intra-class compet-
ition constraints and CGDA, then the objective

function can be expressed as
T; — Xzz'uh
ap

where 8 and A are the regularization parameters
and XH € RV*®M-1  consists of the KA-nearest
neighbors of the element x; in the class in which
it is located (without @, itself) and (M — k- 1)

zero vectors. The matrix X,, can be viewed as

argmin ||z, — X, w,

w;

2+ A|w;

>+l

2
2

the modification of X,, so assuming that the
nearest neighbor of z, (which belongs to class Ith)
is [@,1, %12, @, ,,, |, then the matrix has the form
X,=[0 -~ x, , 0 - =z, - 0]
(12
Equation (11) derived for w, yields a closed
solution of zero,

W, = (XX, + M+ 8X!,X,,)  (BX], + X]a:
(13)
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In this work, the weight matrix W is a diag-
onal block matrix constructed by (10) and (11),

then the generalized eigenvalue problem is solved
by (4).

Collaborative constraints of
inter-class samples

The fusion of inter-class collaborative

Ground-truth of the Indian
Pines

Competitive constraints of
intra-class samples

constraints and intra-class
competitive constraints

Fig. 1  Schematic diagram of the proposed C-CGDA with intra-class competition for hyperspectral image analysis

2.2.2 C-BCGDA

Although BCGDA improves the shortcomings of
CGDA in terms of too small intra-class coeffi-
cients, it is limited by the characteristics of col-
laborative representation, which ignores the loc-
al information around the target elements. There-
fore, in this paper, C-BCGDA is proposed to im-
prove the distribution of intra-class coefficients.
As shown in Fig. 2, the C-BCGDA is also di-
vided into two major parts, similar to the C-CG-
DA, and the presence of the competition con-
straint makes will raise the weights of neighbor-
ing elements, thus using local information to im-
prove the distribution of intra-class coefficients.
Therefore, the minimization problem is express-

ed as

argmin ||z, ;— X, ;w, ;|[5H\[|w, ;| [;+5] |$z,.7‘*Xz,.7"wz,j 1B

Wi,j

14

where X,, € RN<t™~Y consists of the k-nearest
neighbors itself) and

(m, —k —1) zero vectors 0 € R™~*=Y. The mat-

of z,, (without =z,

rix X, , can be viewed as the modification of X, ,,
so assuming that the nearest neighbor of z,; is
(@)1, %12, T, |, then the matrix has the form

X

=[x, z, 0 Tim, | (15)

L
Equation (14) derived for , ; yields a closed

solution of zero,

W, = (X X, +M+BX] X, ) (X!, + X))z,

(16)

2.3 Analysis on C-CGDA and C-BCGDA

From the above, it is clear that the two improve-

ment methods both use the competition con-

straint to improve the intra-class coefficient dis-

tribution. methods (CGDA,

BCGDA, C-CGDA and C-BCGDA) are used to

construct weight matrices for each of the three

Therefore, four

types of synthetic data and analyze the differ-
ences of the four weight matrices.
Fig. 3 shows the similarity matrix W con-

structed by learning from the four methods, i.e.,

CGDA, C-CGDA, BCGDA and C-BCGDA.
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Since the collaborative representation uses all
data equally to represent the target elements, the
weighting coefficient will be divided among all
elements. However, the number of intra-class ele-

ments is small in proportion to all elements, and

the weight coefficients are mostly distributed to
elements of other classes, so the intra-class coeffi-
cients of the CGDA-constructed weight matrix
values differentiation

have small and poor

between coefficients, as shown in Fig. 3(a).

Collaborative constraints of
intra-class samples

The fusion of intra-class collaborative

Ground-truth of the Indian
Pines

Competitive constraints of
intra-class samples

constraints and intra-class
competitive constraints

Fig. 2 Schematic diagram of the proposed C-BCGDA with intra-class competition for hyperspectral image analysis

Fig. 3 Comparison of graph W using CGDA, BCGDA, C-CGDA and C-BCGDA on three class synthetic dataset: (a) CGDA; (b)

BCGDA; (¢) C-CGDA; (d) C-BCGDA

To boost the representation coefficients of
the intra-class elements, BCGDA uses the intra-
class elements as the training set to construct the
weight matrix. As shown in Fig. 3(b), the value
of the coefficient of the weight matrix construc-
ted by BCGDA is significantly higher than that
of CGDA, but the value of the coefficient still
suffers from low differentiation, which is because

the collaborative representation does not take in-

to account the local information of the data.

As a practical matter, elements close to the
target element (neighboring elements generally
lift higher similarity to the target element) need
to be assigned higher weights, while the weights
of more distant elements should become smaller.
To enhance the values of neighboring elements in
the weight matrix, we introduce intra-class com-
petition constraints into CGDA and BCGDA, re-
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spectively. As shown in Fig. 3(c), compared with
the weight matrix constructed by CGDA, the
values of the coefficients in the weight matrix
constructed by C-CGDA are significantly higher
after introducing local information, and the dis-
tinction between the coefficients is higher. Also in
Fig. 3(d), compared to BCGDA, the C-BCGDA
constructs a weight matrix with greater differen-
tiation among the coefficients and a sparser dis-
tribution.

In addition, the coefficient distribution of
the weight matrix constructed by C-CGDA is
sparser in Fig. 3(c) compared with Fig. 3(d).
This is because C-CGDA uses inter-class data as
the training set, which will inevitably assign
some of the coefficients to elements of other
classes, thus making the intra-class coefficient
distribution more sparse. From the above, the ex-
istence of intra-class competition constraint im-
proves the drawback that the collaboration graph
only considers the global structure, and the in-
tegration of local and global information makes
the construction of the weight matrix more reas-

onable.

3 Experimental Results and Analysis

In this section, experiments are carried out on
MATLAB on a 3 GHz machine with 16 GB of
RAM. In order to analyze the experimental res-
ults efficiently and conveniently, we perform clas-
sification experiments on a support vector ma-
chine (SVM), which is a generalized linear classi-
fier that classifies data in a supervised manner
and has powerful capabilities to classify both lin-
ear and non-linear data [34]. For further explor-
ing the effect of parameters of the proposed
methods, the following work utilizes a cross-val-
idation strategy for parameter optimization and
employs the overall classification accuracy (OA),
Kappa coefficient (KA) and average accuracy

(AA) to evaluate the performance of each method.

3.1 Experiment Data

Four real datasets are used, including the Indian

Pines dataset, the University of Pavia dataset,
the Center of Pavia dataset and the Houston
dataset.

1)Indian Pines: The Indian Pines dataset is
a typical HSI dataset of size 145x145 collected
with an AVIRIS sensor at the Indian Pines test
site in northwestern Indiana. The dataset con-
sists of 224 bands with a resolution of 20 m.
After removing noise bands, the data contains
220 available bands. In the experiment, we ex-
tracted 150 samples in each class as a training
set. The detailed information is indicated in
Tab. 1.

Tab. 1 Class labels and train-test distribution of samples for

the Indian Pines dataset

Class Class name Train Test
1 Corn-no till 150 1460

2 Corn-min till 150 834

3 Grass-pasture 150 497

4 Hay-windowed 150 489

5 Soybean-no till 150 968

6 Soybean-min till 150 2468

7 Soybean-clean till 150 614
8 Woods 150 1294
Total 1200 8624

2) University of Pavia: The University of
Pavia dataset is composed of part of the data
taken by the Reflection Optical Spectral Imager
(ROSI) in Pavia. The image size is 610x340,
contains 115 bands, and the resolution is 1.3 m.
After removing noise bands, the data contains
103 available bands. In the experiments, we ex-
tract 200 samples from each class as a training
set. The detailed information is provided in
Tab .2.

3) Center of Pavia: The Center of Pavia
dataset is taken by the Reflective Optics System
Imaging Spectrometer (ROSIS) at the Pavia
City Centre. The image size is 1096x715 and the
resolution is 1.3 m. After removing noise bands,
the dataset contains 102 available bands. In the
experiment, we extracted 100 samples from each
class as a training set. Specific information is lis-
ted in Tab. 3.
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Tab. 2 Class labels and train-test distribution of samples for

the University of Pavia dataset

Tab. 4 Class labels and train-test distribution of samples for

the Houston dataset

Class Class name Train Test Class Class name Train Test
1 Asphalt 200 6631 1 Healthy grass 100 1251
2 Meadows 200 18649 2 Stressed grass 100 1254
3 Gravel 200 2099 3 Synthetic grass 100 697
4 Trees 200 3064 4 Trees 100 1244
5 Painted metal sheets 200 1345 5 Soil 100 1242
6 Bare soil 200 5029 6 Water 100 325
7 Bitumen 200 1330 7 Residential 100 1268
8 Self-blocking bricks 200 3682 8 Commercial 100 1244
9 Shadows 200 947 9 Road 100 1252
Total 1800 42776 10 Highway 100 1227
11 Railway 100 1235
Tab. 3 Class labels and train-test distribution of samples for 12 Parking lot1 100 1233
the Center of Pavia dataset 13 Parking lot2 100 469
Class Class name Train Test 14 Tennis court 100 428
1 Water 100 824 15 Running track 100 660
9 Trees 100 820 Total 1500 15029
3 Asphalt 100 816 Then, for the proposed C-BCGDA and C-CGDA,
4 Self-blocking bricks 100 808 .
s Bitumen 100 208 the range chosen for parameter X is set to 0.05 to
6 Tiles 00 1260 1 (0.05 to 0.4 for C-CGDA), the range for para-
. Shadows 100 476 meter 3 is set to 0.1 to 2.1 (0.05 to 0.4 for C-CG-
8 Meadows 100 824 DA), and the range for reduced dimension R is
9 Bare soil 100 820 set from 2 to 40.
Total 900 7456

4) Houston: The Houston dataset is com-
posed of a dataset of size 349x1905 collected in
the Houston area using the ITRES CASI-1500
sensor. The dataset consists of 144 bands in the
hyperspectral range of 380 nm to 1050 nm with a
resolution of 2.5 m. In our experiments, we ex-
tract 100 samples from each class as the training

set. The specific information is shown in Tab. 4.

3.2 Parameter Tuning

In order to obtain stable classification perform-
ance, parameter optimization is required, which
is divided into regularized parameter optimiza-
tion and dimensionality reducing R optimization.
First, the number of nearest neighbors of an ele-
ment £ is set to 5 in the Indian Pines dataset, 5
in the University of Pavia dataset, 7 in the Cen-
ter of Pavia dataset and 7 in the Houston data-

set, respectively, based on a priori knowledge.

Fig. 4 illustrates the overall accuracy (OA)
performance of C-BCGDA for different paramet-
ers under the four datasets. In Fig. 4(a), when
the parameter A\ is unchanged, the classification
performance of C-BCGDA increases with increas-
ing values of the parameter 5. But when the
parameter [ is fixed, the classification perform-
ance of C-BCGDA decreases with increasing val-
ues of the parameter \. Therefore, A is set to 0.05
and is set to 2.1. In Fig .4 (b), it is obvious that
when the parameter 8 and A are greater than 1
and 0.3, respectively, the distribution of C-BCG-
DA classification accuracy tends to be stable.
Therefore, the parameters are selected in a stable
distribution area to maximize the classification
accuracy, that is, set 8 to 2.1 and set A to 0.5. In
Fig. 4(c), when the parameter X\ does not
change, the classification performance of C-BCG-

DA increases with the increase of the parameter
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B, and when the parameter S does not change,
the OA first becomes larger and then becomes
smaller as )\ increases. Therefore, when X is set to
0.35 and S is set to 2.1, the proposed C-BCGDA

0.865
0.860 F %
0.855r
g 0.850
0.845
0.840

0.835
2.0

0.980 0
09795
< 09790 =4
o
0.978 5
0.978 0
2.0
1.5 1.0
Lagy, 1.0 06 O
Q, .
Ibetel‘ﬁ 0.5 0.2 0.4 1ex P
00 pasan®

performs the best. In Fig. 4 (d), similar to the
parameter settings for the Houston data set,
parameter is set to 0.3 and parameter is set to
2.1.
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Fig. 4 Parameter tuning of A and 3 for the proposed C-BCGDA on four experimental datasets: (a) Indian Pines; (b) University of

Pavia; (c) Center of Pavia; (d) Houston

Fig. 5 shows the OA performance of C-CG-
DA for different parameters under the four data-
sets. Based on the observation, the distributions
of Fig. 5 (a) and Fig. 5(c) are approximately the
same. Both OA decreases with increasing para-
meter A\ and increases with increasing parameter
B. Therefore, the parameter X is set to 0.05 and
the parameter 5 is set to 0.4 in the Indian Pines
datasets and Center of Pavia datasets. In Fig. 5
(b), since OA first increases and then decreases
with increasing parameter )\, it decreases with in-
creasing parameter (5. Hence, parameter X is set
to 0.2, and parameter § is set to 0.05. In Fig. 5
(d), OA is more sensitive to the change of para-
meter 8 while it is not sensitive to parameter A.
The parameter A is set to 0.05 and § is set to 0.4.

Fig. 6 shows the OA performance of seven
methods in different reduced dimensions, includ-
ing SGDA, LGDA, SLGDA, CGDA, BCGDA,
the proposed C-CGDA and C-BCGDA. The di-
mensionality reduction number R is an import-
ant parameter in the dimensionality reduction
strategy, which determines the degree of data
compression after dimensionality reduction and
the degree of preservation of the original informa-
tion. Therefore, under the condition that the
classification accuracy is stable, selecting the ap-
propriate parameter R will help the original data
to be compressed as much as possible. According
to Fig. 6, for C-BCGDA, the parameter R is set
to 11 for the Indian Pines dataset, 14 for the
University of Pavia dataset, 14 for the Center of
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Pavia dataset and 20 for the Houston dataset.
We further evaluate the parameter R selection
for the other six methods. For C-CGDA, the
parameter R is set to 14, 17, 14 and 20 for above
four datasets, respectively. For BCGDA, the
parameter is set to 11, 14,11 and 17, respectively.
For CGDA, the parameter is set to 11, 14, 11,
and 17, respectively. For LGDA, the parameter
is set to 11, 14, 11 and 17, respectively. For SLG-
DA, the parameter is set to 11, 14, 11 and 20, re-
spectively. For SGDA, the parameter is set to 20,
14, 11 and 20, respectively.

3.3 Classification Performance

The performance of the chosen seven methods
are reported for the four datasets according to
overall accuracy (OA), Kappa coefficients (KA)
and average accuracy (AA). In addition to the
four collaborative-based methods that have been
analyzed, SGDA, LGDA and SLGDA are chosen
as the comparison methods for the experiments
in this paper. In [22], SGDA uses the method of
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Parameter tuning of A and 3 for the proposed C-CGDA on four experimental datasets: (a) Indian Pines; (b) University of

constructing sparse graphs to maintain the sparse
relationships in the original data, thus improv-
ing the discriminative power. In [25], LGDA ef-
fectively maintains the global structure of the
data by constructing low-rank representation
graphs. In addition, SLGDA improves the abil-
ity of the constructed graph in maintaining the
global geometric structure by introducing the
low-rank representation into SGDA, thus improv-
ing the discriminative power of the algorithm.

To avoid any bias induced by random
sampling, the classification results of all methods
are averaged over 20 trials. Tabs. 5-8 provide the
classification performance of aforementioned
methods for the Indian Pines dataset, the Pavia
of University dataset, the Center of Pavia data-
set and the Houston dataset, respectively. Since
the classification results of C-CGDA and C-BCG-
DA were similar, C-BCGDA is used here as a
representative for the result analysis. In Tab. 5,

the performance of C-BCGDA is obviously super-
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Fig. 6 OA (%) versus reduced dimensionality R of extracted features for methods using the four experimental datasets: (a) Indian

Pines; (b) University of Pavia; (c) Center of Pavia; (d) Houston

ior to other algorithms. The OA of C-BCGDA is
2.2% higher than SLGDA, 16.5% higher than
SGDA, 2.6% higher than LGDA, 6.9% higher
than CGDA and 1.2% higher than BCGDA. In
Tab. 6, the advantage of C-BCGDA is more pro-
nounced. The OA of C-BCGDA yields 1.1% high-

er than BCGDA, 2.5% higher than CGDA, 2.5%
higher than LGDA, 2.1% higher than SLGDA and
8.7% higher than SGDA. The results in Tabs. 7-8
also indicate that C-BCGDA has better perform-
ance in the Center of Pavia dataset and the Hou-

ston dataset compared to other methods.

Tab. 5 Classification accuracy (%) and time cost for the Indian Pines dataset

Method SGDA LGDA SLGDA CGDA BCGDA C-CGDA C-BCGDA
1 69.964-2.84 79.624+1.99 80.85+£1.79 77.4542.64 80.59+1.94 83.97+2.10 82.484-1.62
2 66.60+2.19 84.14+1.88 85.2541.80 76.65+2.11 87.00+1.68 89.294+1.77 89.4541.55
3 97.05+1.09 98.1940.89 98.314:0.73 97.80£1.00 98.464-0.87 98.364-0.84 98.314:1.08
4 99.1140.55 99.7140.22 99.844-0.18 99.744-0.25 99.67+0.23 99.824-0.19 99.804-0.20
5 67.364+2.75 83.104:2.45 83.494-2.64 79.0443.32 85.284-2.28 86.4742.84 87.31+1.63
6 50.33+£3.02 74.2242.05 74.50+£2.03 65.314-2.99 76.39£1.71 77.544-2.31 77.8242.05
7 82.624-2.46 92.96+1.60 93.1841.57 90.454-2.00 93.10+£1.72 93.93+1.62 95.114£1.47
8 97.374+0.84 99.1140.40 99.3040.28 98.8140.45 99.2240.32 99.3340.23 99.2040.27
OA 71.9541.19 84.98+0.49 85.48+0.62 80.6541.16 86.334:0.73 87.67+0.73 87.6740.65
KA 67.114+1.31 82.15+0.57 82.744-0.72 77.08+1.34 83.754-0.86 85.334-0.86 85.3340.76
AA 78.80+0.77 88.884-0.44 89.3440.46 85.6640.74 89.9640.62 91.0940.50 91.1940.46

Time (s) 579.50 53.39 64.48 185.71 8.16 265.67 10.09
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Tab. 6 Classification accuracy (%) and time cost for the University of Pavia dataset
Method SGDA LGDA SLGDA CGDA BCGDA C-CGDA C-BCGDA
1 70.364-3.01 85.39+£1.63 82.47+1.81 83.35£1.74 84.02+2.04 86.50+1.42 86.064-1.42
2 83.47+£1.98 87.44+1.34 89.2741.32 88.60£1.81 90.26+1.09 90.7841.29 90.01+1.94
3 71.04+£1.99 76.91+1.73 76.53+£2.15 75.98+2.04 78.40+£2.43 85.324+1.98 83.61+2.31
4 94.384+1.62 96.04+1.18 96.04+0.97 95.16+1.55 96.28+1.02 96.80+0.99 96.59+1.09
5 99.6940.20 99.84+0.15 99.80+0.18 99.75+0.28 99.82+0.11 99.81+0.17 99.72+0.22
6 85.25+2.90 90.56+1.61 91.66+£1.08 91.29+1.65 91.67+1.67 92.06+1.64 92.554+0.91
7 80.04+3.14 89.5241.57 89.15+1.78 90.07+1.21 92.33+1.08 94.8540.93 93.93+1.20
8 70.70£2.41 79.90+£2.40 78.6142.65 77.624-2.56 79.5141.91 85.66+£1.90 86.1242.09
9 99.2840.53 99.94+0.01 99.92+0.01 99.92+0.01 99.88+0.01 99.96+0.01 99.89+0.11
OA 81.47+1.30 87.67+0.66 88.00+0.62 87.65+0.82 88.96+0.53 90.60+0.66 90.17+0.90
KA 76.18+£1.61 84.0040.81 84.404:0.77 83.96+£1.01 85.61+0.67 87.744-0.84 87.20+1.12
AA 83.80+1.04 89.50+0.46 89.27+0.45 89.08+0.33 90.24+0.45 92.4240.31 92.05+0.38
Time (s) 1114.69 51.03 87.73 364.92 6.16 559.18 8.73
Tab. 7  Classification accuracy (%) and time cost for the Center of Pavia dataset
Method SGDA LGDA SLGDA CGDA BCGDA C-CGDA C-BCGDA
1 99.4140.38 99.9240.01 99.9340.01 99.80+0.22 99.99+0.01 99.944-0.01 99.96+0.01
2 90.8241.78 91.79+1.38 92.02+2.04 91.734-1.68 89.50+£2.84 92.97+2.51 92.88+1.88
3 90.20+2.18 92.29+1.43 91.77+£2.35 91.67+1.69 90.51+2.28 92.174+3.45 92.78+1.88
4 74.81+£3.87 82.93+3.12 83.914+2.70 81.674+3.10 87.05+£2.41 90.06+2.38 87.7242.02
5 82.77+£2.80 86.52+2.68 87.83+£2.36 87.034:2.37 89.66+£1.98 91.33+2.86 90.27+2.89
6 88.61+2.81 95.01+1.71 95.21+£1.06 94.80+1.58 96.06+1.17 96.31+1.36 96.01+1.43
7 83.4442.49 87.504+1.90 87.88+2.15 87.45+1.78 89.0042.37 89.1942.32 89.7242.30
8 89.28+2.79 97.36+0.60 97.40£0.60 95.0141.74 98.25+0.46 98.624-0.44 98.69+0.37
9 97.56+1.02 99.94+40.01 99.5740.31 99.88+0.01 99.89+0.12 99.9840.01 100.004-0
OA 93.174+0.90 96.7840.23 96.904+0.21 96.0240.47 97.27+0.23 97.7240.27 97.6840.27
KA 90.4441.23 95.46+0.33 95.62+0.29 94.39+0.65 96.14+0.33 96.7840.39 96.72+0.38
AA 88.5440.79 92.58+0.46 92.84+0.36 92.1240.38 93.32+0.50 94.5140.66 94.23+0.59
Time (s) 292.52 17.43 35.37 56.16 1.63 98.07 2.02
To quantify the computational efficiency of consuming. First, CGDA is calculated using

the proposed approach to other DR strategies,
training times (in seconds) are provided in the
end rows of Tabs. 5-8 for the four datasets. From
Tabs.5-8, it can be seen that the required compu-
tational time for the proposed C-BCGDA calcu-
lation is approximate to BCGDA, while far bet-
ter than the other five methods. The reason is
that C-BCGDA and BCGDA use intra-class data
to construct similar matrices instead of using
global data to calculate collaborative representa-
tions, which saves the time for calculating collab-

orative representations of inter-class samples. In
addition, both CGDA and C-CGDA are time

inter-class samples when constructing the weight
matrix, and the amount of samples is several
times higher than BCGDA which uses intra-class
samples, thus leading to a significant increase in
computational cost. On top of that, since local
competitive constraint is added, C-CGDA re-
quires more computational resources than CG-
DA, but it is still within the acceptable range.

In general, the number of tagged training
samples is not sufficient to better predict the
model for each class, so it is meaningful to de-
tect how the dimension reduction algorithm per-

forms at different numbers of training samples.
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Tab. 8 Classification accuracy (%) and time cost for the Houston dataset
Method SGDA LGDA SLGDA CGDA BCGDA C-CGDA C-BCGDA
1 86.624+2.90 94.26+1.35 94.05+1.58 90.92+2.18 94.26+1.61 94.56+1.76 94.66+2.18
2 92.16+1.88 96.09+2.04 96.83+1.59 95.8841.13 96.114-2.29 96.53+2.41 96.93+1.81
3 99.9940.01 100.0040 100.00+0 100.00+0 100.004-0 100.0040 100.0040
4 90.614£2.17 95.20+1.81 95.89+1.28 95.064+1.39 95.314:1.41 95.4741.42 95.8041.77
5 98.00+0.87 99.2440.32 99.34+0.24 98.434-0.62 99.264-0.27 99.2940.25 99.25+0.32
6 99.1440.28 99.29+40.25 99.40+0.21 99.38+0.20 99.29+0.27 99.2040.50 99.29+40.32
7 78.00£2.90 86.58+2.39 89.1343.00 82.714:2.36 87.56+£2.81 90.4342.17 90.644-2.29
8 63.4444.75 71.4443.79 74.294:3.53 68.24+3.43 72.85+3.29 77.684:4.55 75.424:3.57
9 60.1145.63 72.33+2.85 74.1242.73 65.73+3.72 73.85+2.86 78.67+3.12 78.80+3.62
10 66.6946.24 77.1242.80 79.58+2.83 67.844-3.14 79.08+£2.73 82.90+3.93 83.104:2.73
11 66.2244.07 79.41+£2.52 81.94+2.49 73.20+2.45 80.85+£2.91 84.74+2.54 84.77+2.68
12 58.13+5.81 77.06+3.82 79.4443.70 67.66+3.19 78.79+4.19 81.10+4.40 81.51+4.71
13 72.46+3.66 79.6542.29 82.2742.93 75.36+£3.02 80.05+£2.47 81.33+£2.82 81.764-2.42
14 98.31+0.80 99.21+0.35 99.2940.39 98.91+0.46 99.254-0.37 99.39+0.37 99.36+0.35
15 99.24+40.42 99.43+0.49 99.44+0.46 99.30+0.43 99.45+0.48 99.37+0.44 99.40+0.49
OA 79.1942.23 86.7940.87 88.20+£0.96 83.094:0.82 87.57+0.83 89.55+1.33 89.5241.14
KA 77.52+2.40 85.73+£0.94 87.24£1.03 81.73+0.89 86.57+0.89 88.70+1.43 88.68+1.24
AA 81.94+1.87 88.4240.71 89.67+0.82 85.24+0.68 89.07+0.66 90.71+1.05 90.71+0.94
Time (s) 521.74 26.81 48.23 249.87 2.45 356.37 3.73

To avoid randomness in the experimental results,
both the regularization parameters (A and /)
and the dimensionality-reducing R are fixed, and
the values of OA averaged over the 20 trails. As
can be seen from Tabs. 9-12, we set the number
of training samples per category for the Indian
Pines and the University of Pavia datasets from

125 to 250, the range for the Pavia of Center
dataset from 70 to 120 and the range for the
Houston dataset from 50 to 100. The experiment-
al results show that the proposed C-CGDA and
C-BCGDA perform better than the other five
methods at different sample sizes in all four data-

sets (even under small-sample conditions) .

Tab. 9 Classification accuracy (%) versus different numbers of training samples per class for the Indian Pines dataset
Training sample per class 125 150 175 200 225 250
SGDA 70.49 71.95 73.47 74.47 75.71 76.61
LGDA 82.75 84.98 86.60 87.88 88.97 89.56
SLGDA 83.44 85.48 86.62 87.62 88.58 89.15
CGDA 78.44 80.65 82.16 83.56 84.56 85.43
BCGDA 84.71 86.33 87.30 88.24 89.10 89.84
C-CGDA 85.25 87.67 88.79 89.97 90.87 91.54
C-BCGDA 85.97 87.67 88.66 89.55 90.29 90.82
Tab. 10  Classification accuracy (%) versus different numbers of training samples per class for the University of Pavia dataset
Training sample per class 125 150 175 200 225 250
SGDA 78.02 79.52 80.35 81.47 81.92 82.54
LGDA 86.62 87.24 87.98 87.67 88.65 88.80
SLGDA 85.39 86.35 87.40 88.00 88.15 88.69
CGDA 84.15 85.62 86.58 87.65 87.77 88.30
BCGDA 87.40 87.95 88.53 88.96 89.03 89.18
C-CGDA 88.38 89.06 89.88 90.60 90.94 91.27
C-BCGDA 87.77 88.59 89.40 90.17 90.53 91.00
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Tab. 11  Classification accuracy (%) versus different numbers of training samples per class for the Center of Pavia dataset

Training sample per class 70 80 90 100 110 120
SGDA 91.61 92.12 92.79 93.17 93.62 93.79

LGDA 95.75 96.12 96.53 96.78 97.06 97.17

SLGDA 96.16 96.48 96.71 96.90 97.03 97.09

CGDA 94.68 95.31 95.82 96.02 96.28 96.55
BCGDA 96.78 97.05 97.25 97.27 97.36 97.39
C-CGDA 97.29 97.52 97.68 97.72 97.95 98.05
C-BCGDA 97.31 97.39 97.55 97.68 97.72 97.81

Tab. 12 Classification accuracy (%) versus different numbers of training samples per class for the Houston dataset

Training sample per class 50 60 70 80 90 100
SGDA 71.51 73.55 75.43 76.93 77.60 79.19

LGDA 79.07 81.43 83.16 84.59 85.68 86.79

SLGDA 80.46 83.05 84.78 86.14 87.05 88.20

CGDA 75.69 78.21 79.75 81.12 82.10 83.09
BCGDA 80.04 82.27 84.15 85.58 86.55 87.57
C-CGDA 82.16 84.73 86.20 87.69 88.64 89.55
C-BCGDA 81.81 84.39 85.95 87.65 88.71 89.52

As shown in Figs. 1-2, the multi-structural
information of C-CGDA and C-BCGDA is ob-
tained by the joint action of collaborative repres-
entation and competing constraints, while CG-
DA and BCGDA only use the collaborative rep-
resentation representing the global information in
the upper part of the figure, i.e., only a single
structural information of the data is considered.
In the experimental session, it is clear to under-
stand that graph-based methods (C-CGDA and
C-BCGDA) that fuse multi-structural informa-
tion have better classification results than single-
structural methods (CGDA, BCGDA, etc.). This
is because methods that consider only a single
structure in the data often have obvious draw-
backs (such as CGDA takes into account the
global structural information but ignores the re-
lationships between local data, making the differ-
entiation of intra-class coefficients insignificant),
while methods that utilize multi-structured in-
formation in the data can complement the
strengths of each structure to achieve the goal of
further mining the information in the original
data. For example, SLGDA combines sparse rep-
resentation and low-rank representation, taking

into account both global and local information in

the original data, and thus it outperforms LG-
DA and SGDA, which utilize a single structural
information, in most cases. In addition, our ex-
periments in a small sample conditions further il-
lustrate the advantages of the proposed method
in preserving the information implied by the ori-
ginal data.

In addition, there is a phenomenon that C-
CGDA performs similarly to C-BCGDA. The
reason can be analyzed as follows. The biggest
difference between C-CGDA and C-BCGDA is
that one uses inter-class data as training samples,
while the other uses intra-class data as training
samples. However, the local competition con-
straint aims to raise the weight factor of neigh-
boring elements in the construction graph, that
is, to reduce the role of non-neighboring ele-
ments (either inter-class or intra-class elements).
For C-CGDA and C-BCGDA, the neighboring
elements of the target element within the class
are similar. Therefore, the competition con-
straint will substantially reduce the difference
between C-CGDA and C-BCGDA due to differ-
ent training samples, and thus have similar clas-
sification results.

Figs. 7-10 perform the classification maps for
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Fig. 7 Thematic maps resulting from classification for the Indian Pines dataset: (a) Ground truth; (b) SGDA:71.95%; (c)
LGDA:84.98%: (d) SLGDA:85.48%: (¢) CGDA:80.65%: () BOGDA:86.33%: (g) C-CGDA:87.67%: (h) C-BCGDA:R7.67%
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Fig. 8 Thematic maps resulting from classification for the University of Pavia dataset: (a) Ground truth; (b) SGDA:81.47%; (c) LG-

DA:87.67%; (d) SLGDA:88.00%; (e) CGDAS87.65%; (f) BCGDA:88.96%; (g) C-CGDA:90.60%; (h) C-BCGDA:90.17%
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Fig. 9 Thematic maps resulting from classification for the Center of Pavia dataset: (a) Ground truth; (b) SGDA:93.17%; (c)
LGDA:96.78%; (d) SLGDA:96.90%; (¢) CGDA:96.02%; (f) BCGDA:97.27%; (g) C-CGDA:97.72%; (h) C-BCGDA:97.68%
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Fig. 10 Thematic maps resulting from classification for the Houston dataset: (a) Ground truth; (b) SGDA:79.19%; (c) LGDA:86.79%;
(d) SLGDA:88.20%; (e) CGDA:83.09%; (f) BCGDA:87.57%; (g) C-CGDA:89.55%; (h) C-BCGDA:89.52%
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the datasets corresponding to the methods as lis-
ted in Tabs. 5-8, respectively. According to the
three figures, when compared with other five
methods (i.e., SGDA, LGDA, SLGDA, CGDA
and BCGDA), the proposed C-CGDA and C-
BCGDA provide obvious improvement of per-
formance as well as smoother classification maps
with fewer erroneous outliers. For example, Corn-
min till and Soybean-no in Fig. 7 for the Indian
Pines dataset, Asphalt, Gravel and Bricks in Fig.
8 for the Pavia of University dataset, Asphalt
and Bitumen in Fig. 9 for the Center of Pavia
dataset, Residential and Parking Lotl in Fig. 10

for the Houston dataset.

4 Conclusion

In this paper, two effective supervisory methods
for HSI dimensionality reduction, competition-in-
troduced collaborative graph-based discriminant
analysis (C-CGDA) and competition-introduced
block collaborative graph-based discriminant ana-
lysis (C-BCGDA), were proposed. The C-BCG-
DA has been designed to take into account the
collaborative representation and competition of
the intra-class data, further preserving the poten-
tial structure between the intra-class data while
maintaining the global geometry and providing
additional classification information. For C-CG-
DA, its graph is an inter-class collaborative rep-
resentation combining with intra-class competit-
ive constraint, thus alleviating the problem of
overly dense distribution of intra-class coeffi-
cients in weight matrix. According to the experi-
mental results evaluated using four benchmark
hyperspectral datasets, the proposed C-CGDA
and C-BCGDA have reflected better perform-
ance than other methods (e.g., SGDA, LGDA,
SLGDA, CGDA and BCGDA), in terms of clas-
sification accuracy (even under small-sample-size
conditions) , Kappa coefficient and average accur-
acy. In summary, the proposed methods are able
to preserve the intrinsic structure of HSI data
and improve the discriminant classification per-

formance.
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