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Abstract 

Structural damages during an earthquake are typically controlled by seismic demands, which are represented by the combination of 
amplitude of ground motion and cyclic load effects. Since traditional methods normally assume the lognormal distributions of seismic 
demands and resistance parameters, uncertainties are inevitably induced in the seismic fragility analysis. In this paper, the Copula func-
tion and adaptive bandwidth kernel density estimation method (ABKDE) are used to establish a novel multidimensional seismic fragility 
analysis framework. Based on the results of incremental dynamic analysis for subway station structures, ABKDE is adopted to establish 
single-parameter seismic fragility curves for both the maximum inter-story drift ratio (MIDR) and cumulated dissipated hysteretic energy 
(CDHE), respectively. Subsequently, the Copula function is used to formulate a bivariate seismic fragility function considering the cor-
relations among seismic demand measures and establish the corresponding fragility curves. Finally, comparative analyses are conducted
to evaluate seismic fragility curves using Copula-based dual and single-parameter damage models as well as the traditional damage mod-
els. It is found that the seismic fragility analysis method using the Copula function has the ability to gain a comprehensive consideration
of the MIDR and CDHE during the damage process of subway station structures. Moreover, this newly developed seismic fragility anal-
ysis framework can capture the influence of the correlation between deformation and energy under various peak ground accelerations on
structural damage. Thus, this framework can provide a scientific basis for predicting structural damage in subway stations subjected to
varying intensities of ground motion while considering multiple damage indicators.

Keywords: Multidimensional seismic fragility; Subway station structure; Adaptive bandwidth kernel density estimation; Gaussian kernel function; Copula
function
1 Introduction 

With the rapid increase in urbanization, subways are den-
sely constructed to alleviate traffic jams (Zhuang et al., 2019;
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not uncommon to encounter large-scale damage and even 
collapse of underground structures during earthquakes.
For example,more thanhalf of the central columns inDaikai
behalf of KeAi Communications Co. Ltd. 

mmons.org/licenses/by-nc-nd/4.0/).

https://doi.org/10.1016/j.undsp.2024.10.004
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:cuichunyi@dlmu.edu.cn
https://doi.org/10.1016/j.undsp.2024.10.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.undsp.2024.10.004&domain=pdf


C. Cui et al. / Underground Space 22 (2025) 110–123 111
station collapsed during the 1995Kobe earthquake in Japan, 
and thus tunnels and subway stations were destroyed (Iida 
et al., 1996). Because of the 1999 Kocaeli earthquake in Tur-
key, extensive damages and even collapsewere induced in the 
Bolu twin tunnels as well as underground stations (Kontoe 
et al., 20 08). Moreover, in China, 44 tunnels in Taiwan and 
56 tunnels in Chengdu were damaged as a result of the 1999
Chi-Chi earthquake and 2008 Wenchuan earthquake,
respectively (Wang et al., 2001; Wang et al., 2009). Recently, 
the2016Kumamotoearthquake inJapan (Zhangetal., 2018) 
caused numerous cracks in the linings of the Tawarayama 
tunnel, especially the cracks along the circumferential tunnel 
direction.Toensure the safetyofundergroundstructures and 
thus propose mitigation measures, it is necessary to conduct
accurate evaluations of the seismic fragility of underground
structures.

In the field of seismic fragility analysis, traditional 
assessment methods for underground struc tures primarily
rely on expert subjective judgment (Shinozuka et al.,
2000; Rossetto & Elnashai, 2003) and historical records 
of seismic damage (Nourzadeh et al., 2020). Although these 
methods can provide some basis for design, they cannot 
give a comprehensive consideration of the various uncer-
tainties affecting the safety of underground structures 
under seismic action, such as site conditions, structural 
types, and ground motion characteristics. In recent years, 
a series of performance-based earthquake engineering
frameworks have been proposed to analyze seismic fragility
for underground structures. Based on the incremental
dynamic analysis (IDA) method, Zhong et al. (2020) and 
Liu et al. (2017) used peak ground accelerations (PGA) 
as the seismic intensity measure (IM) to develop seismic 
fragility curves for the Daikai station. For shallow-buried
tunnels in soft soils, Huang et al. (2020) found that PGA 
correlated more closely with the demand measure (DM) 
than peak ground velocity (PGV). On the contrary, PGV 
has a closer correlation with the DM than the PGA for
deep-buried tunnels, indicating that PGV is a more suitable
parameter for seismic fragility analysis. For mountain tun-
nels, Huh et al. (2017) and Huang et al. (2017) developed 
seismic fragility curves using different seismic IMs. By con-
sidering unce rtainties of input ground motions and soil
properties, Argyroudis and Pitilakis (2012) used a numeri-
cal method to establish seismic fragility curves for shallow-
buried sub way tunnels across various sites. On this basis,
Nguyen et al. (2019) developed seismic fragility curves 
using PGA, PGV, and PGV/VS30 (where VS30 is the equiv-
alent shear wave velocity at a depth of 30 m below the sur-
face), considering 16 types of site conditions and 3 types of 
box tunnels. However, seis mic fragility curves are estab-
lished using a single DM, which cannot capture the effects
of structural damage states on the seismic response of
structures under complex seismic ground motions.

In comparison with methods relying on a single seismic 
DM, seis mic fragility analysis using multidimensional
seismic DMs can effectively reduce uncertainties during seis-
mic events and thus provide a more comprehensive depic-
tion of complex seismic motion characteristics. Recently, 
more and more attention has been paid to multidimensional
seismic fragility analysis for aboveground structures. For
example, Wang et al. (2013) developed multidimensional 
seismic fragility curves for multi-span continuous rein-
forced concrete beam bridges, considering various perfor-
mance limit state parameters. By using a generalized
multidimensional limit state, Cimellaro and Reinh orn
(2010) incorporated multiple performance limit state 
parameters into a multidimensional fragility functio n for
a four-story steel structure. Additionally, Wu et al. (2018)
and Liu et al. (2016) formulated bivariate performance limit 
state functions and probabilistic seismic demand models for 
reinforced concrete structures within the multidimensional 
fragility analysis framework. These studies also conducted 
a sensitivity analysis of the effects of multidimensional fra-
gility on acceleration thresholds, correlation coefficients
among engineering demand parameters, and performance
limit states.

These investigations reveal that seismic fragility assess-
ments using single-parameter DMs may either underesti-
mate or overestimate the probability of structural 
damage under seismic ground motions. In contrast, the 
use of multidimensional DMs can effectively mitigate 
uncertainties in seismic fragility analysis, resulting in more 
precise seismic fragility functions. Therefore, seismic fragi-
lity analysis of underground structures with consideration 
of the correlations among multidimensional seismic DMs 
is imperative for enhancing the scientific rigor and accuracy 
of seis mic design and risk assessment. However, traditional
multidimensional seismic fragility analysis methods that
incorporate seismic DMs often fail to adequately represent
the interdependencies among different seismic DMs. Addi-
tionally, the assumption of a logarithmic normal distribu-
tion within the seismic fragility function reduces the
accuracy of structural seismic fragility curves.

In this study, a multidimensional seismic fragility analy-
sis method is proposed to consider the intercorrelations 
among seismic DMs. Figure 1 presents the flowchart of 
the multidimensional seismic fragility analysis for subway 
stations using Copula functions. Firstly, an adaptive band-
width kernel density estimation (ABKDE) approach is 
used to derive the analytical expression of the seismic fragi-
lity function. Subsequently, the Copula function is utilized 
to model the correlations among DMs, which is used to 
develop multidimensional seismic fragility functions. By 
integrating the ABKDE-based seismic fragility functions, 
the seismic fragility curves for ABKDE-based univariate 
and Copula-based bivariate damage models are established 
using the results from IDA. Finally, comparative analyses 
are conducted to evaluate seismic fragility curves using
Copula-based dual and single-parameter damage models
as well as the traditional dual-parameter model.
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Fig. 1. Flowchart of multidimensional seismic fragility analysis based on Copula functions.
2 Multidimensional seismic fragility functions by combining 
the ABK DE and Copula function

2.1 Traditional seismic fragi lity function

Seismic fragility is the conditional probability of a 
structure exceeding a certain damage state (DS) when the
structure subjected to a specific seismic motion intensity
(Dong et al., 2020; Zhu et al., 2021; Opabola & Elwood,
2020). The traditional seismic fragility functio n is given
by Eq. (1): 
F a hc P f D C IM P f H hc IM a 1

where F denotes the seismic fragility function concerning 
the variables a and hc. Here, a represents the ground 
motion IM, while hc is the average seismic capacity of the 
structure. Pf denotes the probability of structural failure, 
D refers to the seismic demand of the structure, C indicates 
the seismic capacity of the structure, and H is the specific
seismic DM, such as the maximum inter-story drift ratio
(MIDR), the cumulated dissipated hysteretic energy
(CDHE), and the bending moment at the base of the cen-
tral column in a subway station. Cornell et al. (2002)
demonstrated that D and IM could be expressed by Eq. (2): 
lnD v ln IM ln u 2

where u and v are fitting coefficients.
In literature, seismic fragility is normally assumed as

lognormal distributions (Jara et al., 2013; Zakeri et al.,
2015). Accordingly, the seismic fragility function can be
expressed by Eq. (3): 
P f P  D  C IM U 
lnD lnC 

b2 
d b2 

D IM b2
c

3

where U denotes the standard normal cumulative distribu-
tion function, bd represents the logarithmic standard devi-
ation associated with the structural DS, bc denotes the 
conditional logarithmic standard deviation of the struc-
tural seismic capacity, and bD|IM is the conditional loga-
rithmic standard deviation of the structure under
earthquake excitation.

2.2 Seismic fragility function using adaptive bandwidt h
kernel density estimation

The seismic fragility of a structure represents the condi-
tional probability that a specific seismic demand parameter 
H exceeds its resistance level hc when the IM is at a speci-
fied level a. Then, the probability function of structural
failure can be expressed using the conditional probability
density function concerning H, which is shown in Eq. (4): 

P H hc IM a hc 
fH h IM a dh 

hc 

fH IM h a 
f IM a 

dh hc 
fH IM h a dh

f IM a

4

where IM h a represents the joint probability density 
function of the structural seismic DM H and the ground 
motion intensity measure IM. M a denotes the marginal
probability density function concerning the IM. By

fH 

f I
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calculating M h a and M a , the seismic failure prob-
ability of the structure can be obtained (Mai et al., 2017). 
To calculate these probability density functions, kernel 
density estimation (KDE) is introduced, which is favored 
for its applicability to data samples with strong random-
ness and its non-assumption of any specific distribution
type (Fan et al., 2023; Plisetskaya & Ivanov, 2021). For 
single-dimensional variables, the KDE is shown in Eq. (5):

where d denotes the probability density function; M 
represents the sample size; d is a particular data in the seis-
mic demand sample, D is the seismic demand variable and 
refers to the MIDR or CDHE in this study; dj refers to the 
jth sample of the variable D; b is the bandwidth; K ( ) is the 
kernel function, which must satisfy the properties of nor-
mality, symmetry, and non-negat ivity. The accuracy of
KDE is primarily influenced by the type of kernel function
and the bandwidth. A previous study found that once the
bandwidth b is given and the sample size is sufficiently
large, the type of kernel function has minimal effect on
the precision of the estimation results (Mai et al., 2017). 
Because of explicit expression and smoothness, the Gaus-
sian kernel function is used in this study. Thus, the univari-
ate variable KDE using the Gaussian kernel function is
shown in Eq. (6): 

fH I f I 

f D d 
1 
Mb 

M 

j 1 
K 

d dj 
b
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d dj

b

2
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Compared with the choice of kernel function, the selec-
tion of bandwidth significantly affects the fitting accuracy 
of the distribution model. Based on minimizing the mean
integrated squared error (MISE), the bandwidth b is deter-
mined by Eq. (7): 

MISE b E f b d f d 2 dd 

m 
Mb 

m2 
2b

4 

4 
f d 2 

d d o
1

Mb
b4 7

where E( ) denotes the expected value of the MISE; o( )  is
infinitesimal of higher order concerning the bandwidth b; 

f d 2 dd represents the first origin moment (i.e., 
the mean) of the sample, a m2 d2 f d dd denotes
the second origin moment (i.e., the variance) of the data
sample. The optimal bandwidth b can be calculated as

6rM 0 2 (Cao et al., 2023), where r denotes the standard 
deviation of the correlated variable.

m 
nd 

1 0 

All the kernel density estimations mentioned above have 
a fixed bandwidth, indicating that each data point has the 
same bandwidth. However, the use of a fixed bandwidth 
for kernel den sity estimation may cause large calculation
errors. To improve calculation accuracy, an ABKDE
method is adopted in this study (Zougab et al., 2014). By 
incorporating the sensitivity parameter q into the KDE 
d j with fixed bandwidth, the adaptive correction coef-

ficient kj for a given fixed bandwidth b is shown in Eq. (8): 
f 

where kj represents the adaptive correction coefficient for 
the bandwidth; q is the sensitivity parameter ranging from 
0 to 1 (i.e., normally taken as 0.5). W hen the value of q is 0,
the KDE has a fixed bandwidth. The ABKDE can then be
formulated as Eq. (9): 
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By extending the one-dimensional variable KDE to 
multiple dimensions, the multidimensional ABKDE can
be calculated by Eq. (10): 

fD d 
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kjB
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where d denotes the multidimensional probability 
density function; B is the bandwidth matrix, which is a 
s-dimensional symmetric positive definite matrix with 
determinant |B|; K( ) is the multidimensional kernel func-
tion. When a Gaussian-type kernel function is used, the 
multivariate KDE kernel function can be represented as 
the product of multiple kernel functions, given by K 
(w)  =  K(w1 )K(w2) K(ws). By considering the bivariate vari-
ables of seismic demand and ground motion intensity, the
bivariate joint probability distribution function using the
multidimensional Gaussian product kernel with ABKDE
is shown in Eq. (11): 

fH IM h a 
1 
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where Hj and IMj represent individual samples of the 
demand variable and the seismic intensity variable, respec-
tively; and are the fixed bandwidths for the DM and
the IM, respectively. The marginal probability distribution
function for IM can be obtained from Eq. (9). By combin-
ing Eqs. (4) and (11), the solution for the seismic fragility 
function using ABKDE can be expressed by Eq. (12): 

fD 
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2.3 Copula-based multidimensional seismic fragili ty function

To consider the combined effects of deformation and 
energy during the seismic process on the structure of subway 
stations, this paper selects the MIDR and CDHE as seismic 
DMs. The distribution functions of these two DMs are 
described by F(p) and G(q), respectively. These distribution 
functions can be obtained using the ABKD E method.
Assuming H(p,q) is the joint distribution function of F(p)
and G(q), Sklar’s theorem states that there exists a Copula
function C(P,Q) that satisfies Eq. (13) (Sreelakshmi, 2018): 
H p q C F p G q 13 

If both F(p) and G(q) are continuous functions, C(P,Q) 
can be uniquely determined. Conversely, if F(p)  and  G(q) 
are marginal distribution functions and C( P,Q) is the cor-
responding Copula function, then H(p,q) determined by
Eq. (13) is a bivariate joint distribution function with mar-
ginal distribution functions of F(p) and G(q).

As shown in Eq. (13), the Copula function can connect 
two marginal distribution functions into a two-dimensional 
joint distribution function, facilitating the calculation of 
the joint distribution function simply and effectively. The 
form of the Copula function, as a connecting function 
for marginal distributions, is independent of the marginal 
distribution functions. Furthermore, the Copula function
is not influenced by monotonic increasing transformations
of variables. Thus, the Copula function can effectively deal
with nonlinear correlation problems.

According to the Copula function, the seismic damage 
probability of subway station structures can be defined 
by the probabilities of damage associated with multiple
individual DMs, as shown in Eq. (14): 

P X 1 X 2 X i IM C P 1 P 2 P i IM 14

where Pi represents the seismic damage probability using a 
single DM Xi, i =  1,  2,  , n, where n represents the number
of seismic DMs, and C( ) denotes a multivariate Copula
function.

When solving the multidimensional seismic fragility 
function using Eq. (14), it is possible to separate the uni-
variate seismic fragility of the structure from the correla-
tion among parameters. This approach accurately 
describes the correlation structure among seismic demands 
and effectively reduces the complexity of analyzing the mul-
tidimensional seismic fragility of subway stations. As a ser-
ies system, the subway station struc ture is considered to
have reached a certain DS when either the MIDR or
CDHE exceeds its damage indicator (ID). Consequently,
the multidimensional seismic fragility function of subway
stations can be expressed as Eq. (15): 

P fs 

2 

i 1 
P i IM C  P  1 P 2 IM 15

where Pfs represents the seismic fragility considering the
correlation among seismic DMs.
3 Numerical modeling and selection of earthquake motions

3.1 Numerical models and parameters

In this study, responses of a subway station constructed 
in a saturated sandy stratum are investigated. The Open-
Sees platform is used to establish a 2D soil-structure finite 
element model of the subway station. The subway station is 
a rectangular frame with a width of 17 m, a height of 
7.17 m, and a cover depth of 5 m. The central columns have 
a rectangular shape with dimensions of 0.4 m 1.0 m and
they are constructed at a spacing of 3.5 m along the longi-
tudinal tunnel direction. A relatively large size (i.e.,
width height = 170 m 30 m) of the numeral mesh is
used to mitigate boundary effects on the seismic response.
According to the previous study (Xu et al., 2019), the 
boundary effects on structural responses are minimal when 
the width of the numeri cal mesh exceeds five times the
width of the subway station.

Beam-column elements using fiber section-based model-
ing are adopted to simulate subway stations constructed by
concrete with a grade of C30 (Xu et al., 2019). The Scott– 
Kent–Park constitutive model Concrete02 is utilized to 
model transverse confinement effects from stirrups. 
Reinforcing steel bars are modeled by the Giuffre–Mene 
gotto–Pinto constitutive model Steel02. The saturated sand 
soil is simulated by fully coupled plane-strain quadUP 
elements with four nodes. To capture shear dilation,
shear contraction, and non-flow liquefaction phenomena
under constant or cyclic loading conditions, the Pres-
sureDependMultiYield model is used to simulate sand
behavior (Elgamal et al., 2003). All the soil parameters 
are summarized in Table 1. A free boundary is set to the 
top of the numerical model, while the bottom of the model 
is fixed vertically. Base excitation is applied using a consis-
tent base input methodology within OpenSees. Bundle
boundaries are implemented on both sides of the model
using equalDOF (Chen et al., 2009), ensuring that displace-
ments are identical at corresponding horizontal positions 
across the model boundary. To ignore the relative sliding 
between soil and structures, the subway station is assumed
to tie with surrounding soil. Detailed simulation proce-
dures are shown in Fig. 2. 
3.2 Selection of earthquak e motions

The seismic behavior of structures is significantly influ-
enced by site conditions and the characteristics of earth-
quake motions. Different seismic motions can cause 
various damages to the same structure. To ensure the reli-
ability of damage probability predictions under different 
ground motions, it is cruc ial to reasonably select seismic
motion records. Huh et al. (2017) demonstrated that the 
use of more than 20 seismic motion records can effectively 
reduce uncertainties caused by earthquake inputs. The sub-
way station site falls under seismic design category II.
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Table 1 
Physical parameters of the saturated sandy soil.

Soil density kg m 3 Shear wave velocity m s 1 Poisson’s ratio Friction 
angle ( °)

Phase transformation angle (°) Pressure coefficien t

1900 200 0.35 33 27 0.5 

Fig. 2. Dimension information and numerical strategy of modeling.

Fig. 3. Acceleration response spectrum of the selected earthquake records.
Accordingly, 20 earthquake records are selected from the 
PEER website, covering earthquake magnitudes (Mw) 
ranging from 5.0 to 6.9 and epicentral distances (R) span-
ning from 5 to 100 km, as shown in Fig. 3. 

In IDA, the seismic fragility curves of subway station 
structures and computational efficiency are greatly affected 
by the increment step for ground motion records. To bal-
ance the computational efficiency and analytical accuracy, 
the selected seismic motion records are adjusted incremen-
tally from PGA of 0.05g, 0.1g to 0.9g, with an interval of 
0.1g. These adjusted ground motions are subsequently 
applie d at the base of the numerical model and subjected
to nonlinear time-history analysis. This iterative process
generates a dataset of seismic response data specific to
the subway station structure, providing robust empirical
support for further seismic fragility analysis.
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Fig. 4. ABKDE-based seismic fragility curves of MIDR.
4 Seismic fragility analysis based on mul tidimensional

parameters

According to guidelines of the Ame rican Lifelines Alli-
ance (Nourzadeh et al., 2020), the seismic fragility of sub-
way stations is divided into five damage states: no 
damage (ND), slight damage (SD), moderate damage 
(MD), extensive damage (ED), and complete collapse 
(CC). Based on these five damage states, the seismic perfor-
mance of the subway station is categor ized into four per-
formance levels (LP): fully operational (LP1), immediate
occupancy (LP2), life safety (LP3), and collapse prevention
(LP4).

4.1 Seismic fragility curves concerning the MIDR using

ABKDE method

For shallowly buried structures, Huang et al. (2020)
found that PGA is identified as the optimal seismic IM. 
In this study, the cover depth of the station is 5 cm, which 
can be classified as a shallow underground structure. Con-
sequently, PGA is selected as the seis mic IM while the
MIDR is chosen as the seismic DM. The ID corresponding
to the MIDR (denoted as hmax) across different damage
states are shown in Table 2 (Du et al., 2021). 

By employing the ABKDE method, the seismic fragility 
function for subway station structures utilizing the MIDR 
is derived, and the seismic fragility curves are established,
as shown in Fig. 4. When the ground motion intensity is 
low, no damage is induced in the subway station structure. 
By gradually increasing ground motion intensity, the sub-
way station struc ture gradually varies from SD to MD.
When the PGA exceeds 0.4g, the subway station structure
experiences extensive damage.

4.2 Seismic fragility curves concerning CDHE based on

ABKDE method

The CDHE serves as a crucial damage index for assess-
ing the performance of subway stations under seismic exci-
tation, which is defined as the ratio of the hysteretic energy 
demand to energy dissi pation capacity. A complete col-
lapse state is reached when this ratio exceeds 1. The specific
damage model is formally expressed as Eq. (16): 

DCDHE 
EH 

E C
16
Table 2 
ID of MIDR under different damage states.

Damage state Performance indicators

ND LP1

SD LP1 < ID LP2

MD LP2 < ID LP3

ED LP3 < ID LP4

CC >LP4
where DCDHE denotes the seismic DM of CDHE, EH rep-
resents the CDHE by the subway station during seismic 
excitation, and EC denotes the dissipated energy until fail-
ure under specific seismic or deformation amplitudes,
which is calculated by Eq. (17): 

where ED(x) signifies the hysteretic energy dissipated per 
cycle at deformation amplitude x, and Nf ( x) is the number
of cycles under constant amplitude loading, determined by
Eq. (18) (He et al., 2022): 

EC 
x 

ED x N f x 17

N f 9 86 l 6 4 18

where l = x/XY, with XY representing the nominal yield
strength.

The specific earthquake damage states and correspond-
ing damage indicators are summarized in Table 3 (Xu 
et al., 2014). 

Utilizing the single-parameter ABKDE method, the 
seismic fragility function for CDHE is derived and the
resulting seismic fragility curves are established, as shown
in Fig. 5. 

By comparing the exceedance probabilities sh own in
Figs. 4 an d 5, the trends of seismic fragility curves using 
CDHE are almost the same as those using the MIDR. 
However, under a given DS, differences are observed in 
the probabilities of structural failure obtained from the 
MIDR and CDHE-based analyses. It is indicated that 
potential biases in seismic fragility assessments depend on
Range of the ID Median value of ID
hmax 0.07% – 
0.07% < hmax 0.29% 0.18% 
0.29% < hmax 0.59% 0.44% 
0.59% < hmax 0.83% 0.71% 
hmax > 0.83% 1.00% 
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Table 3 
ID and damage states of CDHE.

Damage state ND SD MD ED CC 

ID of CDHE 0–0.10 0.10–0.25 0.25–0.50 0.50–1.00 1.00 

 

the choice of seismic DMs. To achieve more accurate eval-
uations of structural fragility to seismic actions in subway 
station designs, the coup led effects of multiple seismic
DMs on structure responses should be considered in the
analysis.

4.3 Optimization of Copu la functions

In literature, two types of Copula functions, namely 
Elliptical and Archimedean functions, are commonly used 
in statistical analyses. Correlations among parameters 
described by these two Copula functions are different .
Thus, the selection of the Copula function is controlled
by the specific correlation characteristics of the variables.

Currently, non-parametric KDE with the minimum 
square Euclidean distance approach is widely used to asses s
the goodness fit given fitted by Copula functions (Provost 
& Zang, 2024). Initially, the single-parameter marginal dis-
tribution function derived from Eq. (9) is utilized to esti-
mate parameters for the Copula function, yielding an 
estimated value Ck. Subsequently, the square Euclidean 
distance dk be tween the empirical distribution function Ĉ

(dj) and Ck is calculated using Eq. (19): 

dk 

M 

j 1 
C dj Ck 

2
19

where dj represents the empirical distribution function, 
and Ck deno tes the estimated Copula function.

C 

Prior to evaluating the goodness of fit given by the Cop-
ula function, an initial determination of the Copula type 
can be made by examining frequency distribution his-
tograms of the MIDR and the CDHE, as shown in Fig. 6. 
Fig. 5. ABKDE-based seismic fragility curves of CDHE.
By analyzing these histograms, including measures of 
skewness and kurtosis, the distributions for the MIDR 
and CDHE are asymmetric. Since Elliptical Copula func-
tions are suitable for describing symmetric correlation 
structures, they are not applicable for describing the distri-
butions between the MIDR and CDHE. Consequently, the 
Archimedean Copula function is used to charact erize the
correlation between the MIDR and CDHE. To identify
the optimal Archimedean Copula function, the empirical
and estimated square Euclidean distances for the Frank-
Copula, Clayton-Copula, and Gumbel-Copula functions
are included in Fig. 7. 

It is found that the Frank-Copula function yields the 
smallest square Euclidean distance dk in fitting the joint dis-
tribution function of the MIDR and CDHE. A decrease in 
dk causes an improvement in goodness of fit. Therefore, the
Frank-Copula function is selected as the optimal model for
characterizing the correlation structure between the MIDR
and CDHE in this paper.

4.4 Copula-based multidimensional seismic fragi lity analysis

As discussed before, the Frank-Copula function is 
selected to characterize the correlation structure between 
the MIDR and CDHE. By substituting the single-
parameter seismic fragility functions into Eq. (15), the 
Copula-based bivariate damage model (CBBDM) seismic 
fragility curves, which consider the correlation betw een
the MIDR and CDHE seismic demands, are established.
Figure 8 demonstrates that the seismic fragility curves 
established using the Copula function exhibit a similar 
trend to those derived from single-parameter seismic fragi-
lity curves. As an increase in the IM, the probability of
damage to the subway station structure gradually increases
as well.

At a given DS of the underground structure, the seismic 
fragility curves obtained from single-parameter and two-
parameter damage indicators are compared in Fig. 9.  By
doing so, the advantages and roles of considering multidi-
mensional seismic DMs over single parame ters in seismic
fragility analysis of structures are systematically analyzed.

Under the same ground motion intensity, the probabil-
ity of failure using the bivariate damage model is consis-
tently higher than that using the univariate damage 
model. This indicates that the consideration of a single seis-
mic DM in the seismic fragility analysis of structures may 
overestimate their seismic resistance. For the SD and 
MD states, the probability of failure using the MIDR is 
higher than that using the CDHE under the same ground 
motion. However, opposite results are observed for the 
ED and CC states. As an increase in the ground motion 
intensity, structures gradually change to a plastic state. 
Under this circumstance, the energy dissipation capacity 
under seismic cyclic loading becomes the dominating factor 
in the assessment of the seismic resistance. By introducing
CDHE as a damage indicator, a new way is proposed to
analyze seismic fragility for underground structures.
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Fig. 6. Frequency distribution histogram of the MIDR and CDHE. (a) MIDR, and (b) CDHE.

Fig. 7. Squared Euclidean distance of the MIDR and CDHE.

Fig. 8. Seismic fragility curves based on the Copula function.
5 Seismic fragility analysis using differe nt damage models

5.1 Traditional seismic fragility curves based on single-
parameter damage model

Based on the sample data obtained from IDA, a proba-
bilistic seismic demand analysis is conducted for the
MIDR, as shown in Fig. 10. By using Eq. (3), the seismic 
fragility curves using the MIDR are shown in Fig. 11. 

In addition to the analysis of the MIDR, this paper con-
ducts a probabilistic seismic demand analysis for CDHE of 
the subway station structure under seismic excitation. By
using IDA samples and Eq. (2), the probabilistic seismic 
demand model is presented in Fig. 12. Subsequently, the 
seismic fragility curves are established using the quantified 
limit values of CDHE and the seismic demand model, as
shown in Fig. 13. 

5.2 Traditional seismic fragility curves using dual-parameter
damage model

To analyze the influence of the correlation among DMs 
on seismic fragility, the Niu-modified Park–Ang bivariate 
criterion as the damage mo del is used in this study for ana-
lyzing the seismic fragility of the subway station (Zhai 
et al., 2019). The dual-parameter damage model (DPDM) 
is expressed by Eq. (20): 

DN 
Xm 

X u 
a 

EH 

E C

b

20

where DN represents the Niu-modified Park–Ang DPDM, 
Xm is the maximum deformation experienced by the struc-
ture under the ground motion, Xu is the ultimate de forma-
tion capacity of the structure, a and b are the combination
coefficients, 0.1387 and 0.0814, respectively (Niu & Ren,
1996). 

The damage indicators for each DS in the DPDM are
listed in Table 4 (Zhai et al., 2019). 

Using traditional methods for solving seismic fragility, 
together with IDA data sampl es of the subway station
structure and Eq. (20), the seismic demand model for the 
DPDM at each level of ground motion intensity increment
is derived, as shown in Fig. 14. 

Furthermore, by applying the seismic fragility functio n
in Eq. (3), the seismic fragility curves using the DPDM 
are obtained, as shown in Fig. 1 5.
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Fig. 9. Seismic fragility curves of subway stations based on different damage models. (a) SD state, (b) MD state, (c) ED state, and (d) CC state.

Fig. 10. Seismic demand model of MIDR.
Fig. 11. Traditional seismic fragility curves of subway stations based on
MIDR.
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Fig. 12. Seismic demand model of CDHE.

Fig. 13. Traditional seismic fragility curves of subway stations based on
CDHE.

Table 4 
ID and damage states of DPDM.

Damage state ND SD MD ED CC 

ID of DPDM 0–0.20 0.20–0.40 0.40–0.65 0.65–0.90 0.90 

Fig. 14. Seismic demand model of DPDM.
5.3 Comparative analysis of seismic fragility curves using 
different damage models

In Sections 5.1 and 5.2, the analysis of the seismic fragi-
lity of subway station structures relies on traditional prob-
abilistic seismic demand models, which typically assume 
that the seismic capacity of structures and their seismic 
demands follow a lognormal distribution. However, in 
actual scenarios, the seismic demand on structures 
increases in variability as the ground motion intensity esca-
lates, limiting the accuracy of fitting the seismic demand 
relationship to a lognormal distribution. Consequently, 
this pap er introduces the ABKDE to derive the analytical
expression of the seismic fragility function, extending the
univariate seismic fragility function to a multidimensional
form. Copula functions are employed to consider the cor-
relation among parameters, yielding a multidimensional
seismic fragility function that considers the correlations.

To further analyze the effect of the correlation among 
seismic DMs on seismic fragility, the univariate seismic fra-
gility curves using the adaptive bandwidth, the bivariate 
seismic fragility curves based on the Copula function, the 
seismic fragility curves derived from the traditional
single-parameter method, and the seismic fragility curves
based on the Niu-modified Park–Ang DPDM are plotted
on the same graph under identical performance state, as
shown in Fig. 16. 

Based on the comparative analysis of seismic fragility 
curves from various damage models shown in Fig. 16, the 
following observations can be drawn: 

(1) The seismic fragility curves obtained by various 
methods exhibit similar trends for various damage 
states. At lower PGA values, the subway station 
experiences rapid structural damage development, 
leading to relatively high exceedance probabilities 
for various damage indicators. As the PGA value
increases, the growth rate of structural damage
diminishes. The seismic fragility obtained from the
single-parameter model is always lower than that
from the Niu-modified Park–Ang DPDM and
Fig. 15. Seismic fragility curves of DPDM.



Fig. 16. Seismic fragility curves based on different damage models under different damage states. (a) SD state, (b) MD state, (c) ED state, and (d) CC state.
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CBBDM. This observation is in a good agreem ent
with the findings in Section 4.4, indicating that the 
methods developed in this study are reasonable.

(2) For the SD and MD states, the exceedance probabil-
ities for various damage indicators are relatively high, 
indicating that the subway station structure remains 
predominantly in an elastic state. The exceedance 
probability using the MIDR is higher than that using 
CDHE. However, as the PGA increases, the subway 
station structure changes to a plastic state. Conse-
quently, the seismic fragility using CDHE exceeds
that using the MIDR, and energy dissipation
becomes the dominant factor. This indicates that
structural damages are controlled by deformation
and energy simultaneously. It is not reasonable to
use either deformation or energy to analyze structural
damages.

(3) For all damage states, the exceedance probabilities of 
the DPDM are always higher than those of the single-
parameter damage model. Specifically, DPDM that 
disregards parameter correlations exhibits the highest 
exceedance probability at the same ground motion
intensity. This implies that seismic fragility derived
from a DPDM without considering correlations
of parameters may overestimate the structural
exceedance probability. Moreover, seismic fragility 
from a single-parameter damage model may overesti-
mate the seismic capacity of the subway station
structure.
are drawn as follows:

6 Conclusions 

In this paper, a novel multidimensional seismic fragility 
analysis method is proposed. By using Copula functions to 
describe the correlations among seismic DMs, probability 
distribution functions can be precisely estimated using the 
ABKDE method. This method can effectively simplify the 
complex modeling process of the joint probability distribu-
tion function for multidimensional seis mic DMs. More-
over, analytical solutions for seismic fragility functions
using single and double parameters are derived. Based on
IDA data samples, single-parameter and dual-parameter
seismic fragility curves are established. The conclusions

(1) The ABKDE method is utilized to solve the 
probability distribution functions of seismic DMs. 
The advantage of this method lies in its capacity to 
avoid preemptive assumptions about the overall
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distribution of data. Furthermore, by optimizing 
KDE with adaptive bandwidth, it can effectively mit-
igate estimation errors that may arise due to the high 
randomness of data samples. Additionally, this 
approach significantly reduces the knowledge uncer-
tainty introduced by assuming a lognormal distribu-
tion in traditional seismic fragility analysis.

(2) It is found that seismic fragility curves using a single 
damage indicator cannot consider the combined 
effects of deformation and energy on the damage to 
subway station structures during an earthquake. 
Accordingly, the seismic resistance of these struc tures
is overestimated. Conversely, seismic fragility curves
using double damage indicators which disregard
parameter correlations overestimate the fragility of
subway station structures during seismic events.

(3) When the ground motion intensity is relatively low 
and structures experience SD to MD, the MIDR 
plays a predominant role in the damage to subway 
station structures. However, as the PGA increases 
and structures change to more severe damage states, 
a plastic state is gradually observed in the structures.
At this state stage, CDHE becomes a more critical
factor in structural damage. Thus, it is necessary to
consider multiple seismic DMs in seismic fragility
analysis of structures.

(4) The proposed method can comprehensively consider 
the key factors affecting the damage process of sub-
way station structures, specifically the MIDR and 
CDHE. Additionally, this method effectively 
describes the correlation between deformation and 
energy, as well as the influence of this correlation 
on structural damage under varying PGA conditions. 
The proposed integrated analysis framework pro-
vides a robust scientific basis for predicting the dam-
age to subway station structures under different
ground motion intensities. This approach facilitates
a comprehensive consideration of various damage
indicators, thereby offering a more accurate and prac-
tical tool for the seismic design and risk assessment of
underground structures.
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