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Abstract

Numerous analytical models have been developed to predict ground deformations induced by tunneling, which is a critical issue in
tunnel engineering. However, the accuracy of these predictions is often limited by errors and uncertainties resulting from model selection
and parameter fittings, given the paucity of monitoring data in field settings. This paper proposes a novel approach to estimate
tunnelling-induced ground deformations by applying Bayesian model averaging to several representative prediction models. By account-
ing for both model and parameter uncertainties, this approach enables more realistic predictions of ground deformations than individual
models. Specifically, our results indicate that the Gonzalez-Sagaseta model outperforms other models in predicting ground surface set-
tlements, while the Loganathan-Poulos model is most suitable for predicting subsurface vertical and horizontal deformations. Impor-
tantly, our analysis reveals that when monitoring data are sparse, model uncertainties may contribute up to 78.7% of the total
uncertainties. Thus, obtaining sufficient data for parameter fitting is crucial for accurate predictions. The proposed method in this study
offers a more realistic and efficient prediction of tunnelling-induced ground deformations.
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1 Introduction

Since 2008, more than half of the world’s population has
been residing in cities, and this figure is expected to increase
to 70% by 2050, representing a twofold increase from the
beginning of this century (Montgomery, 2008). The rapid
population growth has led to various urban challenges,
such as traffic congestion, pollution, noise, natural disas-
ters, and limited land resources. To address these issues,
the utilization of urban underground space has emerged
as a potential solution. In particular, constructing subway
tunnels to relocate public transportation from the surface
to underground can free up surface land for other urban
needs (Broere, 2016).
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Ground movements resulting from tunnelling in urban
areas pose a significant risk to adjacent structures, and as
such, predictive models for tunnelling-induced ground
deformations have been developed over the past few dec-
ades (Goh et al., 2018; Jin et al., 2018; Chen et al., 2019;
Zhang et al., 2019; Zhang et al., 2021; Zhang et al., 2023;
Man et al., 2022). The Peck empirical method is widely
accepted due to its simplicity and assumes a Gaussian dis-
tribution curve of transverse surface settlement profile.
However, it is noted that this method is limited to the the-
oretical basis and the description of other deformation
components. To predict tunnelling-induced ground move-
ments, many researchers have focused on deriving closed-
form analytical solutions with varying levels of approxima-
tion and complexity (Sagaseta, 1987; Verruijt & Booker,
1996; Loganathan & Poulos, 1998; Bobet, 2001; González
& Sagaseta, 2001; Park, 2005; Pinto & Whittle, 2014).
Representative works include Sagaseta’s derivation of
deformations in homogeneous incompressible soils by
ehalf of KeAi Communications Co. Ltd.
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means of a virtual image technique (Sagaseta, 1987). Then
Verruijt and Booker (1996) built upon Sagaseta’s work by
extending the solution to include compressible soils and
considering the impact of tunnel opening ovalization,
which improves the ground movement predictions.
Loganathan and Poulos (1998) modified the work of
Verruijt-Booker model to take into account the influence
of over-shaped tunnel opening and tunnel construction
method. To consider more parametric impacts, Gonzalez
and Sagaseta (2001) improved the ground settlement pre-
diction solutions based on the Madrid Metro construction
measurements for the incorporation of ground loss, tunnel
ovalization and tunnel distortion. Other models include
Park’s analytical model of predicting ground deformations
due to the excavation of shallow and deep circular tunnels
(Park, 2005), and Pinto and Whittle’s simplified analytical
solutions of shallow tunnelling within soft stratum (Pinto
& Whittle, 2014). Machine learning algorithms have also
been employed for this purpose, with Chen et al. (2019)
finding that the general regression neural network and
the random forest showed the best generalization capabil-
ity. Additionally, Zhang et al. (2023) developed a novel
physics-informed deep learning framework that accurately
predicts the profile of tunnelling-induced ground deforma-
tions with sparse training sets.

Predictive models for tunnelling-induced ground defor-
mations typically involve various model parameters, such
as ground volume loss and tunnel ovalization, whose val-
ues are often determined through empirical curve fitting
techniques based on measured ground deformations. The
more measurements are given, the more reliable the predic-
tive model will be. However, the monitoring data in specific
site sections are often limited due to the cost or the con-
struction difficulties, typically fewer than 10, which can
lead to errors and statistical biases for the model predic-
tions, stemming from both parameter and model uncer-
tainties (Zhang et al., 2014; Juang et al., 2019; Li et al.,
2021; Bozorgzadeh & Harrison, 2019; Liu et al., 2020;
Man et al., 2023; Luo et al., 2023). It is noted that the
model uncertainty is from the selection of functional rela-
tionships among a pool of ground movement prediction
models (such as the Peck model, Loganathan-Poulos
model, Verruijt-Booker model, and Gonzalez-Sagaseta
model). It is different from the model error that represents
the ground deformation differences between the model pre-
diction and the measurement values (Li et al., 2019). There-
fore, it is imperative to develop more robust and accurate
predictive models for tunnelling-induced ground deforma-
tions, which can better account for uncertainties and
improve the reliability of predictions.

Ensemble methods offer an alternative solution by pro-
viding average predictions from a set of plausible models
to make better and more robust predictions, particularly
when individual models in the ensemble have diverse
strengths and weaknesses, as they can complement each
other and reduce errors. Several ensemble methods have
been developed (Mellit & Kalogirou, 2022; Lin et al.,
2023; Liu et al., 2023). Among these methods, the Baye-
sian model averaging (BMA), developed in the context
of Bayesian statistics and machine learning, is a widely-
used and efficient method for multi-model predictions
(Hoeting et al., 1999; Vrugt et al., 2008). It can account
for the model uncertainties, particularly for cases where
individual models may overfit or underfit the data (Li
et al., 2019). It has been commonly applied in several
fields, such as the time headway modelling (Wu et al.,
2023), weather and temperature forecasting (Gneiting &
Raftery, 2005), groundwater flow modelling (Rojas
et al., 2008), and geotechnical engineering (Li et al.,
2019). However, despite the availability of a large number
of predictive models, there are still few researchers
who employ BMA to make ensemble predictions of
tunnelling-induced ground deformations while accounting
for both parameter and model uncertainties, and this
paper aims to fill this gap.

Besides, it is noted that both model evidence (also
known as the marginal likelihood) and deviance informa-
tion criteria (DIC) can be used for the model selection
among a pool of candidate models, the former is theoret-
ically rigorous from the Bayesian perspective, despite its
heavy computational burden (Pooley & Marion, 2018).
However, for nonlinear models with latent variables,
DIC has been found to provide incorrect model choices,
whereas the model evidence performs well (Pooley &
Marion, 2018). Therefore, the model evidence is used in
this study. The model evidence in BMA is determined
by integrating the likelihood function of the data over
the parameter space for each individual model, which
can result in the computationally intractable and time-
consuming integrations, particularly for the complex
models with many parameters. To address this issue, sev-
eral numerical sampling techniques have been proposed,
such as the DiffeRential Evolution Adaptive Metropolis
(DREAM) which is a Markov Chain Monte Carlo
(MCMC) algorithm (Sadegh & Vrugt, 2014; Vrugt,
2016; Gong et al., 2021). However, it is worth noting that
although DREAM can make it a valuable tool for model
evidence estimation in BMA, it is still computationally
demanding, especially for complex models with high-
dimensional parameter spaces. Alternatively, an adaptive
importance sampling method (AIS) is introduced to facil-
itate the model evidence estimation due to its easy imple-
mentation, flexibility and computational efficiency (Cao &
Wang, 2014; Jin et al., 2019).

In this study, the AIS method-based BMA is introduced
and first adopted on the prediction of the ground deforma-
tion due to tunnelling. The methods used, including the
Bayesian model averaging and the adaptive importance
sampling technique, are introduced. The proposed method
is then applied to ground deformation predictions for the
Heathrow Express Trial tunnel. The performance of the
method is illustrated using monitoring data of surface sub-
sidence, subsurface vertical deformation, and subsurface
horizontal deformation.
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2 Models of tunnelling-induced ground deformations

Four representative models, respectively proposed by
Peck (1969), Verruijt and Booker (1996), Loganathan
and Poulos (1998), and Gonzalez and Sagaseta (2001) are
identified to predict the ground deformations due to tunnel
excavation. A concise overview for the four models is pre-
sented in this section.

2.1 Peck model

The Peck empirical equation, developed by Peck (1969),
stands as the classical approach for estimating ground
movements triggered by tunneling. Through an extensive
analysis of field measurement data, Peck observed a dis-
tinct pattern: ground surface settlements caused by tunnel-
ing showcase a resemblance to the Gaussian distribution
curve. The settlement trough profile is denoted as

sz ¼ Smax exp � x2

2i2

� �
; ð1Þ

where Smax represents the maximum settlement encoun-
tered at the tunnel centerline, while x signifies the distance
from the tunnel centerline. The parameter i, denoting the
width of the settlement trough, refers to the extent between
the inflection point and the tunnel centerline. This width,
reflecting the tunnel diameter (D) and the tunnel overbur-
den (C), is interconnected as follows:

i ¼ D
2

C
D
þ 0:5

� �n

; ð2Þ

where n remains to be determined through fitting using
field measurements.

The maximum settlement, denoted as Smax, is intricately
tied to the volume loss ratio, referred to as VL. This ratio
quantifies the proportion of the settlement trough’s volume
(per unit length) relative to the volume of tunnel excava-
tion. The expression for volume loss takes the form:

V L ¼ 4
ffiffiffiffiffiffi
2p

p
iSmax

pD2
: ð3Þ

Thus, the settlement trough profile can be rewritten as

s xð Þ ¼ pD2V L

4
ffiffiffiffiffiffi
2p

p
i
exp � x2

2i2

� �
: ð4Þ
2.2 Verruijt-Booker model

Numerous analytical solutions have been put forth to
anticipate ground movements resulting from tunneling
activities. Extending the framework established by
Sagaseta (1987), Verruijt and Booker (1996) presented a
comprehensive approach that accounts for both uniform
radial displacement and tunnel ovalization, bridging the
gap between incompressible and compressible soils. As
per the Verruijt-Booker model, the ground’s horizontal dis-
placement component (sx) and vertical displacement com-
ponent (sz) can be mathematically represented as follows:

sx ¼ �2eR2x
1� 2t
r22

� 2zz2
r42

� �

� 2dR2xH
1� tð Þ

z2 1� 2tð Þ
r42

þ z x2 � 3z22
� �

r62

� �
; ð5Þ

sz ¼ 2eR2 2 1� tð Þz2
r22

� z x2 � z22
� �

r42

� �

� 2dR2H
x2 � z22

r42
þ zz2 3x2 � z22

� �
1� tð Þr62

� �
; ð6Þ

where R represents the tunnel diameter, t represents the
Poisson’ ratio of soils, H ¼ C þ D=2 represents the depth
of the tunnel axis, e is the radial strain, which can be calcu-
lated by e ¼ V L=4 1� tð Þ, d is the ovalization, z2 ¼ zþ H ,
and r22 ¼ x2 þ z22. By incorporating z = 0 into Eq. (6) leads
to the ground surface settlement:

sz z ¼ 0ð Þ ¼ 4eR2 1� tð Þ H

x2 þ H 2
� 2dR2 H x2 � H 2

� �
x2 þ H 2

: ð7Þ
2.3 Loganathan-Poulos model

Based on the method of Verruijt and Booker (1996),
Loganathan and Poulos (1998) improved the ground defor-
mation predictions by introducing an oval-shaped ground
deformation at the soil-tunnel interface since the soil exhi-
bits nonlinear characteristics, and the deformation of the
radial ground around the tunnel section is also uneven.
The relevant horizontal component sx and the vertical com-
ponent sz for the ground deformations can be respectively
defined by

sx ¼ �x � 1
x2þ z�Hð Þ2 þ

3�4tð Þ
x2þ zþHð Þ2 �

4z zþHð Þ
x2þ zþHð Þ2½ �2

	 

;

4gRþg2

4
exp � 1:38x2

HþRð Þ2 þ 0:69z2

H2

h in o ð8Þ

sz ¼ � z�H
x2þ z�Hð Þ2 þ 3� 4tð Þ zþH

x2þ zþHð Þ2 �
2z x2� zþHð Þ2½ �
x2þ zþHð Þ2½ �2

	 

;

4gRþg2

4
exp � 1:38x2

HþRð Þ2 þ 0:69z2

H2

h in o ð9Þ

where g is the gap parameter, g ¼ Gp þ U 3D þ x, Gp repre-
senting the physical clearance between the shield and lining
outer skin, U 3D representing the equivalent 3D elastoplas-
tic deformation at the tunnel face, and x reflecting the
workmanship quality. By setting z = 0 in Eq. (9) can result
in the ground surface settlement which can be defined as
follows:

sz z ¼ 0ð Þ ¼ 1� tð Þ 4gRþ g2
� � H

x2 þ H 2
exp � 1:38x2

H þ Rð Þ2
" #

:

ð10Þ
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2.4 Gonzalez-Sagaseta model

As the authors’ best knowledge, Sagaseta (1987) first
used the virtual image technique to derive a closed form
analytical solution for ground deformation caused by tun-
nel excavation in the isotropic and uniformly incompress-
ible soil. It was then improved by Gonzalez and Sagaseta
(2001) to account for more factors’ effects, such as the
ground loss, ovalization, and volumetric compressibility.
The relevant horizontal component sx and vertical compo-
nent sz of ground deformations can be written as

sx
2eR R=Hð Þ2a�1

¼ � x
�

2r
�2
1a

1� q
x
�2 � z

�2
1

r
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 !
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�
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�2
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2
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�2
2
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�2
2
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�2
2
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; ð11Þ
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where q denotes the relative ovalization, a is a parameter
that is used to explain the volumetric strains in plastic

phase, and x
� ¼ x=H , z

� ¼ z=H , z
�
1 ¼ z

��1, z
�
2 ¼ z

�þ1,

r
�2

1 ¼ x
�2 þ z

�2

1, r
�2

2 ¼ x
�2 þ z

�2

2. The ground surface settlement
can be expressed as follows when z is set to 0:

sz z ¼ 0ð Þ ¼ 2eR
R
H

� �2a�1
1

1þ x=Hð Þ2
h ia 1þ q

1� x=Hð Þ2
1þ x=Hð Þ2

" #
:

ð13Þ
3 Bayesian model averaging

This section provides a concise overview of Bayesian
model averaging (BMA), a powerful statistical tool for gen-
erating ensemble predictions from a group of competing
predictive models. Suppose there are K predictive models,
Mk (k = 1, 2, � � �, K), for tunnelling-induced ground settle-
ments, and a dataset of monitored ground movements,
D. The BMA predictive distribution for ground deforma-
tion, s, is denoted as

p s=Dð Þ ¼
XK
k¼1

p s=D;Mkð Þp Mk=Dð Þ; ð14Þ

where p s=D;Mkð Þ represents the predictive probability dis-
tribution of s conditioned on the model Mk and the moni-
tored data D, and p Mk=Dð Þ represents the posterior
probability ofMk given the data D. The posterior probabil-
ity ofMk reflects how well the modelMk fits the data D and
can be calculated using the Bayesian theorem:
p Mk=Dð Þ ¼ p D=Mkð Þp Mkð ÞPK
k¼1p D=Mkð Þp Mkð Þ ; ð15Þ

where p Mkð Þ is the prior probability of the model Mk, and
p D=Mkð Þ is the model evidence of Mk, also known as the
marginal likelihood. The prior p Mkð Þ reflects the prefer-
ence among K models. If there is no available prior infor-
mation on the K models, it is usually assumed to be
equally plausible, and p Mkð Þ is set to be 1/K.

The model evidence, denoted as p D=Mkð Þ, represents
the degree to which the data D supports a particular model
among a pool of candidate models. It is a popular statisti-
cal tool for model selection, and has found wide applica-
tions in the geotechnical community, as evidenced by
previous studies (Cao & Wang, 2014; Jin et al., 2019;
Wang & Jiang, 2023; Contreras et al., 2018). The model
evidence can be computed using the following equation:

p D=Mkð Þ ¼
Z

p D=Mk; hð Þp h=Mkð Þdh; ð16Þ

where p D=Mk; hð Þ is the likelihood of the model Mk given
the model parameter vector h, and p h=Mkð Þ is the prior dis-
tribution of h given the model Mk. Since the four candidate
models investigated in Appendix are nonlinear, this study
adopts the method of model evidence, rather than DIC,
for model comparisons. Notably, apart for some special
cases (e.g., conjugate Gaussian distributions), the model
evidence in the denominator is analytically intractable in
most cases. Thus, it is necessary to solve the model evi-
dence using numerical techniques, which will be presented
later.

Assuming that D comprises N segments s�1; s
�
2; � � � ;



s�N �T

that represent in-site measured ground movements, the

corresponding Mk is expressed as Dk ¼ sk1;



sk2; � � � ; skN �T.
The residuals between s�i and ski respect an N-dimensional
Gaussian distribution with a covariance matrix CD. There-
fore, the Gaussian likelihood p D=Mk; hð Þ can be written as
(Rojas et al., 2008):

p D=Mk; hð Þ ¼ 2p�N=2 cDj j�0:5 exp � 1

2
D�Dk
� �T

C�1
D D�Dk
� �� �

:

ð17Þ
To facilitate computations, it is common practice to

assume the independent residuals, and the covariance
matrix CD is assumed to reduce to r2

eIN , where re repre-
sents the standard deviation of error residual and IN is
the N � N identity matrix. It should be noted that this
assumption of uncorrelated covariance may not hold true
in all cases, and the residual errors might be correlated
and follow a non-normal distribution function (Zhang
et al., 2017). Several methods can be implemented for such
cases, for example, Schoups and Vrugt (2010) developed
the residual errors formula, which can consider the model
bias, temporal correlation, non-constant variance, and
non-normality. However, in the present problem, obtaining
sufficient data to examine the correlation between mea-
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sured ground deformations is often challenging. Further-
more, the maximum posterior value for re can be deter-
mined using search methods, as will be presented later in
this study.

The prior distribution p h=Mkð Þ reflects the preference
for h of Mk without taking into account the observed data.
It is noted that p h=Mkð Þ is set to 1/K when there is no prior
knowledge about h.

The predictive distribution of s can be expressed using
the total probability theorem:

p s=D;Mkð Þ ¼
Z

p s=Mk; hð Þp h=D;Mkð Þdh; ð18Þ

where p s=D;Mkð Þ is the distribution of s given the model
parameter vector h and the modelMk, and p h=D;Mkð Þ rep-
resents the posterior distribution of h given the model Mk

and the data D, which can be computed by the Bayesian
theorem:

p h=D;Mkð Þ ¼ p D=Mk; hð Þp h=Mkð ÞR
p D=Mk; hð Þp h=Mkð Þdh ; ð19Þ

where the denominator of Eq. (19) is equal to the model
evidence estimated by Eq. (17).

Sampling methods, such as Markov Chain Monte Carlo
(MCMC) simulation, are frequently employed to obtain
samples from posterior distributions. MCMC offers a
robust numerical approach by generating a sequence of
samples that asymptotically converge to the target poste-
rior distributions, circumventing the need for knowing
the denominator in Eq. (19). This method has gained wide-
spread popularity in geotechnical research, as evident from
its applications in various studies conducted by Cao and
Wang (2014), Zhang et al., (2009, 2015), and Yang et al.
(2018). For the purpose of this research, the shuffled com-
plex evolution Metropolis algorithm is employed to gener-
ate samples from the posterior distributions. This variant
of MCMC was originally devised by Vrugt et al. (2003)
and has been chosen for its demonstrated robustness and
efficiency in producing reliable results for the study.

This study introduces the importance sampling tech-
niques to estimate model evidence since the model evidence
as shown in the denominator of Eq. (19) is not analytically
integrable. The model evidence can be defined as (Cao &
Wang, 2014; Jin et al., 2019)

p D=Mkð Þ ¼
Z

p D=Mk; hð Þp h=Mkð Þ
IS hð Þ IS hð Þdh; ð20Þ

where IS hð Þ represents the importance sampling function.
The optimal value of IS hð Þ, which can result in zero vari-

ance of p D=Mk; hð Þ, can be determined by

IS hð Þ ¼ p D=Mk ;hð Þp h=Mkð ÞR
p D=Mk ;hð Þp h=Mkð Þdh ¼ p h=D;Mkð Þ. It can be noted

that the optimal value is equal to the posterior distribu-
tions. The model evidence as presented in Eq. (20) can be
further specified by
p D=Mkð Þ � 1

N IS

XN IS

i¼1

p D=Mk; hið Þp hi=Mkð Þ
p hi=D;Mkð Þ ; ð21Þ

where p D=Mk; hið Þ and p hi=Mkð Þ are respectively the mag-
nitudes of the prior and the likelihood distributions for the
i-th Markov chain sample obtained by the shuffled complex
evolution Metropolis algorithm. The p hi=D;Mkð Þ should
be determined based on the posterior distribution
p h=D;Mkð Þ, however, it is unavailable. To address this
issue, the sample hi : i ¼ 1; ::: ; N ISf g is employed to estab-
lish a surrogate probability density function which is simi-
lar to the shape of the true posterior distribution
p h=D;Mkð Þ since these samples are asymptotically dis-
tributed with the p h=D;Mkð Þ. Various techniques are pro-
posed for constructing the surrogate distribution of
p h=D;Mkð Þ (Au & Beck, 1999, Tian et al., 2016). Among
the methods, the adaptive kernel density method, is widely
utilized due to its robustness and efficiency and is also used
in this study to establish the posterior distribution with
MCMC posterior samples. More details of the adaptive
kernel density technique can be found in Au and Beck
(1999).

The estimation of the mean and variance for the BMA
predictions of the ground deformations is subsequently
presented as follows:

E s=Dð Þ ¼
XK
k¼1

E s=D;Mkð Þp Mk=Dð Þ; ð22Þ

Var s=Dð Þ ¼
XK
k¼1

Var s=D;Mkð Þp Mk=Dð Þ

þ
XK
k¼1

E s=D;Mkð Þ � E s=Dð Þ½ �2p Mk=Dð Þ: ð23Þ
4 Illustrative examples

The proposed method’s performance is demonstrated
using the project of Heathrow Express Trial tunnel, which
was constructed in London Clay for the connection
between Heathrow airport and central London. Figure 1
gives the geological stratigraphy at the construction site,
which comprises a top layer of made ground, a second
layer of terrace gravels, a third layer of London clay, and
a bottom layer of Woolwich beds or the chalk aquifer.
The tunnel, which has a diameter of 8.5 m and an overbur-
den of 14.75 m, was excavated using the New Austrian
Tunnelling Method (Pinto et al., 2014). The ground surface
settlement and subsurface deformations are monitored and
used for the model comparison and discussions. 11 points
on the ground surface, 5 points above the tunnel centerline,
15 points at the inclinometer located 6 m away from the
tunnel centerline are respectively measured for the discus-
sions of different ground movements. Deane and Bassett
(1995) provided detailed information about the tunnel
engineering project’s design and ground monitoring data,



Fig. 1. Heathrow Express Trial Tunnel (note: I-section for ground surface
settlement measurement; II-section for subsurface vertical deformation
measurement; III-section for subsurface horizontal deformation
measurement).
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and the monitored data from the tunnel project has been
previously adopted by Loganathan and Poulos (1998)
and Park (2005) to investigate their proposed analytical
methods.

Four candidate models presented in Appendix are con-
sidered in this study. To establish non-informative prior
distributions of the model parameters, uniform distribu-
tions are adopted with ranges given in Table 1. These
ranges are determined based on previously published arti-
cles (Loganathan & Poulos, 1998; Park, 2005; Pinto &
Whittle, 2014; Zhang et al., 2009, 2015; Yang et al.,
2018). In this study, the Loganathan-Poulos model incor-
porates a simplified correlation, associating the gap param-
eter (g) with the volume loss (VL) using the approximation

g ¼ 2R 1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� V L

p� �
. Additionally, the study assumes

zero values for both the equivalent 3D elastoplastic defor-
mation at the tunnel face and the workmanship quality
parameters, as prescribed in this relation.
Table 1
Prior ranges of model parameters.

Model parameters Range

Minimum Maximum

VL 0 8.3%
n 0 1.0
t 0 1.0
q �0.6 8.7
a 1.0 1.9
re 0.0 10.0

Note: VL is the Volume loss ratio, n is the fitting parameter with respect to
field measurements, t is soil Poisson’s ratio, q is the relative ovalization of
a deforming tunnel, a is the parameter accounting for plastic volumetric
strains, and re is the standard deviation of the covariance matrix.
4.1 Ground surface settlements

A total of 11 measured points of ground surface settle-
ments of the Heathrow Express Trial tunnel are depicted
in Fig. 2 using square markers. While only four candidate
models discussed in the previous section are considered in
this example, it should be emphasized that the proposed
method is equally valid for cases where more candidate
models are incorporated.

Using the eleven data points and the parameters listed in
Table 1, the shuffled complex evolution Metropolis algo-
rithm is applied to generate 1.0 � 10�5 posterior Markov
chain samples for every selected model. The resulting pos-
terior marginal density curves of the model parameters and
the corresponding statistical information are shown in
Figs. 3–6, with the posterior most probable values indi-
cated by crosses. It is observed that although they all
adhere to the same prior distribution, the shapes of the pos-
terior marginal distributions vary for each model parame-
ter and among the different models.

Table 2 presents the results of the proposed method in
assessing the model evidence ln p D=Mkð Þ½ � and posterior
model probability p Mk=Dð Þ for the eleven ground surface
settlement data points. The logarithm of the model evi-
dence and posterior model probability obtained from direct
numerical integrations of p D=Mkð Þ are also provided for
comparison. The results indicate that the estimated model
evidences obtained by the proposed method are in good
agreement with those obtained by direct numerical integra-
tions, with a maximum discrepancy of 7.5% observed in the
case of the Loganathan-Poulos model. Among the four
candidate models, the Gonzalez-Sagaseta model has the
highest model evidence with a value of –23.42, followed
Fig. 2. Observed and predicted surface settlements of the Heathrow
Express Trail Tunnel.



Fig. 3. Posterior marginal distributions of (a) VL, (b) n, and (c) re for the Peck model.
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by the Peck model (�26.11) and the Verruijt-Booker model
(�27.85), while the Loganathan-Poulos model has the low-
est value and is as low as �30.75. When the prior probabil-
ities are assumed to be equal, the posterior model
probability for the Gonzalez-Sagaseta model is the highest
and the value can be up to 0.926, indicating that this model
is the most appropriate for representing the settlement
trough pattern observed in this example. However, it is
worth noting that the posterior model probability is sensi-
tive to the model evidence, as evidenced by the 91% differ-
ence in the assessed posterior model probability between
the proposed method and direct numerical integrations
for the Loganathan-Poulos model with the lowest model
evidence.
Figure 2 shows the settlement trough profile predictions
of the BMA method and each model using their posterior
most probable parameters. It is evident that the BMA pre-
dictions are in good agreement with the measured settle-
ments. In contrast, the Loganathan-Poulos model
provides the worst predictions. The predictions of the
Gonzalez-Sagaseta model closely match the BMA predic-
tions, as it has the maximum weight (posterior probability)
in the BMA predictions. These observations further con-
firm the model evidence results presented in Table 2.

Figure 7 displays the predictions of mean settlement val-
ues with associated 95% confidence intervals for four mon-
itoring positions at the left tunnel centerline side, given by
different candidate models and the BMA method. The true



Fig. 4. Posterior marginal distributions of (a) VL, (b) q, (c) v, and (d) re for the Verruijt-Booker model.
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settlement values are denoted by horizontal dashed lines.
Despite some candidate models failing to contain the real
settlement values within their predictive intervals, the
BMA ensemble predictions always capture them. This
highlights a key advantage of the proposed BMA ensemble
method. Furthermore, Fig. 7 indicates that the Gonzalez-
Sagaseta model and the proposed BMA method are supe-
rior, as they produce more accurate and concentrated pre-
dictions compared to other models, and encompass the real
settlement magnitudes. Thus, relying on predictions from
individual models may introduce statistical biases, whereas
the BMA approach can offer more reliable and robust
predictions.
As stated in Eq. (23), the variance of the BMA predic-
tions can be separated into two parts: the within-model
variance and the between-model variance. The within-
model variance accounts for the uncertainty (is associated
with the parameters) within each individual model, which
is often estimated by the Bayesian inference. The
between-model variance captures the contribution of
model uncertainties to the total predictive variance. It
can be calculated as the variance of the model weights
across the candidate models. It is noted that the model
weights represent the models’ posterior probabilities given
the data and the more appropriate a model is in explaining
the data, the higher its weight will be. Figure 8 presents the



Fig. 5. Posterior marginal distributions of (a) VL, (b) q, (c) a, and (d) re for the Gonzalez-Sagaseta model.
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percentage of each component with respect to the total
BMA predictive variance for six measured settlement
points at the left tunnel centerline side. The numbers on
the x axis correspond to the measured settlement points
in Fig. 2, from the far left to the tunnel centerline. Only
six points are displayed due to the symmetry of the
problem.

Monitoring positions close to the settlement profile cen-
ter, specifically the fourth and fifth observed points, exhibit
the lowest model uncertainty contribution to the total vari-
ance. Conversely, the first and second monitoring points
display the largest contribution, up to 14.3%. This finding
suggests that additional monitoring data should be gath-
ered on the left settlement profile side to decrease the model
uncertainties associated with predictions made using the
four candidate models.
4.2 Subsurface vertical deformations

Figure 9 depicts the subsurface vertical deformations
measured at five points above the centerline of the Hea-
throw Express Trial tunnel with square markers. Three
candidate models are considered in this analysis, with the
Peck model being excluded as it cannot provide subsurface
deformations. Using the five data points and prior infor-
mation on model parameters, 1.0 � 105 posterior Markov
chain samples were generated for each candidate model.
No interesting information was found in the posterior mar-



Fig. 6. Posterior marginal distributions of (a) VL, (b) v, and (c) re for the Loganathan-Poulos model.

Table 2
Results of model evidences and posterior probabilities for the ground surface settlements.

Model Peck Verruijt-Booker Gonzalez-Sagaseta Loganathan-Poulos

ln p D=Mkð Þ½ � Numerical integration �26.11 �27.85 �23.42 �30.75
The proposed method �27.54 �25.35 �23.40 �30.08

p Mkð Þ 1/4 1/4 1/4 1/4
p Mk=Dð Þ½ � Numerical integration 6.28 � 10�2 1.10 � 10�2 0.926 7 � 10�4

The proposed method 1.37 � 10�2 1.24 � 10�2 0.862 5 � 10�5
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ginal density curves, so they are not presented. The BMA
predictions, along with the predictions of the three candi-
date models using the posterior most probable model
parameters, are also shown in Fig. 9. It is observed that
the Loganathan-Poulos model provides the best fit to the
measured subsurface vertical deformations compared to



Fig. 7. Statistics of the candidate models predictive distributions and BMA estimations for (a) the second, (b) the third, (c) the fifth, and (d) the sixth
monitoring points.
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the other two candidate models, which is in contrast to its
poor performance in predicting ground surface settlements
as observed in Fig. 2.

Table 3 presents the logarithm of the model evidence
ln p D=Mkð Þ½ � and the posterior model probabilities
p Mk=Dð Þ obtained by the proposed method and the direct
numerical integrations using the subsurface vertical defor-
mations data. The results demonstrate good agreement
between the two methods, with a maximum difference of
8.7% observed for the Gonzalez-Sagaseta model. Assuming
an equally possible prior, the Loganathan-Poulos model
has the highest posterior probability, indicating that it is
the most suitable model among the three candidates for
representing the subsurface vertical deformations in this
case.

Figure 10 displays the within-model and between-model
variances for the subsurface vertical deformations, with
each point on the x-axis representing the depth of the cor-
responding measurement point in Fig. 9. The results reveal
that most of the measured data points exhibit considerable
between-model uncertainties, except for the fourth point,
with uncertainties ranging from 41.6% to 56.8%. This is
partly due to the poor predictions made by the Verruijt-
Booker model and the Gonzalez-Sagaseta model for
almost all monitoring points except for the fourth one, as
demonstrated in Fig. 9. Additionally, the limited number
of five measured points in this example may also contribute
to the observed uncertainties.

4.3 Subsurface horizontal deformations

Figure 11 displays the subsurface horizontal deforma-
tions at the inclinometer location 6 m away from the tunnel
centerline, based on the fifteen measured points. Three can-
didate models, excluding the Peck model, are considered in
this study, and 1.0 � 105 posterior Markov chain samples
are generated for each candidate model. The BMA predic-
tions, associated with the predictions of the Verruijt-



Fig. 8. Estimated within-model variance and between-model variance for
the ground surface settlements case.

Fig. 9. Observed and predicted subsurface settlements above the
Heathrow Express Trail Tunnel centerline.

Table 3
Results of model evidences and posterior probabilities for the subsurface vert

Model Verruijt-Boo

ln p D=Mkð Þ½ � Numerical integration �23.68
The proposed method �22.77

p Mkð Þ 1/3
p Mk=Dð Þ½ � Numerical integration 4.0 � 10�4

The proposed method 2.5 � 10�4

Fig. 10. Estimated within-model and between-model variances for the
case of subsurface vertical deformations.
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Booker model, the Gonzalez-Sagaseta model, and the
Loganathan-Poulos model, using the posterior most prob-
able model parameters, are also shown in Fig. 11. The
Loganathan-Poulos model matches well with the measured
subsurface horizontal deformations and almost overlaps
the BMA predictions.

Table 4 presents the results of the logarithm of the
model evidence ln p D=Mkð Þ½ � and the posterior model
probabilities p Mk=Dð Þ for the subsurface horizontal defor-
mations case. Similar to the subsurface vertical deforma-
tions case, the Loganathan-Poulos model has the highest
model evidences and posterior probability among the three
candidate models, indicating that it is the most suitable
model for characterizing the subsurface horizontal defor-
mations in this example.

Figure 12 depicts the between-model variance and
within-model variance for the subsurface horizontal defor-
mations. The x-axis denotes the fifteen measured points
along with the depth as shown in Fig. 11. It can be
observed that the three deepest points exhibit significant
between-model uncertainties, ranging from 37.4% to
78.7%.
ical deformations.

ker Gonzalez-Sagaseta Loganathan-Poulos

�22.15 �15.68
�20.38 �16.82
1/3 1/3
1.5 � 10�3 0.998
2.76 � 10�2 0.970



Fig. 11. Observed and predicted subsurface horizontal deformations at
the inclinometer location 6 m away from the centerline of the Heathrow
Express Trail Tunnel.

Fig. 12. Estimated within-model and between-model variances for the
case of subsurface horizontal deformations.
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5 Conclusions

This paper presents a study on Bayesian model averag-
ing to predict tunnelling-induced ground deformations and
incorporates both model uncertainties and parameter
uncertainties. The shuffled complex evolution Metropolis
algorithm is used to generate posterior Markov chain sam-
ples, and an adaptive importance sampling technique is
proposed to estimate the model evidence. The proposed
method is applied to predict ground surface settlements
and subsurface deformations of the Heathrow Express
Trial tunnel. The authors also introduce four representa-
tive predictive models of tunneling-induced ground defor-
mations and explain the Bayesian model averaging
method. The following findings are obtained.

(1) The posterior marginal distributions of the model
parameter differ in shape for different models, even
though they are subject to the same prior
distribution.
Table 4
Results of model evidences and posterior probabilities for the subsurface hori

Model Verruijt-Boo

ln p D=Mkð Þ½ � Numerical integration �41.26
The proposed method �39.31

p Mkð Þ 1/3
p Mk=Dð Þ½ � Numerical integration 3.5 � 10�3

The proposed method 2.1 � 10�2
(2) For predicting ground surface settlements, the
Gonzalez-Sagaseta model showed the highest model
evidence and posterior model probability among the
four candidate models, indicating its suitability for
representing the ground surface settlement trough in
the Heathrow Express Trial tunnel example.

(3) For predicting subsurface vertical and horizontal
deformations, the Loganathan-Poulos model demon-
strated the highest model evidence and posterior
model probability among the three candidate models,
suggesting its effectiveness in representing subsurface
deformations in this example.

(4) The model uncertainties are significant and can
account for as much as 78.7% of the total predictive
uncertainties when the measured data are sparse.
The proposed BMA approach can offer more realistic
predictions of ground deformations compared to
those obtained using single individual models.

(5) More data should be gathered at the left settlement
profile side to decrease the model uncertainties asso-
ciated with ground surface settlement predictions
and deeper data should be monitored for the subsur-
face horizontal deformation predictions.
zontal deformations.

ker Gonzalez-Sagaseta Loganathan-Poulos

�43.36 �35.62
�43.13 �35.43
1/3 1/3
5.0 � 10�4 0.996
5.0 � 10�4 0.979
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In general, the BMA combines predictions from multi-
ple models, which provides a more comprehensive and rig-
orous framework for dealing with uncertainty and model
selection, leading to improved predictions and more
informed decision-making. It is able to handle uncertainty,
sparse data and model complexity and provides better gen-
eralization than existing ensemble machine learning models
using Bayes’ theorem. For cases where measured data are
limited or subject to noise, BMA accounts for the parame-
ter uncertainties by assigning lower posterior probabilities
to models that poorly fit the noisy data, effectively down-
weighting their influence on the final predictions. In con-
trast, models that are more consistent with the data will
receive higher posterior probabilities and contribute more
to the averaged predictions.

However, it is noted that the deformations are predicted
in greenfield conditions, and the generalization of the
above conclusions to other construction sites with different
geological conditions or construction methods (such as the
existing structures condition) may not be straightforward
and requires further investigation beyond the scope of this
study. Besides, it is noted that the performance of BMA
can increase the computational effort compared to one
individual model, and its efficiency can be improved by
controlment of the model sets, measurement data and
advanced algorithms, which will be discussed in future
studies.
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González, C., & Sagaseta, C. (2001). Patterns of soil deformations around
tunnels. Application to the extension of Madrid Metro. Computers and
Geotechnics, 28(6–7), 445–468.

Gong, W. P., Zhao, C., Juang, C. H., Zhang, Y. J., Tang, H. M., & Lu, Y.
C. (2021). Coupled characterization of stratigraphic and geo-properties
uncertainties–A conditional random field approach. Engineering Geol-
ogy, 294, 106348.

Hoeting, J. A., Madigan, D., Raftery, A. E., & Volinsky, C. T. (1999).
Bayesian model averaging: A tutorial. Statistical Science, 14(4),
382–417.

Jin, Y. F., Yin, Z. Y., Zhou, W. H., & Shao, J. F. (2019). Bayesian model
selection for sand with generalization ability evaluation. International
Journal for Numerical and Analytical Methods in Geomechanics, 43(14),
2305–2327.

Jin, D. L., Yuan, D. J., Li, X. G., & Zheng, H. T. (2018). An in-tunnel
grouting protection method for excavating twin tunnels beneath an
existing tunnel. Tunnelling and Underground Space Technology, 71,
27–35.

Juang, C. H., Zhang, J., Shen, M., & Hu, J. (2019). Probabilistic methods
for unified treatment of geotechnical and geological uncertainties in a
geotechnical analysis. Engineering Geology, 249, 148–161.

Li, Z., Gong, W., Li, T., Juang, C. H., Chen, J., & Wang, L. (2021).
Probabilistic back analysis for improved reliability of geotechnical
predictions considering parameters uncertainty, model bias, and
observation error. Tunnelling and Underground Space Technology,
115, 104051.

Li, D. Q., Wang, L., Cao, Z. J., & Qi, X. H. (2019). Reliability analysis of
unsaturated slope stability considering SWCC model selection and
parameter uncertainties. Engineering Geology, 260, 105207.

Lin, C. P., Xu, J., Hou, J. Y., Liang, Y., & Mei, X. S. (2023). Ensemble
method with heterogeneous models for battery state-of-health estima-
tion. IEEE Transactions on Industrial Informatics, 19(10),
10160–10169.

Liu, L. L., Cheng, Y. M., Pan, Q. J., & Dias, D. (2020). Incorporating
stratigraphic boundary uncertainty into reliability analysis of slopes in
spatially variable soils using one-dimensional conditional Markov
chain model. Computers and Geotechnics, 118, 103321.

Liu, J., Jiang, Q., Dias, D., & Tao, C. (2023). Probability Quantification of
GSI and D in Hoek-Brown Criterion Using Bayesian Inversion and
Ultrasonic Test in Rock Mass. Rock Mechanics and Rock Engineering,
56(10), 7701–7719.

Loganathan, N., & Poulos, H. G. (1998). Analytical prediction for
tunneling-induced ground movements in clays. Journal of Geotechnical
and Geoenvironmental Engineering, 124(9), 846–856.

Luo, H., Fang, Y., Wang, J. F., Wang, Y. B., Liao, H., Yu, T., & Yao, Z.
G. (2023). Combined prediction of rockburst based on multiple factors
and stacking ensemble algorithm. Underground Space, 13, 241–261.

Man, J. H., Zhou, M. L., Zhang, D. M., Huang, H. W., & Chen, J. Y.
(2022). Face stability analysis of circular tunnels in layered rock masses
using the upper bound theorem. Journal of Rock Mechanics and
Geotechnical Engineering, 14(6), 1836–1848.

Man, J. H., Huang, H. W., Ai, Z. Y., Chen, J. Y., & Wang, F. Y. (2023).
Stability of complex rock tunnel face under seepage flow conditions
using a novel equivalent analytical model. International Journal of
Rock Mechanics and Mining Sciences, 170, 105427.

Mellit, A., & Kalogirou, S. (2022). Assessment of machine learning and
ensemble methods for fault diagnosis of photovoltaic systems. Renew-
able Energy, 184, 1074–1090.

http://refhub.elsevier.com/S2467-9674(23)00138-1/h0005
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0005
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0005
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0010
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0010
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0010
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0015
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0015
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0015
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0015
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0015
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0020
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0020
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0020
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0020
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0025
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0025
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0025
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0025
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0030
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0030
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0030
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0030
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0030
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0035
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0035
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0035
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0035
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0050
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0050
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0050
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0055
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0055
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0055
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0055
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0055
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0055
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0060
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0060
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0060
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0060
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0065
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0065
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0065
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0065
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0065
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0070
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0070
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0070
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0070
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0075
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0075
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0075
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0075
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0075
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0080
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0080
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0080
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0080
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0080
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0085
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0085
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0085
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0085
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0090
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0090
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0090
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0090
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0090
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0090
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0095
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0095
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0095
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0095
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0100
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0100
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0100
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0100
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0100
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0105
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0105
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0105
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0105
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0105
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0110
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0110
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0110
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0110
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0110
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0115
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0115
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0115
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0115
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0120
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0120
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0120
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0120
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0125
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0125
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0125
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0125
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0125
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0130
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0130
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0130
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0130
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0130
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0135
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0135
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0135
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0135


Z. Zhang et al. / Underground Space 16 (2024) 79–93 93
Montgomery, M. R. (2008). The urban transformation of the developing
world. Science, 319(5864), 761–764.

Park, K. H. (2005). Analytical solution for tunnelling-induced ground
movement in clays. Tunnelling and Underground Space Technology, 20
(3), 249–261.

Peck, B. B. (1969). Deep excavation and tunnelling in soft ground, State of
the art volume. Proceedings of the 7th International Conference on Soil
Mechanics and Foundation Engineering, 4, 225–290.

Pinto, F., & Whittle, A. J. (2014). Ground movements due to shallow
tunnels in soft ground. I: analytical solutions. Journal of Geotechnical
and Geoenvironmental Engineering, 140(4), 04013040.

Pinto, F., Zymnis, D. M., & Whittle, A. J. (2014). Ground movements due
to shallow tunnels in soft ground. II: Analytical interpretation and
prediction. Journal of Geotechnical and Geoenvironmental Engineering,
140(4), 04013041.

Pooley, C. M., & Marion, G. (2018). Bayesian model evidence as a
practical alternative to deviance information criterion. Royal Society
Open Science, 5(3), 171519.

Rojas, R., Feyen, L., & Dassargues, A. (2008). Conceptual model
uncertainty in groundwater modeling: Combining generalized likeli-
hood uncertainty estimation and Bayesian model averaging. Water
Resources Research, 44(12), W1241.

Sadegh, M., & Vrugt, J. A. (2014). Approximate bayesian computation
using markov chain monte carlo simulation: Dream (abc). Water
Resources Research, 50(8), 6767–6787.

Sagaseta, C. (1987). Analysis of undrained soil deformation due to ground
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nique, 64(5), 365–378.

Zhang, L. L., Zheng, Y. F., & Zhang, J. (2017). Assessment of error
assumption in probabilistic model calibration of rainfall infiltration in
soil slope. In Geotechnical Safety and Reliability, 82–100.

Zhang, P., Chen, R. P., & Wu, H. N. (2019). Real-time analysis and
regulation of EPB shield steering using Random Forest. Automation In
Construction, 106, 102860.

Zhang, W. G., Li, H. R., Wu, C. Z., Li, Y. Q., Liu, Z. Q., & Liu, H. L.
(2021). Soft computing approach for prediction of surface settlement
induced by earth pressure balance shield tunneling. Underground
Space, 6(4), 353–363.

Zhang, Z. L., Pan, Q. J., Yang, Z. H., & Yang, X. L. (2023). Physics-
informed deep learning method for predicting tunnelling-induced
ground deformations. Acta Geotechnica, 18, 4957–4972.

http://refhub.elsevier.com/S2467-9674(23)00138-1/h0140
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0140
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0140
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0145
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0145
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0145
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0145
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0160
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0160
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0160
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0160
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0165
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0165
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0165
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0165
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0165
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0170
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0170
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0170
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0170
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0175
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0175
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0175
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0175
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0175
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0180
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0180
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0180
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0180
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0185
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0185
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0185
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0190
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0190
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0190
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0190
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0190
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0200
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0200
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0200
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0200
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0210
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0210
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0210
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0210
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0210
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0215
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0215
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0215
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0215
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0205
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0205
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0205
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0205
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0220
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0220
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0220
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0220
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0225
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0225
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0225
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0225
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0230
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0230
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0230
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0230
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0235
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0235
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0235
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0235
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0235
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0240
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0240
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0240
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0240
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0240
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0245
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0245
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0245
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0245
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0250
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0250
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0250
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0250
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0250
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0255
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0255
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0255
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0255
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0260
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0260
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0260
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0260
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0265
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0265
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0265
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0265
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0265
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0270
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0270
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0270
http://refhub.elsevier.com/S2467-9674(23)00138-1/h0270

	Bayesian ensemble methods for predicting ground deformation due�to tunnelling with sparse monitoring data
	1 Introduction
	2 Models of tunnelling-induced ground deformations
	2.1 Peck model
	2.2 Verruijt-Booker model
	2.3 Loganathan-Poulos model
	2.4 Gonzalez-Sagaseta model

	3 Bayesian model averaging
	4 Illustrative examples
	4.1 Ground surface settlements
	4.2 Subsurface vertical deformations
	4.3 Subsurface horizontal deformations

	5 Conclusions
	Declaration of competing interest
	Acknowledgement
	References


