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Development of Dissipative Nonhyperbolic Chaotic Systems:
Starting from Lorenz System
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Abstract: This paper begins with the classic Lorenz system, collectively introducing a group of
simple three-dimensional, first-order, lower-degree (mainly, quadratic or cubic) smooth
polynomial ordinary differential equations describing dissipative chaotic systems. These systems
may have no equilibrium points, only stable equilibrium points, or infinitely many equilibrium
points, therefore are nonhyperbolic. These recent discoveries present new challenges and
research topics for the study of advanced chaos theory. Classical hyperbolic chaotic systems
possess saddle-node equilibrium points in the phase space, corresponding to stable and unstable
manifolds. Their attractive and repulsive dynamics guide the system’ s solution trajectories
through stretching, compression and folding, ultimately generating complex chaotic behavior.
These systems have a finite number of equilibrium points, allowing for local linearization and the
computation and analysis of the corresponding Jacobian matrix eigenvalues, leading to a
complete set of theoretical results and computational methods. However, nonhyperbolic systems
may have no equilibrium points or have an infinite number of equilibrium points, rendering
classical bifurcation analysis impossible. Therefore, new theory and methodology are urgently
needed. This paper presents some representative examples, highlighting the pressing need for
new research into nonhyperbolic chaos theory.
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(drawn by authors)

AT, AR ZS 8] F AR E W AN RE R Y
SR S ECRMI A R AR . [ 2 IR KR
MRS E LA AR E M BB R

B2 EBEXRBERFHRERE (LE)MARE
R () (BB X Et2])
Fig.2 Stable manifold (red) and unstable manifold
(blue) of Lorenz chaotic system (from
reference [2])

T A SO R = 4 — B R = ot
i 2R R G0, A A A B R, 5
HA 14 24 344, 8] HA T055 24T 5
AR, 58 0T 2 B0 ) E Ll VR R 4t
1.1 EBTFERNERERS
AT FE WA VA TR R &
X=Y,
y=z, )
Z=—y+3y —x'—xz—a.



% 78

% 2 FEHAE S AR L A 0 R JE—— MBI R A Gk AT 3

Hrp 2 %a>0, NI ARG EA VA AR, IR
IR TEY A7 75 TR S, W&l 3 s .

B3 REFERRERFEHKSF,a=0.01
(BX B X ##([3])
Fig. 3 Attractor of chaotic system without equilibrium
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Table 1 Examples of chaotic systems without
equilibrium points(from reference([4])

N a

x=y

y=-x-zy 1.0
z=y’—a

X==y

y=x+z 0.35
z=2y"+xz—a

X=y

y=z 1.0
z=—y+0. 1x°+1. lxz+a

x=-0.ly+a

y=x+z 1.0
z=xz-3y

xX=2y

y=-2x-z 2.0
z=—y’+z’+a

x=y

y=z 0.75
I=—y-—Xz—yz—a

x=y

y=—x+z 2.0
z=-0.8x’+z"+a

x=y

y=-—x-yz 1.3
z=xy+0.5x"—a

x=y

y=—x-yz 0.55
i=—xz+Tx’—a

X=z

y=z-=y 0.6
z=—0.9y—-xy+xz+a

&gk

A a
x=y
y=—x+z 1.0
z=z-2xy—1.8xz—a
X=z
y=x-y 0.1
Z=—4x*+8xy+yz+a
X==y
y=x+z 0.4
z=xy+xz+0.2yz—a
x=y
y=z 1.0
i=x"—y +2xz+yz+a
X=y
y=z 1.0
z=x"—y"+xy+0.dxz+a

x=-0.8x-0. 5 +xz+a

y==0.8y-0. 52 +yx+a 1.0
2=—0.82-0.5x>+zy+a
Xx=-y-z"+2.3xy+a

y=—z—x"+2.3yz+a 2.0
Z=—x-)"+2.3zx+a

1.2 1M EERRRERS
ARG A VA R AR R 4, OF
PR R RE
X=yz+a,
y=x'-y, 3)
1

z=1—-4x.
ﬁt%éuﬁﬁﬂﬁgﬂﬁﬂ?ﬁi@(i, E,—16a), 0

a> 0 B2 R 1, DR R vl Lo 6 e
TR ELAT T 52358 . 40, 24 a = 0.05 i, -7 5 Ab A
Al B A B FAE AR A (—0.607 46,-0.196 27 +
0.610 761). TEX FIERE S5F T, RGANAT LLA A 1
ANRIEN 5], W 4 s .

-1.3 -0.5 0.3 1.1 1.9

B4 EFINMREFERRERZHORSITF,
a=0.006(B B 3L #f[6])
Fig. 4 Attractor of chaotic system with one stable
equilibrium point,a =0.006(from reference[6])
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Table 2 Examples of chaotic systems with one stable equilibrium point(from reference[7])

A A 1 FHIEE
X=y 0 -1.954 8
y=z 0 -0.022 6
z=-x-0.6y—2z+2z"-0. 4xy 0 +0. 714 91
X=y 0 -0.5103
y=z 0 -0.019 8
2=-0.5x-y—0.55z—1. 22" ~xz—yz 0 +0. 989 6i
X=y 0 -3.964 1
y=z 0 -0.0179
z==3.4x—y—4z+y*+xy 0 +0. 925 9i
xX=y -1 -1.694 2
y=z 0 -0.0029
z=—x-1.7z+3*+0. 6xy—1 0 +0. 768 3i
X=y -2.7 -0.960 0
y=z 0 -0.0200
i=—x—z-2"+0.4xy—2.7 0 +1. 020 41
X=y -1 -1.0526
y=z 0 -0.0237
z=—x-2.92+xy+1. Ixz—1 0 +0. 974 41
X=y 0 -2.0000
y=—x+yz 0 -0.2500
z==2z-8xy+xz—1 -0.5 +0. 968 2i
X=y 0 -1.000 0
y=—Xx+yz 0 -0.0500
z=—z-0.7x*+y*—0. 1 -0.1 +0. 998 7i
xX=y 0 -2.0000
y=—x+yz 0 -0.0750
z=2x-2z+y"-0.3 -0.15 +0. 997 2i
X=y 0 -2.0000
y=—Xx+yz 0 -0.0250
z=x-0.3y—-2z4+xz-0. 1 -0.05 +0. 999 7i
X=y 0 -12.000 0
y=—x+yz 0 —-0.0417
2=—y—12z+x"+9xz—1 -1/12 +0.999 1i
X=y 0 -66. 000 0
y=—x+yz 0 -0.007 6
2=—66z+y"+35xz—1 -1/66 +1. 000 0i
X=y 0 -4.900 0
y=—x+yz 0 -0.1020
2=—4.9z+0. 4" +xy—1 -1/4.9 +0. 994 8i
X=z 0 -0. 608 2
y=Ex+z -0.7 -0.0459
z=—y-3z2"+xy+yz-0.7 0 +1.281 4i
X=-z 0 -1. 0618
y=x-z -10/9 -0.024 7

2=0.9y+0. 2x +xz+yz+1 0 +0. 920 3i
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X=-z 0 -1.0549
J=—x+z 0 -0.172 6
i==Ty—1.4z+X"+x2—yz 0 +2. 570 2i
X=z 0.57/3.1 -1.000 0
y=x-y 0.57/3.1 -0.009 2
z==3.1x-0.3xz+0. 2yz+0. 57 0 +1. 760 7i
X=z 0 -1.000 0
[—— 0 ~0.050 0
2=-2.1x-0.1z=y*+0. 11xz+0. 5yz 0 +1. 448 3i
X=z -0.3 -1.376 6
y=—y+z 0 -0.0667
z=-x-2xy+1.7xz-0.3 0 +0. 849 7i
X=z 0 -0.8543
J— 0 ~0.0728
Z=—1lx+2y—-2y*-z"—yz 0 +3. 587 5i
X=z 0 -0. 8875
y=—y-z 0 -0.0563
z=-T7. lx+y—2y*+xz—yz 0 +2. 827 9i
X=z -0.15 -1.000 0
J—— 0 ~0.0750
2=—6x—2)"+xz-yz-0.9 0 +2. 448 3i
X=-z 0.5 —-0.906 0
y=—y-z 0 -0.0470
2=4x-0.22"+xy -2 0 +2. 100 61
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Fig. 5 Chaotic attractor of Rossler system
(drawn by authors)
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Table 3 Chaotic systems with infinitely many
equilibrium points falling on one
curve(from reference[11])

NN a,b VA R
xX=y a=15 0
y=—x+yz b=1 0
z=—x—axy—bxz z
x=y a=17 0
y=—x+yz b=1 0
z=—y—axy—bxz z
~500 ).c:y a=18 0
N y=—x+yz b=1 0
E7 BE1RAT2EETERRE RGN e axy b .
5| F (BR B X #k[9]) x=y a=4 0
Fig. 7 Attractor of chaotic system with one saddle Y=—x+yz b=0. 6 0
point and two stable equilibrium points Z=—axy—bxy—yz z
(from reference [9]) X=y a=1.5 0
N \ N —p SET J>=—ax+y2 b=5 0
FRIE | T LI B SRR 1) = e — B R et .
ARG (A—ERZMARG) , MHAAE SR EH i=y a=0. 04 0
BRANEC A7 1 O R AR MR A ) y=—x+yz b=0. 1 0
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e _n X=z a=1.85 0
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IXFP AR IR T R G Y TC 55 2 A1 i ek ] X=z a=3 0
DA AE = iR 2 [ b iy 1 452k 11 yE=TET)E b=1 Y
] Z=ax’—xy—bxz 0
)f=y, x=z a=1.62 X
y=—x+Xxz, (7) y=—ay+xz b=0.2 0
z=—x—axy—bxz. Z=z—bz*+xy 0




% 7 1 T 5 ok AR Wi ARG R R0 K —— BB R R Rk A 7

X R IR TE R G0 TC 95 2 il a5
2 0] DLVEAE = HEARZS Rl i 1A e
X=Xy,
y=xz, (8)
z':x(—x+ay2—xz).
XA RGeS A ()L EA
AEH - W E 9 s .
Kl X P B A E A LAt e Jess
2SS MIBET ARG R AGRZ, k4

B9 BRI HEFEURERENRSF,
g1 a=2(BLE X Hk[12])
SR RIS B it 3R W YR T 2R S I AR Ay Fig. 9 Attractor of chaotic system with one surface

equilibrium point,a=2(from reference[12])

MBS E S5 AE SCRR[ 13 ]

®4 BEFEBEEITHELNOES SN FES0RERS (A X#E[12])
Table 4 Chaotic systems with infinitely many equilibrium points falling on one surface (from reference[12])

AN a,b,c A A
x=fxy a=1.54 0,y,2)
y=fxz
Z=fx(—x+ay’—xz)
f=x
x=fxy a= ©0.y.2)
y=fx(—x+az) b=3
z=fx(by*—xz)
f=x
X=/x(y*+axy) a=2 (0.,2)
y=fx(-2) b=1 (/E,—@,o)
i=fx(b+xy) (/E,\/E,o)
JS=x
x=fx(-y) a=2 (x.».0)
y=fx(x+z2) b=0. 35
z=fx(ay*+xz—b)
f=z
X=fx(-az) a=0.4 0,y,2)
y=fxb+z"~xy) b=1 (x,0,2)
E=fx (=) (Vb.vb.0)
f=xy (—\/7,—\/3,0)
x=/x(y+ayz) a= ©0.y.2)
y=fx(bz+y*+cz*) h=8 (x,0,2)
Z=fx(x*=y?) c= (x,,0)
f=xyz (£1.5,1.5,-0.5)

(£1.5,-1.5,-0.5)
x=fx(ay) a=0. 4 X H+z=1
y=fx(xz) b=6 (0,0,0)
Z=fx(-z—x*—byz)
f=1-x"—y*-2*
x=fx(az+y?) a= X H+z=1
y=fx(=y+bx*) b=5 (0,0,0)

z2=f>(=x)
f= 1 _xz_yz_zz
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y=/x(x—axz) b=0.6 0.,0)
Z=fx(x—bz") (0. 6,0. 1)
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x=fx(yz) a=0. 1 Y -x'=z
y=fx(-ax) b (0,0,0)
Z=fx(~z+by* +x2)
f=z+x"—)"
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