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Abstract In the last decade, micro-architected structures have gained significant attention
in academia and industry for their lightweight, strong, and thermally efficient properties.
Inspired by biomimicry design, this paper presents a novel ribbed family of additively manufac-
tured Micro-Architected Domes (MAD). The design incorporates tetrapod pyramid unit cells,
golden ratio-based fractal patterns, Schoen’s Minimal Gyroid, and spherical geometry. The
study focuses on dome radius, height, and azimuth/elevation partitioning as input variables,
with the main output being ribbed micro-cell diameter. The relationships between unit-cells’
diameter and input variables were established through problem-solving and numerical compu-
tations: linear dependency with the dome radius and hyperbolic dependency with the azimuth
and elevation partitioning. The proposed design successfully adhered to the Surface-to-Volume
ratio of Schoen’s Minimal Gyroid, achieving an average volume relative density of 2.5%, con-
firming its lightweight nature. The feasibility of the design was further supported by fabri-
cating three specimens using Filament Fused Fabrication. This research showcases the
potential of biomimicry-inspired micro-architected structures, paving the way for innovative
applications in various fields.
ª 2024 The Author(s). Publishing services by Elsevier B.V. on behalf of KeAi Communications Co.
Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.
org/licenses/by-nc-nd/4.0/).
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1. Introduction

The history of architecture and engineering has been
significantly shaped by self-supporting civil engineering
structures like the Pyramids of Egypt (Morishima et al.,
2017), the Roman Colosseum (Como, 2017), the Pantheon
(Fletcher, 2019), the French Eiffel Tower (Liu et al., 2019)
and so fourth. These buildings are made to withstand
external loads and support the proper weight without the
need of supplementary support systems like walls or col-
umns. Some of these constructions feature ribbed struc-
tures, such as the Chapel dome at Château d’Anet, coffered
structures like the Pantheon in Rome, or even reticulated
motifs like the stained glass dome at Casa Loma and the
Gothic cathedral of Notre Dame de Paris (Ramzy, 2021).
These are considered as micro-architected structures.

Micro-architected structures provide a number of ben-
efits, including improved aesthetics, economical material
usage, structural strength and integrity, engineering inno-
vation, cultural value, and identity expression. Nature also
offers plenty of instances of micro-architected structures
with complicated designs and exceptional functionalities.
They often exhibit geometrical dimensions and ratios that
reflect underlying mathematical principles, such as hexag-
onal packing for cells, bubbles, or bee honeycombs (Zhang
et al., 2015), minimizing surface energy (Mohd Yusof et al.,
2022), logarithmic spirals found in the shapes of galaxies,
hurricanes, and nautilus shells (Perera and Coppens, 2019).
Gyroid patterns are also present in nature, providing optical
properties to butterfly wings, and protecting them from
predators (Al-Ketan and Abu Al-Rub, 2019; Wu et al., 2018).
Fractal geometry can be observed in many natural in-
stances such as branched trees, leafs, river bed formations,
human lungs, and Chinese ice-ray lattices (Perera and
Coppens, 2019; Rian, 2022). Because of surface tension
forces, many natural formations, such as soap bubbles,
pollen grains, and water droplets, have spherical forms.
Spherical geometry’s size and ratios are related to the
curvature of the surface and the forces involved (Miguet
et al., 2021). The golden ratio ð1þ

ffiffi
5

p
2 Þ is a mathematical

proportion that appears frequently in literature (Dabbour,
2012; Ghyka, 1976). This quantity is based on the Fibo-
nacci sequence; many natural formations, such as spirals in
shells, leaf arrangements on stems, and human body pro-
portions, have dimensionless ratios close to the golden ratio
(Perera and Coppens, 2019). This ratio is also observed in
the length-to-width proportion of one turn of the helix in a
DNA structure (Larsen, 2021).

2. Literature review

Modern architectures have been increasingly embracing the
principles of biomimicry, a design approach that draws
inspiration from nature’s forms, processes, and systems
(Vitalis and Chayaamor-Heil, 2022); the integration of bio-
mimicry into architectural practices has garnered signifi-
cant attention in recent years. For instance, the lotus
temple in India drew inspiration from the lotus flower
(Perera and Coppens, 2019), while the Gherkin Tower in
651
London took cues from the Venus flower basket sponge
(Rao, 2014). The Beijing National Stadium in China found
inspiration in the intricate structure of birds’ nests (Perera
and Coppens, 2019), while the Olympic Pavilion in Barce-
lona, Spain, drew inspiration from the graceful movements
of goldfish (Perera and Coppens, 2019). The Eastgate
development in Zimbabwe was inspired by the efficient
structures created by termites (Okeke and Okekeogbu,
2017). Last but not least, an architectural form inspired
by tree branches has been proposed by Dixit et al. (2021).
This structure allows optimal distribution of external ver-
tical and horizontal forces. However, some of these ex-
amples, such as the lotus temple, largely imitate their
biological equivalents in terms of aesthetics, paying less
regard to function that is inspired by nature, in contrast to
the Eastgate development, which is a derivative of the
thermal efficiency of termite structures.

3D concrete printing (3DCP) offers several advantages
for architectural biomimicry (Teixeira et al., 2023). It en-
ables designers to capture the complex patterns and tex-
tures found in nature like the Doha Convention Center, with
tree-shaped pillars (Gaudillière-Jami et al., 2019; Md Rian
and Sassone, 2014); or the canopy shape adopted for pub-
lic spaces (van Ameijde et al., 2022), creating sophisti-
cated, customizable geometries that reflect natural forms
and proprieties. Biomimetic designs can be enhanced in
terms of improved structural efficiency such as fire endur-
ance (Suntharalingam et al., 2022) and fracture resistance
(Pham et al., 2020), optimized material consumption
(Anton et al., 2020; Du Plessis et al., 2021), and waste
reduction thanks to additive manufacturing (Delgado
Camacho et al., 2018). In addition, this technique encour-
ages sustainable construction by reducing environmental
impact (Ortega Del Rosario et al., 2023) and increasing
energy efficiency through scanning patterns optimization
(El Jai et al., 2021a; He et al., 2020). The main challenges
found in the literature are Material usage limitations
(Ortega Del Rosario et al., 2023), scalability (Du Plessis
et al., 2021), biomimetic design complexity, and cost is-
sues (He et al., 2020). Despite these obstacles, the ad-
vantages of 3DCP make it a viable tool for creating
biomimetic architecture and pushing back the frontiers of
sustainable design (Du Plessis et al., 2021; Gaudillière-Jami
et al., 2019; Ortega Del Rosario et al., 2023).

Using cellular design, lattice structures may be created
to imitate the lightweight and robust qualities of natural
materials. These structures are composed of repeated unit
cells organized in a lattice pattern, comparable to cellular
structures seen in bones or plant tissues as listed in the
large unit cell catalog by Lumpe and Stankovi�c (2021).
Lattice structures provide excellent strength-to-weight ra-
tios, use less material, and have better mechanical quali-
ties (Du Plessis et al., 2021; El Jai et al., 2021b; Liu et al.,
2020; Lumpe and Stankovi�c, 2021; Szymczyk et al., 2020;
Wang et al., 2020). Furthermore, simulation-driven design
is a potential new method that has evolved in recent years
and is particularly effective for lightweight engineering
applications. This involves structural optimization (also
known as topology optimization or generative design),
which employs an iterative simulation and material removal



Fig. 1 Workflow for the generation of micro-architected
structures.
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procedure based on several criteria to optimize the needed
material distribution for a given set of predicted load sit-
uations (Buhl et al., 2000; Du Plessis et al., 2021; Liu et al.,
2018; Pedersen et al., 2001). This technique mimics the
principle of “just enough” material and energy usage
inherent to natural evolution (Du Plessis et al., 2021; Lin,
2001).

Parametric design is a crucial tool in the creation of bio-
mimetic structures, enabling flexible, adaptive designs that
allow mimicking natural systems (Ortega Del Rosario et al.,
2023). It enables the creation of complex biomimetic pat-
terns and geometries and the optimization of structural per-
formance through simulation and analysis. In biomimetic
design, the iterative process of parametricmodel exploration
fosters creativity and innovation.

Depending on the complexity of the parameterized struc-
ture, number of classes of algorithms can be handled; simple
methods were first developed (Rosen, 1961; Schittkowski,
1983), followed by more advanced algorithms such as meta-
heuristic algorithms (Afshari et al., 2019; Gunantara, 2018;
Kaveh et al., 2020; Kicinger et al., 2005; Khalil et al., 2023),
including evolutionary strategies (ES) (Rechenberg et al.,
1965; Schwefel, 1965; van Ameijde et al., 2022), evolu-
tionary programming (EP) (Murawski et al., 2000) and genetic
algorithms (GA) (Zhang et al., 2021). In the context of GA,
Talaslioglu (2019c) recommends Pareto Archived Genetic Al-
gorithm (PAGA) for optimizing geometrically nonlinear dome
structures. Talaslioglu (2019d) utilizes PAGA to optimize
skeletal dome structures (SDS) with a focus on member and
joint-related design constraints. Additionally, Talaslioglu
(2019a) employs PAGA to enhance tubular lattice girders by
minimizing weight and joint displacement while optimizing
load-carrying capacity. Furthermore, Talaslioglu (2019b)
employs the EGAwMP methodology, which combines a ge-
netic algorithm and a neural network, to optimize steel
skeleton structures, enhancing design quality with real-life
steel profiles and design codes. Talaslioglu (2012b) utilizes
the Non-dominated Sorting Genetic Algorithm II approach to
optimize geometrically nonlinear dome structures, focusing
on size and topology.

There are also other hybrid models, such as the CHC al-
gorithm (Greiner et al., 2001), structured GA (Man et al.,
1996), breeder GA (Wang et al., 2005), messy GA (Van
Veldhuizen and Lamont, 2000), MOGA (Afshari et al., 2019),
andmany others, which combine various aspects of the above
paradigms. In addition to optimization algorithms that use a
stochastic process, such as the greedyMOGmethod (Reynolds
and de la Iglesia, 2008), the randomized free gradient algo-
rithm RFGA (El Jai et al., 2022), or Ant Colony Optimization
MOACO (Luh and Lin, 2009), inspired by ant foraging mecha-
nisms and so forth. BIM modeling (Hamidavi et al., 2020) and
machine learning (Sun et al., 2020) are emerging as new tools
for building design and optimization. To push back the fron-
tiers of sustainable nature-inspired design, the parametric
design combines biomimetic principles, flexibility and opti-
mizationasproposedbyAndradeet al. (2021) for a parametric
Leaf-Blade system design that was implemented for hydro-
nasticmovement. Inorder toobtainmore realistic andcorrect
optimal design concepts, design constraints are embedded in
multi-objective optimization approach. Indeed, Talaslioglu
(2021) utilizes an improved multi-objective optimization
approach (ImpNSGAII) to optimize geometrically nonlinear
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lattice girders, addressing joint and member-related con-
straints. Talaslioglu (2015) combines (ImpNSGAII) with a
radial-basis neural network approach to optimize the weight,
joint displacements, and load-carrying capacity of tubular
lattice girders. The same author (Talaslioglu, 2013) explores
the impact of global stability on truss structure optimal size
and shape. Lastly, Talaslioglu (2012a) introduces an improved
pareto-ranking-based multi-objective optimization method
for the design optimization of geometrically nonlinear truss
structures.

Actually, the field of biomimetic structural design
techniques faces several challenges and gaps that need to
be addressed. These include inconsistent methodologies for
translating biological principles into applications (Du Plessis
et al., 2021), a lack of design rules and guidelines (Pessoa
et al., 2021), a reliance on Euclidean geometry, a lack of
mathematical parametric design and modeling which allows
for the exploration of design variations and optimization
through the manipulation of parameters (Suntharalingam
et al., 2022). It also faces the need for integrated ap-
proaches emphasizing collaboration and knowledge ex-
change among different fields (Jaganathan et al., 2013;
Ortega Del Rosario et al., 2023) and sometimes conflictual
goals. These difficulties hamper the standardization and
efficiency of biomimetic design processes.

The contribution of the present paper aims to establish a
generic mathematical procedure for designing and opti-
mizing of micro-architected structures. The method,
described in terms of steps and workflow in Section 3, is
applied to the case of a dome. Subsequently, Section 4 il-
lustrates the results obtained, and exhibits a compact
statistical description of the results related to the aforesaid
optimization. The conclusive Section 5 highlights the most
important steps and brings up the perspectives of this work.

3. Methods and materials

In this section, the body of work is outlined. Subsection 3.1
provides a general approach for designing optimized micro-
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architected structures. Following this, Subsection 3.2 pro-
poses a parameterized mathematical design for the crea-
tion of the MAD according to the approach proposed in
Subsection 3.1. Next, the parameter optimization process
of the MAD and their computation are detailed in
Subsections 3.3 and 3.4. These steps are then summarized
in Subsection 3.5 through a global workflow for designing
and optimizing the MAD. Finally, Subsection 3.6 discusses
the manufacturing of the MAD using 3D printing.

3.1. Methods

This paper aims to establish a mathematical procedure for
the geometrical design of complex micro-architected
structures, from the local unit cell to the macro-scale
final shape by means of mappings. Then these structures
can be optimized with regard to geometry, mechanics,
thermal and acoustic standpoints. The proposed approach
can be summarized in the following steps:

1) Definition of the unit cell;
2) Duplication and transformation of the unit cell via

adequate mappings;
3) Optimization of design parameters to reach the desired

performance;
4) Generation of a family of micro-architected structures

having identical performance levels;
5) Manufacturing micro-architected structures.

The general scheme of this procedure can be summa-
rized in the workflow presented in Fig. 1.

Section 3.2 exhibits the proposed methodology for the
design of the MAD that is studied in the present paper.

3.2. Mathematical design

This section provides the mathematical design of the MAD
family structures; it draws up the stepwise conceptual
analysis and displays the guideline workflow as the ultimate
result of this work. The manufacturing step should be
considered as a straightforward consequence of the design.

3.2.1. Definition of the unit cell
At this stage, the selected cell corresponds to a tetrapod
inscribed in a regular tetrahedron of vertices SABC as dis-
played in Fig. 2(a), where the associated parameters are:

� The top vertex S;
� The base vertices defining an equilateral triangle ABC;
� The height of the tetrahedron h;
� The base height hb;
� The edge length a.

Figure 2(b) displays the construction of the inscribed
primary tetrapod. The position of the center point M is set
Rotð n!;qÞZ

0
BB@

x2nð1� cos qÞ þ cos q xnynð1� cos qÞ � znsin q

xnynð1� cos qÞ þ znsin q y2
nð1� cos qÞ þ cos q

xnznð1� cos qÞ � ynsin q ynznð1� cos qÞ þ xnsin q
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by the a parameter so that the legs are built from that
point; indeed, the cell legs correspond to the segments MA,
MB, MC, and MS with a given diameter d that is considered
as an optimization parameter input in a future step. The
relationships between these variables are indicated in Eqs.
(1a)e(1c).

aþ bZ1; ð1aÞ

hbZ
3

2
ffiffiffi
2

p h; ð1bÞ

aZ

ffiffiffi
3

2

r
h: ð1cÞ

From Fig. 2, the coordinates of the characteristic nodal
points of the cell can be expressed in the Cartesian refer-
ence frame ð x!; y!; z!Þ as a function of the vertex S(xS, yS,
zS), the a parameter, and the total cell height h as specified
in Eqs. (2a)e(2d).

M

�
xS � hffiffiffi

2
p ;yS;zS � ah

�
; ð2aÞ

A

�
xS � hffiffiffi

2
p ;yS;zS � h

�
; ð2bÞ

B

 
xS þ h

2
ffiffiffi
2

p ;yS �
ffiffiffi
3

p

2
ffiffiffi
2

p h;zS � h

!
; ð2cÞ

C

 
xS þ h

2
ffiffiffi
2

p ;yS þ
ffiffiffi
3

p

2
ffiffiffi
2

p h;zS � h

!
: ð2dÞ

At this stage, in order to reduce abrupt angle changes, a
curvature can be assigned to the PM segment (P Z A or B or
C ) by rotating the corresponding directing vector u!ZPM

�!
in the plane of unit normal n! obtained by Eq. (3). The angle
of rotation q varies linearly between qP and qM as a function
of the curvilinear abscissa.

Figure 3 displays the curved tetrapodic cell. Figure 3(a)
represents the construction of the AM leg from the rotation
angles qA and qM. In this case, qA � 0 and qM � 0. Meanwhile,
Fig. 3(b) represents the curved tetrapodic cell in 3D space.

The rotated vector v! is expressed in Eq. (3).

n!Z
PM
�!^ PS

�!���PM�!^ PS
�!���;

v!ZRotð n!;qÞ$ u!;

ð3Þ

where the matrix of a proper rotation Rotð n!; qÞ by angle q

around the axis of unit vector n! is displayed in Eq. (4).
xnznð1� cos qÞ þ ynsin q

ynznð1� cos qÞ � xnsin q

z2nð1� cos qÞ þ cos q

1
CCA: ð4Þ



Fig. 2 Construction of the tetrapodic cell (b) from a tetra-
hedron (a). Generated using Ansys SpaceClaim geometry
module R21.

Fig. 3 Construction of the curved tetrapod cell (a Z 0, 5).
(a) Projected view, (b) 3D view. Generated using Ansys
SpaceClaim geometry module R21.

Fig. 5 Output of the duplication function of unit cells ac-
cording to V(S, n).
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3.2.2. Duplication and transformation of the unit cell via
mappings’s series
In this section, it is proposed to duplicate the curved unit
cell in order to build a macro-scale structure. The unit cell
can be multiplied as many times as desired. It is duplicated
following a tetrahedral sequence pattern. In Fig. 4, n Z 7
vertical divisions are adopted by connecting each of the
base vertices ABC to the S vertex of a new tetrapodic cell.
At each level i, i ˛ ⟦1; n þ 1⟧ the number of vertices Xi
follows a triangular sequence as depicted in Eq. (5).

ci˛⟦1 ; nþ 1⟧; XiZ
iðiþ 1Þ

2
: ð5Þ
Fig. 4 Output of generation function of verti
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Hence, one can easily prove that the total number of
vertices in the structure only depends on n as indicated in
Eq. (6).

NnZ
Xnþ1

iZ1

XiZ
ðnþ 1Þðnþ 2Þð2nþ 6Þ

12
: ð6Þ

Therefore, the generated vertices can be processed
according to the mapping V in Eq. (7).

The duplication function D, starting from the top vertex
S with n vertical divisions can be reached by creating a copy
of the unit cell at each point of V(S, n) as depicted in Fig. 5.

V : ℝ3 �ℕ 1 P
�
ℝ3
�

ðS;nÞ 1 VðS;nÞ : ð7Þ

So the total number of vertices in the structure is Card
[V(S, n)] Z Nn. Fig. 4(a) displays the set of vertices V(S, n)
in an isometric view, and Fig. 4(b) provides a projected
view exhibiting 7 divisions.

Now, in order to reach a spherical macro-geometry, a
series of transformations is used. The first planar mapping
ces: (a) isometric view, (b) projected view.



Fig. 6 Effect of F1 mapping on structure basis.
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consists in curving the structure so that it follows the shapeof
an arc of a circle of radius Rext and angle 2p

q ; then the second
transformation aims at shaping the structure obtained in
the quarter sphere of angle 2p

q ; the third one allows revolving
the resulting quarter q times to reach the dome’s shape.

1) First planar mapping F1

The first mapping can be formulated as shown in Eq. (8).
Figure 6 displays the desired transformation at the struc-
ture’s basis, the coordinates of each point of the structure
are adjusted so that the outer edge is bent to form a cir-
cular arc of radius Rext and angle 2p

q . Figure 7 depicts the
transformation over the entire structure.

F1 : P
�
ℝ3
�
1 P

�
ℝ3
�
;

0
BBBB@

x

y

z

1
CCCCA 1

0
BBBB@

y cos q

y sin q

z

1
CCCCA:

ð8Þ

with qZarctanðyxÞ is the azimuth of the point (x, y, z).
Fig. 7 First planar mapping F1.
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At this stage, the coordinates of the top vertex S of the
structure can be written in terms of the parameters of the
global spherical geometry Rext and q as indicated in Eqs.
(9a)e(9c).

xSZ0; ð9aÞ

ySZRext �
�
1� tanðp=qÞffiffiffi

3
p

�
; ð9bÞ

zSZ2

ffiffiffi
2

3

r
Rexttan

�
p

q

�
: ð9cÞ

2) Second spherical mapping F2

Now, in order to fit a spherical geometry, the F2 mapping
applied to the structure obtained by the F1 transformation
is adopted. Also, F2 transformation includes the golden
ratio of proportionality between the angles of each vertical
division ðj Z 1þ

ffiffi
5

p
2 Þ. The objective is to obtain a sequence

of decreasing angles ð4iÞi˛⟦1 ; n⟧ whose sum is equal to
4Quart Z

p
2. For this, a normalization of the sequence

ðUiÞi˛⟦1 ; n⟧ is used according to Eqs. (10a)e(10c).

UiZj1�i; i˛⟦1 ; n⟧; ð10aÞ

4iZ
UiPn
jZ1Uj

�4Quart; i˛⟦1 ; n⟧; ð10bÞ

cn˛ℕ�;
Xn
iZ1

4iZ4Quart: ð10cÞ

Finally, the mapping F2 is then defined by Eq. (11) and
Eqs. (12ae12c).



Fig. 8 Second spherical mapping F2.

N. Rihani, I. Akhrif and M. El Jai
F2 : PðR3Þ 1 PðR3Þ;0
BBBB@

x

y

z

1
CCCCA 1

0
BBBB@

rcos 4cos q

rcos 4sin q

rsin 4

1
CCCCA:

ð11Þ

qZarctan
	y
x



; ð12aÞ

rZ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
; ð12bÞ

4Z
Xk�1

iZ1

4i þ
�
n� z

zS
� E

�
n� z

zS

��
4k: ð12cÞ

where kZEðn�z
zS
Þ denotes the index of the vertical division

where the point (x, y, z) is located; zS is the height of the
top of the structure shown in Eq. (9). The mapping F2 effect
is displayed in Fig. 8.
Fig. 9 Quarter parameters.
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The detailed parameterization of the obtained spherical
quarter is represented in Fig. 9 in which one can distinguish
the main parameters namely the outer and inner radius Rext
and Rint of the dome, the polar angle of the quarter 2p

q , as
well as the angles of latitudinal divisions obtained from the
golden series (4i).

3) Third rotational mapping F3

The last step of the dome’s construction is to apply q
copies of the quarter around the z-axis until the MAD is
completely filled as displayed in Fig. 10. The expression of
this third mapping is given in Eq. (13).

F3 : P
�
ℝ3
�
1 P

�
ℝ3
�
;0

BB@
x

y

z

1
CCA 1 W

q

iZ1
Rot

�
z!;

2ip

q

�0BB@
x

y

z

1
CCA:

ð13Þ

where Rotð z!; 2ipq Þ is the rotation matrix of angle 2ip
q around

z-axis displayed in Eq. (4).
Finally, the MAD structure can be generated by

composing the previous mappings and transformations as
indicated in Eq. (14).

MADZF3+F2+F1+D+VðS;nÞ: ð14Þ
3.3. Parameter optimization process

This section discusses the proposed method for optimizing
the micro-architected dome (MAD) obtained in steps (1) and
(2) of the workflow in Fig. 1. The optimization aims to reach
a surface-to-volume ratio SVR of the MAD structure equal
to that of the minimum Schoen’s gyroid as expressed in Eq.
(15); leading to a series of lightweight family of MAD
structures.

SVRMADZg; gZ3:092306; ð15Þ
where g is the SVR of Schoen’s minimal gyroid (Gandy and
Klinowski, 2000; Yeranee and Rao, 2022).

The SVR is computed by dividing the overall area of the
micro-architected structure A by the volume of the corre-
sponding envelope V to the 2/3 power as depicted in Eq.
(16). The application of 2/3 power aims to obtain a
dimensionless SVRMAD ratio. The resulting ratio depends on
the geometric design variables vector X!ðRext;q; n; dÞ.

SVRMADðX!ÞZ A
V2=3

: ð16Þ

In order to reach the required objective, two competi-
tive objective functions f1 and f2 can be derived from Eq.
(15). Their respective expressions are provided in Eqs (17a)
and (17b).

f1ðX!ÞZjSVRðX!Þ� gj; ð17aÞ

f2ðX!ÞZðSVRðX!Þ� gÞ2: ð17bÞ

The first optimization strategy Eq. (17a) consists in
finding the zeros of the function f1; this approach remains



Fig. 10 Effect of rotational mapping F3.

Frontiers of Architectural Research 13 (2024) 650e667
unsuitable since the gradient of f1ðX!Þ is not continuous in
the neighborhood of zero due to the corresponding absolute
value function behavior. The second strategy is to minimize
the function f2 by means of the least square principle which
shows a convex behavior. The desired result is a set of
geometric parameter vectors X)�!, constituting a family of
MADs sharing the same SVR of the minimal Schoen’s
gyroid g.

3.4. Parameter optimization computing

This section provides the details of the optimization process
discussed in Section 3.3. An analytical expression of the
SVRMAD is quite complex to formulate due to the series of
mappings adopted for the MAD construction. This led to the
adoption of numerical computation as detailed in the
following sub-sections. The first step involves the numerical
Fig. 11 Discretization parameters of the legs. (a) Nu
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calculation of the surface of the structure, and the study of
the discretization order that is to be ensured regarding a
convergence criterion of the surface calculation. After
that, the volume of the (MAD) envelope is also numerically
computed so that the SVRMAD is easily estimated. Finally,
the Randomized Free Gradient Algorithm (RFGA) is used to
solve the optimization problem (OP) in Eq. (17b).

3.4.1. Numerical surface area computing
The calculation of the MAD surface area is numerically
performed. Two discretization parameters are adopted: Nc,
the number of cross-sections in each leg, and Nn, the
number of nodes building the tube perimeter in each cross-
section as depicted in Fig. 11(a) and (b).

This discretization defines the triangular mesh forming
the surface of MAD’s legs. Intersections and connections
between legs are easily solved by Boolean operations on the
mber of cross-sections Nc, (b) number of nodes Nn.



Fig. 12 MAD’s envelope construction.
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triangulation using MATLAB Geometry Processing toolbox
(GPtoolbox) (Jacobson et al., 2021), and the surface area of
the MAD can then be calculated by summing the areas of
the triangles.

Since the numerical calculation accuracy of the surface
area is likely to vary according to the discretization pa-
rameters Nc and Nn, a study of the discretization order of
the structure as a convergence criterion is carried out using
a stepwise error estimation:

� en computes the error ratio evolution according to Nn

(Eq. (18a));
� ec computes the error ratio evolution according to Nc

(Eq. (18b));
� ec,n computes the error ratio evolution according to both
Nc and Nn (Eq. (18c));

enZjAðNc;NnÞ �AðNc;Nn þ 1Þ
AðNc;NnÞ j; ð18aÞ

ecZjAðNc;NnÞ �AðNc þ 1;NnÞ
AðNc;NnÞ j; ð18bÞ

ec;nZjAðNc;NnÞ �AðNc þ 1;Nn þ 1Þ
AðNc;NnÞ j: ð18cÞ

The calculation of these error ratios allows identifying
the optimum parameters N)

c and N)
n for converging the

numerical calculation of the MAD surface. This is possible
by setting a threshold of non-exceedance of the error ratio
between two increments for each parameter. Here, the
threshold is ei � 10�4; iZðn or c or c; nÞ is used after a series
of trials and tuning.

This method allows a very accurate surface computing,
and the surface area of the MAD family AðN)

c ;N
)
n Þ.

3.4.2. Numerical volume computing of MAD’s envelope
Similarly to the surface, the volume of the dome envelope
is calculated numerically. For axisymmetric reasons, the
volume can be calculated by revolving the cross-section of
the envelope around the z-axis as depicted in Fig. 12 using
the Pappus theorem (El Jai et al., 2021b; Goodman and
Goodman, 1969). This volume is determined as follows:

� Define the cross section (equilateral triangle) of the
duplicated structure obtained in Fig. 5;

� Triangulate the above section in the Cartesian frame;
� Apply the mapping F2 to the nodes ðN)

c ;N
)
n Þ that define

the triangulation;
� Compute the surface of the cross-section CS using the
coordinates of the transformed nodes.

Then, the cross-section’s barycenter is calculated to
derive the distance RB to the z-axis; the volume of the MAD
envelope is finally found according to Pappus theorem (El
Jai et al., 2021b; Goodman and Goodman, 1969) in Eq. (19):
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VZURBCS; UZ2p: ð19Þ

Finally, the surface volume ratio can then be obtained
using Eq. (16).

3.4.3. RFGA minimisation algorithm
As discussed in Section 3.3, in order to solve the optimi-
zation problem, one needs to minimize the function f2
with respect to the d variable standing for the diameter of
the legs, while holding the other parameters of the
problem prefixed. For this purpose, the Randomized Free
Gradient Algorithm (RFGA) introduced by El Jai et al.
(2022) is used.

As described in Appendix A, RGFA uses the dynamic
boundaries dmin and dmax; the current position dk is
randomly generated in the current iterative interval [dmin,
dmax] using a uniform probability distribution. The down-
ward direction detection is performed by adding a step � h
to the current position dk; the function values f(dk � h) and
f(dk þ h) are then computed, where f is the restriction of f2
on the variable d while Rext, q and n remain fixed. Conse-
quently, the interval boundaries dmin and dmax are updated
according to the direction of evolution which can be seen as
an estimation of the gradient evolution within the given
interval of analysis. Furthermore, it is noteworthy that the
RFGA minimizing algorithm belongs to a class of stochastic
optimization algorithms taking account of the random
character of some steps of it.

The convergence of the algorithm is reached when the
interval is reduced to a “supposed accumulation point”
denoted d). This solution can be considered as the point of
convergence of the series dmin

k and dmax
k expressing the

dynamic boundaries of the pre-defined optimization prob-
lem interval. The algorithm returns the number of itera-
tions k) and the corresponding solution d). It is worth
mentioning that the RFGA is well-adapted for convex or uni-
modal functions which is the case of the function f2 to be



Fig. 13 Design workflow of micro-architected dome MAD.
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minimized; that is why the convergence was ensured for
every parameter values (Rext, q, n).

3.5. Summary of the previous steps and workflow
of the MAD’s design

Fig. 13 exhibits the workflow of the MAD’s family designed
in the present paper in order to summarize the previous
steps of the proposed design, this workflow consists of
three main blocks:

The first block represents the initial design workflow of
the MAD structure, it takes as input the global parameters
of the geometry (Rext, q, n), the local parameters of the

elementary cells

�
a; d;

�
q1
q2

��
, as well as the successive

mappings to be performed for the design. The first block
returns as output a non-optimized MAD structure.

The second block is proposed to optimize the dome’s
mesh for surface area numerical computing. It performs a
convergence study of the surface area, which consists in
finding the optimal meshing orders ðN)

c ;N
)
n Þ to minimize the

uncertainty of the numerically computed surface.
The third block is designed to optimize the leg’s diam-

eter d so that the SVRMAD reaches the SVR of Schoen’s
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minimal gyroid. This block is mainly based on the minimi-
zation RFGA algorithm.

The workflow output gives the optimal tube diameter
d for each n to meet the gyroid’s SVR. A family of MAD
structures sharing the same surface-to-volume ratio is
generated.

3.6. MAD manufacturing

Once the MAD has been designed and optimized, the
structure is generated in printable. STL format, using the
same optimized mesh used in Section 3.4.1. The structure is
then prepared on Simplify 3D software for 3D printing final
settings.

The material used for sample printing is (ABS) copol-
ymer. This material is a common thermoplastic polymer
that is composed of three monomers, namely, acrylonitrile,
butadiene, and styrene. ABS is widely used in a plethora of
applications (Ouazzani et al., 2023; Samykano et al., 2019)
since it shows beneficent compromise gathering yield
strength, ultimate strength, and stiffness as it is detailed in
Table 1.

In this work, the material is furnished as a bobbin having
1.75 mm of filament diameter (ABS NW-F00200) from TAG3D



Table 1 Averaged ABS-M30 tensile properties produced by
FFF according to ASTM D638 (Stratasys, 2023).

Mechanical properties xz-axisa zx-axisa

Yield strength (MPa) 30.8 (0.85) 27.5 (0.28)
Yield elongation (%) 1.8 (0.043) 1.7 (0.13)
Strength at break (MPa) 28.1 (0.58) 26.8 (0.84)
Elongation at break (%) 8.1 (1.5) 1.8 (0.31)
Modulus (GPa) 2.40 (0.080) 2.30 (0.16)

a The values between parentheses are standard deviations.

Table 2 Volumic stream 30 printer specifications.

Features Range/value

FFF printer model VOLUMIC Stream 30 Ultra
Maximum printing volume (mm3) 290(x) � 200(y) � 300(z)
Number of nozzles 1
Nozzle diameter (mm) 0.4
Maximum nozzle temperature (	C) 420
Maximum bed temperature (	C) 150
Maximum printing speed (mm/s) 300
Positioning precision (z) 1 mm
Positioning precision (x, y) 15 mm
Slicing software Simplify 3D
Building direction z-axis
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trademark. The printing of MAD samples was carried out
using the VOLUMIC Stream 30 Ultra machine; the features
of the 3D printer are specified in Table 2.

On Simplify 3D software, the main settings adopted are
0.3 mm for layer thickness; a nozzle temperature of 215 	C
and a bed temperature of 60 	C; as well as a print speed of
3000 mm/min. No support has been supplied for printing.

4. Results and discussion

In the following sections, the main results obtained are
detailed. These results reflect the dependence of
geometrical properties on global parameters on the one
hand and on the unit cell parameters on the other. More
Fig. 14 (a) Base’s thickness ratio thk VS the number
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specifically, Subsection 4.1 aims to highlight the depen-
dence of the MAD thickness at its base on the quarter pa-
rameters. Next, Subsection 4.2 covers the feasible space of
the unit cell diameters for the non-intersection condition.
Then Subsection 4.3 focuses on the numerical surface
calculation results. Further on, Subsection 4.4 shows the
final design regarding the OP including a statistical
description for characterizing the MAD family considering
the OP. And finally, Subsection 4.5 presents the printing of
samples via additive manufacturing.

4.1. Analysis of envelope thickness at the base of
the MAD

Since the proposed MAD design method does not include
mapping to vary the base’s thickness of the dome, the
corresponding base thickness value can be derived from the
number of quarters chosen. According to Eq. (9), one can
easily demonstrate that the inner radius Rint can be written
as a function of the outer radius Rext and the number of
quarters q as it is expressed in Eq. (20). The thickness to
outer radius ratio thk of the dome can then be deduced
from Eq. (21). Hence, it is proved that the MAD thickness
ratio thk at the base only depends on the number of
quarters q; Fig. 14 a exhibits the relationship between the
thickness ratio thk and the number of quarters q.

RintZRext

	
1�

ffiffiffi
3

p
tanðp=qÞ



; ð20Þ

thkðqÞZRext � Rint

Rext
Z

ffiffiffi
3

p
tan

�
p

q

�
: ð21Þ

And the base’s thickness er displayed in Fig. 9, is
expressed in percentage of Rext by Eq. (22).

erZRext � RintZthk� RextZ
ffiffiffi
3

p
Rexttan

�
p

q

�
: ð22Þ

Figure 14(b) depicts the evolution of base thickness with
respect to the outer radius of the MAD Rext and the number
of quarters q.
of quarters q. (b) MAD Basis thickness) VS (Rext, q).



Fig. 15 (a) Maximum diameter for the non-intersection condition. (b) Evolution of dmax
Rext

ratio as a function of n and q.

Fig. 16 Error ratios with respect to discretization parame-
ters. (a) Error ratio with respect to Nc; (b) Error ratio with
respect to Nn.
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4.2. Feasible space for legs diameter

It is deemed useful, depending on the parameters of micro-
architectures n and q, to limit the diameter d of the MAD
legs in order to prevent them from intersecting at the base;
which is the most crowded and heavy-legged area of the
MAD. This condition is described by Eq. (23) that was
derived from Fig. 15(a) which displays the configuration of
the maximum diameter for the non-intersection condition.

d � dmaxZ
zS �

ffiffiffiffiffiffiffiffi
3=2

p
n

: ð23Þ

Since zS depends on both Rext and q, as written in Eq. (9),
it is straightforward to identify the evolution of dmax as a
function of the parameters n and q. This relationship can be
derived from Eq. (23) by replacing zS by its expression in Eq.
(9) so that the ratio dmax

Rext
can be written in terms of n and q as

it is expressed by Eq. (24). In addition, Fig. 15(b) displays
this dependency.

dmax

Rext
Z
2tan

�
p
q

�
n

: ð24Þ
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Increasing the parameters n and q leads to a hyperbolic
decrease in the maximum permissible diameter of the legs.
The feasible domain is the space beneath the surface of
Fig. 15(b).

4.3. Surface area computing

With reference to Section 3.4.1, the error ratios en and ec
are computed for different Nc and Nn in the range [20, 60].
The convergence criteria were set at 10�4 meaning that the
permissible uncertainty for the numerical surface calcula-
tion between two successive increments must not exceed
10�4. In this case, this accuracy of the surface’s dis-
cretization is achieved when the discretization parameters
Nc and Nn are greater than 39, as illustrated in Fig. 16(a) for
ec, in Fig. 16(b) for en.

Hence, the order of discretization was set at minimal
values ðN)

n Z39;N)
c Z39Þ for MAD surface and SVRMAD cal-

culations to minimize the computing cost.

4.4. Final design

The RFGA minimization algorithm was adopted herein in
order to solve the OP (Eq. (17b)) that allowed fitting
SVRMAD to Schoen’s minimal gyroid SVR level, by providing
the optimal cell’s diameter d) to be produced after all. The
calculation was performed for q varying between 10 and
100 quarters, Rext ranging from 100 to 1000 mm, and n from
1 to 9 divisions. Figure 17 displays d) as a function of (Rext,
n, q). RFGA output data are provided in supplementary
materials. It also shows the number of iterations required
to converge the OP, the resulting SVRMAD, and the error
ratio with respect to the targeted gyroid SVR.

A likely parametric linearity relationship was observed
between the optimal leg’s diameter d) and the external
macro-scale radius Rext; that to say, it is proposed to
describe this dependency according to Eq. (25).

d)Zaðn;qÞ � Rext þ bþ e1; ð25Þ

where a is the slope, b is the intercept, and e1 is the re-
sidual. While the slope a can be described in terms of (n, q)
parameters as it is graphically depicted in Fig. 18(a).



Fig. 17 The required diameter to reach SVRMAD Z g

N. Rihani, I. Akhrif and M. El Jai
Hence, a first trial of a(n, q) model could reveal that the
slope can be written according to a hyperbolic model
depending on (n, q) as it is presented in Eq. (26a).

aðn;qÞZ a1

na2qa3
; ð26aÞ

aZ
vd)

vRext
: ð26bÞ
Fig. 18 Main stati

Fig. 19 Linear fi
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The proposed models were computed and fitted with a
highly significant accuracy as it is exhibited in the following
points.

The fitting modeling linearity (d), Rext) results reveal a
highly significant linear correlation between the optimized
leg diameters d) and the outer radius of the dome Rext,
since the R2 remains between 0.937 and 0.998, and the p-
value less than 10�5 as depicted in Fig. 18(b). The corre-
sponding residuals tend to fluctuate between þ0.023 and
�0.023 as shown in Fig. 19(a), and to follow a normal dis-
tribution with a mean of m1 Z 2.0652 � 10�15 and a vari-
ance of s21 Z 1:052� 10�2; the coefficient of acuity
(Kurtosis) is 2.0835 and the coefficient of asymmetry
(Skewness) is 0.0505, confirm the normal distribution ac-
cording to Byrne (2010) and Hair et al. (2010), which states
that data can be considered normal if asymmetry is be-
tween �2 and þ2 and kurtosis between �7 and þ7. While
the corresponding residuals histogram is shown in
Fig. 19(b).

The intercept b of the linear fitting (25) also exhibits a
normal distribution with a mean of m2 Z 7.492 � 10�4 and a
variance of s22 Z 7:244� 10�3. The coefficient of acuity
(Kurtosis) is 2.461 and the coefficient of asymmetry
(Skewness) is 0.201 fulfilling the similar criterion of Byrne
(2010) and Hair et al. (2010).

It is therefore plausible to claim that the intercept b is
centered on zero with a significant statistical indicator and
can also be considered as residuals.
stical indicators.

tting residuals.



Table 3 Characteristics of MAD printed samples.

Index Rext(mm) n q d*(mm) SVRMAD SVRGyr Error(%)b Printing time

MAD1 75 3 16 1.01 3.0583 3.0923a 1.10% 6 h 3 min
MAD2 75 4 12 0.92 3.1221 3.0923a �0.96% 8 h 23 min
MAD3 75 5 9 0.92 3.0874 3.0923a 0.16% 9 h 26 min

a g Z 3.0923 is the SVR of Schoen’s minimal gyroid (Yeranee and Rao, 2022; Gandy and Klinowski, 2000).
b Error(%) Z ðSVRGyr � SVRMADÞ=SVRGyr.

Fig. 20 MAD printed samples. (a) MAD1, (b) MAD2, (c) MAD3.
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Finally, given the above model (25), the optimal leg’s
diameter d) can be corrected using Eq. (27).

d)Zaðn;qÞ � Rext þ e2; ð27Þ

where:
� e2 Z e1 þ b;
� e1wNðm1; s

2
1Þ;

� bwNðm2; s
2
2Þ;

� e2wNðm1 þm2; s
2
1 þs22Þ.

Wherein e2 is the sum of the residual and the intercept,
which can be assimilated to a global error following a
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normal distribution with a mean of m1 þ m2 Z 7.4927 � 10�4

and a variance of s21 þ s22 Z 0:0178.
Hence, it is proposed to approximate the optimized leg’s

diameter d) according to Eq. (28).

d)zaðn;qÞ � Rext: ð28Þ

In order to investigate the relationship between the
slope a and the parameters n and q, a bivariate linear
regression, was performed in logarithmic space. It
appeared that the logarithm of the slope may be written as
a linear combination of log(n) and log(q), as indicated in Eq.
(29). The adjusted coefficient of determination R2 and the
p-value are 0.984 and 8.53 � 10�80, respectively, demon-
strating highly significant linearity.

logðaÞZa1 � a2logðnÞ � a3logðqÞ; ð29Þ
where:
� a1 Z 1.0093;
� a2 Z 1.6176;
� a3 Z 1.2729.

Furthermore, it was observed that the fitting co-
efficients of model (26a) can be approximated by means of
the base of the exponential e and the golden ratio j that
was initially used in the construction of the MAD, according
to system (30).8<
:

ea1 Ze1:0093 ze
a2 Z1:6176zj

a2 Z1:2729z
ffiffiffi
j

p : ð30Þ

These approximations do not exceed �0.93% for a1;
�0.027% for a2; and �0.069% for a3.

By combining the expressions (26a), (28) and the
approximation (30), the expression for the optimum MAD
leg diameters d) as a function of n, q, and Rext can be
derived in Eq. (31), which ensures the same surface-to-
volume ratio SVR as the minimum Schoen’s gyroid.

d)ðRext; n; qÞzRext � e

njq
ffiffi
j

p : ð31Þ

4.5. MAD sample printing

As it was presented in Section 3.6, three different samples
of MAD were fabricated using (FFF) process according to the
geometric parameters exhibited in Table 3. The samples
were referred as MAD1 displayed in Fig. 20(a), MAD2 dis-
played in Fig. 20(b), and MAD3 displayed in Fig. 20(c). These
specimens from the MAD family are randomly selected
among instances whose optimized diameter d) is



Table 4 Relative densities of MAD structures.

Index VMAD(mm3)a VSph(mm3)b VEnv(mm3)c RD1(%)
d RD2(%)

e RD3(%)
f

MAD1 19,190.48 883,572.93 448,980.00 4.27 50.81 2.17
MAD2 21,666.67 883,572.93 535,880.00 4.04 60.65 2.45
MAD3 29,447.62 883,572.93 610,780.00 4.82 69.13 3.33

a MAD’s legs volume.
b Half-sphere’s volume.
c MAD’s envelope volume (calculated by Pappus formula in Eq. (19)).
d RD1 Z VMAD=VEnv.
e RD2 Z VEnv=VSph.
f RD3 Z VMAD=VSph Z RD1 � RD2.

Table 5 Relative densities of benchmark structures and
current work.

References Str. des.a RD(%)

Khan et al. (2019) Gyr_1 25.00
Gyr_2 25.00
Gyr_3 25.00

Gautam and Sridhar (2018) SRK_1 4.07
SRK_2 2.60
SRK_3 1.33

Maconachie et al. (2020) 2C300W 40.60
3C100W 21.32
3C300W 53.86
5C050W 19.51
6C050W 22.67
6C100W 36.86
7C030W 19.34
7C050W 25.83
8C050W 28.99
8C060W 32.63
8C100W 47.22

El Jai et al. (2021b) GE-SEZ_1 15.40
GE-SEZ_2 15.40
GE-SEZ_3 15.40

Current work MAD1 2.17
MAD2 2.45
MAD3 3.33

a Structure name according to the corresponding references.
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approaching 1 mm in order to comply with the printer’s
resolution.

In order to compare the density of the resulting struc-
tures, their relative densities are computed. Table 4 dis-
plays the volume relative density results for MAD1, MAD2

and MAD3. RD1 is the volume relative density of the micro-
architected structure with respect to the volume of the
envelope; RD2 is the volume of the envelope relative to the
overall volume of the half-sphere and RD3 is the volume
relative density of the MAD with regard to the half-sphere
volume.

The literature benchmark is provided in Table 5, which
shows that MAD is among the least dense structures within
664
the same order of magnitude as the Struts Reinforced
Kagome (SRK) structures proposed by Gautam and Sridhar
(2018).
5. Conclusion and perspectives

In the present paper, a novel micro-architected dome
design is proposed based on biomimicry principles. First of
all, the design took into account a primary tetrapod as a
main generative unit cell to be optimized. After that, a
series of mappings and mathematical transformations were
performed to obtain the macro-scale MAD starting from the
unit cell cited previously.

Biomimicry principles allowed building up the optimi-
zation problem to be solved by numerical procedures;
these principles are mainly the correspondence of
MAD family’s SVR to gyroid’s SVR; furthermore, the
decreasing golden ratio series served to partition the
corresponding elevation angles of the mapped unit cell
along the spherical arcs of the MAD. In the (OP) proced-
ures, that used RFGA algorithm, the number of quarters q
and elevation levels n, additionally to the exterior radius
of the MAD Rext were considered as the (OP) variables;
while the unit cell’s diameter was adopted as the (OP)
argument to be optimized according to the gyroid SVR
equality.

It was observed that the computed optimal leg’s di-
ameters linearly vary according to the MAD radius Rext; the
corresponding slope was modeled as hyperbole according to
the number of elevation levels n and to the number of
quarters q respectively with exponents equal to j and

ffiffiffi
j

p
.

The accuracy of both linear and hyperbolic fittings ranged
around 98% with p-values less than 10�5 which proved the
high level of accuracy of the statistical fitting. For MAD
family individuals, gyroid SVR was respected with preci-
sion at an error of calculation centered around zero with a
maximum error of 12%. In consequence, three specimens of
the MAD family were randomly selected according to three
combinations of n and q; these latter were manufactured
by the FFF process. The produced specimens showed very a
low RD compared to the literature; all domes were conve-
niently printed even at printing angles less than 45	 (with
z-axis), which is generally considered as a collapsing
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threshold in the majority of additive manufacturing tech-
nologies (Jiang et al., 2019).

Hence, one can consider the MAD dome as a new optimal
lightweight design which, in fact, enhances the printability
without the need for additional supports; this can finally
serve as a proof of concept of this novel family of
structures.

However, the proposed design shows some limitations;
the spherical geometry can be handled to fit arch shape in
order to enhance load bearing capacity. Also, the optimi-
zation problem discussed in this work does not consider the
corresponding standard mechanical limit states criteria. To
overcome this shortage, future works will prioritize
enhancing the MAD topology and optimizing it using genetic
algorithms, while considering more realistic and normative
constraints including limit states criteria. Further works will
be dedicated to MAD 3D printing using cementitious mate-
rials at a higher dimensional scale.
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