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Abstract
Three-dimensional (3D) roughness of discontinuity affects the quality of the rock mass, but 3D roughness is hard to be measured due
to that the discontinuity is invisible in the engineering. Two-dimensional (2D) roughness can be calculated from the visible traces, but it is
difficult to obtain enough quantity of the traces to directly derive 3D roughness during the tunnel excavation. In this study, a new method
using Bayesian theory is proposed to derive 3D roughness from the low quantity of 2D roughness samples. For more accurately calcu-
lating 3D roughness, a new regression formula of 2D roughness is established firstly based on wavelet analysis. The new JRC3D predic-
tion model based on Bayesian theory is then developed, and Markov chain Monte Carlo (MCMC) sampling is adopted to process JRC3D

prediction model. The discontinuity sample collected from the literature is used to verify the proposed method. Twenty groups with the
sampling size of 2, 3, 4, and 5 of each group are randomly sampled from JRC2D values of 170 profiles of the discontinuity, respectively.
The research results indicate that 100%, 90%, 85%, and 60% predicting JRC3D of the sample groups corresponding to the sampling size
of 5, 4, 3, and 2 fall into the tolerance interval [JRCtrue–1, JRCtrue + 1]. It is validated that the sampling size of 5 is enough for predicting
JRC3D. The sensitivities of sampling results are then analyzed on the influencing factors, which are the correlation function, the prior
distribution, and the prior information. The discontinuity across the excavation face at ZK78 + 67.5 of Daxiagu tunnel is taken as
the tunnel engineering application, and the results further verify that the predicting JRC3D with the sampling size of 5 is generally in
good agreement with JRC3D true values.
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1 Introduction

Quickly judging the characteristics of the rock mass in
front of the excavation face is the key to prevent the col-
lapse of the rock mass (Zhu et al., 2019; Chen et al.,
2019; Ou et al., 2021; Lei et al., 2023). Investigating the
internal structure of unexcavated rock mass is important
for acquiring the properties of the rock mass. Rock mass
is a complex of the multiple fractures, so the quality of
the rock mass is mainly controlled by the discontinuities
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(Peyras et al. 2015; Tating et al. 2015; Azarafza et al.,
2017; Li et al., 2017). 3D roughness of discontinuity
(JRC3D) is a key indicator of evaluating the quality of
the rock mass (Battulwar et al., 2021). However, rock mass
is invisible in tunnel construction, but 2D traces can be
observed and extracted easily from the excavation face in
Fig. 1(b). It is necessary to seek a solution from a new per-
spective for predicting JRC3D by 2D roughness of discon-
tinuity (JRC2D).

For combining the convenience of the JRC2D calcula-
tion and the practicability of JRC3D, JRC2D of the multiple
2D profiles are averaged to speculate JRC3D of the discon-
tinuity (Du, 2005; Diaz et al., 2017). Considering that
ehalf of KeAi Communications Co. Ltd.
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Nomenclature

H Hessian matrix
JRC2D 2D roughness coefficient of the rock discontinu-

ity
JRC3D 3D roughness coefficient of the rock discontinu-

ity
JRCtrue True value of JRC3D

K Total number of the data points
M Number of JRC2D samples acquired from 2D

traces
N Total number of the rock discontinuity profiles
P2D New 2D parameter depicting the floating peaks
PðqmjnÞ Occurrence probability of the correlation func-

tion qm for a given n

PðnjqmÞ Likelihood function reflecting the fit between
JRC2D samples and the model

P(qm) Prior probability distribution of the correlation
function

PðnÞ Probability of JRC2D samples
Pðnjl; r; kÞ Likelihood function of n
Pðnjl; r; k; qmÞ Probability density function value

evaluated at n for given parameters (i.e., l, r,
and k) and given correlation function qm

Pðl; r; kjqmÞ Joint prior distribution of statistical
parameters l, r, and k

R Correlation function matrix
a Scaling parameter
d Distance along the vertical projection line of the

discontinuity
dl Horizontal length of each climbing segment l

(Floating peaks)
f(l) Prior distribution of statistical parameter l
f(r) Prior distribution of statistical parameter r
f(k) Prior distribution of statistical parameter k
f(l, r, k) Objective function for calculating l*, r*, k*
h1, l Vertical height of the lth data point (Original

profile)
h2, l Vertical height of the lth data point (Big peaks)
h3, l Vertical height of the lth data point (floating

peaks)
i Frequency of the local average of JRCk

2D data
k The kth rock discontinuity profile
l The lth data point

l Unit vector of M rows and one column
m Distance between any two points along the ver-

tical direction of the discontinuity
p(x) Objective function using MCMC sampling
q(x, x0) Proposal distribution using MCMC sampling
s Total number of parameters
t Horizontal distance corresponding to vertical

distance of a point on the asperity profile
u Random number generated from the interval

(0,1)
x0 A candidate state sampled by MCMC
l Mean of JRC2D samples
r Standard deviation of JRC2D samples
k Correlation length of JRC2D samples
l* Most probable value of statistical parameter l

for given n

r* Most probable value of statistical parameter r
for given n

k* Most probable value of statistical parameter k
for given n

l0 Mean of statistical parameter l
r0 Standard deviation of statistical parameter l
l1 Mean of the statistical parameter r
r1 Standard deviation of statistical parameter r
l2 Mean of statistical parameter k
r2 Standard deviation of statistical parameter k
lmin Lower limit of statistical parameter l
lmax Upper limit of statistical parameter l
rmin Lower limit of statistical parameter r
rmax Upper limit of statistical parameter r
kmin Lower limit of statistical parameter k
kmax Upper limit of statistical parameter k
s Distance along the horizontal length of the dis-

continuity model
wa,t(s) Wavelet basis function
h2D 2D parameter depicting the shear angle along

the shear direction
n Vector composed of JRC2D samples acquired

from 2D traces
qm Correlation function value of JRC2D

a Acceptance ratio
Dh Sampling interval of JRC2D
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JRC2D contributions of different profiles to JRC3D of the
whole surface are different, Huan (2021) proposed adding
weight to JRC2D of each profile. These approaches have
high requirements for the quantity of 2D profiles or sam-
pling size. For example, Babanouri et al. (2020) considered
that 180 profiles were needed to calculate JRC3D under the
requirement of low uncertainty and high accuracy. Due to
the difficulty of extracting a large quantity of traces during
the tunnel excavation, which is under the complicated con-
struction environment and engineering geological condi-
tions, it is significant to study how to reduce the effect of
the sampling size on the prediction results of JRC3D.

There actually exists the relevance between JRC2D of the
distinct profiles, which could be revealed by the statistical
parameters. Wang et al. (2023) used mean l and standard
deviation r to dynamically measure the maximum devia-
tion of the predicted JRC3D from the true JRC3D for deter-
mining the minimum quantity of the profile slices. This
method considered the relevance, and made breakthroughs
in minimizing the quantity of the profile slices. Owing to



Fig. 1. (a) Schematic diagram of the available information and method of predicting JRC3D, and (b) the extraction process of the JRC2D samples.

340 Q. Zhang et al. /Underground Space 14 (2024) 338–356
that the whole discontinuity needs to be traversed to accu-
rately determine the minimum quantity of profile slices, the
method was suitable for researching the exposed rock
joints, but may be difficult to be implemented for the tunnel
construction because of the invisibility of the discontinuity.
It is necessary to further investigate how to use the statisti-
cal parameters to predict JRC3D with the low quantity of
profiles under the background of tunnel construction.

This study provides a method to predict JRC3D based
on the low quantity of JRC2D samples from a new perspec-
tive. A new regression equation between 2D parameters
and JRC2D is firstly proposed to clearly describe the profile
roughness. A new JRC3D prediction model based on Baye-
sian theory is then developed. The discontinuity sample
collected from Wang et al. (2017) is used to verify the pro-
posed method, and the sampling size is set to 2, 3, 4, and 5
for determining the minimum quantity of trace samples.
The sensitivities of the influencing factors which are the
correlation function, prior distribution, and information
are then analyzed on the prediction results. Finally, the
proposed method is applied to the excavation face at
ZK78 + 67.5 of Daxiagu tunnel for predicting JRC3D of
the discontinuity.

2 New regression formula of JRC2D based on wavelet

analysis

The regression formulas between JRC2D and 2D parame-
ters traditionally focused on depicting one certain morphol-
ogy characteristic which affects the roughness of profiles,
such as the inclination angle, asperity height, and morphol-
ogy of the discontinuity back slope (Song et al., 2020), and
lacked a comprehensive description of different morphology
characteristics. In this Section, a new regression formula of
JRC2D is proposed for calculating JRC2D with the consider-
ation of the three morphology characteristics. h2D is a 2D
morphology parameter that can well reflect the inclination
angle along the shear direction (Tatone & Grasselli, 2010),
and h2D corresponding to Barton standard curves are listed
in Table 1. Considering the asperity height and morphology
of the discontinuity back slope, P2D is proposed, which is
derived by wavelet analysis. h2D and P2D are combined to
derive the new fitting formula for JRC2D.

Wavelet analysis method has a unique advantage that it
can extract the discrete frequencies of the morphology
information from the original measured data (Zou et al.,
2015). Due to that the unevenness (i.e., floating peaks)
partly controls the shear strength of the discontinuity, it
is meaningful to further reveal the characteristic. Floating
peaks can be obtained by subtracting big peaks formed
by wavelet analysis from the original profile. As shown in
Eqs. (1) and (2) (Zou et al., 2015), big peaks can be formed
by the convolution of the roughness function f(s) and
wavelet basis function wa,t(s). Symlets wavelet is chosen
as the wavelet basis function because of its excellent sym-
metry that can avoid the distortion of the extracted big
peak diagram, and it can be calculated by Eq. (3). Sym3
(T = 3) is the optimal type to reflect the big peaks on the



Table 1
Results of h2D and P2D of Barton standard curves.

Barton standard curves No.1 No.2 No.3 No.4 No.5 No.6 No.7 No.8 No.9 No.10

h2D 3.70 5.67 7.20 8.34 14.82 12.01 13.44 14.49 17.58 17.04
P2D 6.10 12.93 19.62 24.70 33.43 24.75 37.43 29.27 47.28 55.43
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profile with the comparison of each wavelet type, and the
quantity of decomposition layers is set to 4.

W ða; tÞ ¼
Z þ1

�1
f ðsÞwa;tðsÞds; ð1Þ

wa;tðsÞ ¼ a�1=2w
s� t
a

� �
; ð2Þ

m0ðsÞ ¼ 1ffiffiffi
2

p
X2T�1

r¼0

hre�jrs ¼ 1ffiffiffi
2

p
X5

r¼0

hre�jrs; ð3Þ

where s represents the distance along the horizontal length
of the fracture model; f(s) represents a profile of the discon-
tinuity; a is a scaling parameter; t represents the horizontal
distance corresponding to the vertical distance of a point
on the asperity profile.

From Fig. 2, Barton standard curve (profile 10) is taken
as an example (Barton & Choubey, 1977), and big peaks
can be retained by the wavelet analysis. P2D can be calcu-
lated according to the floating peaks determined by Eq.
(4) which is essentially the sum of the asperity height of
the floating peaks, as expressed in Eq. (5). Besides the float-
ing peaks could simultaneously reflect the roughness condi-
tion of the discontinuity front and back slopes.

h3; l ¼ h1; l � h2; lj j; ð4Þ

P 2D ¼
XK
l¼1

h1; l � h2; lj jdl ¼ 1

2

XK
l¼1

h3; l �
XK
l¼1

h3; l; ð5Þ
Fig. 2. Original profile 10 and the extraction of
where l represents the lth data point; h1, l is the vertical
height of the lth data point (original profile); h2, l is the ver-
tical height of the lth data point (big peaks); h3, l is the ver-
tical height of the lth data point (floating peaks); dl is the
sampling interval 0.5 mm of the floating peaks; K is the
total number of the data points.

Barton standard curves of which the sampling interval is
0.5 mm are used to calculate P2D, which are shown in
Fig. 3. P2D corresponding to Barton standard curves are
listed in Table 1. With the least-squares method analysis,
the fitting formula could be obtained by combining two
parameters with JRC2D, which can be calculated by Eq.
(6) where the optimal sampling interval is 0.5 mm with
application.

JRC2D ¼ �6:52241� 0:44413P 2D þ 3:019534h2D

þ 0:008029P 2
2D � 0:08869h22D ð6Þ

It was common that the method proposed by Du (2005)
and Diaz et al. (2017) to use the mean value of JRC2D

instead of JRC3D, so the calculating equation of JRC3D

is expressed as

JRC3D ¼ 1

N

XN
k¼1

JRCk
2D; ð7Þ

where JRCk
2D is 2D roughness of the profile. k represents

the kth profile, which can be taken as 1, 2, ∙∙∙, N.
big and floating peaks by wavelet analysis.



Fig. 3. Ten digitalized standard profiles with the sampling interval of 0.5 mm.
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3 Probabilistic prediction model of JRC3D based on Bayesian

theory

JRC2D of different traces of the discontinuity always
present the statistical characteristics because of the long-
term geological process, which could not only be helpful
to predict JRC3D, but also reduce the sampling size that
the prediction requires. In the Section, externally available
information such as the statistical characteristics is col-
lected, and JRC3D probabilistic prediction model is estab-
lished based on Bayesian theory which fully uses the
external information.
3.1 Acquisition of externally available information on JRC2D

Bayesian theory can effectively combine prior knowl-
edge with the field data of engineering for providing the
probabilistic prediction on the rock properties (Ang &
Tang, 2007, Wang et al., 2010, Cao & Wang, 2013; Gu
et al., 2023). JRC2D obtained from 2D traces in the engi-
neering are considered as the available field information
because they reflect the true morphology of the selected dis-
continuity. Due to the effect of the complicated geological
processes, such as weathering and erosion processes, trans-
portation agents, and sedimentation conditions (Wang &
Cao, 2013; Wang & Aladejare, 2016; Cao et al., 2016b),
JRC2D at different depths of the discontinuity usually pre-
sent spatial variability, which can be measured by the ran-
dom variables l, r, and k. The prior information on l, r,
and k can be available from the existing discontinuities.
Among them, l represents the mean of JRC2D of N profiles
along the direction of depth d of the discontinuity, and r is
the standard deviation of JRC2D of N profiles. Correlation
length k is a parameter describing the spatial correlation
degree of JRC2D.
3.2 Derivation process of JRC3D prediction model

The JRC3D prediction model should make full use of the
information of the field data such as 2D trace information,
which can be implemented by Bayesian theory (Siu &
Kelly, 1998). The joint posterior distribution of l, r, and
k is calculated by Eq. (8), and three posterior distributions
of l, r, and k can be expressed by Eqs. (9)–(11)
(Namikawa, 2019; Han et al., 2022). Equation (12) is the
JRC3D prediction model, and the mean l0 corresponding
to the maximum probability of the posterior distribution
of l is the predicting JRC3D as shown in Fig. 1(a).

P ðl; r; kjnÞ / P ðnjl; r; kÞPðl; r; kÞ; ð8Þ

P ðljr; k; nÞ / P ðnjl; r; kÞPðlÞ; ð9Þ

P ðrjl; k; nÞ / P ðnjl; r; kÞPðrÞ; ð10Þ
P ðkjl; r; nÞ / P ðnjl; r; kÞPðkÞ; ð11Þ
JRC3D ¼ Argmax
l

ðP ðljr; k; nÞÞ; ð12Þ

where n is the vector composed of the JRC2D samples
acquired from 2D traces. P ðnjl; r; kÞ is the likelihood func-
tion of the given JRC2D. P(l), P(r), and P(k) are the prior
distributions of the parameters l, r, and k, respectively.

Multidimensional Gaussian distribution is used to
express the likelihood function of parameters in the
geotechnical engineering (Wang et al., 2010, 2013), which
can be defined as

P ðnjl; r; kÞ ¼ ð2pr2Þ�M=2
detRj j�1=2

� exp � 1

2r2
½n� ll�TR�1½n� ll�

� �
; ð13Þ

where

R ¼

q11 q12 ::: q1M

q21 q22 ::: q2M

..

. ..
. ..

. ..
.

qM1 qM2 ::: qMM

2
66664

3
77775; ð14Þ

where n is a vector composed of the JRC2D samples
acquired from 2D traces. M is the number of JRC2D sam-
ples. l is a unit vector of M rows and one column. qm is the
correlation function of JRC2D and m refers to the distance
between ith and jth point along the depth of the discontinu-
ity. R is the correlation function matrix.

In the geotechnical engineering, four correlation func-
tions are widely used, which are single exponential correla-
tion function (SECF), binary noise correlation function
(BNCF), second-order Markov correlation function
(SMCF), and squared exponential correlation function
(SQECF) (Cao & Wang, 2014; Han et al., 2022). BNCF
does not satisfy the research background because the corre-
lation function value of BNCF is easily affected by the
uncertain sampling size. SECF, SMCF, and SQECF are
the alternatives of the correlation function in the likelihood
function, which can be calculated by Eqs. (15)–(17).

qm ¼ expð�2 mj j=kÞ SECFð Þ; ð15Þ
qm ¼ ð1þ 4 mj j=kÞ expð�4 mj j=kÞ SMCFð Þ; ð16Þ
qm ¼ expð�pð mj j=kÞ2Þ SQECFð Þ: ð17Þ
3.2.1 Determination of the most probable correlation
function

The correlation functions affect the analysis of the inher-
ent spatial variability of JRC2D, so the determination of the
most probable correlation function is necessary (Cao &
Wang, 2014). The method of selecting the most probable
correlation function based on the Bayesian model compar-
ison method is proposed (Cao & Wang, 2014).

The core of selecting the most probable correlation
function is to calculate the maximum of P ðqmjnÞ. Accord-
ing to the Bayesian theory, P ðqmjnÞ can be written as



Fig. 4. Standard deviation r and k collected or calculated from the
literatures. Note: There are several r and k values in discontinuity 1 and 3,
which are calculated by different fitting formulas to prove that the
differences of the formulas do not have significant effects on the parameter
values.
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P ðqmjnÞ ¼
P ðnjqmÞP ðqmÞ

PðnÞ m ¼ 1; 2; and 3; ð18Þ

where P ðnjqmÞ is the likelihood function reflecting the fit
between the JRC2D samples and the model. P(qm) is the
prior probability of the correlation function. P ðnÞ is the
probability of the JRC2D samples.

The prior probabilities of the three correlation functions
are uniformly equal to 1/3. P ðnÞ is the normalization con-
stant with no connection with the correlation function.
There exists a positive correlation between P ðqmjnÞ and
P ðnjqmÞ, so the maximum of P ðnjqmÞ can be used to replace
the maximum of P ðqmjnÞ. According to the total probabil-
ity theory, PðnjqmÞ can be calculated by Eq. (19) (Ang &
Tang, 2007; Wang & Cao, 2013).

P njqmð Þ ¼
Z
l;r;k

Pðnjl; r; k; qmÞP ðl; r; kjqmÞdldrdk ð19Þ

P ðnjl; r; k; qmÞ has the same form with P ðnjl; r; kÞ,
which can be expressed by Eq. (20). P ðl; r; kjqmÞ is the
prior distribution to be determined. Normal, uniform,
and lognormal distributions are often used in the proba-
bilistic analysis of the geotechnical engineering. Joint uni-
form distribution is selected as the prior distribution of
P ðl; r; kjqmÞ to select the most probable distribution, which
can be calculated by Eq. (21) (Ang & Tang, 2007; Cao &
Wang, 2014).

P ðnjl; r; k; qmÞ ¼ ð2pr2Þ�M=2
detRj j�1=2

� exp � 1

2r2
½n� ll�TR�1½n� ll�

� �
;

ð20Þ

P ðl; r; kjqmÞ ¼
1

ðlmax�lminÞðrmax�rminÞðkmax�kminÞ

l 2 ½lmin; lmax�
r 2 ½rmin; rmax�
k 2 ½kmin; kmax�

0

8>>><
>>>:

:

ð21Þ
The prior information includes lmin, lmax, rmin, rmax,

kmin, and kmax. Besides, the prior information on the nor-
mal and lognormal distributions is also studied, which
involves l0, r0, l1, r1, l2, and r2 (l0 and r0 are the mean
and standard deviation of l; l1 and r1 are the mean and
standard deviation of r; l2 and r2 are the mean and stan-
dard deviation of k).

Barton standard curves are used to estimate the prior
information on lmin and lmax due to their widely accept-
able classification to JRC2D. According to Barton and
Choubey (1977), the range of JRC2D is 0–20, so lmin and
lmax are equal to 0 and 20, respectively. It is considered
that the morphology of discontinuity is between completely
smooth and completely rough, so JRC3D ranges from [0,
20]. l0 is set to 10. JRC3D is assumed to obey the normal
distribution, and r0 can be set to 3.

To provide the prior information about rmin and rmax,
17 discontinuities are randomly collected from the existing
achievements (Ge et al., 2012; Wang, 2019), and the r val-
ues of 17 discontinuities are shown in Fig. 4. It can be
found that the r values range from [1, 4], and the maximum
difference between the mean of the r values and collected
data of 17 discontinuities is less than 1.7, which proves that
the r values are relatively stable. Furthermore, the JRC2D

values are stably distributed in [1, 3] in discontinuity No. 1
and No. 3, which demonstrates that JRC2D are not signif-
icantly affected by the different formulas. Overall, the mean
of the r values of 17 discontinuities can be used to replace
l1 which is equal to 2.3, and r1 can be set to 0.6.

Correlation length k are recalculated from other discon-
tinuity samples due to the lack of the detailed information
of the k values. The recurrence space method is chosen to
calculate k, which not only has nothing to do with the sam-
pling size and spacing of 2D profiles, but also has a wide
scope of applications and good calculation stability. Simi-
lar to standard deviation r, correlation length k is also gen-
erally distributed in a fixed interval from Fig. 4, so the
range of k is assumed as [1, 3] (i.e., kmin = 1 and kmax = 3).
According to 17 discontinuities, l2 and r2 are set to 1.7 and
0.7, respectively. The above prior information is presented
in Table 2.

It is difficult to calculate the inversion of the high-order
matrix with unknown parameters when P ðnjqmÞ is calcu-
lated. The asymptotic approximation method and three-
dimensional grid division can simplify the calculation of
triple integral (Beck & Yuen, 2004; Wang et al., 2010;
Wang & Cao, 2013; Cao & Wang, 2013, 2014). The
research uses the former method. The asymptotic approxi-
mation method is to use the Gaussian distribution to
replace the complex posterior distribution. Gaussian distri-
bution is selected as the likelihood of n, and P ðnjqmÞ is a
multiple with Gaussian distribution when the prior distri-



;

Table 2
Statistical parameters of the prior information of l, r, and k.

Parameters Lower and upper
limit

Mean and standard deviation of
parameters

l lmin = 0 l0 = 10
lmax = 20 r0 = 3

r rmin = 1 l1 = 2.3
rmax = 4 r1 = 0.6

k kmin = 1 l2 = 1.7
kmax = 3 r2 = 0.7
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butions of l, r, and k conform to the uniform distribution,
which complies with the requirement of the method
completely.

The basic equation of the asymptotic approximation
method is calculated by Eqs. (22) and (23)
(Papadimitriou et al., 1997).

P ðnÞ � P ðnjl�; r�; k�ÞPðl�; r�; k�Þð2pÞs=2 detHðl�; r�; k�Þj j�1=2

ð22Þ
where

H ¼

@2f
@l2

@2f
@l@r

@2f
@l@k

@2f
@l@r

@2f
@r2

@2f
@r@k

@2f
@l@k

@2f
@r@k

@2f
@k2

2
6664

3
7775; ð23Þ

where l*, r*, and k* are the most probable value of the
parameters, l, r, and k of JRC2D, respectively. s is the
number of parameters. H is the Hessian matrix.

P ðnjqmÞ could be derived by determining
P ðnjl�; r�; k�; qmÞ and Pðl�; r�; k�jqmÞ, which are the same
as Pðnjl�; r�; k�Þ and P ðl�; r�; k�Þ, respectively. Besides, s
is equal to 3. PðnjqmÞ can be expressed as

P ðnjqmÞ � Pðnjl�; r�; k�; qmÞP ðl�; r�; k�jqmÞð2pÞ3=2 detHðl�; r�; k�Þj j�1=2
:

ð24Þ

The detailed implementation process of selecting the
most probable correlation function is as follows (Wang
et al., 2010; Cao & Wang, 2013):

(1) Collect the JRC2D samples and turn them into
n ¼ ½n1; n2; n3; � � �; nN �.

(2) Construct the objective function f(l, r, k) by Eqs.
(20), (21) and (25), and calculate the maximum of the
objective function. Obtain the most probable value l*,
r*, and k*, and compute P ðnjl�; r�; k�; qmÞ and
P ðl�; r�; k�jqmÞ.
f ðl; r; kÞ ¼ � ln½Pðnjl; r; k; qmÞP ðl; r; kjqmÞ� ð25Þ

(3) Calculate the Hesse matrix H using the finite differ-
ence method.

(4) Combine steps (2)–(3) to determine P ðnjqmÞ.
(5) Repeat steps (2)–(4) using the different correlation

functions. Calculate the maximum of P ðnjqmÞ, and its cor-
responding correlation function qm is the most probable
correlation function.
3.2.2 Determination of the most appropriate prior

distribution

Researchers have proposed several methods to deter-
mine prior distribution. The conjugate prior distribution
theory was used to choose the prior distribution, but it
required the complete likelihood function (Han et al.,
2022). Bao et al. (2020) considered that JRC2D of the
selected discontinuity in different directions all conformed
to the lognormal distribution. However, it lacked of valida-
tion for more discontinuity samples. Non-informative dis-
tribution such as uniform distribution was commonly
used as the prior distribution if there is no prior informa-
tion (Cao et al., 2016a).

In the geological environment, the distribution types of
l, r, and k are affected by the factors, such as the water ero-
sion, weathering, sedimentation, and stacking interaction
(Wang, 2009). Quantifying the effect of the factors is diffi-
cult because the geological process is relatively random.
The contradiction can be avoided using the prior distribu-
tion with the minimum amount of information. The maxi-
mum entropy theory is used to determine the prior
distributions of l, r, and k, which not only fully considers
the prior information, but also derives the prior distribu-
tion with the minimum amount of the information. It is
assumed that all factors have the same degree of influence,
and the possibility of the subjective judgment can be
minimized.

The question is how to calculate the maximum-entropy
prior distribution when the prior information has been col-
lected. According to Wei and Zhang (2013), the maximum-
entropy priors of l, r, and k all obey the normal distribu-
tion, which can be derived as

f ðlÞ ¼ 1
3
ffiffiffiffi
2p

p e�
ðl�10Þ2

18

f ðrÞ ¼ 1
0:6

ffiffiffiffi
2p

p e�
ðr�2:3Þ2

0:72

f ðkÞ ¼ 1
0:7

ffiffiffiffi
2p

p e�
ðk�1:7Þ2

0:98

:
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ð26Þ
4 Implementation of new proposed model for probabilistic

prediction

The use of MCMC sampling can avoid the complex
form of the posterior distribution (Zhang et al., 2010;
Sun et al., 2022; Song et al., 2023). The hybrid MCMC
algorithm which combines the advantages of Gibbs sam-
pling and Metropolis–Hastings algorithm (M�H algo-
rithm) is adopted to realize the sampling process, as
listed in Table 3. Gibbs sampling is adopted for implement-
ing the sampling of the posterior distributions of l, r, and
k, and M�H algorithm is used to test whether the new
sample can be accepted.

The process of acceptance or rejection of the new sample
is as follows. The posterior distribution is taken as the
objective function p(x). A candidate state x0 can be selected
randomly by using the proposal distribution q(x, x0)
(x = xi�1). Considering that the complexity of the proposal
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distribution could affect the convergence speed, the normal
distribution is selected as the proposal distribution q(x, x0)
which is assumed to be symmetric, namely q(x, x0) = q(x0,
x). The acceptance of the candidate state x0 is judged by the
acceptance ratio a = p(x0)/p(x), that is, the ratio of the pos-
terior distribution of the new sample to that of the previous
sample. A random number u is generated from the interval
(0, 1). If u 	 a, the new sample satisfies the requirement,
namely xi = x0. If u > a, the new sample does not satisfy
the requirement, so the status of x is retained, namely
xi = x.

A series of equivalent samples could be generated from
the posterior distribution. The diagram of the posterior dis-
tribution of l against mean l shall be drawn, and the pre-
dicting JRC3D can be obtained.
5 Verification for new proposed method on predicting JRC3D

The discontinuity sample is taken from Majiagou land-
slide near Guizhou Town, Zigui County, Yichang City,
Hubei Province, China (Wang et al., 2017). There is no fill-
ing in the selected discontinuity, which avoids the interfer-
ence of compositions of the filling materials and the filling
thickness on the analysis of the discontinuity roughness
(Wang et al., 2017).

Along the shear direction, 170 profiles are parallelly
extracted from the selected discontinuity. JRC2D of 170
profiles can be calculated by the proposed formula, which
is shown in Fig. 5. JRC3D prediction value is speculated
by taking the mean of 170 JRC2D values, which is equal
to 7.71. JRC-JCS shear strength model is adopted to calcu-
late JRCtrue, and its result is 8.135 (Wang et al., 2017).
Errors always exist between the predicting JRC3D and
JRCtrue, and error criteria are classified into the prediction
error and the theoretical error in the study. Prediction error
is established based on Barton standard curves in which the
difference between the upper and lower limit of each stan-
dard profile is 2. Similarly, the tolerant interval of JRC3D

in the practical project is set to [JRCtrue–1, JRCtrue + 1],
which is the prediction error standard. Theoretical error
standard is the relative error, which can be expressed by
Eq. (27). The relative error between JRCtrue and JRC3D

calculated by the proposed method is 5.2% merely.

Relative error ¼ JRC3D � JRCtruej j
JRCtrue

ð27Þ

The most probable correlation function is selected
according to 170 JRC2D samples, and results of
ln P ðnjqmÞ are listed in Table 4. It is found that ln P ðnjqmÞ

Table 3
Advantages and disadvantages of different sampling types (Gibbs sampling, M

Sampling type Suitable for multivariate sa

Gibbs sampling
p

M�H algorithm �
Hybrid MCMC algorithm

p

value of the correlation function SECF is the largest, so
the most probable correlation function is SECF. More-
over, the normal distribution is chosen as the prior distri-
bution of l, r, and k. l0 = 10, r0 = 3, l1 = 2.3,
r1 = 0.6, and l2 = 1.7, r2 = 0.7 are the prior information.

Twenty random sample groups with the sampling size of
2 of each group are extracted and presented in Fig. 6(a). In
the first sample group, predicting JRC3D value is equal to
9, which is relatively far away from JRCtrue in Fig. 7(a),
which may be the attribute of lacking samples. To explore
the prediction accuracy with the sampling size of 2 more
comprehensively, 20 groups are analyzed. As shown in
Figs. 8, 12 out of 20 sample groups satisfy the requirement
of the prediction error, but the prediction results of other
eight groups are relatively far from JRCtrue because the
sampling size of 2 reflects fewer morphology characteris-
tics. For example, sample group No. 16 has the biggest rel-
ative error which is equal to 23%, and its corresponding
JRC2D values are 10.74 and 7.99 which are all bigger than
JRCtrue, which reflects the relatively rough section of the
discontinuity.

Considering the effect of the sampling size on JRC3D

prediction value, the sampling size is likewise set to 3, 4,
and 5, respectively. Similarly, 20 groups of JRC2D are ran-
domly generated from 170 profiles of the discontinuity,
which are shown in Fig. 6(a). MCMC sampling is then used
to generate the posterior distribution of mean l. For the
first sample group in Fig. 7(b), the most likely ranges of
JRC3D are [8, 9], [7, 8], and [7, 8] when the sampling size
is 3, 4, and 5, respectively, and it can be found that the pre-
diction accuracy improves with the increase of the sam-
pling size in Fig. 7(b)–(d). To make further verification,
all groups are all analyzed, and results are shown in Fig. 8.

It can be found that 100%, 90%, 85%, and 60% sample
groups corresponding to the sampling size of 5, 4, 3, and 2
fall within the tolerant interval [JRCtrue–1, JRCtrue + 1],
and the mean value of relative errors of the sample groups
with the sampling size of 5 is 6.13% smaller than that with
the sampling size of 2. Therefore, the sampling size of 5 is
enough for predicting JRC3D.
6 Sensitivity analysis of influencing factors on predicting

results

Although SECF is the most probable correlation func-
tion of the study, SMCF and SQECF are often used to
make the probability analysis of geotechnical property in
the engineering. Moreover, the normal distribution is cho-
sen as the prior distribution, while the lognormal and uni-
�H algorithm, and Hybrid MCMC algorithm).

mpling? Acceptance and rejection for new sample?

�p
p



Fig. 5. JRC2D obtained from 170 profiles.

Table 4
Results of ln PðnjqmÞ determined by the correlation functions (SECF,
SMCF, and SQECF).

SECF SMCF SQECF

�217.65 �231.62 �250.41
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form distributions are also widely used for the prior distri-
bution. Therefore, it is worth studying whether other corre-
Fig. 6. Twenty random groups sampled from 170 profiles (a) with the sampling
(d) with the sampling size of 5.
lation functions and prior distributions could cause
obvious influences on the sampling results. The influence
of the prior information is also analyzed. Selected influenc-
ing factors which are the correlation function, the prior dis-
tribution, and the prior information are presented in
Table 5. The influence of the sampling size on the results
of the sensitivity analysis is also considered in the sensitiv-
ity analysis process of the correlation function, the prior
distribution, and the prior information.
size of 2, (b) with the sampling size of 3, (c) with the sampling size of 4, and



Fig. 7. Posterior distribution of mean l of the first sample group (a) with the sampling size of 2, (b) with sampling size of 3, (c) with the sampling size of 4,
and (d) with the sampling size of 5.

Fig. 8. Predicting JRC3D of 20 groups, and each group with the sampling
size of 2, 3, 4, and 5, respectively.

Table 5
Selected influencing factors used in sensitivity analysis.

Correlation function Prior
distribution

Prior information

SECF Normal lmin/lmax/rmin/
rmax/kmin/kmax

SMCF Lognormal l0/l0
SQECF Uniform l1/r1

l2/r2
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6.1 Influence of correlation function on predicting JRC3D

Three correlation functions are selected to analyze the
effect of correlation function on the sampling results. From
Fig. 9(a) and 9(b), the lines of predicting JRC3D under the
three correlation functions almost overlap each other,
which proves that the influence of correlation functions
on sampling results is very small regardless of whether
the sampling size is 5 or 2. Figure 9(c) provides more infor-
mation. The largest difference between the maximum and
minimum value of JRC3D is less than 0.14. Considering
the randomness of sampling, the error can be ignored.
The sampling results are insensitive to the selection of cor-
relation functions, which verifies the robustness of the sam-
pling results. Therefore, the selection of the correlation
function should not be paid more attention to the
application.

The likelihood function which includes the correlation
function is analyzed to identify the cause of results. The
study selects the first sample group with the sampling size
of 5 to obtain the correlation function matrixes by the three
correlation functions, which aims to calculate the determi-

nants Rj j and ½n� ll�T � R�1 � ½n� ll� in the likelihood
function, as shown in Fig. 10(a)–(c). It can be found that
the determinants determined by the three correlation func-
tions are virtually the same. The maximum differences of

Rj j and ½n� ll�T � R�1 � ½n� ll� among the three correlation



Fig. 9. Sampling results determined by different correlation functions. (a) Predicting JRC3D with the sampling size of 5, (b) predicting JRC3D with the
sampling size of 2, and (c) maximum difference of the predicting JRC3D by the three correlation functions.
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functions are equal to 0.009 4 and 0.43, respectively, in
Fig. 10(d). With the sensitivity analysis of the elements of
the determinants, the elements on the diagonal of the cor-
relation function matrix largely affect the determinants,
and the influences of other elements in the matrix are quite
small. Besides, it can be found that the elements on the
diagonal are identical to 1 because the element on the diag-
onal represents the relevance between JRC2D values at the
same position in Fig. 10(a)–(c), so the determinants by the
three correlation functions are stable. The research result
indicates that the three correlation functions could not
influence the results of the likelihood functions, so the sam-
pling results are insensitive to the selection of the correla-
tion functions.
6.2 Influence of prior distribution on predicting JRC3D

To explore the effect of the prior distribution on the
sampling results, the normal, lognormal, and uniform dis-
tributions are selected as the research objects. As shown in
Fig. 11(a) and 11(b), the differences between the predicting
JRC3D by the normal and lognormal prior distributions are
relatively small, and the predicting JRC3D by the uniform
prior distribution are relatively far from that of other
two distributions. The reason is that the normal and log-
normal prior distributions have the similar characteristics
of the data distribution due to that they can be transformed
into one another with the logarithmic conversion of the
variable. However, the data distribution of the uniform
prior distribution is always a straight line which is totally
distinguished from that of the normal and lognormal prior
distribution.

For the group 14 with the sampling size of 2, the predict-
ing JRC3D determined by the uniform prior distribution is
approximately equal to the mean of the JRC2D samples,
which is largely different from that by other two distribu-
tions. Figure 11(c) shows the mean values of the relative
errors of 20 sample groups under the three prior distribu-
tions. Although the lognormal distribution has the smallest
relative error among the three distributions whether the
sampling size is 5 and 2, the normal distribution is still suit-
able to be used as the prior distribution for the engineering
because the maximum difference of the mean of the relative
errors under the three distributions is less than 2%.
6.3 Influence of prior information on predicting JRC3D

The ranges of l, r, and k are changed to study the influ-
ence of the prior information on JRC3D prediction.
lmin = 0, lmax = 20, rmin = 1, rmax = 4, and kmin = 1,
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Fig. 10. Correlation function matrixes determined by the first random group with the sampling size of 5, and the comparison of Rj j and
½n� ll�T � R�1 � ½n� ll� by the three correlation functions, respectively. (a) Matrix of correlation function SECF, (b) matrix of correlation function SMCF,
(c) matrix of correlation function SQECF, and (d) Rj j and ½n� ll�T � R�1 � ½n� ll� determined by the three correlation functions, respectively.
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kmax = 3 are denoted by prior knowledge I. To explore the
effects of the range expansion on JRC3D prediction values,
the ranges of l, r, and k are changed into [0, 30], [0.1, 10],
and [0.1, 10], respectively, which is recorded as the prior
knowledge II. The ranges are expanded on the original
basis, which includes all possible parameter values. The
ranges of l, r, and k are then set as [7, 9], [1, 3], and [1,
2], respectively, which is represented by the prior knowl-
edge III. The ranges are more consistent with the actual
morphology of the selected discontinuity.

Figure 12(a) and 12(b) shows the predicting JRC3D

under the three types of the prior knowledge, and it can
be found that the influences of the ranges of l, r, and k
on predicting JRC3D are relatively large. From Fig. 12(c),
the predicting JRC3D by prior knowledge III are more
accurate than that by prior knowledge I and II. The mean
values of the relative errors under prior knowledge III are
2.77 and 3.77 with the sampling size of 5 and 2, respec-
tively, and they are all smaller than those of other two sets
of prior knowledge because the ranges of prior knowledge
III are more coincident to the true parameter values. More-
over, it is noted that the variation amplitude of the predict-
ing JRC3D with the sampling size of 2 is larger than that
with the sampling size of 5. That is because the predicting
JRC3D is influenced by the sampling size and prior knowl-
edge, and the prediction results will be more affected by the
prior knowledge with the smaller sampling size.

Similarly, the mean and standard deviation of l, r, and
k are then changed from 0 to 40 using the variable control
method, which are listed in Table 6. The predicting JRC3D

shows a strong positive relationship with l0 in Fig. 13(a).
For the group No.1, JRC3D varies from 7.25 to 17.04 with
l0 altering from 1 to 40, which indicates that l0 is sensitive
to the sampling results. It also can be found that the change
amplitude of the predicting JRC3D is larger when l0 is far
away from the prior information (l0 = 10), which may be
due to that the normal distribution is the prior distribution
of the mean l. The predicting JRC3D is more sensitive to r0
with the decrease of r0 value in Fig. 13(b), and the predict-
ing JRC3D is more stable with the smaller r0, which is
because r0 decides the degree of data dispersion. l1 shows
the contrary trend with r0 in Fig. 13(c), and the predicting
JRC3D is more stable when l1 becomes larger. As shown in
Fig. 13(d)–(f), it can be found that different JRC3D lines
almost overlap each other, and the sampling results are
not sensitive to the changes of r1, l2, and r2. The research



Fig. 11. Sampling results determined by different prior distributions. (a) Predicting JRC3D with the sampling size of 5, (b) predicting JRC3D with the
sampling size of 2, and (c) mean of relative errors with the sampling size of 5 and 2.
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results reflect that l0, r0, and l1 should be considered care-
fully in the engineering to ensure the reliability of the sam-
pling results. The predicting JRC3D with the sampling size
of 2 is the same as the analysis result with the sampling size
of 5.

The adjustment of l0, r0, and l1 can be made when the
proposed method is applied to the practical engineering.
The discontinuities having been excavated or the disconti-
nuities under the same geological condition with the cur-
rent engineering can be collected to obtain more accurate
prior information (l0, r0, and l1), which is further adopted
in the next part.

7 Application on excavation face at ZK78 + 67.5 of Daxiagu

tunnel

Daxiagu tunnel starts from Wendian Village, Jinkouhe
District, Leshan City, and ends in Wushi Bridge Township,
Ganluo County, Liangshan Autonomous Prefecture,
China as shown in Fig. 14(a). Drill and blast method is
used to excavate the tunnel. The length and the maximum
height difference of the tunnel are approximately 12 km
and 2 500 m, respectively, which brings great challenges
to tunnel construction (Zhang et al., 2021). As shown in
Fig. 14(b), the discontinuity across the excavation face at
ZK78 + 67.5 is used to verify the proposed method of pre-
dicting JRC3D.

When estimating the prior information, r1, l2, and r2
are consistent with the previous analysis, but l0, r0, and
l1 are recalculated based on the tunnel section with a
length of approximately 4 m before the excavation face
at ZK78 + 67.5. The discontinuities in the tunnel section
are transformed into the point cloud models using pho-
togrammetry (Li et al., 2019), and JRC2D of the discontinu-
ities are calculated by Eq. (6). The prior information of l0,
r0, and l1 is then obtained, which is listed in Table 7. Three
prior distributions of l, r, and k can be expressed by Eq.
(28). Furthermore, it has been proved that different corre-
lation functions hardly affect the prediction results, so
SECF is chosen as the most probable correlation function.

f ðlÞ ¼ 1
3:5
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0:7
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Fig. 12. Sampling results determined by different prior knowledge. (a) Predicting JRC3D with the sampling size of 5, (b) predicting JRC3D with the
sampling size of 2, and (c) mean of relative errors with the sampling size of 5 and 2.

Table 6
Mean and standard deviation of l, r, and k used in sensitivity analysis.

Parameter l0 r0 l1 r1 l2 r2

Value 1 1 0.01 1 0.01 0.1 0.1
Value 2 5 1 2.3 0.6 1 0.7
Value 3 10 3 5 5 1.7 5
Value 4 15 5 10 10 5 10
Value 5 20 10 20 20 10 20
Value 6 30 20 30 30 20 30
Value 7 40 30 40 40 30 40
Value 8 – 40 – – – –
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One dominant discontinuity located at the excavation
face is selected as the discontinuity to be verified in
Fig. 14(c). As shown in Fig. 14(d) and 14(e), 131 profiles
are extracted from the point cloud model, and JRCtrue is
equal to 15.01 calculated by averaging JRC2D values of
131 profiles. Ten random sample groups with the sampling
size of 5 of each selected tunnel part group and their corre-
sponding predicting JRC3D are demonstrated in Fig. 15(a)
and 15(b), respectively. It is found that 7 out of 10 groups
satisfy the requirement of the prediction error. Other 3
groups that are marked by a red circle are slightly deviated
the boundary of the tolerant range. That further validates
that the predicting JRC3D with the sampling size of 5 is
generally in good agreement with JRCtrue. The proposed
method and the sampling size of 5 can be applied in rock
tunnel engineering by drill and blast method.

8 Conclusion

This study proposes a new method to obtain accurate
JRC3D values of the discontinuity by the low quantity of
JRC2D samples. The following conclusions can be drawn
on the basis of the obtained results:

(1) A new regression formula between 2D parameters
(h2D and P2D) and JRC2D is proposed based on wavelet
analysis for calculating JRC2D more accurately. A new
method using Bayesian theory is proposed to derive 3D
roughness from the low quantity of 2D roughness samples.
Then a new JRC3D prediction model based on Bayesian
theory is then developed.

(2) While deriving the prediction model of JRC3D, the
determination of the posterior distribution of l is critical.
The asymptotic approximation method is used to select
the most probable correlation function. The maximum-
entropy theory is used for determining the most probable
prior distribution.



Fig. 13. Sampling results determined by different prior knowledge with the sampling size of 5. (a) Predicting JRC3D with varying l0, (b) predicting JRC3D

with varying r0, (c) predicting JRC3D with varying l1, (d) predicting JRC3D with varying r1, (e) predicting JRC3D with varying l2, and (f) predicting
JRC3D with varying r2.

Q. Zhang et al. /Underground Space 14 (2024) 338–356 353
(3) The sample groups with the sampling size of 5, 4, 3,
and 2 satisfy 100%, 90%, 85%, and 60% requirement of the
prediction error, respectively, and the mean value of relative
errors of sample groups with the sampling size of 5 is 6.13%
lower than that with the sampling size of 2. It is proved that
the sampling size of 5 is enough for predicting JRC3D.
(4) The correlation functions nearly have no influence
on the prediction results because the elements on the diag-
onal of the correlation function matrix are identical to 1.
While the prior distribution exerts influences on the predic-
tion results because the characteristics of the data distribu-
tion are largely different, and the normal distribution is



Fig. 14. Schematic diagram of Daxiagu tunnel and the extraction of discontinuities. (a) Basic information of Daxiagu tunnel, (b) excavation face at
ZK78 + 67.5, (c) acquirement of the digital model of selected discontinuity by photogrammetry, (d) extraction of 2D profiles, and (e) calculation of JRC2D

values of 2D profiles.

Table 7
Statistical parameters of the discontinuities of the selected tunnel part.

Parameters l0 r0 l1 r1 l2 r2

Values 13.4 3.5 3.1 0.6 1.7 0.7
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more suitable. The prior information of l0, r0 and l1 lar-
gely affect sampling results.

(5) The proposed JRC3D prediction model is applied to
the discontinuity at the excavation face at ZK78 + 67.5 of
Daxiagu tunnel. The result validates that the predicting
JRC3D with the sampling size of 5 is generally in good
agreement with JRCtrue. The proposed method can be
applied in rock tunnel engineering by drill and blast
method.
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Fig. 15. Ten random data groups sampled from 131 profiles with the
sampling size of 5 and their corresponding predicting JRC3D.
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