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ABSTRACT

The extensive span of very large floating structures (VLFS) and the characteristics of their service environment require 
a comprehensive consideration of second-order wave loads and inhomogeneous wave conditions during hydroelastic analysis. 
Previous studies have treated the two factors separately or applied the Newman’s approximation (NA) for low-frequency 
wave loads, thus introducing uncertainties into the analysis. In this study, the beam-connected-discrete-modules (BCDM) 
hydroelastic method was applied to evaluate the hydroelastic response of a VLFS. A pontoon-supported floating bridge was 
used as an example, considering both the effects of complete low-frequency wave loads and an inhomogeneous wave field. 
The practicality of applying the NA to estimate the low-frequency wave loads for the VLFS is also discussed. Moreover, due 
to the enormous computational burden for obtaining the full quadratic transfer functions (QTF) of all pontoons directly, this 
study simplified the process by ignoring the influence of first-order motions on low-frequency wave loads and hydrodynamic 
interaction between pontoons. This simplification allows the full QTF of all pontoons to be indirectly calculated by 
incorporating spatial phases into the QTF of individual pontoons. Therefore, the impact of spatial phases on low-frequency 
wave loads is also discussed. The results show that the inhomogeneous wave field can lead to shifts in generalized wave loads 
and primary modes. Furthermore, analyses that do not consider both the inhomogeneous wave field and low-frequency wave 
loads cannot envelop the worst-case scenario. The NA overestimates the QTF under the simplifications assumed in this study. 
The spatial phase of low-frequency wave loads significantly affects responses dominated by low-order modes. Neglecting 
them can lead to an unacceptable overestimation of responses dominated by low-order modes.



1. Introduction

Over the past few decades, the demand for ocean resources has increased continuously, and various concepts for very 
large floating structures (VLFS) have emerged. Many countries have undertaken research efforts on VLFS, such as United 
States with mobile offshore base (MOB) [1], Japan with mega-float [2], Norway with floating bridges [3], and China with 
multi-functional floating bases [4] near islands. These VLFS exhibit relatively low structural stiffness and significant elastic 
deformation under wave loads. Therefore, it is necessary to couple hydrodynamic calculations and structural responses during 
analyses. Hydroelastic theories have been developed to address this challenge. Limited by computational resources and the 
complexity of the fluid–structure interaction analysis of elastic bodies, the earliest hydroelastic theories were two-dimensional 
(2D) and based on the strip theory [5]. Although the 2D assumption neglects the longitudinal hydrodynamic interactions, it is 
effective for slender bodies. However, with further developments in ocean engineering, many newly emerged VLFS do not 
satisfy the assumptions of strip theory. The 2D hydroelastic theory is inadequate for addressing the hydroelastic analysis 
problems of VLFS. To address this issue, Wu [6] developed a three-dimensional (3D) linear hydroelastic theory in the 
frequency-domain by combining the 3D potential flow theory with 3D structural dynamics theory. This theory incorporates 
generalized modes into the hydroelastic analysis of flexible floating bodies, addressing the challenges related to fluid–
structure interaction boundary conditions. Subsequently, the 3D linear hydroelastic theory has been extended into the time-
domain [7] and is capable of considering the influence of a finite water depth [8]. 

However, conducting only the first-order hydroelastic response analysis is insufficient for VLFS. The structural stiffness 
of VLFS is relatively low, and their natural frequencies span a wide range, covering both low- and high-frequency components 
of the wave field. Additionally, their mooring systems are sensitive to low-frequency wave loads. Neglecting the second-
order wave loads may induce deviations in the VLFS response predictions by introducing resonance risks to the VLFS 
structure or mooring system. Therefore, the impact of second-order wave loads must be considered. To solve this issue, Wu 
et al. [9] proposed a 3D nonlinear frequency-domain hydroelastic method by considering the quadratic terms of the rigid body 
rotation and instantaneous wet surface variation of the floating body. Park et al. [10,11] refined this theory [9] and employed 
a direct coupling approach to solve the mean drift forces for floating bodies with and without forward speed. They discovered 
that owing to the influence of elastic deformation, the peak of the mean drift forces shifted towards higher frequency ranges. 
Tian and Wu [12] further developed this theory [9] by considering the effects of the forward speed and inhomogeneous steady-
wave fields on the hydroelastic response of floating bodies. They proposed a second-order frequency-domain hydroelastic 
theory for floating bodies with forward speed. Chen et al. [13,14] extended this theory [9] and developed a nonlinear 
hydroelastic method for taut-moored floating bodies. They investigated the second-order hydroelastic response of a moored 
floating body under sum- and difference-frequency wave forces, and revealed the impact of second-order wave forces on 
motion. Ni et al. [15] combined the 3D hydroelastic theory with the catenary equations of mooring systems to propose a 
coupled numerical analysis method. They studied the hydroelastic response characteristics of moored floating bodies under 
first- and second-order wave forces. However, because of the complexity of solving second-order boundary problems and 
obtaining complete second-order wave loads, nonlinear 3D hydroelastic analysis methods require further investigation.

A newly emerged beam-connected-discrete-modules (BCDM) hydroelastic method [16] introduced a new approach to 
addressing hydroelastic problems. This method regards continuous floating bodies as a multi-module system connected by an 
equivalent elastic beam and applies multi-body hydrodynamics to solve hydrodynamic problems. This method has a distinct 
advantage in terms of its computational efficiency. Since its proposal, the BCDM method has attracted the attention of many 
scholars and has been continuously developed. Wei et al. [17] combined the convolution principle with the BCDM method 
to extend it to the time-domain, enabling it to consider the effects of nonlinear loads, such as moving loads. Li et al. [18] 
further extended the BCDM method to the second-order by incorporating linear hydroelastic responses into multi-body 
hydrodynamics. Bakti et al. [19] proposed the 2D-BCDM method by modeling thin-plate structures using a 2D beam system, 
making the BCDM method applicable to more types of marine structures. For VLFS with forward speed, it is essential to 
account for the effects of the forward speed in the hydroelastic analysis. Based on slender body and low uniform flow speed 
approximation, Bakti et al. [20] introduced a frequency-domain BCDM method that considers the effects of the forward speed. 
To address this problem further, Zhang et al. [21] adopted the time-domain Rankine source method, which incorporates the 
steady flow effect through the double-body flow model, to calculate the hydrodynamic forces. This extended the BCDM 



method to analyze arbitrarily shaped flexible VLFS with higher forward speeds in both the frequency- and time-domains. 
Additionally, to facilitate stress analysis using the BCDM method, Zhang et al. [22] developed a two-step method within a 
quasi-static framework, enabling stress analysis to account for both the overall elastic deformation and the effects of local 
elastic deformation. In terms of applications, many scholars have applied the BCDM method to the hydroelastic analysis of 
various VLFS, such as pontoon-supported floating bridges [23,24], suspended floating tunnels [25], very large elastic 
platforms, floating wind turbines [26] and, wave energy conversion devices [27]. Currently, the BCDM method has matured 
and can solve problems related to second-order hydroelasticity [18], hydroelasticity with forward speed [28], and local 
response analysis [22].

The aforementioned studies assumed homogeneous wave conditions. VLFS are typically located in an inhomogeneous 
wave field [4]. Owing to the large span of VLFS, different segments experience distinct wave loads. Consequently, the 
influence of inhomogeneous wave fields must be considered in the hydroelastic analysis. Theories for describing 
inhomogeneous wave fields and hydrodynamic calculations under inhomogeneous conditions are gradually being developed. 
Generally, experimental data are required to obtain inhomogeneous wave parameters, and the influence of floating bodies is 
neglected for simplification. Iijima and Shiraishi [29] proposed a two-step method for considering the effects of 
inhomogeneous wave conditions. In the first step, a nonlinear wave model or wave experiments are required to obtain the 
nonlinear wave time history at the site where the VLFS is located. The wave parameters in the frequency domain are obtained 
through Fourier transformation. In the second step, based on the assumption of a finite water depth, the response amplitude 
operator of the VLFS motion is solved, and combined with the wave parameters from the first step, it is possible to predict 
the hydroelastic response of the floating body under inhomogeneous wave conditions in the frequency-domain. Rodrigues 
[30] proposed a method for first-order wave-structure interaction loads of multi-body structures under inhomogeneous wave 
fields, with minor modifications to the existing multi-body interaction theory that can be used with standard diffraction codes. 
The BCDM method can be easily extended to hydroelastic analysis under inhomogeneous wave conditions owing to its 
inherent discrete characteristics in hydrodynamic analysis. Wei et al. [17,31] proposed that inhomogeneous wave fields could 
be discretized into a series of homogeneous wave fields. Based on this approach, different wave loads can be applied to 
different modules to account for the effects of spatial inhomogeneity in the wave fields. This method offers a convenient and 
effective solution that simplifies the treatment of inhomogeneous wave fields. Wei et al. [17] further developed a time-domain 
BCDM method for the hydroelastic analysis of VLFS in inhomogeneous sea conditions. Building on the work of Wei et al. 
[17], Li et al. [18] extended the method to consider second-order wave loads, thereby enabling the BCDM method to couple 
inhomogeneous wave fields and second-order hydroelastic loads. In the case of a floating bridge, which is a unique form of 
VLFS, the pontoons are naturally discrete. Some researchers also considered inhomogeneous wave conditions in floating 
bridge studies [32‒34]. Their approach of applying different sea states to pontoons was similar to that of the BCDM method 
for handling inhomogeneous wave fields. In recent years, research on inhomogeneous wave fields has significantly evolved.

From the above discussion, extensive research has been conducted to address the issues of nonlinear wave loads and 
inhomogeneous sea conditions during hydroelastic analysis. Different hydroelastic methods have theoretically provided 
comprehensive solutions to these challenges. However, performing hydroelastic response analysis on VLFS with a span of 
several kilometers remains challenging. This is because computational efficiency is a critical issue when performing VLFS 
hydroelastic analysis in engineering. VLFS have a large wet surface area. Correspondingly, the massive number of body-
surface meshes and free-surface meshes make it difficult to directly obtain complete second-order wave loads on VLFS. 
Therefore, simplified methods are required. For example, applying the Newman’s approximation (NA) is a more practical 
choice when calculating the low-frequency wave load [32,35]. It has proven reasonable for predicting low-frequency wave 
loads on a single rigid body in mooring analysis, and has been widely applied in practical engineering. However, it is only 
applicable to deep water with a narrow frequency bandwidth [36]. Although some researchers have used it to predict low-
frequency wave forces on VLFS such as floating bridges [32,34,37], its applicability remains controversial and requires 
further discussion. Additionally, because the NA uses the mean drift force (diagonal elements of the quadratic transfer 
functions, QTF) to approximate off-diagonal terms, the QTF obtained from the NA lack phase information [38]. For a single 
rigid floating body, neglecting the low-frequency wave force phase may have no significant effect. However, when analyzing 
VLFS made up of multiple bodies or applying BCDM methods, the phase differences between various bodies or sub-modules 



become essential. Additionally, as mentioned earlier, the need to account for second-order wave loads and inhomogeneous 
wave fields often occur simultaneously. It is necessary to couple their effects in the hydroelastic analysis of VLFS. Previous 
studies mostly simplified the calculation of low-frequency wave forces using the NA [32,37]. Therefore, a comprehensive 
study is required to investigate the validity of these simplifications.

In this study, the second-order BCDM method developed by Li et al. [18] was applied to a case study of a floating bridge 
incorporating complete second-order wave loads and inhomogeneous wave field effects, demonstrating the advantages of the 
method in hydroelastic analysis. The QTF for all pontoons of the floating bridge were not derived through comprehensive 
multi-body hydrodynamic calculations. Instead, a simplified approach was employed: The full QTF of a single pontoon was 
first calculated, and then the QTF for all pontoons were determined by indirectly incorporating spatial phase adjustments. 
This simplification relies on two main assumptions: ① The influence of first-order hydroelastic responses on second-order 
wave loads is neglected; ② the hydrodynamic interaction between pontoons can be neglected because of the large spacing 
between adjacent pontoons. These simplifications reduce the computational burden of the QTF derivation, enabling the 
consideration of complete second-order wave load components and spatial phase effects in the present analysis. Furthermore, 
the core idea of the proposed simplified approach is extended to improve the traditional NA, allowing it to account for spatial 
phase effects. Therefore, the impact of the spatial phase of low-frequency wave loads and the applicability of the NA to VLFS 
were examined in detail by contrasting the results obtained using different second-order wave load models. Building on this, 
the key characteristics of the hydroelastic response analysis for floating bridges coupled with inhomogeneous wave loads and 
complete second-order wave loads are discussed.

2. Floating bridge concept and numerical model

The conceptual design was based on the straight floating bridge proposed by COWI A/S (Denmark) [39]. As shown in 
Fig. 1 [37], the bridge spans approximately 4500 m in length. It consists of two parts: a cable-stayed bridge and a floating 
bridge. The cable-stayed bridge elevates its girders to provide a navigation channel. The primary component of the floating 
bridge is composed of bridge girders, columns, pontoons, and an abutment at the north end.

Fig. 1. Straight side-anchored bridge concept by COWI A/S (Denmark). Reproduced from Ref. [37] with permission of 
Elsevier, ©2023.

The girders are supported by 18 identical pontoons connected by columns, each spanning 203 m. The southern end 
abutment forms a monolithic connection with the bridge, whereas the northern end permits longitudinal movement. The bridge 
is anchored to the seabed at three points using mooring lines. 

The numerical model of the floating bridge was established based on the BCDM hydroelastic method. The underlying 
theory and validation are detailed in Section S1 in Error! Reference source not found.. Specifically, the computational 
framework was implemented using WAMIT (WAMIT, Inc., USA) in conjunction with an in-house code named HAISE. The 
structural model adapts the truncated bridge model proposed by Li et al. [37] by omitting the cable-stayed segment, it has 
been demonstrated to closely resemble the original COWI A/S design. The 3857 m bridge girders and columns are modeled 
using linear Euler–Bernoulli beams. The southern end of the bridge is fixed, whereas the northern end is free to move along 
X-axis. Mooring system is incorporated by equivalent stiffness matrices. The modal analysis of Li et al. [37] proved that this 



structural model closely resembles the original COWI A/S design. For hydrodynamic modeling, the hydrodynamic 
coefficients of the pontoons are estimated using potential flow theory. A constant water depth is assumed, as Cheng et al. [38] 
demonstrated that depth variations have a negligible effect on wave loads. Furthermore, hydrodynamic interactions between 
pontoons are neglected due to their large spatial separation. 

As shown in Error! Reference source not found.(a) [37], global coordinate system (O–XYZ) and the local coordinate 
system (o–xyz) are right-handed. represents. The global X-axis aligns with the bridge girders, along which 20 reference 
positions (SE, P1–P18, NE) are designated based on pontoon and boundary locations. As shown in Fig. 2(b) [37], the incident 
wave angle θ is defined counterclockwise, with θ = 0° pointing along the positive X-direction. For more detailed definitions, 
please refer to Li et al. [37].

Fig. 2. Truncated floating bridge model: (a) side view; (b) top view and wave directions. SE: south end; NE: north end; S: 
south; N: north; E: east; W: west; SW: southwest; NW: northwest. P1, P2, …, P18 represent the numbers for 18 pontoons. θ 
represents the wave incident angle. Reproduced from Ref. [37] with permission of Elsevier, ©2023.

To facilitate the subsequent analysis of the related phenomena, the modal analysis of Li et al. [37] is referenced. The 
frequency information for the first 44 modes is listed in Section S2 in Error! Reference source not found., and the shapes 
of several specific modes are illustrated in Fig. 3 [37]. TC and TF refer to the natural frequencies (wet frequencies) of the 
completely straight bridge and truncated floating model, respectively. 



Fig. 3. Typical mode shapes of the bridge with dominating motions: (a) horizontal motion along the Y-axis; (b) torsional 
motion; (c) axial motion along the X-axis; and (d) vertical motion along the Z-axis. Reproduced from Ref. [37] with permission 
of Elsevier, ©2023.

3. Methodology

3.1 Governing Equation

The governing equation in the time domain for the hydroelastic response of the floating bridge can be expressed as 
follows:

[𝑴 + 𝒎 + 𝑨(∞)]6𝑁×6𝑁{𝒙(𝑡)}6𝑁×1 +
𝑡

0
[𝑯(𝑡 ― 𝜏)]6𝑁×6𝑁{𝒙(𝜏)}6𝑁×1 d𝜏

+ [𝒄]6𝑁×6𝑁{𝒙(𝑡)}6𝑁×1 + [𝑲 + 𝑲moor + 𝒌]6𝑁×6𝑁{𝒙(𝑡)}6𝑁×1

= 𝑭(1)(𝑡) + 𝑭(2)(𝑡) 6𝑁×1 (1)

The subscript N denotes the number of elastic beam-element nodes. [𝑴] and [𝒎] represents the mass of the pontoons 
and equivalent elastic beam (girders and columns), respectively. [𝑨] is the added mass. [H(t)] is the retardation function 
matrix. [𝒄] represents the structural damping. [𝑲] and [𝒌] correspond to the structural stiffness of the elastic beam and the 



hydrostatic restoring stiffness of the pontoons. [𝑲moor] is the equivalent linear stiffness matrix for the mooring system. {𝒙}, 
{𝒙}, and {𝒙} indicate the acceleration, velocity, and displacement of the corresponding nodes on the equivalent elastic beam, 
respectively. {𝑭(1)(𝑡)} and {𝑭(2)(𝑡)} represents the first- and second-order wave excitation force. t denotes the current time 
variable and 𝜏 represents the historical time variable.

3.2 Inhomogeneous Wave Elevation and Wave Excitation Forces

3.2.1. Inhomogeneous Wave Elevation

According to the BCDM method, the inhomogeneous wave field is addressed by discretizing it into distinct regions based 
on its spatial inhomogeneity characteristics. The waves in each region are homogeneous and described by different spectra, 
as follows: 

𝜂𝑞(𝑋p,𝑌p,𝑡) =
𝐿

𝑙=1
2𝑆𝑞

w(𝜔𝑙)Δ𝜔exp i(𝜔𝑙𝑡 + 𝜀𝑙 ― 𝑘′𝑙𝑋p cos 𝜃𝑞 ― 𝑘′𝑙𝑌p sin 𝜃𝑞 ) (2)

where 𝜂𝑞, 𝑆𝑞
w(𝜔), and 𝜃𝑞 are the wave elevation, wave spectrum, and wave incident angle in the qth region, respectively. 

𝑋p and 𝑌p are the pontoon coordinates in global coordinate system, and i is the imaginary unit. L is the total number of wave 
components, Δ𝜔 is the frequency interval, while 𝑘′𝑙 and 𝜀𝑙 represent the wave number and random phase of the lth wave 
component, respectively. 𝜔𝑙 is the wave frequency.

In this study, the number of regions is equal to the number of pontoons. The local wave spectra and incident angles are 
different for each pontoon. But the random phases remain the same in all regions. 

3.2.2. First- and second-order wave excitation forces in inhomogeneous wave conditions

After obtaining the expression for the inhomogeneous wave elevations, the time-series of the wave excitation forces {
𝑭(1)(𝑡)} and {𝑭(2)(𝑡)} can be generated. The expression for the first-order wave excitation forces on the mth pontoon is as 
follows:

𝐹(1)
𝑚𝑗 (𝑡) =

𝐿

𝑙=1
𝑓(1)

𝑚𝑗 (𝜔𝑙,𝜃𝑞) 2𝑆𝑞
w(𝜔𝑙)Δ𝜔exp i 𝜔𝑙𝑡 + 𝜀𝑙 ― 𝑘′𝑙𝑋p cos 𝜃𝑞 ― 𝑘′𝑙𝑌p sin 𝜃𝑞 + 𝜙(1)

  H (3)

where 𝑓(1)
𝑚𝑗  and 𝜙(1)

  H  are the amplitude and phase of the linear wave-force transfer functions, respectively. Subscript m 

denotes the mth module, subscript j represents the jth degree of freedom (DOF) of the module.

The low-order wave forces are expressed as follows:

𝐹(2)
𝑚𝑗 (𝑡) =

𝐿

𝑙=1

𝐿

𝑘=1
2𝑆𝑞

w(𝜔𝑙)Δ𝜔 2𝑆𝑞
w(𝜔𝑘)Δ𝜔  |𝑄(2)

𝑚𝑗 (𝜔𝑙,𝜔𝑘,𝜃𝑞)|

× exp i (𝜔𝑙 ― 𝜔𝑘)𝑡 + (𝜀𝑙 ― 𝜀𝑘) + 𝜙(2)
  H

(4)

where |𝑄(2)
𝑚𝑗 (𝜔𝑙,𝜔𝑘,𝜃𝑞)| and 𝜙(2)

  H  are the amplitude and phase of the QTF, respectively. 𝜔𝑘 represents the kth frequency. 



𝜀𝑘 denotes the random phase at the kth frequency

3.3 Simplified approaches for obtaining second-order wave loads

Although the second-order BCDM method facilitates relatively efficient dynamic response analysis, it necessitates the 
evaluation of the full QTF by the boundary element method (BEM). The most accurate method for obtaining the full QTF 
involves calculating the complete second-order wave loads by coupling second-order multi-body hydrodynamic theory with 
first-order hydroelastic responses [18]. However, this method requires an extensive number of body- and free-surface meshes 
across thousands of frequency combinations, imposing a severe computational burden. For the floating bridge investigated in 
this study, evaluating the full QTF for a single pontoon requires approximately one week of computational time. Directly 
calculating the full QTF for all pontoons entails a roughly quadratic increase in mesh count, making it highly challenging on 
a personal computer. Consequently, developing simplified methods is crucial for mitigating the computational demands of 
acquiring the full QTF.

3.3.1. Newman’s approximation 

The NA is a classic simplified approach for obtaining low-frequency wave loads. Newman [40] proposed that low-
frequency wave forces could be approximated using the mean drift force. The QTF of the low-frequency wave forces can be 
easily obtained by applying this approximate strategy. This method has been widely used in engineering analyses and is highly 
effective for single rigid bodies in deep water with narrow frequency bandwidths [36]. Different variants of NA have been 
established [36], and the formulas used in this study are as follows [41]:

𝑄(2)
𝑚𝑗 (𝜔𝑙,𝜔𝑘,𝜃) ≈

sgn( 𝑄d
𝑚𝑗(𝜔𝑙,𝜃)) 𝑄d

𝑚𝑗(𝜔𝑙,𝜃)𝑄d
𝑚𝑗(𝜔𝑘,𝜃)      if  sgn(𝑄d

𝑚𝑗(𝜔𝑙,𝜃)) = sgn(𝑄d
𝑚𝑗(𝜔𝑘,𝜃))

      
0                                                                                  if  sgn(𝑄d

𝑚𝑗(𝜔𝑙,𝜃)) ≠ sgn(𝑄d
𝑚𝑗(𝜔𝑘,𝜃))

       

(5)

where sgn denotes the sign function. 𝑄d
𝑚𝑗(𝜔𝑙,𝜃) and 𝑄d

𝑚𝑗(𝜔𝑘,𝜃) represent the mean drift force on the pontoon at the wave 
frequency 𝜔𝑙 or 𝜔𝑘 and direction 𝜃.

3.3.2. Indirect method for incorporating the spatial phase in low-frequency wave loads

From Eq. (5), it is evident that the QTF obtained using NA are purely real, implying that 𝜙(2)
  H = 0. This results in the 

loss of phase information and introduces uncertainty into the analysis. Therefore, a novel simplified method capable of 
preserving spatial phase information is proposed here. By neglecting the effects of first-order pontoon motion on second-
order wave loads and the hydrodynamic interference between pontoons, this method significantly simplifies the QTF 
calculation. Under these assumptions, the cross-terms of the first-order quantities 𝑭(2)

q  in 𝑭(2) are simplified, and the spatial 

phase 𝜙(2)
 spatial can be extracted as a common factor, similar to that in the first-order force transfer function (Section S1 in 

Error! Reference source not found.):

𝜙(2)
  spatial = ― 𝑘′𝑙 ― 𝑘′𝑘 𝑋p cos 𝜃 ― 𝑘′𝑙 ― 𝑘′𝑘 𝑌p sin 𝜃 (6)

As all the pontoons in this study have the same geometry, the other phases in the second-order force can be ignored, 

retaining only the spatial phase 𝜙(2)
  spatial. Therefore, this study indirectly obtains the full QTF by first calculating the full QTF 

for a single pontoon and then applying spatial phase adjustments to obtain the other pontoons’ results. A schematic of this 
approach is shown in Fig. 4. Notably, the pontoons are treated as fixed solely during the second-order wave load calculations, 
omitting the step of incorporating first-order hydrodynamic information into the QTF calculations (Section S1 in Error! 



Reference source not found.), whereas the computation of their added mass and radiation damping coefficients is retained 
in the first-order calculations. Specifically, the first-order hydrodynamic parameters of the pontoons are individually 
calculated by placing each pontoon at a predetermined spatial position. As the pontoon spacing is approximately three times 
its characteristic length, neglecting hydrodynamic interactions results in a negligible error based on the research of Zhang et 
al. [42], and this simplification is thus deemed justified in this study.

Fig. 4. Description of the method for indirectly incorporating the spatial phase in the QTF. Pon represents the pontoon 
supporting the bridge deck.

In addition, the QTF obtained from the NA are all real numbers; therefore, 𝜙(2)
  H = 0. To consider the spatial phase of 

low-frequency wave loads, the NA is modified by applying the same operations as those used for the full QTF (Fig. 4). The 
QTF without the inclusion of the spatial phase from both the BEM and NA are also calculated for comparison in the following 
sections to demonstrate the important role of the spatial phase.

This simplified method overcomes two key limitations prevalent in previous NA-based studies: the lack of phase 
differences in second-order wave loads between pontoons, and the absence of the second-order velocity potential contribution 
term 𝑭(2)

p  for in 𝑭(2). Despite relying on two key simplifying assumptions, it overcomes the drawbacks of conventional 
approaches. This improvement enhances the consistency of numerical predictions for large-span VLFS such as floating 
bridges, under practical engineering conditions.

4. Results and discussion

4.1. Determination of the wave conditions and load cases

In this study, a 100-year wind wave environment based on hindcast data from 2002–2017 [43] is adopted. All wave 
conditions in this study are long-crested. The wave field is described using the three-parameter JONSWAP spectrum Sw(ω) 
including the significant wave height Hs, the spectral peak period Tp, and the spectral peak parameter γ = 3.3. To account for 
both homogeneous and inhomogeneous wave fields, the continuous wave field is discretized into 18 regions based on the 
positions of the pontoons. Each wave field is treated as homogeneous. This approach is widely employed in literatures 
[32,33,44]. Since the pontoons are inherently discrete and their characteristic length (68 m) represents less than 2% of the 
overall wave-field scale (approximately 4000 m), it is reasonable to treat each subregion as locally homogeneous.

The inhomogeneous wave field has different wave spectra in different regions with specific wave parameters for each 
region, as listed in Table 1. For the homogeneous wave field, a uniform wave spectrum is adopted across all regions, defined 
by Hs = 2.4 m, Tp = 5.9 s, and θ = 225°. The wave field parameters are derived from Li et al. [37].

Table 1

Wave spectral parameters of the inhomogeneous wave spectrum.



Pontoon No. Hs
q (m) Tp

q (s) θq (° )

P1 2.4 6.02 220

P2 2.4 6.01 220

P3 2.4 5.99 221

P4 2.4 5.98 222

P5 2.4 5.96 223

P6 2.4 5.94 224

P7 2.4 5.93 225

P8 2.39 5.91 226

P9 2.36 5.89 227

P10 2.33 5.87 228

P11 2.3 5.85 229

P12 2.36 5.83 230

P13 2.23 5.81 232

P14 2.2 5.78 233

P15 2.17 5.75 234

P16 2.1 5.72 236

P17 2.01 5.69 238

P18 1.93 5.65 239

As listed in Table 2, a series of load cases are defined to investigate different modeling aspects of wave loads on the 
dynamic responses of the floating bridge, including different low-frequency wave load models (full QTF and NA), wave 
inhomogeneity, and the impact of the low-frequency wave load spatial phase. The frequency bandwidths of the low-frequency 
wave forces calculated in this study are 0–0.3 rad·s−1. Notably, the pontoon’s full QTF is derived using the indirect method 
(Section 3.3) that accounts for the spatial phase of the complete low-frequency wave forces.

Table 2



Load cases and descriptions.

Load case 
No.

Wave conditions Wave force Spatial phase of the second-order 
Force

Abbreviation

1 Homo, Hs = 2.4 m, Tp = 5.9 s, θ = 
225° first-order — Homo1

2 Homo, Hs = 2.4 m, Tp = 5.9 s, θ = 
225° first-order + second-order (NA) Considered HomoNA1

3 Homo, Hs = 2.4 m, Tp = 5.9 s, θ = 
225° first-order + second-order (NA) Not considered HomoNA2

4 Homo, Hs = 2.4 m, Tp = 5.9 s, θ = 
225°

first-order + second-order (full 
QTF) Considered HomoQTF1

5 Homo, Hs = 2.4 m, Tp = 5.9 s, θ = 
225°

first-order + second-order (full 
QTF) Not considered HomoQTF2

6 Inhomogeneous wave listed in 
Table 1 first-order — Inhomo1

7 Inhomogeneous wave listed in 
Table 1 first-order + second-order (NA) Considered InhomoNA1

8 Inhomogeneous wave listed in 
Table 1 first-order + second-order (NA) Not considered InhomoNA2

9 Inhomogeneous wave listed in 
Table 1

first-order + second-order (full 
QTF)

Considered InhomoQTF1

10 Inhomogeneous wave listed in 
Table 1

first-order + second-order (full 
QTF)

Not considered InhomoQTF2

4.2. Homogeneous wave condition

In this section, the applicability of the NA, the spatial phase influence on low-frequency wave excitations, and their 
effects on mooring loads are discussed by comparing the responses of a floating bridge calculated using four different low-
frequency wave force models. For convenience, the abbreviations for the different load cases listed in Table 2 are used in the 
following discussion. Specifically, “with spatial phase” and “without spatial phase” denote whether the spatial phase of 
second-order wave loads is considered or not, while the spatial phase of first-order wave loads is included by default.

Fig. 5 presents the standard deviations (STD) of the horizontal displacement (HD) along the bridge girder calculated 
using four different low-frequency wave force models. The results considering only first-order wave forces are also presented 
to identify the effect of these models. When the spatial phase of low-frequency wave forces is neglected, the HD is dominated 
by low-frequency wave forces. In addition, the responses of applying the NA are significantly larger than those from the full 
QTF. When the spatial phase of the low-frequency wave forces is considered, which is closer to the actual situation, the HD 
significantly decreases and is mainly contributed by the first-order wave forces. Nevertheless, the results from applying the 
NA remain larger. 



Fig. 5. Effect of different low-frequency wave force models on the STD of the HD in the Y-axis direction along the bridge 
girder under homogeneous wave condition.

Fig. 6 shows the STD of the vertical displacement (VD) along the bridge girder. The results obtained from different low-
frequency wave force models are nearly identical. This is because frequency bandwidth of the low-frequency wave forces 
calculated in this study is 0–0.3 rad·s−1, while the natural frequency of the lowest-order vertical mode is 0.547 rad·s−1. 
Therefore, the low-frequency wave forces hardly affect the vertical responses. Notably, this observation is specific to the 
studied bridge configuration. For structures with vertical natural frequencies overlapping the low-frequency wave excitation 
regime, low-frequency wave loads remain a critical consideration.

Fig. 6. Effect of different low-frequency wave force models on the STD of the VD in the Z-axis direction along the bridge 
girder under homogeneous wave condition.

To clarify the impact of the various low-frequency wave force models, Fig. 7 (a) presents the power spectral analysis of 
the HD at P11. This specific node was selected because its proximity to the maximum HD response ensures the capture of 
comprehensive modal dynamics. The power spectral density (PSD) for both HomoNA2 and HomoQTF2 are markedly higher 
in the low-frequency range (0–0.3 rad·s−1) than in the wave frequency range (0.5–2.0 rad·s−1). Specifically, a prominent peak 
emerges at the floating bridge’s first-order natural frequency (0.081 rad·s−1), with HomoNA2 producing a significantly larger 
peak thanHomoQTF2. The power spectral analyses of the sway generalized force of mode 1 is shown in Fig. 7(b). The 
generalized force of HomoQTF2 is much smaller than that of HomoNA2. This indicates that omitting the spatial phase may 
induce the first-order mode resonance, and the NA overestimates the sway low-frequency wave forces. 



Fig. 7. PSD 𝑆(𝜔) of (a) the HD in the Y-axis direction at P11 and (b) the generalized horizontal force in the sway direction 
under different low-frequency wave force models: NA without the spatial phase and full QTF without the spatial phase.

To further reveal the effect of the spatial phase, Fig. 8 show the power spectral analyses of the HD at P11 and the sway 
generalized force of mode 1 from HomoQTF1 and HomoQTF2. When the spatial phase of the low-frequency wave force is 
considered, the peak near the first-order natural frequency disappeared, resulting in a significant reduction in the response. In 
addition, the first-order generalized force of sway decreases substantially. This demonstrates that considering the spatial phase 
of the low-frequency wave forces can lead to significant changes in the HD. Moan and Eidem [45] suggested that the dynamic 
features of a bridge can be determined based on the natural frequencies and mode shapes, as well as the spatial distribution of 
the excitation force. The consideration of the spatial phase of low-frequency wave forces affects the spatial distribution of the 
excitation forces. Without the modulation effect of the spatial phase, the spatial distribution of low-frequency wave forces is 
identical for all pontoons, while the first-order mode shape of the floating bridge is a “half-wave” shape. This would lead to 
an excessive overestimation of the sway generalized force of mode 1 and the first-mode resonant response. Such an 
overestimation results in relatively conservative designs with large safety margins and increases construction costs in practical 
engineering applications. Consequently, the spatial phase of the low-frequency wave force must be considered in the analysis. 
Furthermore, the component at wave frequency ω = 0 rad·s−1 in Fig. 8 is attributed to the mean drift force. This component 
is also present in Fig. 7 but is less prominent, as the other frequency components exhibit significantly larger magnitudes.

Fig. 8. PSD of (a) the HD in the Y-axis direction at P11 and (b) the generalized horizontal force in the sway direction under 
different low-frequency wave force models: full QTF with the spatial phase and full QTF without the spatial phase.

Fig. 9 depicts the STD of the strong-axis bending moment MZ and weak-axis bending moment MY along the bridge girder. 
Results from different low-frequency wave force models are nearly identical to those of the Homo1. This is because bending 
moments are primarily contributed by the mode shape curvature, with low-order modes exerting only a minor influence on 
the bending moment results. Therefore, although HomoNA2 has a significantly larger horizontal displacement than the other 
models, this displacement is primarily contributed by the first-order mode, which has a minimal impact on MZ. Regarding the 
MY, as previously mentioned, the low-frequency wave loads hardly affect the vertical response. 



Fig. 9. Effect of different low-frequency wave force models on the STD of the (a) strong-axis bending moment MZ and (b) 
weak-axis bending moment MY along the bridge girder under homogeneous wave condition.

Fig. 10 shows the mean, maximum, and STD of the horizontal (Y-axis) forces on the mooring systems of pontoons 3, 9, 
and 15 for different wave force models. It can be observed that the mean of the horizontal mooring loads is no longer zero 
owing to the influence of the mean drift forces. Additionally, when the spatial phase of the second-order wave force is not 
considered, the increase in the horizontal displacement leads to a significant increase in the horizontal mooring loads. The 
smaller maximum horizontal mooring loads in HomoQTF1 and HomoNA1 compared to Homo1 are likely owing to the 
inherent randomness of the wave loads. As the dynamic characteristics of the mooring system are simplified as a linear 
stiffness matrix in this study, the impact of different low-frequency wave force models on the mooring system loads is similar 
to the discussion on the horizontal displacement of the floating bridge and will not be further elaborated.



Fig. 10. Effect of different low-frequency wave force models on the total mooring forces in the Y-axis direction for the 
mooring systems of pontoons 3, 9, and 15: (a) STD; (b) mean value; and (c) maximum (Max) value. 

Based on the preceding analysis, several key insights regarding the low-frequency wave force models can be summarized 
as follows:

• The horizontal displacement of a floating bridge is dominated by low-order modes and significantly influenced by 
different low-frequency wave force models. Conversely, the vertical responses and strong-axis bending moment are 
mainly contributed by high-order modes. They are barely affected by the low-frequency wave forces in this study.

• The standard NA overestimates the low-frequency wave forces in this study. The contrasting conclusion reported by 
Xiang [46] is likely attributable to their smaller pontoon spacing, which makes the hydrodynamic interaction between 
pontoons non-negligible.

• Ignoring the spatial phase of low-frequency wave forces leads to significant estimation errors in horizontal responses. 
Given the prohibitive computational cost of full QTF evaluations, the modified NA (Section 3.4) serves as a highly 
practical alternative.

• Whether assuming fixed boundary conditions (i.e., omitting first-order motion effects) underestimates the QTF remains 
debated. While Xiang [46] demonstrated this approach yields more conservative results, comprehensive conclusions 
require further investigation.



4.3. Inhomogeneous wave condition 

This section discusses the effects of the inhomogeneous wave field. Fig. 11 shows the horizontal and vertical 
displacement responses of the floating bridge under the inhomogeneous wave field, obtained using both the full QTF and NA. 
The results under the homogeneous wave field are also provided for comparison. Fig. 11(a) shows that, near the ends of the 
floating bridge, the horizontal response under the homogeneous wave field is more critical. However, the horizontal 
displacement of InhomoNA1 is greater in the middle of the bridge than that of HomoQTF1. This value is significantly higher 
than that of InhomoQTF1. Additionally, the displacement distribution trends for the two inhomogeneous load cases are similar 
and distinctly different from those of the homogeneous load case. Fig. 11(b) indicates that the inhomogeneous wave field 
increase the vertical displacement near the south east side of the bridge, while reducing the vertical displacement between 
P10 and P18. The results for inhomoQTF1 are nearly identical to those for inhomoNA1.

Fig. 11. STD of the (a) HD and (b) VD under different load cases: HomoQTF1, InhomoQTF1, and InhomoNA1. Homo–
Inhomo indicates the data comparison between homogeneous and inhomogeneous wave conditions.

The first part of the discussion focuses on the impact of the inhomogeneous wave field on the HD. The power spectral 
analyses of the HD at P2 and P12 are shown in Fig. 12. At P2, the results from the homogeneous wave condition exhibit two 
distinct peaks at frequencies of 0.96 and 1.08 rad·s−1 (Fig. 12(a)). These frequencies are close to those of the 33rd and 37th 
modes, respectively, which are dominated by horizontal deformations. At P12, the PSD of inhomogeneous load cases are 
significantly larger in the range of 0–0.3 rad·s−1 compared to that under the homogeneous wave field (Fig. 12(b)). They exhibit 
a distinct peak at the first-order natural frequency of the floating bridge at 0.081 rad·s−1. The peak of InhomoNA1 is greater 
than that of InhomoQTF1 owing to the overestimation of low-frequency wave loads by the NA. In addition, the PSD 
distributions for the inhomogeneous load cases are very similar, showing nearly identical profiles in the wave-frequency range. 
Their primary differences are in the magnitude of the peaks at the first-order natural frequency of the floating bridge at 0.081 
rad·s−1 and the fourth-order natural frequency of the floating bridge at 0.225 rad·s−1. In contrast, the PSD of HomoQTF1 is 
significantly lower than those of the inhomogeneous load cases in the low-frequency range. In addition, HomoQTF1 exhibits 
additional peaks at approximately 0.86 and 1.08 rad·s−1.



Fig. 12. PSD of the HD in the Y-axis direction at (a) P2 and (b) P12 under different load cases: HomoQTF1, InhomoQTF1, 
and InhomoNA1.

For the VD, Li et al. [37] suggested that the vertical responses are influenced by several modes with multiple half-waves, 
such as modes 29 and 32. This indicates that the vertical responses are mainly related to the local sea state. Owing to the 
larger Tp of the local sea state near the south east side, which is closer to the natural periods of the vertical modes, there will 
be an increase in the local vertical responses. To further investigate the response variations caused by the inhomogeneous 
wave field, PSD of the vertical displacement at P1 and P17 on the bridge girder is shown in Fig. 13. At P1, the PSD of both 
homogeneous and inhomogeneous fields are primarily concentrated in the range of 0.6–0.8 rad·s−1 (Fig. 123(a)). However, 
the peaks of the inhomogeneous load cases occur at approximately 0.75 rad·s−1, while the peak of HomoQTF1 appears at 0.78 
rad·s−1. For the results at P17, the VD under homogeneous wave condition is significantly larger, with a notable peak at 0.81 
rad·s−1, close to the 32nd-order natural frequency of the floating bridge (Fig. 123(b)).

Fig. 13. PSD of the VD in the Y-axis direction at (a) P1 and (b) P17 under different load cases: HomoQTF1, InhomoQTF1, 
and InhomoNA1.

Based on the previous analysis, it is evident that inhomogeneous sea conditions can lead to changes in the primary modes 
excited by wave loads. For example, under the homogeneous conditions, horizontal modes in the wave-frequency range are 
more easily excited, whereas the inhomogeneous wave condition may excite low-order modes within the low-frequency range. 
This is because, compared with the homogeneous wave condition, variations in the local sea states within the inhomogeneous 
wave field change the magnitude and direction of the wave forces on the floating bridge, resulting in changes in the generalized 
wave loads and primary modes. The change in the primary modes caused by the inhomogeneity of the wave field leads to 
significant differences in the response trends between the homogeneous and inhomogeneous sea conditions. Consequently, 
the response under severely homogeneous sea conditions may not fully envelope the maximum response under 
inhomogeneous conditions. 

This conclusion does not conflict with the observation of Li et al. [37] that the VD response is mainly related to local sea 
conditions, as spectral density analyses of the vertical responses also reveal peak frequency shifts caused by the 



inhomogeneous wave field. Furthermore, as indicated by the power spectral analyses of the HD, inhomogeneous wave fields 
can excite modes in the low-frequency range, highlighting the necessity of coupling second-order hydroelastic analysis under 
inhomogeneous sea conditions to ensure structural safety. In addition, in the context of this study, applying the NA with 
indirect consideration of the spatial phase remains a good strategy for evaluating the response of the VLFS under 
inhomogeneous wave conditions.

The STD of the strong-axis bending moment (MZ) and weak-axis bending moment (MY) along the bridge girder are 
shown in Section S3 in Error! Reference source not found.. The distribution characteristics of these results closely resemble 
those of the vertical displacement (VD). Specifically, these bending moments remain largely unaffected by second-order wave 
loads, while the variations in generalized forces induced by the inhomogeneous wave field lead to a pronounced shift in the 
dominant response modes.

5.Summary and conclusions

This study presents a time-domain hydroelastic analysis of a floating bridge under inhomogeneous waves. Both the full 
QTF and NA are applied to calculate the low-frequency wave loads. To overcome the computational bottleneck of full QTF 
evaluations, a novel and efficient simplified method is proposed, which indirectly preserves the spatial phase of low-frequency 
excitations. By comparing this approach with the full QTF and standard NA models, the coupled effects of spatial phase, 
wave inhomogeneity, and mooring loads are systematically investigated. The main conclusions are:

(1) Within the 0–0.3 rad·s−1 low-frequency range, the standard NA overestimates low-frequency wave loads, particularly 
when the influence of the first-order motions on the low-frequency wave forces and hydrodynamic interactions between 
pontoons are negligible.

(2) The spatial phase of the low-frequency wave loads is crucial. Neglecting it may lead to a severe overestimation of 
low-order responses, risking substantial and unnecessary construction costs for VLFS. Given the computational cost of full 
QTF evaluations, the modified NA incorporating the spatial phase serves as a highly efficient alternative.

(3) Low-frequency wave loads significantly affect the HD of a floating bridge, which is dominated by lower-order modes. 
However, they rarely influence responses dominated by higher-order modes. Therefore, VLFS designs must explicitly 
evaluate specific low-order modal characteristics and their specific sensitivities to low-frequency excitations across relevant 
DOF.

(4) Wave inhomogeneity affects nearly all the responses by altering the magnitude and direction of the wave forces, 
thereby modifying the generalized wave loads. Crucially, the maximum response under the most severely homogeneous 
conditions may not fully envelop that under inhomogeneous conditions. Additionally, variations in the generalized forces 
caused by wave field inhomogeneity may lead to the resonance of low-order modes. Therefore, it is necessary to couple the 
second-order hydroelastic analyses with inhomogeneous sea conditions.

However, the current study is limited to floating bridges, and the indirect QTF acquisition method relies on two 
assumptions: ① neglecting the hydrodynamic interactions between pontoons and ② ignoring the influence of first-order 
motions on low-frequency wave loads. These assumptions may introduce uncertainty into practical applications. Future work 
could include supplementary experiments, extend the proposed framework to other VLFS or multi-body systems, and 
exploring its coupling with wave-current effects. Additionally, evaluating the bidirectional effects of the full QTF under short-
crested fjord wave conditions. would also be a valuable extension of the current work.
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