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Reactive transport equations in porous media are critical in various scientific and engineering disciplines,
but solving these equations can be computationally expensive when exploring different scenarios, such
as varying porous structures and initial or boundary conditions. The deep operator network (DeepONet)
has emerged as a popular deep learning framework for solving parametric partial differential equations.
However, applying the DeepONet to porous media presents significant challenges due to its limited capa-
bility to extract representative features from intricate structures. To address this issue, we propose the
Porous-DeepONet, a simple yet highly effective extension of the DeepONet framework that leverages
convolutional neural networks (CNNs) to learn the solution operators of parametric reactive transport
equations in porous media. By incorporating CNNs, we can effectively capture the intricate features of
porous media, enabling accurate and efficient learning of the solution operators. We demonstrate the
effectiveness of the Porous-DeepONet in accurately and rapidly learning the solution operators of para-
metric reactive transport equations with various boundary conditions, multiple phases, and multi-
physical fields through five examples. This approach offers significant computational savings, potentially
reducing the computation time by 50–1000 times compared with the finite-element method. Our work
may provide a robust alternative for solving parametric reactive transport equations in porous media,
paving the way for exploring complex phenomena in porous media.

� 2024 THE AUTHORS. Published by Elsevier LTD on behalf of Chinese Academy of Engineering and
Higher Education Press Limited Company. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Porous media play a pivotal role in a wide array of industrial
sectors [1,2]—encompassing new energy [3], petrochemicals [4],
photocatalysis [5], and biomedicine [6]—due to their intricate
pore network and substantial specific surface area. The transport
and reaction phenomena occurring within porous media are
critical determinants influencing essential parameters such as
energy storage efficiency, catalytic performance, and adsorption
rates of industrial products [7–9]. To ensure the rational design
and optimization of industrial products, it is imperative to
model these complex transport and reaction processes using
partial differential equations (PDEs) [10]. In the realm of indus-
trial research, a significant challenge faced by researchers is the
rapid and accurate resolution of parametric PDEs [11–13]. These
specialized PDEs involve parameters such as coefficients,
domain geometries, initial conditions (ICs), and boundary condi-
tions (BCs) that vary within defined ranges [14]. However, tradi-
tional methodologies (e.g., the finite-element method, FEM)
demand extensive computational resources, as independent
simulations must be conducted for each parameter variation.
The intricacies of grid partitioning and nonlinear numerical
computations further intensify these challenges, particularly
when addressing multi-physical field interactions within intri-
cate porous structures. Consequently, there is a critical need
for innovative approaches to expedite the resolution of paramet-
ric PDEs in porous media. By overcoming the limitations of tra-
ditional methods, such novel strategies have the potential to
significantly enhance the iteration rate of industrial product
development, thereby fostering advancements in industrial
research and applications.
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Using deep learning techniques based on neural networks (NNs)
presents a promising avenue for addressing forward and inverse
problems in numerical simulation technology, potentially revolu-
tionizing the field [15,16]. As the universal approximation theorem
indicates, NNs can solve equations by approximating nonlinear
functions that satisfy given constraints. Various network architec-
tures, including recurrent NNs (RNNs) [17], convolutional NNs
(CNNs) [18], residual networks (ResNets) [19], physics-informed
NNs (PINNs) [11], and derivative architectures [20,21], have been
applied to solve PDEs. However, existing NNs are limited in their
ability to adapt to changes in input parameters, such as alterations
in domain geometries, and require retraining to accommodate new
constraints. To address this limitation, NNs must learn operators
rather than functions, as per a lesser-known but powerful theorem
that demonstrates that NNs can approximate continuous nonlinear
operators [22]. Building upon this concept, the deep operator net-
work (DeepONet) was introduced by Lu et al. [23], designed to
learn explicit and implicit operators—such as integrals, fractional
Laplacians, and deterministic and stochastic differential equa-
tions—from data. The DeepONet has demonstrated successful
applications in solving parametric PDEs in simple one-
dimensional (1D) domain geometries across diverse fields, includ-
ing quantum chemistry [24], hydromechanics [25,26], battery
technology [27], power grid analysis [28], organism modeling
[29], and contagion dynamics [30]. Furthermore, researchers have
extended the DeepONet framework to address more complex para-
metric PDEs [31,32], deal with low-accuracy data [33,34], and even
train NNs without data [11,35]. For example, Cai et al. [31] devel-
oped DeepM&Mnet to simulate multi-physics problems in the bulk
phase by coupling multiple pretrained DeepONets, while Wang
et al. [11] proposed a physics-informed DeepONet inspired by
PINNs to alleviate data requirements. These advancements high-
light the potential of the DeepONet and related frameworks in rev-
olutionizing the efficient solution of parametric PDEs in the bulk
phase across a wide spectrum of industrial and scientific domains.

Although the DeepONets mentioned above have demonstrated
impressive capabilities, they encounter challenges when learning
the solution operators of parametric PDEs in complex domain
geometries such as porous media. These frameworks struggle to
extract representative features from intricate porous structures,
which limits their effectiveness in resolving parametric PDEs in
this context. While some pioneering research [34,36–38] has been
conducted on applying DeepONets in complex domain geometries,
the studied structures, such as triangles and five-pointed stars, still
deviate from those of real porous media [34]. To overcome this
challenge, we take inspiration from the powerful image-
processing capabilities of CNNs [39]. For example, Cawte and
Bazylak [40] successfully utilized a three-dimensional (3D) CNN
to accurately predict gas diffusion layer material permeability from
the image data of porous fibrous materials. Their success highlights
the potential of CNNs for extracting useful features from intricate
porous structures, offering promising avenues for solving
parametric PDEs in complex domains such as porous media.

In this work, we investigate an innovative extension of the
DeepONet framework called the Porous-DeepONet, which is
specifically tailored to solve parametric PDEs in porous media by
incorporating CNNs into the DeepONet architecture, with a focus
on reactive transport equations. First, the efficacy of the Porous-
DeepONet is demonstrated through its application in learning solu-
tion operators within complex and random porous structures, uti-
lizing the Fick diffusion equation as a representative example.
Then, we further illustrate the power of the Porous-DeepONet by
changing the type of BCs on the surface of porous media, such as
whether there is a reaction, whether there is a boundary layer,
and whether it is permeable. The studied equations include the
Fick diffusion and surface reaction equation, the advection equa-
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tion, and the heat conduction equation. Furthermore, to enhance
the versatility of the Porous-DeepONet in addressing coupled
equations from multi-physical fields, a combination of the
Porous-DeepONet and the DeepM&Mnet is employed to predict
the charging process in porous electrodes by solving the Poisson–
Nernst–Planck (PNP) equations. To assess the generalizability of
the Porous-DeepONet in identifying solutions for non-real porous
structures, a simplified porous model is utilized to generate data
for validation purposes. In addition, a comparison is made between
the solution speed of the Porous-DeepONet and that of the FEM,
shedding light on the computational efficiency of the proposed
approach. Lastly, the feasibility of employing a physics-informed
Porous-DeepONet is discussed, indicating the potential for leverag-
ing domain knowledge to further enhance the model’s
performance.

2. Methodologies

In the subsequent sections, we first introduce the DeepONet,
which is based on the generalized universal approximation theo-
rem for the operator. Subsequently, we discuss an extension of
the DeepONet called the Porous-DeepONet, which is specifically
designed to learn parametric PDEs’ solution operators in porous
media. Moreover, we outline the approaches for coupling the
Porous-DeepONet with other DeepONet frameworks. Finally, we
describe the data-generation process, including the generation of
real porous structures and simplified porous models, as well as
the numerical details of the FEM.

2.1. DeepONets applied to porous media: The Porous-DeepONet

2.1.1. Generalized universal approximation theorem for the operator
Suppose that (U;V;S) is a triplet of Banach spaces and

N : U � S ! V is a linear or nonlinear differential operator. Assume
that the input functions are expressed as u 2 U and the solutions of
the parametric PDE as s 2 S, respectively. Therefore, the general
form of parametric PDEs can be denoted as N u; sð Þ ¼ 0. For partic-
ular ICs and BCs, we consider that there exists a unique solution
s ¼ s uð Þ 2 S to N u; sð Þ ¼ 0. Then, the solution operator G : U ! S
can be defined as G uð Þ ¼ s uð Þ. According to the generalized univer-
sal approximation theorem [23], a nonlinear continuous operator G
satisfies the following inequality for any positive number e:

G uð Þ yð Þ � g u x1ð Þ;u x2ð Þ; :::;u xmð Þð Þ; f yð Þh ij j < e ð1Þ
where �j j is the absolute value; �; �h i is the dot product in Rp;
g : Rm ! Rp and f : Rd ! Rp are continuous vector functions; x1,
x2, . . ., xm are d dimensional vectors, and y refers to the points in
the domain of G uð Þ. However, this theorem only informs us whether
the operator G can be learned and does not indicate how to learn
G efficiently.
2.1.2. The DeepONet
The DeepONet provides a flexible and powerful deep learning

framework that encapsulates the generalized universal approxima-
tion theorem for operators above [11,23]. A DeepONet comprises
two sub-networks: a trunk net and a branch net. The trunk net is
responsible for extracting the latent representation of space–time
locations y ¼ t; x; y½ �, where t is time, and the x and y are space loca-
tion, while the branch net takes as input the functions
u ¼ u x1ð Þ;u x2ð Þ; . . . ;u xmð Þ½ � in the form of discretized points. The
outputs of the trunk net t 2 Rq and branch net b 2 Rq are

t ¼ t1; t2; . . . ; tq
� �T and b ¼ b1; b2; . . . ; bq

� �T, respectively. More
specifically, the solution operators G of a function u evaluated at
y can be expressed by
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G uð Þ yð Þ �
Xq

i¼1
bi u x1ð Þ;u x2ð Þ; :::;u xmð Þð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Branch

: ti yð Þ|ffl{zffl}
Trunk

ð2Þ

To reduce the generalization error of the DeepONet, a bias
b0 2 R is added in the last stage: G uð Þ yð Þ � Pq

i¼1biiþ b0. It is worth
noting that there are no constraints on the locations of x and y,
which can be chosen randomly or at equal distances. For random
sampling, adopting a fully connected NN (FNN) structure is appro-
priate for the trunk net and branch net [23].

2.1.3. The Porous-DeepONet
To learn the solution operators of parametric PDEs in porous

media, the various structures of porous media should be inputted
into the branch network as the function u. These structures can be
considered to be image-like data with equal-spaced grids. However,
due to the complexity and randomness of these structures, the FNNs
commonly used in DeepONets [25,27,30] may not be able to encode
the local information of porous structures well. Therefore, other NN
architectures may be considered. CNNs have powerful image-
processing capabilities and have been successfully applied to predict
the transport property of porous media and reconstruct porous
structures [41]. Inspired by the DeepONet and CNNs, we propose a
framework for solving parametric PDEs in porous media called the
Porous-DeepONet, depicted in Fig. 1(a). By inputting porous struc-
ture u x; yð Þ and space–time coordinates y ¼ t; x; y½ �, we obtain the
output s ¼ G uð Þ yð Þ in the domain of the corresponding solution
function G uð Þ. For example, if we aim to solve the Fick diffusion
equation in different porous structures, the inputs and outputs of
the Porous-DeepONet are the images of the porous structures,
space–time coordinates, and the corresponding concentration. In
addition, other parameters h (e.g., the diffusion coefficient) can be
inputted into the Porous-DeepONet by adding one more branch
Fig. 1. Extending the domain geometries of a DeepONet from a simple bulk phase to a com
and one or more branch nets. The branch1 net is used for extracting latent represen
representations of other parameters h in parametric PDEs. Notably, a CNN is introduced a
the input space–time coordinates (t, x, y) at which the output functions G u; hð Þ are evalua
by dot-producting the outputs of each subnetwork. (b) The DeepM&Mnet [31] architectur
media, where the subnetworks are the Porous-DeepONets proposed in this work rather
subsection.
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net [37]. Although a few works [29,42] have introduced CNNs into
DeepONets, this DeepONet based on CNNs has not been applied to
solve parametric PDEs in porous media. For example, Kontolati
et al. [42] solved the 2D time-dependent Brusselator reaction–diffu-
sion system with uncertainty sources in the bulk phase using a
DeepONet based on CNNs to model an autocatalytic chemical reac-
tion between two species. The function of the CNN in that case was
to extract representative features of spatially dependent uncertainty
sources, not porous media.

When training, suppose that we sample N porous structures u
from function space U and N other parameters h; in addition, for

each input u ið Þ and h ið Þ, we collect P points (i.e., y jð Þ
u;j) to evaluate

the solution function. Therefore, the total number of training sam-
ples should be N � P. Notably, the Porous-DeepONet is trained by
adopting the Adamax and Huber loss (LHuber) as an optimizer and
loss function, respectively:

LHuber ¼
1
2

1
NP

PN
i¼1

PP
j¼1 G u ið Þ; h ið Þ

� �
y ið Þ
u;j

� �
� bG u ið Þ; h ið Þ

� �
y ið Þ
u;j

� �h i2
for s� bs�� �� � d

d 1
NP

PN
i¼1

PP
j¼1 G u ið Þ; h ið Þ

� �
y ið Þ
u;j

� �
� bG u ið Þ; h ið Þ

� �
y ið Þ
u;j

� ���� ���� 1
2 d

2 otherwise

8><
>:

ð3Þ

where d is a hyper-parameter, bG is the true solution operator, andbs ¼ bG u; hð Þ yð Þ is the true solution. Huber loss combines the excel-
lent performance of both mean squared error (MSE) loss and mean
absolute error (MAE) loss to achieve fast convergence speed and
good robustness [43]. The average value of the absolute value of
absolute error is selected as the performance metric for the test
dataset:

etest ¼ 1
N

XN

i¼1
si � bsi�� �� ð4Þ
plex porous structure. (a) The Porous-DeepONet architecture consists of a trunk net
tations of the structure of porous media u x; yð Þ and the branch2 net for latent
s the branch1 net. The role of the trunk net is to extract the latent representation of
ted. Continuous and differentiable output functions G u; hð Þ t; x; yð Þ are then obtained
e and (c) physics-informed (PI)-DeepONet [11] architecture are employed in porous
than DeepONets [23]. The meaning of each symbol is detailed in the corresponding



Fig. 2. Simulation domains and corresponding BCs and ICs for different equations,
including (a) the Fick diffusion equation, (b) the Fick diffusion and reaction
equation, (c) the advection equation, (d) the heat conduction equation, and (e) the
PNP equations. Notably, the mass flux, momentum flux, and energy flux are equal to
zero in the black region, except for example (e). The meaning of each symbol is
detailed in the corresponding subsection.

P. Huang, Y. Leng, C. Lian et al. Engineering 39 (2024) 94–103
where si is the result predicted by the Porous-DeepONet and bsi is
the real result calculated by the FEM. The Porous-DeepONet frame-
work was implemented using the Python package PyTorch. The
Porous-DeepONet training and the results prediction were per-
formed using an NVIDIA GeForce RTX 3090 graphic processing unit
(GPU) and an Intel� Xeon� Platinum 9242 central processing unit
(CPU), respectively. These hardware resources accelerated the com-
putational processes involved in the training and inference tasks.

2.2. Coupling the Porous-DeepONet with other frameworks

2.2.1. The Porous-DeepM&Mnet
While the Porous-DeepONet excels in learning solution operators

for individual physical fields, the coupling between these fields can
sometimes impact prediction accuracy. The integration of the
Porous-DeepONet with the DeepM&Mnet, as proposed by Cai et al.
[31], offers a powerful framework for accurately solving multi-
physics PDEs in porous media. The DeepM&Mnet addresses this
challenge by coupling multiple pretrained DeepONets to infer elec-
troconvection multi-physical fields effectively. In the combined
framework, depicted in Fig. 1(b) [31], we leverage both the
Porous-DeepONet and the DeepM&Mnet to handle the interactions
between different physical fields (e.g., s1, s2, and s3) in porous media.
To account for the influence of s2 and s3 on s1, these fields are treated
as input parameters h in the prediction process, namely s1 ¼ h. The
same approach is applied to s2 and s3. One limitation arises when
using a pretrained Porous-DeepONet for s1, as it requires the avail-
ability of s2 and s3, which may not always be feasible in practice.
To address this issue, the Porous-DeepM&Mnet introduces an NN
to approximate s1, s2, and s3 simultaneously, while leveraging the
pretrained Porous-DeepONets as constraints during the solution
process. Finally, calculate the difference between the output of these
pretrained Porous-DeepONets (e.g., s�1, s

�
2, and s�3) and the true value

as a loss for training. This hybrid approach ensures accurate predic-
tions while incorporating the knowledge learned from the pre-
trained models. For more in-depth information on the
DeepM&Mnet framework and its applications, readers may refer
to the original literature by Cai et al. [31].

2.2.2. The Porous-physics-informed (PI)-DeepONet
When dealing with complex porous media, the number of sam-

ples required to represent the function space in a DeepONet can be
substantial, leading to increased memory requirements for train-
ing. To address this issue and reduce the demand for data, Wang
et al. [11] introduced a PI-DeepONet framework, as depicted in
Fig. 1(c). The PI-DeepONet incorporates the principles of physics-
based constraints into the training process, enabling the network
to learn the underlying physical laws and reducing the reliance
on a large volume of data. In the PI-DeepONet framework, the
residuals of the governing equation and BCs and ICs are formulated
as regularized losses or constraints using automatic differentiation
techniques. This approach not only facilitates the learning of the
underlying physics but also mitigates the demand for an extensive
amount of data, making it particularly well-suited for scenarios
involving complex porous media, where data availability may be
limited. Readers interested in delving deeper into the details of
the PI-DeepONet framework and its implementation are referred
to the original literature by Wang et al. [11] for a comprehensive
understanding of this innovative approach.

2.3. Data generation

2.3.1. Generation and simplification of porous structures
To demonstrate the effectiveness of the Porous-DeepONet in

handling complex porous media structures, we selected amor-
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phous porous structures as the model system. While experimental
characterization techniques such as computed tomography (CT)
and scanning electron microscopy (SEM) can provide nondestruc-
tive ways of obtaining such structures [13], the high cost of these
methods made generating random structures a more feasible
option. To this end, we generated 5000 disordered structures of
varying porosity, morphology, and random seed using the Python
package PoreSpy [44], as shown in Figs. 2(a)–(d). The setups used
to generate these structures are listed in Table S1 in Appendix A.
In addition to these randomly generated structures, we considered
a simplified porous model called the stacked electrodes model
[9,45], which represents the structure of disordered porous elec-
trodes and can be modified by changing the number and position
of the plates. Fig. 2(e) shows an example of this model. By consid-
ering both random and simplified structures, we demonstrated
how the Porous-DeepONet can effectively handle a wide range of
porous media structures.

2.3.2. Numerical details of the FEM
The governing equations and their associated BCs and ICs were

solved using the FEM implemented in COMSOL Multiphysics 5.3.
The direct solver employed for the computations was the parallel
direct sparse matrix solver (PARDISO), while the fully coupled sol-
ver utilized an automatic Newton solver. A relative tolerance factor
of 10�3 was set for the solvers. In the grid generation process, con-
ventionally sized cells were used to discretize the porous struc-
tures, as illustrated in Fig. S1 in Appendix A. The grid scheme for
the stacked electrodes model followed the approach is detailed
in the literature [45]. The FEM computations were carried out on
a server equipped with an Intel� Xeon� Platinum 9242 CPU.

3. Results and discussion

As described below, we conducted a series of comprehensive
numerical studies to demonstrate the effectiveness of the
Porous-DeepONet in solving various types of parametric PDEs
related to reactive transport processes. Table 1 summarizes the dif-
ferent examples considered, while the associated training details
can be found in Section S1 and Tables S2 and S3 in Appendix A.
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By evaluating their performance across these diverse examples, we
demonstrated the broad applicability of Porous-DeepONets in han-
dling complex PDEs related to porous media structures. This com-
prehensive approach underscores the potential of the Porous-
DeepONet as a powerful tool for advancing our understanding of
porous media behavior and improving the design and optimization
of related technologies.
3.1. The Fick diffusion equation

The first example in this study focuses on showcasing the capa-
bility of the Porous-DeepONet to handle the complex structures of
porous media. We considered the transient-state Fick diffusion
equation within various porous structures in this context. The Fick
diffusion equation is commonly used to model the diffusion of
molecules, ions, and other substances in porous media such as zeo-
lites, membranes, and cells. Fig. 2(a) illustrates a typical applica-
tion scenario of the Fick diffusion equation in porous media, such
as seawater desalination. In the figure, the white regions represent
pores, while the black regions represent solid material. The inlet
concentration cin and outlet concentration cout remain constant
over time. In addition, the surface of the porous medium, top
boundary, and bottom boundary are impermeable. As time pro-
gresses, substances within the porous medium diffuse from
regions of high concentration to regions of low concentration until
equilibrium is reached. The corresponding transient-state Fick dif-
fusion equation for this scenario can be expressed as follows:
Table 1
Summary of examples studied in this work of Porous-DeepONets across various parametr

PDE Neural network Trunk inputs

Diffusion Porous-DeepONet t, x, y
Diffusion + reaction Porous-DeepONet x, y
Advection Porous-DeepONet x, y
Heat conduction Porous-DeepONet x, y
PNP Porous-DeepM&Mnet t, x

Fig. 3. Solving the parametric Fick diffusion equation in real porous structures. (a) The ex
error at 10�2; 10�1; 100; and 101 s.
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@c
@t

¼ Dr2c ð5Þ

with the following ICs and BCs:

c0 ¼ 1000 mol �m�3 ð6Þ

cin ¼ 2000 mol �m�3; cout ¼ 1000 mol �m�3;

�n � Jsurface=top=bottom ¼ 0 mol � m2 � s� 	�1 ð7Þ

where c represents the concentration of the diffusing substance; D
is the diffusion coefficient; r is the Hamiltonian operator; c0 is the
initial concentration; n represents the unit normal vector of the sur-
face; Jsurface denotes the surface molar flux and is calculated as
Jsurface ¼ �Drcjc¼csurface

; and Jtop and Jbottom represent the top and bot-
tom molar flux, respectively. For the specific values of these param-
eters, please refer to Table S1.

We use the Porous-DeepONet to map the solution operator
from a porous structure u x; yð Þ to the full spatiotemporal solution
c t; x; yð Þ of the Fick diffusion equation. The comparison between
the predicted solution by the Porous-DeepONet and the exact solu-
tion by the FEM for a random input porous structure in the test
dataset shows excellent agreement from the initial state (i.e.,
10�2 s) to the equilibrium state (i.e., 10 s), as shown in Fig. 3.
The prediction errors are mainly concentrated where the concen-
tration gradient is steep, which aligns with observations by Wang
et al. [11]. More visualizations for different input porous structures
are provided in Fig. S9 in Appendix A. In addition, the distributions
ic PDEs. The meaning of each variable is detailed in the corresponding subsection.

Branch inputs Total number of data

5000 structures 216268800
5000 structures, k and n 40960000
5000 structures and uin 40960000
5000 structures and k2 40960000
5000 structures, Dþ and D� 54774606

act solution by FEM; (b) the predicted solution by Porous-DeepONet; (c) the absolute
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of the absolute error in the training dataset and test dataset indi-
cate that most of the values of absolute errors are within a certain
range of �25 to 25 mol∙m�3, and the resulting test error etest is 6.6
mol∙m�3, as shown in Fig. S10 in Appendix A. Based on these obser-
vations, it can be concluded that Porous-DeepONets are an effec-
tive extension to enhance and generalize the capabilities of
DeepONets in solving parametric PDEs in porous media.

3.2. The Fick diffusion and surface reaction equation

The next example we provided involves a steady-state Fick dif-
fusion and surface reaction equation with various reaction rates,
where the surface morphology influences the surface reaction
and is more intricate than a homogeneous reaction. Fig. 2(b) illus-
trates the diffusion of material in a porous medium and its reaction
on the surface—a crucial phenomenon in catalysts and adsorbents.
In this scenario, we assume that the reaction rate follows a power
exponential function form. It is important to note that, to capture
the diffusion–reaction process more realistically, the outlet con-
centration is not fixed. The corresponding equation can be
expressed as follows:

Dr2c ¼ 0 ð8Þ
with the following BCs:

cin ¼ 100 mol �m�3; n � Drcout ¼ 0 mol � m2 � s� 	�1
;

�n � Jsurface ¼ kcn; �n � Jtop=bottom ¼ 0 mol � m2 � s� 	�1
ð9Þ

where k represents the reaction rate constant, and n is the reaction
order. By adjusting the values of k and n; and the structures of the
catalyst or adsorbent, Eqs. (8) and (9) can effectively model the dif-
fusion and reaction phenomena in a wide range of catalysts or
adsorbents. The specific values and permissible ranges for these
parameters are detailed in Table S1.

The results obtained from applying the Porous-DeepONet to
learn the solution operator mapping the porous structure u x; yð Þ
and the reaction parameters k and n to the solution c x; yð Þ are
Fig. 4. Solving the parametric Fick diffusion and surface reaction equation in real porou
DeepONet; (c) the absolute error from high, to middle, to low reaction rate. The formul
constant, c denotes the reactant concentration, and n is the reaction order.

99
presented in Fig. 4. The test dataset includes four representative
input u x; yð Þ and kcn, showcasing a range of reaction depths from
high to low, resulting in a gradual increase in the outlet concentra-
tion. The comparison between the Porous-DeepONet predictions
and the ground truth demonstrates a good agreement across differ-
ent scenarios, capturing the transition from large reaction rates
and complex structures to small reaction rates and simpler struc-
tures. However, some inaccuracies can be observed in regions
where the concentration exhibits significant gradients, similar to
the example of the Fick diffusion discussed earlier.

To evaluate the performance of the Porous-DeepONet model,
the distributions of the absolute error in the training and testing
datasets are illustrated in Fig. S11(a) in Appendix A. The test
error etest is reported to be 2.4 mol∙m�3, indicating that the
Porous-DeepONet can serve as an effective surrogate for PDEs
with complex and variable flux BCs. This finding highlights the
capability of the Porous-DeepONet to accurately capture the
behavior of the system under diverse and challenging conditions,
demonstrating its potential for practical applications in model-
ing complex porous media with varying reaction parameters
and BCs.

3.3. Advection equation

To further demonstrate the ability of the Porous-DeepONet to
handle boundary layers, the advection equation is considered, as
shown in Fig. 2(c). In this scenario, the inlet velocity differs across
different structures, and the outlet pressure is set to atmospheric
pressure. The surface of the porous media is subjected to a no-
slip BC. Moreover, to accurately simulate the change in velocity
at the entrance, it is assumed that the porous medium is connected
to the bulk phase. The corresponding advection equation is as
follows:

q u � rð Þu ¼ r � �pI þ K½ � ð10Þ

qr � uð Þ ¼ 0 ð11Þ
s structures. (a) The exact solution by FEM; (b) the predicted solution by Porous-
as in the subfigures are the reaction rate kcn , where k represents the reaction rate
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K ¼ l ruþ ruð ÞT
� �

ð12Þ

with the following BCs:

uin ¼ �uinn; pout ¼ patm; usurface=top=bottom ¼ 0 ð13Þ

where u is the velocity, u is the magnitude of the velocity, q is the
mass density, p is the pressure, I is a unit matrix, K is the viscous
resistance, and l is the viscosity. Eqs. (10)–(13) likely capture the
complex phenomena associated with mass transport in these sys-
tems. These types of equations are crucial for understanding and
optimizing the performance of fuel cells and reaction towers. The
values and ranges of the parameters involved in these equations
are listed in Table S1, providing important information for charac-
terizing the system’s behavior and potentially enabling further
analysis and modeling.

The Porous-DeepONet is employed to predict the magnitude of
the velocity u x; yð Þ by inputting porous structure u x; yð Þ and the
magnitude of the inlet velocity uin. As depicted in Fig. 5, the results
demonstrate that the trained Porous-DeepONet exhibits an overall
excellent agreement with the reference PDE solution, even though
the velocity is not zero at certain surface parts. The distributions of
the absolute error further indicate that the test error etest amounts
to 0.0012 m∙s�1, as illustrated in Fig. S11(b) in Appendix A. This
finding underscores the capability of the Porous-DeepONet to
effectively solve parametric PDEs with BCs related not only to flux
but also to variable parameters such as u.
3.4. Heat conduction equation

This example aims to explore the potential of the Porous-
DeepONet in solving multiphase parametric PDEs, as illustrated
in Fig. 2(d). In contrast to the previous examples, let us consider
a scenario in which heat can be transferred between two phases.
More specifically, we assume that there is no thermal resistance
between the two phases in porous media when the inlet tempera-
ture is higher than the outlet temperature. To clearly differentiate
between the two phases, we designate phase 1 as air with a low
Fig. 5. Solving the parametric advection equation in real porous structures. (a) The exac
error at the inlet velocity of 0.176, 0.178, 0.153, and 0.193 m�s�1.
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thermal conductivity and phase 2 as metal with a high thermal
conductivity. The corresponding equation is provided below:

k1r2T ¼ 0; k2r2T ¼ 0 ð14Þ
with the following BCs:

T in ¼ 313:15 K; Tout ¼ 293:15 K; �n � Q top=bottom ¼ 0 W �m�2

ð15Þ

�n � Q surface;1

� 	þ �n � Q surface;2

� 	 ¼ 0 W �m�2; Tsurface;1 ¼ Tsurface;2

ð16Þ
where k is the heat conductivity, T is temperature, and Q is the heat
flux, given by Q ¼ �krT. The specific values and permissible ranges
of the parameters in Eqs. (14)–(16) are provided in Table S1.

Fig. 6 demonstrates that the trained Porous-DeepONet model
can predict the solution of the heat conduction equation T x; yð Þ
for any given heat conductivity of phase 2 k2 and porous structure
u x; yð Þ in the test dataset. The average of the absolute value of the
absolute error is found to be 0.020 K, as detailed in Fig. S11(c) in
Appendix A. Interestingly, unlike the single-phase examples dis-
cussed earlier, the maximum error does not occur where the gradi-
ent is the largest but rather occurs on the surface. This
phenomenon suggests that, when learning the solution of para-
metric PDEs in porous structures, special attention needs to be
given to regions with steep gradients and the surface of porous
structures. These findings highlight the importance of accurately
modeling and capturing the behavior of the surface and regions
with significant gradients when using Porous-DeepONets to solve
PDEs in porous structures.

3.5. The PNP equations

The last example aims to solve multi-physics parametric PDEs
in porous media using the Porous-DeepM&Mnet. In addition, the
possibility of combining the Porous-DeepM&Mnet with other por-
ous models is explored by replacing real porous structures with the
porous model. Considering the representativeness of the model
t solution by FEM; (b) the predicted solution by Porous-DeepONet; (c) the absolute



Fig. 6. Solving the parametric heat conduction equation in real porous structures. (a) The exact solution by FEM; (b) the predicted solution by Porous-DeepONet; (c) the
absolute error at the heat conductivity of non-air phase of 157, 258, 344, and 449 W�(m�K)�1.
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and the complexity of the PDEs, we chose the stack electrode
model [9,45] and the PNP equations to investigate the charging
process in porous electrodes. The simplification process of real por-
ous electrodes is shown in Fig. 2(e). The simplified porous structure
can be regarded as a 1D image, which is easily inputted into the
Porous-DeepONet and Porous-DeepM&Mnet. After the potential
is applied to the cathode and anode, the anions and cations diffuse
from the center of the two plates and the bulk phase to the vicinity
of the plate. They then adsorb onto the plate to form electric dou-
ble layers (EDLs). The following PDEs describe this phenomenon:

@c	
@t

þr � J	 ¼ 0 ð17Þ

J	 ¼ �D	 rc	 þ z	Fc	
RT

r/


 �
ð18Þ

e0err � �r/ð Þ ¼ Fq ð19Þ
with the following ICs and BCs:

cþ;0 ¼ c�;0 ¼ 100 mol �m�3 ð20Þ

/cathode ¼ 0:01 V; /anode ¼ �0:01 V; �n � J left=right ¼ 0 ð21Þ
where 	 represents the cation and anion, respectively; while z
denotes the valence of the ion. In addition, / represents the poten-
tial, q corresponds to the space charge concentration (given by
q ¼ zþcþ þ z�c�), R is the ideal gas constant and F represents the
Faraday constant. e0 and er denote the vacuum and relative dielec-
tric constant, respectively. It is important to note that varying the
number and position of plates generates different porous structures.
Furthermore, Dþ and D� are variables used to represent various
combinations of anions and cations. More detailed information is
given in Table S1.

Fig. 7 presents the results of /, cþ, and c� predicted by the
Porous-DeepM&Mnet, which is based on the Porous-DeepONet.
The displayed results are taken from a randomly selected entry
in the test dataset (further visualizations can be found in Fig. S12
in Appendix A). These results demonstrate that the Porous-
DeepM&Mnet effectively captures the details of the EDLs adsorbed
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on the electrode plate. The test errors etest for /, cþ, and c� are
8.1�10�6 V, 0.015 mol∙m�3, and 0.014 mol∙m�3, respectively, as
can be easily observed in Figs. S11(d)–(f) in Appendix A. Therefore,
the Porous-DeepONet can seamlessly integrate with other Deep-
ONet frameworks to solve more complex parametric PDEs.

3.6. Comparison of the computation time between the Porous-
DeepONet and FEM

To demonstrate the high solving efficiency of the Porous-
DeepONet, we measured the time required for the the Porous-
DeepONet and the FEM to solve the same problem on an Intel�

Xeon� Platinum 9242 CPU with a single CPU core, as shown in
Fig. 8. The time cost of the trained Porous-DeepONet includes load-
ing the trained model and inferring the results, whereas the time
cost of the FEM encompasses importing the porous structure,
meshing, assembling the matrix, and solving. It was found that
the Porous-DeepONet was up to three orders of magnitude

O 103
� �

faster than the conventional FEM in solving the same prob-

lem. When the Porous-DeepM&Mnet was based on the Porous-
DeepONet, the solution speed improved by about 50 times when
solving the PNP equations. It should be noted that the first and last
examples took significantly more time than the other examples
because they consider time t, which requires a greater number of
inferences (Table 1). To reduce the inference time, the Porous-
DeepONet can be used to infer results in parallel on a CPU or GPU.
4. Conclusions

This work introduces the Porous-DeepONet, a deep-learning
framework designed for learning the solution operators of para-
metric PDEs in porous media, with a focus on reactive transport
equations. We employed CNNs to extend the DeepONet, resulting
in a simple yet highly effective approach capable of handling com-
plex domain geometries. This extension enables significant
improvements in solving efficiency compared with conventional
FEM methods. To evaluate the accuracy and applicability of the
Porous-DeepONet, we solved various reactive transport equations,



Fig. 7. Solving the PNP equations in a porous model. The exact solution by FEM, the predicted solution by Porous-DeepM&Mnet, and the absolute error of (a–c) the potential
/; (d–f) the concentration of cation cþ; and (g–i) the concentration of anion c� , respectively.

Fig. 8. Comparison between FEM and Porous-DeepONet regarding the average time
cost of solving the Fick diffusion equation, the Fick diffusion and surface reaction
equation, the advection equation, the heat conduction equation, and the PNP
equations.
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including the Fick diffusion equation, the Fick diffusion and surface
reaction equation, the advection equation, and the heat conduction
equation. The results demonstrated that the Porous-DeepONet can
efficiently solve single-phase and multiphase parametric PDEs
with complex BCs, achieving up to three orders of magnitude faster
computation times than the conventional FEM. We also combined
the Porous-DeepONet with the DeepM&Mnet to tackle the chal-
lenge of solving multi-physical field coupled PNP equations, lead-
ing to a substantial reduction in computation time by a factor of 50.

In addition to the examples mentioned above, the Porous-
DeepONet has a wide range of applications in various scientific
and engineering fields involving porous media, including quantum
chemistry and social sciences. Despite the promising initial results,
several technical challenges require further investigation. Firstly,
to address inaccuracies in step gradient regions and near surfaces,
integrating a self-attention mechanism or utilizing data-
augmentation techniques in the Porous-DeepONet could be bene-
ficial. Secondly, the requirement of numerous paired input–output
observations for the Porous-DeepONet may be costly. An alterna-
tive approach could involve transitioning the Porous-DeepONet
from being data-driven to being driven by physical information,
as demonstrated by the PI-DeepONet [11]. However, due to the
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complexity of BCs in porous media and challenges with conver-
gence in the loss function of PINNs, exploring the Porous-PI-
DeepONet remains a valuable research direction. Thirdly, the
Porous-DeepONet is currently limited to solving parametric PDEs
in fixed-size porous structures. To enhance its adaptability to more
complex input porous structures (e.g., random-size SEM images
post-segmentation from databases), advanced architectures such
as fully CNNs need to be integrated into the Porous-DeepONet.
Lastly, due to limited video memory size and training time con-
straints, the Porous-DeepONet encounters limitations when han-
dling super-large 3D structures with an RTX 3090 graphics card.
Drawing inspiration from examples like the PNP equations, simpli-
fied porous models such as the stacked electrodes model [45] and
pore network model [46] can serve as alternative inputs to the
Porous-DeepONet. Addressing these technical challenges not only
has the potential to improve the performance of the Porous-
DeepONet but also positions it as a viable alternative to the FEM
for solving PDEs in diverse structures.
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