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1. Introduction

Fractional differential equations have become in-
creasingly prominent in various scientific fields
like physics, engineering, biology, finance, and
others. Their versatility and effectiveness in de-
scribing complex phenomena have made them in-
valuable for understanding real-world dynamics
and creating advanced mathematical models.1–5

Fractional Calculus began in 1695 when
L’Hospital pondered the implications of a deriva-
tive with an order of 1/2. By 1697, Leibniz had
employed these half-order derivatives and made
some notes on them. In 1819, Lacroix discussed
derivatives of arbitrary order in his calculus book.
The first practical application of fractional calcu-
lus was made by Abel in 1823. Recently, there
has been considerable progress in the field of
fractional differential equations, as documented
in numerous monographs. Notable contributions
include works by Kilbas et al.,6 Miller and Ross,7

Lakshmikantham et al.,8 and Zhou.1 These pub-
lications have significantly advanced both the
theoretical and practical aspects of fractional dif-
ferential equations, underscoring their importance
in various scientific and engineering fields.

In recent years, fuzzy fractional differential equa-
tions have gained significant attention for their
ability to model complex systems with uncer-
tainty across various fields, including physics,
engineering, and finance. Arqub9 explores an
advanced computational method for addressing
fuzzy Fredholm–Volterra integrodifferential equa-
tions. These equations, which combine elements
of integral and differential equations, play a sig-
nificant role in modeling various physical and en-
gineering processes under uncertainty. Also, Ar-
qub et al.10 presents a method to solve fuzzy
fractional Volterra and Fredholm equations us-
ing kernel functions combined with the Atan-
gana–Baleanu–Caputo distributed order deriva-
tive.
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In 2011, Katugampola11 introduced fractional op-
erators named after him: the Katugampola frac-
tional integral and the Katugampola fractional
derivative. These operators include an additional
parameter, ϱ > 0. As approaches 0+, they con-
verge to the Hadamard fractional operators, and
when ϱ = 1, they correspond to the Riemann-
Liouville fractional operators. This dependence
on ϱ simplifies the theoretical framework because
proving a result for the Katugampola derivative
simultaneously proves it for both the Riemann-
Liouville and Hadamard derivatives. These oper-
ators are gaining popularity and are extensively
discussed in current literature.

Hilfer’s12 work on the Hilfer fractional deriva-
tive, developed from the Riemann-Liouville and
Caputo derivatives, has sparked significant inter-
est due to its wide-ranging applications. Gu and
Trujillo13 investigated the existence of mild solu-
tions to evolution equations involving the Hilfer
fractional derivative. Their research focuses on
extending the understanding of fractional calculus
and its applications to evolution equations, which
are crucial in modeling various physical and en-
gineering processes. The Hilfer fractional deriv-
ative, a generalization that bridges the gap be-
tween the Riemann-Liouville and Caputo deriva-
tives, allows for more flexible modeling of memory
and hereditary properties in dynamical systems.
Oliveira and Oliveira14 introduced and explored
a new type of fractional derivative that combines
the properties of the Hilfer and Katugampola
fractional derivatives. This novel derivative pro-
vides a versatile tool for modeling and analyzing
systems with complex, non-local dynamics. The
authors present the mathematical formulation of
the Hilfer-Katugampola fractional derivative and
discuss its potential applications in various fields.

Bede and Stefanini,15 explored the concept of dif-
ferentiability for functions that take fuzzy values.
The authors extend the classical notions of dif-
ferentiability to accommodate fuzzy-valued func-
tions, providing a comprehensive framework for
their analysis. Fuzzy numbers, initially intro-
duced by Chang and Zadeh 16 in 1972, provide
valuable means for quantifying uncertainty within
mathematical frameworks. The notion of fuzzy
fractional differential equations was pioneered by
Agarwal et al.17 and has since been a subject of
extensive exploration, covering theories, practi-
cal applications, and solution methodologies. Ar-
qub et al.18 investigated a novel computational
method to solve fuzzy fractional initial value prob-
lems. By utilizing the Mittag–Leffler kernel dif-
ferential operator within the reproducing kernel

framework, the study aims to provide accurate
numerical solutions for problems involving frac-
tional derivatives and uncertainty.

Arshad19 delved into Fuzzy fractional differential
equations properties, investigating their existence
and uniqueness via fuzzy integral equivalent equa-
tions. Allahviranloo et al.20 contributed to this
field by examining Fuzzy fractional differential
equations properties under the Caputo fractional
gH-derivative, particularly focusing on their exis-
tence and uniqueness. Zhu and Rao21 considered
fuzzy differential inclusion in the Banach space U
in 2000. Fuzzy differential inclusion can increase
the uncertainty of the studied system, and is also
an effective method to study the existing results.

In,22 Chen, Gu, and wang considered the Hilfer-
Katugampola fractional differential equations
fuzzy set with the nonlocal condition:

{(ϱ
Da,b

x+u
)
(t) = f(t, u(t)), t ∈ [x, y](ϱ

I1−µ
x+ u

)
(0) = u0,

where u ∈ R, a ∈ (0, 1), b ∈ [0, 1], µ = a+b(1−a)
and ϱ > 0, f : [x, y] × X → X is a fuzzy func-

tion. furthermore, ϱI1−µ
x+ , ϱDa,b

x+ are the Hilfer-
Katugampola fractional integral and derivative.

Based on the discussion above, this paper explores
the existence of mild solutions for fuzzy fractional
differential equations, incorporating the Hilfer-
Katugampola fractional derivative, with the fol-
lowing initial condition:

{
ϱDτ,ω

0+
x̃(t) = Ax̃(t) + F(t, x̃(t)),

ϱI1−µ
0+

x̃(0) = x̃0,
(1)

where ϱDτ,ω
0+

is a Hilfer-Katugampola fractional

derivative of order τ ∈ (0, 1) and ω ∈ [0, 1],
t ∈ [0, u] = U , µ = τ + ω(1 − τ) and ϱ > 0.
The state variable x̃(·) takes on values within the
space of all fuzzy numbers H. A fuzzy number is
defined as a fuzzy set x̃ : R → [0, 1]. A is an in-
finitesimal generator of a compact operator semi-
group {J(t)}t≥0, F : U × B → H is a fuzzy func-

tion. Moreover, ϱI1−µ
0+

is the Hilfer-Katugampola
fractional integral.

This article’s primary benefit and contribution
can be put up as follows:

(1) In this paper, we explore the existence
of a mild solution for fuzzy fractional
differential equation utilizing the Hilfer-
Katugampola fractional derivative.
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(2) A mild solution to system (1) is con-
structed using the Laplace transform.

(3) Using Schauder’s fixed point theorem, we
proved the existence of a fixed point for a
mild solution.

(4) A theoretical example is presented to il-
lustrate the proposed results.

Additionally, the remainder of the paper has been
categorized as follows: We get the fundamental
ideas of fuzzy fractional calculus relevant to our
investigation from Sect.2. To put it briefly, Sect.3
provides evidence for the existence of the mild so-
lution that has been established. Sect.4 provides
an example for helping in understanding. Finally,
Sect.5 reflects our conclusion.

2. Preliminaries

Let H be a fuzzy number space and C(U,H) is a
space of all fuzzy numbers of all continuous func-
tions form x̃ : U → H with

∥x̃∥C = sup
t∈U

∥x̃(t)∥ for x̃ ∈ C(U,H),

we denote, Cτ,ω(U,H) = {x̃|
(
tϱ

ϱ

)1−µ
x̃(t) ∈

C(U,H)}, with

∥x̃∥Cτ,ω = sup
t∈U

(
tϱ

ϱ

)1−µ

∥x̃(t)∥,

it is show that C(U,H) ⊂ Cτ,ω(U,H), ∥x̃∥Cτ,ω is
a norm and The space Cτ,ω(U,H) forms a set of
all fuzzy numbers as well. Consider E as a closed
subspace within B, and L2(U,E) be a space of all
Lebesgue square integrable functions from U → E

∥e∥L2 =

(∫ u

0
∥e(t)∥2dt

) 1
2

for e ∈ L2(U,E).

It is clear that L2(U,E) is also a Banach Space.

Definition 1. 23 A fuzzy number is a fuzzy set
x̃ : R → [0, 1] that satisfies the following condi-
tions:

1. x̃ is normal, (i.e) there is a t0 ∈ R such
that x̃(t0)= 1;

2. x̃ is a fuzzy convex in R, (i.e) for c ∈ [0, 1]
and for any t1, t2 ∈ R

x̃(ct1 + (1− c)t2) ≥ min{x̃(t1), x̃(t2)},
3. x̃ is upper semi-continuous;
4. The support of x̃, which is the set of all

t ∈ R such that x̃(t) > 0, is bounded.

H represents the space of all fuzzy numbers on R.

Remark 1. Given that x̃ ∈ R, x̃ is regarded as a
specific point in F. We define Comc(R) as the set
of all nonempty, compact, convex subsets of R.
For any elements x̃i, x̃j ∈ Comc(R), the Haus-
dorff distance between x̃i and x̃j is defined as:

d(x̃i, x̃j) = max

{
sup
f∈x̃i

inf
g∈x̃j

∥f − g∥,

sup
g∈x̃j

inf
f∈x̃i

∥f − g∥
}
.

The fundamental operations are defined as fol-
lows: The operation (x̃i ⊕ x̃j) (t) is determined
by:

(x̃i ⊕ x̃j) (t) = sup
ti+tj=t

min{x̃i(ti), x̃j(tj)}.

The operation [βx̃] (t) is given by:

[βx̃] (t) =


x̃
(

1
β t
)
, if β ̸= 0;

1, if β = 0 and t = 0;

0, if β = 0 and t ̸= 0.

Here, β can be any real number.

In this section, we introduce the Katugampola
fractional integral, defining them within the con-
text of a finite positive interval [0, u] on the real
line, where 0 < u < ∞.

To formulate the Katugampola fractional inte-
gral, we need to introduce several special func-
tions that play a crucial role in their definitions
and computations:

Gamma function: The Gamma function Γ(u),
extending the factorial to complex and real num-
bers, is defined by

Γ(u) =

∫ ∞

0
tu−1e−tdt, x̃ > 0, (2)

For positive integers m, it holds that

Γ(m) =(m− 1)!,

Γ(m) =mΓ(m− 1).

Beta function: The Beta function B(u, v) is de-
fined as

B(u, v) =

∫ 1

0
tu−1(1− t)v−1dt, u, v > 0. (3)

It can also be related to the Gamma function
84
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B(u, v) =
Γ(u)Γ(v)

Γ(u+ v)
.

Definition 2. 24 The katugampola left-sided frac-
tional integral of order m with the lower limit u
of x̃ ∈ C(U,H) for −∞ < 0 < t < ∞ is defined
by

ϱIτ0+ x̃(t) =
ϱ1−τ

Γ(τ)

∫ t

0

sϱ−1

(tϱ − sϱ)1−τ
x̃(s)ds,

where t > b, ϱ > 0 and τ > 0.

The Katugampola fractional integral is defined
with respect to an additional parameter ϱ > 0.
These operators have special properties based on
the value of ϱ.

Remark 2. Specifically, as ϱ → 0+, the
Katugampola fractional integral converge to the
Hadamard fractional integral,

lim
ϱ→0

Iτ,ϱ
0+

x̃(t) =
1

Γ(τ)

∫ t

0

(
log

t

s

)τ−1
x̃(s)

ds

s
,

when the parameter ϱ = 1, they coincide with the
Riemann-Liouville fractional integral,

Iτ,1
0+

x̃(t) =
1

Γ(τ)

∫ t

0

x̃(s)

(t− s)1−τ
ds.

Definition 3. 12 Let Order τ and type ω sat-
isfy τ ∈ (0, 1] and ω ∈ [0, 1]. The fuzzy Hilfer-
Katugampola generalized Hukuhara fractional de-
rivative, with respect to t with ϱ > 0 of a function
t ∈ C1−µ,ϱ[0, u], is defined by

ϱDτ,ω
0+

x̃(t) =

(
ϱI

ω(1−τ)
0+

sϱ−1 d

ds
ϱI

(1−τ)(1−ω)
0+

)
x̃(t)

=

(
ϱI

ω(1−τ)
0+

γϱ
ϱI

(1−τ)(1−ω)
0+

)
x̃(t).

Lemma 1. 4 Assume that the linear operator A
acts as the infinitesimal generator of a semigroup
of class C0 if and only if

• The set A has the property of being closed
and D(A) = B.

• The resolvent set p(A) of A includes pos-
itive real numbers, ∀ α > 0,

∥R(β,A)∥ ≤ 1

β
,

where

R(β,A) = (βqI −A)−1s =

∫ ∞

0
e−βqtJ(t)sdt.

Lemma 2. The Cauchy problem (1) can be rep-
resented as the following integral equation

x̃(t) =
x̃0(t

ϱ)µ−1

ϱµ−1Γ(µ)
+

1

Γ(ω)

∫ t

0

(
tϱ − sϱ

ϱ

)ω−1

× sϱ−1[Ax̃(s) + F(s, x̃(s))]ds. (4)

Proof. We can cite22 for reference, which
will be omitted here.

Remark 3. 25 The wright function Mx̃(δ) is
defind by,

Mω(δ) =

∞∑
t=1

(−δ)t−1

(t− 1)! ω(1− ωt)
,

where ω ∈ (0, 1), δ ∈ [0,+∞). Which satisfies the
equality given below

∫ ∞

0
δsMω(δ)dδ =

Γ(1 + s)

(1 + ωs)
, s ≥ 0,

where Mω(δ) is a probability density function and
is given as follows:

Mω(δ) =
1

ω
δ−1− 1

ω ζω(δ
− 1

ω ) ≤ 0,

for 0 < ω < 1, δ ∈ [0,+∞).

Definition 4. A mild solution of the Cauchy
problem (1) is defined as the function x̃ ∈
Cτ,ω(U,H)

x̃(t) = Rτ,ω

(
tϱ

ϱ

)
x̃0 +

∫ t

0

(
tϱ − sϱ

ϱ

)ω−1

× sϱ−1Hω

(
tϱ − sϱ

ϱ

)
F(s, x̃(s))ds, (5)

where

Rτ,ω

(
tϱ

ϱ

)
= I

1+ϱ(µ−1)−ω
0+

(
tϱ

ϱ

)ω−1

Hω

(
tϱ

ϱ

)
,

Hω

(
tϱ

ϱ

)
=

∫ ∞

0
ωδMω(δ)J

((
tϱ

ϱ

)ω

δ

)
dδ.

Definition 5. 26 As for operator Rτ,ω(
tϱ

ϱ ) and

Hω(
tϱ

ϱ )

•
{
Rτ,ω(

tϱ

ϱ )
}
t>0

and
{
Hω(

tϱ

ϱ )
}
t>0

are lin-

ear, bounded and compact operators, so
we have
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∥∥∥∥Rτ,ω

(
tϱ

ϱ

)
x̃

∥∥∥∥ ≤ Ltϱ(µ−1)ϱ1−µΓ(ϱ(µ− 1) + 1)

(Γ(µ))2
∥x̃∥,

∥∥∥∥Hω

(
tϱ

ϱ

)
x̃

∥∥∥∥ ≤ L1

Γ(ω)
∥x̃∥, for all ω ∈ B.

•
{
Rτ,ω(

tϱ

ϱ )
}
t>0

and
{
Hω(

tϱ

ϱ )
}
t>0

are

strongly continuous operators, i.e., for all
t1, t2 ∈ U, we have∥∥∥∥Rτ,ω

(
tϱ2
ϱ

)
x̃−Rτ,ω

(
tϱ1
ϱ

)
x̃

∥∥∥∥ → 0,∥∥∥∥Hω

(
tϱ2
ϱ

)
x̃−Hω

(
tϱ1
ϱ

)
x̃

∥∥∥∥ → 0, as tϱ2 → tϱ1.

Theorem 1. 27,28 Let B be a Banach space and E
is a nonempty, closed, bounded, and convex sub-
set of a Banach space B, such that H : E → E is a
compact operator. Then H has at least one fixed
point in E.

Theorem 2. 29 Let Mn(t) be a sequence of func-
tions from [a,b] to R which is uniformly bounded
and equicontinuous. Then, Mn(t) has a uniformly
convergent subsequence.

3. Existence of mild solution

The upcoming findings will utilize the following
assumptions:

(H1) J(t) remains continuous under the uni-
form operator topology for t > 0, and
{J(t)}ϱ≥0 is uniformly bounded, there ex-
ists LE > 1 such that

sup
ϱ∈[0,∞)

∥J(t)∥ = LE .

(H2) For any t ∈ U , the function F : B → H
is almost continuous, and for every x̃ ∈
Cτ,ω(U,H), the function F : U → H is
strongly measurable.

(H3) There exist function q(·) ∈ L2(U,R+) and
Br := {x̃ ∈ H : ∥x̃∥ ≤ r} ⊂ H, r > 0, and
such that for any x̃, h ∈ Cτ,ω(U,H) and
∀ t ∈ [0, a], we have∥∥F(t, x̃(t))−F(t, h(t))

∥∥ ≤ q(t)
∥∥x̃(t)− h(t)

∥∥.
(H4) There exists a function φ ∈ L2(U,R+)

such that∥∥F(t, x̃(t))
∥∥ ≤ φ(t),

∀x̃ ∈ Cτ,ω(U,H) and for almost all t ∈ U.
and there is a constant Sφ > 0, such that

lim
H→∞

∥φ(t)∥
H

= Sφ.

Theorem 3. If Under the hypotheses (H1) −
(H4) are fulfilled, then the Cauchy problem (1)
has a mild solution on U .

Proof. Let we consider Br = {x̃ ∈
Cτ,ω(U,H) : ∥x̃∥ ≤ H}, ∀ H > 0. Then Br is
closed, bounded and convex subset of Cτ,ω(U,H),
the operator Ξ is defined on Br by

Ξx̃(t) =Rτ,ω

(
tϱ

ϱ

)
x̃0 +

∫ t

0

(
tϱ − sϱ

ϱ

)ω−1

× sϱ−1Hω

(
tϱ − sϱ

ϱ

)
F(s, x̃(s))ds, t ∈ U.

Next to show that Ξ has a fixed point on Br.

Step-1:

Now, we show that Ξx̃ ∈ Br, whenever x̃ ∈ Br.
Let we consider ∀H > 0, ∃t ∈ U, such that

∥Ξx̃(t)∥ > H, (6)

In the following, for our convenience, we put

F(s, x̃(s)) = F(s).

Therefore,

∥Ξx̃(t)∥Cτ,ω

=sup
t∈U

(
tϱ

ϱ

)1−µ∥∥∥∥Rτ,ω

(
tϱ

ϱ

)
x̃0

+

∫ t

0

(
tϱ − sϱ

ϱ

)ω−1

sϱ−1Hω

(
tϱ − sϱ

ϱ

)
F(s)ds

∥∥∥∥
≤ sup

t∈U

(
tϱ

ϱ

)1−µ[∥∥∥∥Rτ,ω

(
tϱ

ϱ

)
x̃0

∥∥∥∥
+

∥∥∥∥∫ t

0

(
tϱ − sϱ

ϱ

)ω−1

sϱ−1Hω

(
tϱ − sϱ

ϱ

)
F(s)ds

∥∥∥∥]
≤LΓ(ϱ(µ− 1) + 1)

Γ(µ)2
∥x̃0∥+

L1t
ϱ(1−µ)∥m(s)∥

ϱ1−µϱω−1Γ(ω)

×
∫ t

0
(tϱ − sϱ)ω−1sϱ−1ds

≤LΓ(ϱ(µ− 1) + 1)

Γ(µ)2
∥x̃0∥

+ L1

(
uϱ

ϱ

)1+τ(ω−1) ∥m(s)∥
Γ(ω)

B

(
ϱ− 1

ϱ
, ω

)
.

Next dividing to both side by H and taking limit
as H → ∞, then we have a contradiction to our
assumption (6).
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Therefore, Ξ is bounded and Ξx̃ ∈ Br.

Step-2:

Now, we show that Ξ is continuous. Let {x̃i} ⊂
Br such that x̃m → x̃ ∈ Br as i → ∞.

From hypotheses (H2) and (H4), we can write,
∀t ∈ U,

∥F(t, x̃i(t))∥ → ∥F(t, x̃(t))∥ as i → ∞,

and

∥F(t, x̃i(t))−F(t, x̃(t))∥ ≤ 2m(t) ∀i ∈ N.

By Lebesgue dominated convergence theorem, for
any t ∈ U ,

∥Ξx̃i(t)− Ξx̃(t)∥Cτ,ω

≤ sup
t∈U

(
tϱ

ϱ

)1−µ

×
∥∥∥∥∫ t

0

(
tϱ − sϱ

ϱ

)ω−1

sϱ−1Hω

(
tϱ − sϱ

ϱ

)
Fi(s)ds

−
∫ t

0

(
tϱ − sϱ

ϱ

)ω−1

sϱ−1Hω

(
tϱ − sϱ

ϱ

)
F(s)ds

∥∥∥∥
≤ L1t

ϱ(1−µ)

ϱ1−µϱω−1Γ(ω)

∫ t

0
(tϱ − sϱ)ω−1sϱ−1

× ∥F(s, x̃i(s))−F(s, x̃(s))∥ds

≤ L1u
ϱ(1−µ)

ϱτ(ω−1)Γ(ω)

∫ t

0
(tϱ − sϱ)ω−1sϱ−1

× ∥F(s, x̃i(s))−F(s, x̃(s))∥ds.

Apply i → ∞, then ∥Ξx̃i(t)−Ξx̃(t)∥ → 0. There-
fore we conclude that Ξ is continuous.

Step-3:

Now, we show that Ξ is equicontinuous for each
t ∈ U, let for any x̃ ∈ Br and 0 ≤ t1 ≤ t2 ≤ u,

∥Ξx̃(t2)− Ξx̃(t1)∥Cτ,ω ≤ sup
t2∈U

(
tϱ2
ϱ

)1−µ

×
[∥∥∥∥Rτ,ω

(
tϱ2
ϱ

)
x̃0 +

∫ t2

0

(
tϱ2 − sϱ

ϱ

)ω−1

sϱ−1

×Hω

(
tϱ2 − sϱ

ϱ

)
F(s)ds

∥∥∥∥]− sup
t1∈U

(
tϱ1
ϱ

)1−µ

×
[∥∥∥∥Rτ,ω

(
tϱ1
ϱ

)
x̃0 +

∫ t1

0

(
tϱ1 − sϱ

ϱ

)ω−1

sϱ−1

×Hω

(
tϱ1 − sϱ

ϱ

)
F(s)ds

∥∥∥∥]

≤
[∥∥∥∥( tϱ2

ϱ

)1−µ

Rτ,ω

(
tϱ2
ϱ

)
x̃0 −

(
tϱ1
ϱ

)1−µ

×Rτ,ω

(
tϱ1
ϱ

)
x̃0

∥∥∥∥]
+

∥∥∥∥∫ t2

t1

(
tϱ2
ϱ

)1−µ( tϱ2 − sϱ

ϱ

)ω−1

sϱ−1

×Hω

(
tϱ2 − sϱ

ϱ

)
F(s)ds

∥∥∥∥
+

∥∥∥∥∫ t1

0

[(
tϱ2
ϱ

)1−µ( tϱ2 − sϱ

ϱ

)ω−1

−
(
tϱ1
ϱ

)1−µ

×
(
tϱ1 − sϱ

ϱ

)ω−1]
sϱ−1Hω

(
tϱ2 − sϱ

ϱ

)
F(s)ds

∥∥∥∥
+

∥∥∥∥∫ t1

0

(
tϱ1
ϱ

)1−µ( tϱ1 − sϱ

ϱ

)ω−1

sϱ−1

×
[
Hω

(
tϱ2 − sϱ

ϱ

)
−Hω

(
tϱ1 − sϱ

ϱ

)]
F(s)ds

∥∥∥∥
∥Ξx̃(t2)− Ξx̃(t1)∥Cτ,ω ≤ J + I1 + I2 + I3.

J is automatically tends to 0.

I1 =

∥∥∥∥∫ t2

t1

(
tϱ2
ϱ

)1−µ( tϱ2 − sϱ

ϱ

)ω−1

sϱ−1

×Hω

(
tϱ2 − sϱ

ϱ

)
F(s)ds

∥∥∥∥,
I2 =

∥∥∥∥∫ t1

0

[(
tϱ2
ϱ

)1−µ( tϱ2 − sϱ

ϱ

)ω−1

−
(
tϱ1
ϱ

)1−µ

×
(
tϱ1 − sϱ

ϱ

)ω−1]
sϱ−1Hω

(
tϱ2 − sϱ

ϱ

)
F(s)ds

∥∥∥∥,
I3 =

∥∥∥∥∫ t1

0

(
tϱ1
ϱ

)1−µ( tϱ1 − sϱ

ϱ

)ω−1

sϱ−1

×
[
Hω

(
tϱ2 − sϱ

ϱ

)
−Hω

(
tϱ1 − sϱ

ϱ

)]
F(s)ds

∥∥∥∥
I1 ≤

L1t
ϱ(1−µ)
2 ∥m(s)∥

ϱτ(ω−1)Γ(ω + 1)
(tϱ2 − tϱ1)

ω,

I2 ≤
L1∥m(s)∥
ϱτ(ω−1)Γ(ω)

∫ t1

0
sϱ−1

[
t
ϱ(1−µ)
2 (tϱ2 − sϱ)ω−1

− t
ϱ(1−µ)
1 (tϱ1 − sϱ)ω−1

]
ds.

Therefore, I1 → 0 and I2 → 0 as tϱ2 → tϱ1 and from
the definition (5), we obtain I3 → 0 as tϱ2 → tϱ1.

Therefore, we say that Ξ is equicontinuous.

Step-4:

Now, we need to prove that t ∈ U, Ξ(t) =
{(Ξx̃)(t) : t ∈ Br} is relatively compact in
Cτ,ω(U,H). Take 0 ≤ t ≤ u then, for every ϵ > 0
and α > 0, let t ∈ Br and define the operator Ξ
on Br by
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Ξϵ,αx̃(t) =
x̃0

Γ(1 + ϱ(µ− 1)− ω)

×
∫ t−ϵ

0

∫ ∞

α

(
tϱ − sϱ

ϱ

)1+ϱ(µ−1)−ω−1

sϱ+ω−2

× ωδMω(δ)J

((
tϱ

ϱ

)ω

δ

)
dδds

+

∫ t−ϵ

0

∫ ∞

α

(
tϱ − sϱ

ϱ

)ω−1

sϱ−1ωδMω(δ)

× J

((
tϱ − sϱ

ϱ

)ω

δ

)
F(s)dδds

=ωJ

((
ϵϱ

ϱ

)ω

α

)[
x̃0

Γ(1 + ϱ(µ− 1)− ω)

×
∫ t−ϵ

0

∫ ∞

α

(
tϱ − sϱ

ϱ

)1+ϱ(µ−1)−ω−1

sϱ+ω−2δ

×Mω(δ)J

((
tϱ

ϱ

)ω

δ −
(
ϵϱ

ϱ

)ω

α

)
dδds

+

∫ t−ϵ

0

∫ ∞

α

(
tϱ − sϱ

ϱ

)ω−1

sϱ−1ωδMω(δ)

× J

((
tϱ − sϱ

ϱ

)ω

δ −
(
ϵϱ

ϱ

)ω

α

)
F(s)dδds

]
,

since J

((
ϵϱ

ϱ

)ω

α

)
is compact for

(
ϵϱ

ϱ

)ω

α > 0,

then the set Ξϵ,α(t) = {Ξϵ,αx̃(t) : x̃ ∈ Br} is
relatively compact in H. Furthermore, for any
x̃ ∈ Br, we obtain

∥Ξx̃(t)− Ξϵ,αx̃(t)∥Cη,x̃

≤
[
sup
t∈U

(
tϱ

ϱ

)1−µ∥∥∥∥ x̃0ω

Γ(1 + ϱ(µ− 1)− ω)

×
∫ t

0

∫ ∞

0

(
tϱ − sϱ

ϱ

)1+ϱ(µ−1)−ω−1

sϱ+ω−2δ

×Mω(δ)J

((
tϱ

ϱ

)ω

δ

)
dδds

+ω

∫ t

0

∫ α

0

(
tϱ − sϱ

ϱ

)ω−1

sϱ−1δMω(δ)

× J

((
tϱ − sϱ

ϱ

)ω

δ

)
F(s)dδds

∥∥∥∥]
−
[
sup
t∈U

(
tϱ

ϱ

)1−µ∥∥∥∥ x̃0ω

Γ(1 + ϱ(µ− 1)− ω)

×
∫ t−ϵ

0

∫ ∞

α

(
tϱ − sϱ

ϱ

)1+ϱ(µ−1)−ω−1

sϱ+ω−2

× δMω(δ)J

((
tϱ

ϱ

)ω

δ

)
dδds

+ω

∫ t−ϵ

0

∫ ∞

α

(
tϱ − sϱ

ϱ

)ω−1

sϱ−1δMω(δ)

× J

((
tϱ − sϱ

ϱ

)ω

δ

)
F(s)dδds

∥∥∥∥]
≤ x̃0ωLEt

ϱ+ω+(ϱ2−ϱ)(µ−1)

ϱ2+(ϱ−1)(µ−1)−ω

×
B( t−ϵ

t )
ϱ

(
ω+ϱ−1

ϱ , 1 + ϱ(µ− 1)− ω
)

Γ(1 + ϱ(µ− 1)− ω)

×
(

1

Γ(1 + ω)
+

∫ α

0
δMω(δ)dδ

)
+
LEωt

ϱ+τϱ(ω−1)∥m(s)∥
ϱ1+τ(ω−1)

B( t−ϵ
t )

ϱ(1, ω)

×
(

1

Γ(1 + ω)
+

∫ α

0
δMω(δ)dδ

)
≤
[
x̃0ωLEu

ϱ+ω+(ϱ2−ϱ)(µ−1)

ϱ2+(ϱ−1)(µ−1)−ω

×
B( t−ϵ

t )
ϱ

(
ω+ϱ−1

ϱ , 1 + ϱ(µ− 1)− ω
)

Γ(1 + ϱ(µ− 1)− ω)

+
LEωu

ϱ+τϱ(ω−1)∥m(s)∥
ϱ1+τ(ω−1)

B( t−ϵ
t )

ϱ(1, ω)

]
(

1

Γ(1 + ω)
+

∫ α

0
δMω(δ)dδ

)
.

From the above bounded condition, we can obtain
that the above right hand equation tends to be 0.
∥Ξx̃(t) − Ξϵ,αx̃(t)∥Cη,x̃ → 0 as α, ϵ → 0+, and we

also obtain that
∫∞
0 δMω(δ)dδ = 1

Γ(1+ω) from the

Lemma 2.

Thus, using the Arzela-Ascoli theorem, we
demonstrate that Ξ(t) is relatively compact in H
for t ∈ U . Consequently, by the Schauder fixed
point theorem (1), Ξ has a fixed point in Br,
which serves as the mild solution of fuzzy frac-
tional differential equations (1).

4. Example

Consider the following problemϱD
2
3
, 1
2

0+
x̃(t, ℓ) = ∂2

∂x2 x̃(t, ℓ) +
e−t sin x̃(t,ℓ)

1+e−t ,

ϱI
1
6

0+
x̃(0, ℓ) = x̃0(µ), x ∈ [0, h].

(7)

Where ϱD
2
3
, 1
2

0+
is the Hilfer-Katugampola frac-

tional derivative of order τ = 2
3 , ω = 1

2 , t ∈
(0, 1] = U1 and ϱ > 0. The function x̃(t)(ℓ) =
x̃(t, ℓ). F : U1 × B → H is a fuzzy mapping and
the continuous function F(t, x̃(t)) is given by

F(t, x̃(t))(ℓ) =
e−t sin x̃(t, ℓ)

1 + e−t
,
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The linear operators A : Dom(A) ⊆ B → B is
given by

D(A) =

{
x̃ ∈ H :

∂2x̃

∂x2
∈ B and

x̃(0, 0) = x̃(0, 1) = 0

}
,

and

Ax̃ =
∂2x̃

∂ℓ2
.

Then, we get

D(A) = {x̃ ∈ H : x̃(t, 0) = x̃(t, 1) = 0}.

Therefore, A is bounded and it forms a compact
C0-semigroup {T (t)}t≥0 on D(A).

Consequently, system (7) can be rewritten as sys-
tem (1). The function F satisfies the assumptions
(H1)−(H4). This implies that Theorem 3 is fully
satisfied. Therefore, there is a mild solution for
fuzzy fractional differential equation (1) on U1.

5. Conclusion

In this paper we have investigated the existence
of mild solutions for fuzzy fractional differen-
tial equations using the Hilfer-Katugampola frac-
tional derivative, which is a generalization of the
Riemann-Liouville and Hadamard derivative. We
establish the necessary conditions for these so-
lutions by applying Schauder’s fixed point the-
orem, a key tool in functional analysis. To make
the findings more practical, we provide a detailed
example demonstrating how the theoretical re-
sults can be applied. Looking ahead, future re-
search will focus on exploring the controllability
and stability of these solutions under varying con-
ditions, broadening their applicability in complex
systems.
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