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Abstract: This paper presents a hierarchical framework for distributed optimal formation transfor-
mation control of unmanned aerial vehicle (UAV) swarms in cluttered environments. The frame-
work decouples the problem into high-level assignment and low-level motion planning. First, we
introduced the distributed incremental Hungarian-based assignment (DIHBA) algorithm, a commu-
nication-efficient method that achieves globally optimal assignments without a central coordinator.
For motion planning, a lightweight planner uses a pre-computed library of time-optimal, dynami-
cally feasible trajectories, enabling rapid, safe and formation awareness online selection. Comprehen-
sive simulations demonstrate that framework achieves globally optimal assignments for swarms of
up to 200 UAVs with communication costs lower than conventional distributed Hungarian methods,

while maintaining superior formation integrity during transformation in cluttered environments.
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1 Introduction

1.1 Motivation and Background

The deployment of autonomous unmanned aerial
vehicle (UAV) swarms, which leverages princi-
ples of collective intelligence inspired by biologi-
cal systems, marks a paradigm shift in robotics
[1]. By coordinating multiple agents, swarms can
accomplish complex missions intractable for a
single robot, offering enhanced efficiency, robust-
ness, and scalability [2]. A fundamental capabil-
ity for any effective swarm is formation control,
and in realistic environments, the ability to
dynamically transform the formation is a critical

prerequisite for operational effectiveness, enabling
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navigation through constrained environment or
adaptation to mission objectives [3].

The challenge of executing a safe and effi-
cient formation transformation in cluttered envi-
ronments can be decomposed into two fundamen-
tal sub-problems: a high-level, combinatorial
assignment problem to find the optimal agent-to-
target mapping that minimizes a global cost [4];
and a low-level, continuous-space motion plan-
ning problem to generate safe, dynamically feasi-
ble trajectories for each agent [5]. The central
challenge in this field arises from an inherent ten-
sion among three competing goals: global opti-
mality, computational tractability, and decentral-
ization. Centralized assignment methods guaran-
tee optimality but are not scalable [6], while
decentralized heuristics like auction algorithms
are scalable but yield suboptimal solutions [7].
Similarly, for planning, high-quality optimization-

based methods are often too slow for large-scale
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real-time replanning [8], while faster sampling-
based approaches can produce paths of poor kin-
odynamic quality [9]. This decoupling dilemma —
where scalable solutions are suboptimal and opti-
mal solutions are not scalable — constitutes a crit-
ical gap in the field.

To address this multifaceted gap, we intro-
duced a novel hierarchical framework that syner-
gistically integrates solutions to both sub-prob-
lems. We proposed to first solve the high-level
assignment to global optimality using a novel,
communication-efficient distributed algorithm.
Subsequently, we addressed the low-level motion
planning using a lightweight, motion primitive-
based planner that leverages offline computation
of time-optimal trajectories to enable rapid and
safe online navigation. By optimizing at both the
strategic (assignment) and tactical (trajectory)
levels, our integrated framework provides a scal-
able, robust, and high-performance solution to
the overarching challenge of distributed optimal

formation transformation control problem.

1.2 Related Work

1.2.1 Optimal Target Assignment

The problem of assigning N agents to N target
positions to minimize a total cost is a corner-
stone of combinatorial optimization with a rich
history in multi-robot systems. Centralized Hun-
garian method guarantees a globally optimal
solution in polynomial time [6] but is unsuitable
for robust swarm applications due to its single
point of failure.

Distributed auction-based algorithms emer-
ged as a popular alternative [10]. Methods like
the consensus-based auction algorithm (CBAA)
[7] are highly scalable but are fundamentally
heuristic, providing no guarantee on solution
quality relative to the global optimum, which is a
critical deficiency for performance-sensitive mis-
sions [11].

In pursuit of distributed optimality, consen-
sus-based Hungarian algorithms have been devel-

oped [12]. These methods replicate the optimal-

ity of the centralized approach in a distributed
fashion by having agents iteratively exchange
cost information until a network-wide consensus
is reached. While successful, existing implementa-
tions face a critical scalability bottleneck: a com-
munication overhead of O(N?) per agent, per
iteration, making them prohibitively expensive
for large-scale swarms [13]. Our work directly
addresses this specific communication gap.
Instead of exchanging entire N x N cost matri-
ces, agents transmit only newly acquired informa-
tion with proposed method, fundamentally reduc-
ing the communication overhead from O(N?) to
O(N + |A,|) while preserving the global optimal-
ity of the solution.
1.2.2 Formation Transformation and Planning
Effective formation transformation hinges on gen-
erating trajectories that are both individually fea-
sible and collectively coherent. Centralized, joint-
optimization methods attempt to solve this
directly [5], but computational complexity funda-
mentally limits scalability, forcing a reliance on
hierarchical frameworks that decouple high-level
strategy from low-level motion. Within this
paradigm, however, a critical disconnect emerges.
High-level formation control strategies — span-
ning leader-follower, behavioral, and virtual
structure [2, 14, 15] approaches — typically define
only the target configuration. While effective in
uncluttered space, their ability to navigate com-
plex environments is inherently limited, as they
lack a native mechanism to reason about environ-
mental constraints. This necessitates a low-level
motion planner capable of generating high-qual-
ity, collision-free paths in dense environment.
While optimization-based planners can pro-
duce high-quality, dynamically smooth trajecto-
ries [16-19], they are too slow for real-time, large-
scale swarm replanning. Sampling-based plan-
ners like rapidly-exploring random trees (RRT*)
[9, 20] are computationally efficient but yield
paths of poor kinodynamic quality unsuitable for

coherent group motion [21]. Motion primitive-
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based planning emerges as an elegant compro-
mise, transforming continuous optimization into
a tractable discrete selection task [22-25]. This
approach discretizes the planning problem by
generating a set of candidate trajectories through
sampling in either the state space or the control
space. However, early implementations were
often limited by heuristically generated primi-
tives that lacked formal guarantees of optimality
or even consistent dynamic feasibility. Recent
advances have therefore focused on elevating this
quality. Primitive-swarm framework demon-
strated the potential of generating high-quality
trajectories by incorporating time-optimal path
parameterization by reachability analysis (TOPP-
RA) [26, 27]. The comparison in Tab. 1 reveals
the fundamental trade-offs among existing swarm
planning paradigms. While centralized optimiza-
tion provides optimality at a prohibitive compu-
tational cost, computationally efficient methods
like sampling-based and potential field planners
often lack formal guarantees for dynamic feasibil-
ity. Our proposed method is shown to bridge this
gap, achieving the low online cost and guaran-
teed feasibility of state-of-the-art primitive-based
approaches while introducing explicit formation
thereby

integrity during complex maneuvers.

awareness, ensuring high formation

1.3 Contributions

This paper presents a novel hierarchical frame-
work for distributed optimal formation transfor-
mation control of UAV swarms. The primary
contributions with respect to each section are
threefold as follows: 1) a communication-effi-
cient, optimal and distributed assignment algo-

rithm (Section 3); 2) a formation-aware, light-

weight motion primitive planner (Section 4); 3)
a hierarchical framework for swarm formation
transformation control with complete experi-
ment validation (Section 5).

System overview is shown in Fig. 1, includ-
ing state estimation and obstacle mapping mod-
ule (yellow), distributed incremental Hungarian-
based assignment (DIHBA) algorithm (red) for
optimal assignment, and motion primitive-based

planner (blue) for trajectory generation.

2 Preliminaries and Problem For-
mulation

This section introduces the mathematical back-
ground and formalizes the problem of formation
transformation control. We began by defining the
core assignment problem, then described the
communication model required for distributed
consensus, and finally synthesized these elements
into a complete problem statement. We assumed
that the number of agents N is equal to the
number of target positions in the desired forma-
tion and is known as a priori.

2.1 Target Assignment

The primary objective is to orchestrate a team of
N homogeneous agents, A = {a;,a,, - ,ay} with

P = {pupz’ e 7pN}
p; € R?, to achieve a specific geometric forma-

initial  positions where
tion. This formation is defined by a set of N zero-
mean relative position vectors, B = {b,,b,,---,
by} where > b, =0. The challenge lies in find-
ing the optimal global translation of the pattern,
g € R?, and the optimal agent-to-role assignment
that minimizes the total squared Euclidean dis-

tance.

Tab. 1 Swarm planning paradigm

Paradigm Optimality Online computation Dynamic feasibility Formation awareness
Centralized optimization [19] Yes High Yes Explicit
Sampling [20] Asymptotic Low Post-process Indirect
Potential field (2] No Low No Heuristic
Primitive [26] Yes Very low Yes Limited
Proposed method Yes Very low Yes Explicit
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The final target positions are given by
g, = b, +g. The assignment is represented by a
permutation matrix X = [z,;], where z,; € {0,1}
and z,; =1 if agent a, is assigned to target j.
This leads to the following mixed-variable opti-

mization problem

N N
min E E T
X.q

i=1 j=1

p: —q;l°

QP)

s.t. qj:bj+Q7 VJ€{1,27,N},

X eIl

where Il is the set of all N x N permutation
matrices.

As proven in [4], the optimal translation g*
corresponds to aligning the centroid of the tar-
get pattern with the centroid of the initial
swarm, which is simply the average of the initial

positions as follows
1<
q = N Z;pi

This simplifies the high-level task to solving

(2)

the pure linear sum assignment problem for a
fixed set of targets g7 = b; +q". As central coor-
dinator is unavailable, swarm centroid g* is
obtained by each agent via distributed consensus
estimation [28].

2.2 Communication Topology

The communication topology is represented as an

— 100

Overview of proposed hierarchical control framework

undirected graph, G = (V, E), where vertices V
correspond to the agents and an edge (i,k) € E
exists if agents a;, and a, are within a predefined
communication range.

The structure of this topology is captured by
the graph Laplacian matrix L = D — A, where A
is the adjacency matrix and D is the degree
matrix. Network-wide information consensus is
guaranteed if the graph is connected. This struc-
tural property holds if and only if the second
(the

algebraic connectivity) is strictly positive. The

smallest eigenvalue of the Laplacian, A,

communication topology is assumed to maintain
at the minimum level of connectivity required for

distributed consensus.

2.3 Problem Formulation
The overarching goal of this work is to develop a
hierarchical framework for the autonomous trans-
formation of a multi-UAV swarm into a prede-
fined formation within a cluttered environment.
This complex task is decomposed into two
sequential sub-problems:

1)
the initial positions of N UAVs and the N tar-

get points of the desired formation, determine the

High-Level Optimal Assignment Given

globally optimal assignment matrix X that mini-
mizes the total travel cost in a distributed man-

ner, relying solely on local inter-agent communi-
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cation to converge on the globally optimal solu-
tion without a central coordinator.

2) Low-Level Planning and Control Once
the optimal assignment is resolved and each
UAV knows its unique destination, each agent
independently plans and executes a dynamically
collision-free

feasible and trajectory to its

assigned target.

3 DIHBA Algorithm

In this section, we proposed the DIHBA algo-
rithm to solve the linear sum assignment prob-
lem to global optimality in a fully decentralized
manner. It builds upon prior decentralized Hun-
garian-based approaches (DHBA) [13] but intro-
duces a communication-efficient incremental pro-
tocol to overcome their scalability limitations.
While DHBA requires agents to exchange their
entire N x N cost matrices in each communica-
tion round, DIHBA transmits only an agent’s ini-
tial cost vector and newly acquired entries. This
reduces the communication cost per neighbor per
iteration from O(N?) for DHBA to O(N + |A,])
for DIHBA, where |A,| is the small number of
new entries learned at iteration ¢. This protocol
drastically reduces network load while provably
converging to the same optimal solution as the
centralized Hungarian method.

The operation of DIHBA is detailed in Algo-
rithm 1. During parallel initialization, each agent
1 creates local cost matrix, C;, populating only
its own cost row ¢;. The core of DIHBA is the
distributed iterative loop (lines 5-25). In each
iteration, an agent broadcasts its static cost vec-
tor ¢, alongside its incremental set A" (line 10).
A, is a set of unique (row, column) coordinates
that identifies matrix entries newly learned or
improved in the preceding step. Upon receiving
data, agent employs a fusion logic streamlined for
communication efficiency. It performs a full
assimilation of a neighbor’s cost vector only once,
relying thereafter on the far smaller incremental
sets A" for all subsequent updates (lines 15-20).

This selective approach ensures that only novel

information is propagated onward (line 22), thus
driving rapid convergence to the global cost with
minimal network overhead. If achieving conver-
gence, each agent independently solves the
assignment problem using the identical, now-
complete matrix C” (line 26), guaranteeing a
globally optimal and consistent assignment across

the swarm without any central coordination.

Algorithm 1: DIHBA

Input: Agent identity (ID) i, neighbor set =;, agent’s
cost vector c¢;.

Output: Global assignment A4, .

/* Initialization */
1t«+0;

2 C’i(t) <+ matrix(N, N, co)
303, « ¢l

4 A”  {(,k) | k=1,2,--- N}
/* Distributed Iter */

5 while: not converged do

6 Broadcast(c;, AE”)

I

;

7 Cj«cY.

8 new_entries + &

9 for each j € Z; do

10 (cj, A;t)) + Receive from j;

11 if: C}(j,-) contains co then

12 Ci(j,) « min(C{(5,), ]);

13 new_entries <— new_entries U {(j,k) | k=1,2,--- ,N};
14 end

15 for each (r,c) € A;t) do

16 if: Ci(r,c) > CJ(-t)(T, c) then

17 Cl(r,c) « C(r,c);

18 new_entries <— new_entries U {(7,¢)};

19 end

20 end

21 end

22 c"V .

23 AEHl) < new_entries

24 teto41;

25 end

/* Final Assignment */

26 A; < Solve Hungarian(Ci(t))

A formal proof of the DIHBA algorithm’s
convergence and global optimality is presented in
Appendix A. It is worth mentioning that, algo-
rithm’s convergence rate is significantly impacted
by the communication topology, G. In dense

graphs (e.g., fully connected network), a larger
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incremental update set (|A,|) in early iterations
accelerates information dissemination, leading to
faster convergence. Conversely, sparse graphs
(e.g., chain) result in a smaller |A,| per iteration,
increasing the number of rounds required to

achieve consensus.

4 Motion Primitives Planning

This section presents a motion primitive-based
planning framework specifically designed for dis-
tributed optimal formation transformation in
complex environments.

We first explained the offline construction of
a motion primitive library, which contains a large
set of time-optimal and dynamically feasible tra-
jectories, and then presented the online replan-
ning method that uses this library for efficient

real-time navigation in complex environments.

4.1 Offline Primitive Library Generation

4.1.1 Path Library Generation

A motion primitive is a parameterized trajectory
segment that satisfies the UAV’s dynamic con-
straints while connecting two specified states in
the state space. Let the configuration space of a
quadrotor be represented by ¢q = [p.,p,,Dp., ],
where (p.,p,,p.)" denotes the center of mass in
the global coordinate system and 1 represents
the yaw angle. Following the principles of differ-

ential flatness [16], we constructed a path library

3.0t — Path (r =6 m)
—— Path (r=8 m)
2.5+ Path (=12 m)
Path (» =20 m)
2.0F

Path (=36 m)
Path (r =78 m)
L.5F— Ppath (r=o0)

1.0}

Y (m)

0.5F
0

—0.5F
-1.0F

0 05 1.0 1.5 2.0 25 3.0 3.5 40 45 5.0
X (m)
(2)

Fig. 2

motion primitive library

Z (m)

P(ipm, s) — R®* by rotating multiple arcs with
parameters including the number of arcs N, and
rotation angle interpolation D,. These arcs origi-
nate at the coordinate system’s origin and are
tangent to the z-axis at the origin, with a com-
mon length [ but distinct radii r. The initial
angle 6 represents the rotation of an arc around
the z-axis. For example, as shown in Fig. 2, our
implementation selects N, =7 arcs with parame-

ters as follows

l=5m (3)
r € {6,8,12,20,36,78,00} m (4)
6 € {0°,-10°, -20°,0°, —10°, —20°,0°}  (5)

where r = oo corresponds to a straight line.
Rotating these arcs around the z-axis with
D, =30° results in a path library comprising
73 geometric paths. This parameter selection
ensures comprehensive spatial coverage while
maintaining computational efficiency for swarm
applications. Eventually, the path library can be
expressed mathematically as follows

P ={p.(t) = [x:(t), y:(), z:(£), s (D)]|

(6)
i=1,2--- N, te0,T,]}

where z,(#), v,(t), and 2(#) represent the posi-
tion trajectory in the three dimensional (3D)
space, N, is the total number of primitives, T; is
the duration of the i-th primitive, ,(¢t) is the

yvaw angle trajectory, and the boundary condi-

— Path (r=6m)
2.0 F— Path (r=8 m)
15— Path (r=12m)
' Path (=20 m)
1.0} Path (r=36 m)
05 Path (r=78 m)
~ [— Path (r = )
0L
-0.51
-1.0|
-1.5]
2.0
0
N 1 2
2 _
X (m) 5 2 ¥ ()

(b)

Example of a motion primitive library: (a) two dimensional (2D) base geometric arcs with different radii (b) generated 3D
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tions specify the allowable start and end veloci-
ties.

4.1.2 Time-Optimal Path Parameterization

To transform the geometric paths into time-
parameterized trajectories, we employed time-
optimal path parameterization by reachability
analysis (TOPP-RA) [27], which finds the fastest
traversal while satisfying dynamic constraints.
For a given geometric path g(s) with s € [0, s,
the time parameterization establishes a scalar
function s(t) : [0,7] — [0, 5..4], enabling trajectory
reconstruction as q(s(t)) for ¢t €[0,7]. For each
geometric path ¢(s) € P, we specified distinct
start and end velocities according to [|g(s,)]| € {0,
0.1, , Ve t m/s and [|G(s.q)]| = 0 m/s.

The TOPP-RA algorithm involves four fun-
damental stages: path discretization, constraint
formulation, controllable set computation (back-
ward pass), and optimal control construction
(forward pass) .

1) Path Discretization The continuous path
interval [0, s,,] is divided into N segments and

(N + 1) grid points as follows

0=50,51,""" , 881,58 = Sewq D

2) Constraint Formulation The UAV’s
dynamic constraints are translated into linear

constraints on the path parameterization. Succes-

sive differentiation of q(s(t)) yields

g=4q's (8)
Gg=q"'5’+q's (D)
Note the distinction in notation used

throughout this paper: f’ denotes differentiation
with respect to the path parameter s, while f
denotes differentiation with respect to time t¢.
Define the state as the squared path veloc-
ity x, := §? and the control as the path accelera-

tion wu, := 8, the temporal derivative of the state,

Z;
a0 can be related to the control w, through the

chain rule as follows
% d(s?)

i dti = 25,8, = 25,u; (10)

Applying a forward Euler discretization to
this equation over a finite path segment directly
yields the linear state transition equation as fol-

lows

T =2, +20u;,, 1=0,1,--- N—1 (11

where A, :=s,,, — s;.

The system’s velocity and acceleration lim-
its, ||gll € Umax ANd =Gy < Grayzy < Gax, Can be
compactly expressed into linear inequalities on x;

and u, at each discrete position s; as follows

C.=au,+bz,+c, <0 (12

where a,, b,, and ¢, are the coefficients of the
linear expression. Specifically, for the velocity
constraint ||q|| < v,., the coefficients are a,, =0,

b =@’ (s,)|]?, and ¢, = —v?2, . For per-axis accel-
eration  constraints, = a. ==+q,, (5:), b=
+q/, .(5:), and C.e = G, The final vectors in Eq.

(12) stack these coefficients from all applicable
constraints.

3) Controllable Set Computation (Back-
ward Pass) The backward pass determines the
set of all feasible squared velocities, known as the
controllable set K, C R, at each grid point s,.
This process starts from the terminal point sy
and proceeds backward to the initial point s,.
The terminal controllable set K, is defined by
the desired final velocity. Given the constraint
|g(Saa)|l = 0, this set is simply Ky = {0}.

For each stage ¢ from (N —1) down to 0,
the controllable set K, is computed based on the
set K,., from the next stage. Specifically, K, is
the interval [z7,z]] representing all states z;
from which it is possible to choose a control wu;
such that the system evolves to a state
21 € K, while satisfying all constraints. The
bounds of this interval are found by solving two

linear programs as follows

T~ :=minx

T, U,
(13)
' = maxz

T, uy

st.Eq.(12), 2420w, € K\ (Iy) (14

where I, refers to the terminal interval (or termi-
nal controllable set) at the final grid point. The
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recursive computation proceeds by setting
K, = [z7,z}]. If any stage K, becomes an empty
set (K, = @), or if the initial state x, = $? is not
contained within the computed initial control-
lable set (z, ¢ K,), the path is declared dynami-
cally infeasible and is excluded from the library.
4) Optimal Control Construction (Forward
Pass) With the controllable sets computed, a for-
ward pass determines the time-optimal control
sequence. At each stage i, a greedy strategy
selects the highest admissible control w; that
keeps the subsequent state within its control-

lable set K, , as follows

u; = argmaxu (15>
s.t. u € U (x,) (16)
x;+2Au e K, a7

where U,(z,) represents the set of admissible con-
trols (path accelerations, v = §) at the current
state x. With the optimal state sequence {x;}
known, the optimal time allocation is deter-

mined as follows

bue = (VT + /)2 (18)
taep = (Siz1 — Si)/Sme 19
ti+1 =t + tslep 200

This parameterizes the geometric path to
yield a time-optimal and dynamically feasible
trajectory q(s(t)).

The above parameterization is executed
offline for the entire set of geometric paths, com-
posing the final motion primitive library, P(t).
Each resulting trajectory is, by construction,
both time-optimal and dynamically feasible. Al-
though based on a finite discretization, the high-
accuracy interpolation scheme guarantees that con-
straint satisfaction errors are bounded and negli-
gible for a sufficiently dense discretization, thus
validating the library’s practical applicability.

4.2 Online Trajectory Replanning

4.2.1 State-Aware Primitive Alignment

During online replanning, it is crucial to seam-
connect the

lessly pre-computed primitives,

which exist in a generic local frame, to the UAV’s

specific dynamic state in the world frame. This is
accomplished through a state-aware alignment
process where each primitive is oriented to match
the vehicle’s current motion. This alignment is
mathematically achieved by establishing a
dynamic coordinate frame, denoted as V', based
on the UAV’s current velocity vector v, and its
position p,.

The transformation Ty, that realizes this
alignment from the primitive frame V to the
world frame W is constructed from the orthonor-

mal basis vectors for V as follows

Loxis = Ucur/”Ucur (21)
yaxis - waxis X [07 0) _1]T (22)
zaxis = m::\xis X yaxis (23)

These axes form the rotation matrix

Ry = [@uss Yoy Zus) - The complete homoge-
neous transformation is then
R s
Ty = |: OMT/V l;] 24)

By construction, the xz-axis of this state-
aligned frame is parallel to the UAV’s current
direction of motion. This makes V the native
frame in which all primitives, originating at
[0,0,0]" and initially tangent to the z-axis, are
evaluated.

For efficient evaluation, instead of trans-
forming every primitive from the library into the
world frame, we performed the inverse operation.
Relevant environmental information, such as
obstacle point clouds and the trajectories of
neighboring agents, is transformed from the
world frame W into state-aligned frame V for
consideration.

4.2.2 Formation-Aware Trajectory Selection

Trajectory selection begins with a hard-con-
straint safety check, where primitives colliding
with obstacles in the agent’s state-aligned frame
V are pruned. Obstacle field is constructed from
a robocentric occupancy grid map [29] and the
trajectories q;(s) of communicating neighbors.

Subsequently, the dual objectives of goal-reach-
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ing and formation coherence are treated as soft
constraints. Fach agent therefore evaluates the
remaining safe candidates using a cost function J

to determine the optimal action as follows
J = w,C, + wC; + w,C, (25)

where w,, w;, w, are positive weights. The cost
terms are:

1) Goal Cost (C,) This term drives the
agent towards its final destination, denoted p,.,
which is assigned by the high-level DIHBA algo-
rithm. The cost is the Euclidean distance from a
primitive’s endpoint,
[Pt — P

2) Formation Cost (C,) This term enforces

swarm cohesion. For each agent 4, its desired

Pea, to this goal: C, =

position within the moving formation at time ¢ is
given by pi_(t). This cost penalizes the devia-
tion of the primitive’s endpoint from this refer-
ence position at the primitive’s conclusion time
ta: Cr = [[Dens — P (tend) |-

3) Boundary Cost (C,) This term penalizes
trajectories that violate user-defined operational
boundaries or no-fly zones. It assigns a large
penalty if the primitive’s endpoint p,, lies out-
side the permissible flight volume B as follows

_ CB) if pend ¢ B
Co= {0, otherwise (26)

where Cp is a large positive constant, effectively
making such primitives highly undesirable.

The ratio between the goal weight (w,) and
formation weight (w;) balances aggressive goal-
seeking against smooth formation cohesion, while
a large boundary weight (w,) penalizes leaving
the operational area.

The agent selects the primitive g* with the
minimum cost for execution.

4.2.3 Receding Horizon Planning and Execution
The online planning loop operates on a receding
horizon basis [30]. After selecting a primitive g*,
the agent executes only its initial segment for a
short duration T. It then repeats the planning
cycle from its new state. In our implementation,

the replanning cycle is executed at a rate of

50 Hz. This iterative process allows the agent to
react promptly to new information. The asyn-
chronous nature of this loop across the swarm
enhances system-level robustness and scalability,
preventing common multi-agent issues like dead-
lock.

5 Simulation Results

In this section, we validated the proposed frame-
work through a series of experiments designed to
assess different aspects of its performance. The
performance analysis of the DIHBA algorithm
(5.1) and the large-scale formation transforma-
tion (5.2) was conducted on a workstation (Intel
Core i9-12900K, 32 GB RAM). To test the
framework’s robustness in more realistic network
conditions, the formation transformation in a
cluttered environment (5.3) employed a hard-
ware-in-the-loop simulation where algorithm was
deployed on several Intel NUC13ANKi7 mini-
computers, with all units interconnected by a
physical network switch to accurately model real-
latencies and

world communication asyn-

chronous effects. Visualization was performed
using the robot visualization tool (RViz) and
Matlab2022b. The
mance is quantified by the total formation error
(Ei)
(MAE).

p;'m( ) for each agent i, the total error is Ei,,(t) =

0l = NZ . (),

e,,(t) represents the L1 norm of the position z

formation-keeping  perfor-

defined as the mean absolute error

Given the error vector e, (t)=p;(t)—

(O] +

where

error vector for the i-th agent at time ¢, e, (#)
represents the L1 norm of the position y error
vector for the +th agent at time ¢.

5.1 Performance Analysis of the DIHBA Algo-

rithm

We systematically evaluated DIHBA against the
DHBA and the consensus-based bundle algo-
rithm (CBBA) across 4-200 agents. Tests cov-
ered four communication topologies with increas-
ing connectivity: chain, ring, grid, and full com-

pletion. Agents initialized in formations match-
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ing their topology. Performance was measured
via 1) solution optimality (normalized cost rela-
tive to centralized Hungarian) and 2) communi-
(total

exchanged). All scenarios used identical random

cation  cost floating-point  values
task distributions.

Results are shown in Fig. 3. On the top,
Fig. 3(a)-Fig. 3(d) show the solution optimality
measured by the normalized cost, a dimension-
less ratio relative to the centralized Hungarian
solution. On the bottom, Fig. 3(e)-Fig. 3(h)
show the total communication cost measured as
the sum of all floating-point values exchanged
network-wide, shown on a logarithmic scale.

DIHBA achieves global optimality (normalized

1.5
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cost = 1) across all topologies and agent counts,
matching the centralized Hungarian, while CBBA
remains suboptimal. Crucially, DIHBA’s commu-
with

count —orders of magnitude lower than DHBA

nication cost grows slowly agent
and matching or exceeding CBBA'’s efficiency.
DIHBA delivers both guaranteed optimality and
scalable communication, making it suitable for

large-scale swarm task allocation.

5.2 Large Scale Formation Transformation

To validate the framework’s scalability, we simu-
lated a 100-UAV swarm transforming from a
10 m x 10 m grid to a double concentric circle for-
mation, as shown in Fig. 4. The complex maneu-

ver was completed within 20 s without any colli-
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sion. DIHBA algorithm converged to the glob-
ally optimal assignment in 10 s. All the planner
nodes required a total of 23 GB of memory.
Result validates that framework can efficiently
and safely execute complex formation transfor-
mations, confirming the scalability of the commu-
nication-efficient optimal assignment and the

lightweight motion planner.

5.3 Formation Transformation in Cluttered
Environments

To evaluate the performance of the complete

hierarchical framework, we designed a hardware-

in-the-loop simulation where the swarm must tra-

verse an obstacle field while performing a spe-
cific formation transformation. The experiment is
conducted in a 3D environment, where static
obstacles are randomly distributed within a
26 m x 13m area. We set w, = 1.0, w; = 1.5, and
w, = 1000 to prioritize formation coherence. A
swarm of N =8 agents is initialized in a rectan-
gular formation as depicted in Fig. 1.

As shown in Fig. 5, we compared two primi-
tive selection strategies: the left is the proposed
method in Section 4.2.2 using formation-aware
term, and the right is the baseline method [26].

Both methods traverse dense obstacle field with
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Comparison of primitive selection method: (a) proposed method trajectory in RViz; (b) baseline method trajectory in RViz;
(c) proposed method individual distance error (MAE); (d) baseline method individual distance error (MAE)

successful formation transformation. However, mation-aware strategy are notably smoother and
Fig. 5(a) and Fig. 5(b) provide a visual compari- more coordinated. The agents tend to maintain a
son that the trajectories generated using the for- cohesive structure even while maneuvering

— 108 —



Yangzi Shi et al. / Distributed Optimal Formation Transformation Control of UAV Swarms in Cluttered Environments

through the dense obstacle field, compared to
Fig. 5(b). Fig. 5(c) and Fig. 5(d) show the
drone individual error curves, where all eight
agents converge to a low error state swiftly and
uniformly in Fig. 5(c), while in Fig. 5(d) the
drone individual error curves are visibly slower
and less consistent, with longer settling time. In
Fig. 6, the blue solid line (with formation-aware
term) shows faster convergence on total forma-
tion error than the red dashed line (baseline).
Results demonstrate that the formation-aware
approach leads to a faster and more stable con-

vergence to the target formation.

8
7k — Proposed
. ~ — Baseline
Bl
55t
54l
3
g0
8
a 2f
1

Time (s)

Fig. 6 Total formation error (MAE)

6 Conclusion

In this paper, we presented a hierarchical frame-
work for distributed optimal formation transfor-
mation control of UAV swarms in cluttered envi-
ronments, by decoupling the problem into high-
level assignment and low-level motion planning.
Experiments demonstrate the DIHBA algorithm
achieves global optimality as the centralized
Hungarian method with communication cost
lower than traditional distributed Hungarian
algorithms. The formation-aware planner reduces
formation error compared to baseline, effectively
maintaining formation integrity while achieving
precise  navigation  through  obstacle-dense
regions.

Future work will explore extensions to het-
erogeneous UAV swarms, where different agents
may have distinct capabilities and constraints.

Additionally, we will investigate the framework’s

robustness to intermittent communication. Dur-
ing a communication loss, the DIHBA consensus
process would pause, while the planner would
operate on last-known neighbor states. Although
this degrades the formation-keeping objective,
the persistent guidance from the global destina-
tion and asynchronous planning prevent dead-
locks. Developing strategies to guarantee safety
during prolonged outages remains a key area for
future research. Finally, a primary focus of our
future work will be to conduct experiments with
the proposed framework on a physical multi-
UAYV hardware platform in order to evaluate its

real-world performance.

Appendix A Proof of DIHBA’s Con-

vergence and Optimality

A.1 Preliminaries

We first formalized the key variables and algo-
rithmic behavior.

A.1.1 Definition 1 (key variables)

1) Global Cost Matrix There exists a unique and
true N x N global cost matrix C*, where the
entry C;, represents the cost of assigning agent k
to target j. This matrix is static throughout the
assignment process.

2) Local Information State At any iteration
round t > 0, each agent ¢ maintains a local state,
which includes key components (e.g., cost vari-
ates) as follows.

(1) Its Own Cost Vector, c; This is the i-th
row of the global cost matrix C*, which agent i
knows from the initial time.

(2) Its Local Cost Matrix, C” This is an
N x N matrix representing agent i¢’s best esti-
mate of the global cost matrix C* at round ¢. Its
C% =00 (for k#1i) and

initial state is hrg

cl =C;.

(3) Its Incremental Information Set, A"
This is a set of coordinates (k,j) that contain all
entries in agent i’s local cost matrix C;, which
were updated (i.e., their values were decreased)

during the update from round (¢ — 1) to ¢.
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A.1.2  Definition 2 (DIHBA Core Update Rule)

The iterative process of the DIHBA algorithm
(t —t+1) can be described as a cycle of infor-
mation exchange and local updates. In each
round, agent ¢ receives data packets from all its
neighbors m € ;. The update to its local cost

matrix for any entry (k,j) follows the rule below
CH) = min (C’fﬂfj, glelél{C'f:)k]}> Q7

The value C

m,kj

is conveyed through neigh-
bor m’s broadcast of its own cost vector ¢; (if
k =m) or through the information carried by the
incremental set A,,. The core of this rule is that
any cost entry estimate is only ever replaced by a

smaller (i.e., better) value.

A.2 Core Lemmas
Before proving the main theorems, we first estab-
lished two key lemmas.
A.2.1 Lemma 1 (Monotonic Convergence of
Local Costs)
For any agent i € V and any cost entry (k,7j),
the sequence of cost estimates {C{7;}>, gener-
ated by the DIHBA algorithm is monotonically
non-increasing and bounded below. Therefore,
the sequence necessarily converges to a limit.
Proof According to Definition 2, the value of
CHY is determined by taking the minimum of
the current value C{?, and the values for entry
(k,j) received from all neighbors. Therefore, it
must be that C%™ < CY)

e iii- The cost values Cj,

are finite and non-negative, ie., 0<C;, < oo.
Since the update rule is a minimization, any local
estimate C{°), is bounded below by 0. According
to the Monotone Convergence Theorem, a mono-
tone and bounded sequence of real numbers must
converge. Therefore, for each entry (k,j), the
sequence {C{7;} is guaranteed to converge to a
stable limit.

A2.2 Lemma 2 (Finite-Time Global Informa-

tion Diffusion)

In a connected communication graph G, for any
agent k € V, its own cost vector ¢; will be propa-

gated to and fully known by any other agent

1 €V in a finite number of iterations. Specifi-
cally, agent ¢ will have fully updated the k-th
row of its local cost matrix to ¢; by the end of
iteration round d(i, k) at the latest, where d(i, k)
is the shortest path distance between nodes i and
k.

Proof We proceeded by mathematical induc-
tion on the iteration round ¢.

1) Base Case (t=0) At t=0, agent k
knows its own cost row ¢;. The lemma holds for
agent k itself (d(k,k) =0).

2) Inductive Hypothesis Assume that at the
end of iteration round t, for any agent m with a
distance d(m,k) <t, its local cost matrix’s k-th
row has been updated to the true cost vector,
ie, CY. =c;.

3) Inductive Step We must show that at the
end of iteration round (¢t + 1), any agent 7 with a
distance d(i,k) =t + 1 will have updated the k-th
row of its local matrix to ¢;. By the definition of
the shortest path, if d(i,k) =¢+ 1, there must
exist an agent m such that (i,m)e€ E and
d(m, k) = t. According to our inductive hypothe-
sis, agent m already possesses the complete c; at
the end of round ¢. During round (¢+ 1), agent
m transmits this information to agent ¢. Upon
receiving it, for all j=1,2,--- /N, agent i per-
forms the update C!.V = min(C{?,,C",.). Since
Ci; =00 and CY\,=C;,
C{%Y = Cy,. This completes the induction.

A.3 Main Theorems

Based on the preceding lemmas, we can now for-

the result is

mally prove the core properties of the DIHBA
algorithm.
A3.1 Theorem 1 (Finite-Time Convergence)
The DIHBA algorithm is guaranteed to converge
in a finite number of iterations. At convergence,
the local cost matrices of all agents in the net-
work are equal to the true global cost matrix C~.
Proof From Lemma 1, each entry’s value
sequence converges. From Lemma 2, the true
cost value C}, for every entry (k,j) is guaran-

teed to be propagated to every agent ¢ within a
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finite number of steps. Since the update rule is a
minimization and no value smaller than the true
cost can be generated, the limit of each sequence
{C{%;} must be the true cost C;,. To prove finite-
time convergence, we can define a system-level
potential function &(t) =3 W(C),), where
W (z) maps oo to a large constant. This function
is strictly monotonically decreasing and takes
values from a finite set, so it must reach its mini-
mum in a finite number of steps, at which the
point system has converged.

A3.2 Theorem 2 (Global Optimality and Con-

sistency)

Upon convergence of the DIHBA algorithm, the
assignment computed independently by each
agent is globally optimal, and the results com-
puted by all agents are identical.

Proof The proof of this theorem is decom-
posed into separate demonstrations of two core
properties: consistency and global optimality.

1) Consistency Consistency aims to prove
that, after the algorithm converges, the assign-
ment computed by every agent in the network is
identical, i.e., A, = A,,,Vi,m € V. This proof is
built upon the two following cornerstones:

(1) Consistency of Input: As concluded in
Theorem 1, at the moment when the algorithm
converges at some finite time T, all agents pos-
sess an identical local cost matrix, which is pre-

cisely the true global cost matrix C* as follows
C"=C",VieV (28)

This ensures that all subsequent local com-
putation steps commence from an identical and
fully informed global data view.

(2) Determinism of the Solver: The DIHBA
algorithm specifies that each agent shall use the
Hungarian method to solve the final assignment
problem. The Hungarian method is a determinis-
tic algorithm. This means that for a given input
cost matrix, its output is uniquely determined.

Based on these two points, when all agents
execute the same deterministic function H(-) (the

Hungarian method) on the same input C*, their

computed results are necessarily identical
A, =H(C™)=H(C")=A,, Q29

This rigorously proves that all agents will
inevitably reach a completely consistent assign-
ment without central coordination.

2) Global Optimality Global optimality aims
to prove that the consistent assignment A*
reached by all agents is indeed the globally opti-
mal solution. The globally optimal solution is the
permutation matrix X € Iy that minimizes the
total cost > > x,C;. The Hungarian
method is not merely deterministic; its core
design purpose is to find the globally optimal
solution to the linear sum assignment problem.
The correctness and optimality of the algorithm
are guaranteed by foundational theories in com-
binatorial mathematics, such as the Konig-
Egervary theorem.

Since each agent executes the Hungarian
method on the true and complete global cost
matrix C*, the resulting assignment is, by the
optimality guarantee of the Hungarian method
itself, the globally optimal solution to the global

problem.
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