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Abstract 

This paper presents a solution for the time-dependent behaviors of energy piles embedded in transversely isotropic soils, which con-
siders the mechanical and thermal consolidation. By using the transformed differential quadrature method, kernel functions of coupled 
thermal-hydro-mechanical solution on the soil-energy pile interface are obtained and the boundary integration is conducted. Then, the 
energy pile is discretized into finite elements. After introducing the displacement coordination and boundary conditions, matrix equa-
tions to reflect the interaction between the surrounding soils and energy piles are formulated and solved. Since the consolidation is con-
sidered, the solution for energy pile behaviors with time including displacements and thermal stresses are achieved. Computational
results are compared with data of existed literatures and field tests to validate the theory in this study. Finally, numerical examples
are conducted to discuss the effects of transverse isotropy of soils, consolidation process and the length-diameter ratio of the energy pile.

Keywords: Energy piles; Transverse isotropy; Time-dependent behaviors; Thermal-hydro-mechanical coupling; Transformed differential quadrature m-
ethod
1 Introduction 

The energy pile has been gradually widely applied for 
reducing carbon emissions and environmental protection
(Mimouni & Laloui, 2014; Kong et al., 2021a; Fei et al.,
2023). Behaviors of the energy pile are complicated and 
have been investigated by researchers via different
approaches. For numerical modelling (Ehsan et al., 2014;
Batini et al., 2015; Bourne-Webb et a l., 2016; Ng et al.,
2016b; Abdelaziz & Ozudogru, 2016; Saggu &
Chakraborty, 2017; Rui & Yin, 2018; Sung et al., 2018;
Georgiadis et al., 2020), the finite element software is most 
commonly used to obtain displacements, temperatures and
axial forces of energy piles under heating/cooling, e.g.,
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ABAQUS (Bourne-Webb et al., 2016; Saggu &
Chakraborty, 2017; Georgiadis et al., 2020), and COMSOL
(Ehsan et al., 2014; Batini et al., 2015; Abdelaziz &
Ozudogru, 2016; Sung et al., 2018). Obviously, the bound-
ary conditions are of vital importance in the finite element
simulation to obtain accurate results. Through field tests,
the performance of the energy pile in silts, clay, unsatu-
rated sand has been investigated (Brandl, 1998, 2006;
Laloui et al., 2006; Akrouch et al., 2014; Murphy &
McCartney, 2015; Wang et al., 2015; Singh et al., 2015;
Faizal et al., 2016, 2019; Luo et al., 2017). Generally, field
tests are often combined with numerical simulations to dis-
cuss the behaviors of energy piles such as the skin friction,
stresses and strains induced by temperatures, and plastic
deformation of surrounding soils. Considering the high
cost and difficulty of conducting field tests, researchers
have explored the behaviors of piles subjected with thermal

testsand mechanical loadings by laboratory model
behalf of KeAi Communications Co. Ltd. 
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Fig. 1. Energy pile installed into multilayered saturated transversely
isotropic soils.
(Kalantidou et al., 2012; Yavari et a l., 2014, 2016; Stewart
& McCartney, 2013; Goode & McCartney, 2015; Ng et al.,
2015, 2016a; Nguyen et al., 2017; Liu et al., 2019; Kong
et al., 2021b). It can be seen that many beneficial works 
on energy piles have been done by researchers through 
the aforementioned approaches. By contrast, the theoreti-
cal analyses of energy piles are limited in terms of both
quantity and method categories (Knellwolf et al., 2011;
Suryatriyastuti et al., 2014; Pasten & Santamarina, 2014;
Chen & McCartney, 2017; Sutman et al., 2019; Perić
et al., 2020; Olia & Perić, 2021; Ai et al., 2022), and most 
of the theoretical analyses are performed on the basis of
the load transfer method (Knellwolf et al., 2011;
Suryatriyastuti et al., 2014; Pasten & Santamarina, 2014;
Chen & McCartney, 2017; Sutman et al., 2019). In addi-
tion, soils in coastal areas are often saturated with water, 
and exhibit transverse isotropy due to the sedimentation 
process. Specifically, mechanical parameters (e.g., the 
Young’s moduli, and Poisson’s ratios), permeable coeffi-
cients and thermal parameters (e.g., linear thermal expan-
sion coefficients, and thermal diffusion coefficients) are 
often different between the horizontal direction and vertical
direction, which might affect the energy pile behaviors. At
present, studies of energy piles involving the transverse iso-
tropy and consolidation of soils are not sufficient.

In this study, we present a novel method to solve the 
time-dependent interaction between saturated transversely 
isotropic (TI) soils and energy piles. Firstly, the boundary 
element solution of soils is achieved by the virtue of the 
transformed differential quadrature method (TDQM), 
and the finite element method is applied to analyze the 
energy pile considering changes of temperatures. Subse-
quently, the coupled matrix equation of finite element solu-
tion and the boundary element solution, which is 
dependent on time, is constructed and then solved after
introducing boundary conditions. To validate the pre-
sented theory, numerical examples are set up, and their
results are compared with those obtained by other methods
and field tests. Finally, the influences of the transverse iso-
tropy of soils and other design parameters on the thermally
induced displacements and stresses are investigated and
displayed.
2 Formulation of the solution 

An energy pile is installed in multilayered TI poroelastic 
soils. The discretization of the energy pile is depicted in
Fig. 1. The mechanical load transferred from building 
structures at the pile top is FN . hT is the energy pile temper-
ature increment.

2.1 Boundary element solution for the soils

Recently, Ai et al. (2022) studied the performance of the 
energy pile, but the evo lution of energy pile behaviors with
time was not considered. In previous research (Ai et al.,
2022), the temperature field was stable. Besides, soils are 
assumed as elastic media without water. In fact, both of 
the consolidations caused by mechanical loading s and heat
conduction will affect the energy pile behaviors, which are
fully discussed in this study.

The equilibrium equations without body forces are
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in which rrz and are stress components in cylindrical
coordinates.
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The constitutive equations for transversely isotropic sat-
urated media are
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Substituting Eqs. (3)–(6) into Eqs . (1)–(2) leads to 
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The heat transfer with time is considered a nd can be
described by (Biot, 1956; Zhao & Ai, 2023b) 
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where Kr qC and Kz qC represent the radial and 
vertical thermal diffusivity coefficient, respectively. s the 
total mass density and s the specific heat.
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Involving TI properties of permeability and thermal dif-
fusivity, we have the seepage equation related to time as
(Biot, 1956) 
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where e is the volume strain; asf 2as1 as3 np 3af 
2as1 as3 , in which and np are the linear expansion 
coefficient of the fluid and the porosity, respectively; 

kw r cw and z kwz cw are the coefficients of fluid
flow along the radial direction and the vertical direction,
respectively.

af 

K fr K f 

The governing equations, i.e., Eqs. (7)–(10), consider the 
THM coupling effect of soils and transverse isotropy. In 
order to solve these partial differential equations, we
applied the transformed differential quadrature method
Fig. 2. Discretization for any layer along z-axis.

Fig. 3. Discretization of ti
(Zhao & Ai, 2023c). The Hankel transform is firstly taken 
to the equations, so that the derivatives with respect to r is 
eliminated. The variables are subsequently converted into 

the Hankel-transformed domain, where u 1 
r u 

0 
z h 

0 

T and r 0 

denote the transformed variables corresponding to 
uz hT and respectively. The solution is conducted 

within the transformed domain since the following deriva-
tions could be simplified. After resolving the equations in
the transformed domain, the variables in the physical
domain can be obtained through the corresponding inverse
transform. Starting from Eqs. (7)–(10),  we  h  ave
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where 0 and 1 represent the Bessel function orders in the 
Hankel transform; is the Hankel transform parameter 

with respect to r; ur , u z , hT and r are written as ur,uz, hT
and or brevity, respectively.
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The multilayered soils consist of Ln layers along depth. 

For any layer we divide it into many sublayers and the
sampling point number is Nz (Fig. 2). The temporal 
domain is discretized by a similar way, that is, the whole 
time are divide d into many time steps, and every time step
has Nt sampling points (Fig. 3). 

After discretization, we have
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where i j n denotes the variables of the ith point along z-
axis, the jth point along time and inside the nth layer; the 
subscript n indicates that the parame ters belong to the

nth layer; k A2
ik Bjk, an B2

jk are weighting coefficients

(Zhao & Ai, 2023c). 
Ai d  

For the nth layer, we have the following matrix equation
at all sampling points:
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where n Unr Unz hn rn 
T ,  and , , and r 

are radial displacement vector, vertical displacement vec-
tor, temperature vector and excess pore water pressure vec-
tor, respectively; r and z are the vectors of initial 
varia bles. The coefficients matrices , and

are assembled by weighting coefficients, which can be
obtained from Eq. (12).
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Then, the continuity conditions between adjacent layers 
and boundary conditions are added to the matrix in Eq.
(16). The base of the soil is considered impermeable to heat 
flux and fluid flux, and is constrained in terms of vertical 
and radial displacements. The top of the soil is stress-free
and its temperature keeps consistent with the ambient
atmospheric conditions. The boundary conditions are
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For adjacent layers, we have
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To solve the THM coupling of transversely isotropic 
soils, the conditions including mechanical loads and tem-
peratures should be also be added. Typical load forms have
been shown in a recent study (Zhao & Ai, 2023a). After 
introducing the load conditions, the flexibility coefficient 

a b t denoting the displacement at nduced by a load 
at can be obtained. Subs equently, we will deduce the
boundary integration using the flexibility coefficient

a b t .
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Since the temperatures and forces on the pile-soil inter-

face changes with time, we consider the evolution of loads
and express them as
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Fig. 4. Discretization of energy pile and its element.
Similarly, there is
uzT a b t uT a b t T a 0 uT a b t T a t 23

Convolution has the following property a bout the
Laplace transform:
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where t indicates taking transform to .L f f t 
Apply the Laplace transform to Eqs. (23)–(24), and we 

have
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where s indicates the Laplace parameter and ‘‘_” denotes 
the variables in the transformed domain.

uz a b s is induced by mechanical loads and tempera-
tures, so there is the following equation when initial load-
ings are zero:
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We have the following integral equation within a depth
of L:
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Also, we have the following integral equation for the 
excess pore water pressure:
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Then, the kernel functions in the theory of the boundary 
element method are obtained through the flexibility
coefficients.

2.2 Finite element solution for the pile

Subsequently, we consider the energy piles and apply the 
finite element method to solve the thermal and mechanical
behaviors of piles.

For any element of energy piles, as shown in Fig. 4, 
there is a relationship between arbitrary displacements 
and nodal displacements e k for any element k of the
energy pile, i.e.,
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Substituting Eq. (30) into Eq. (31) leads to 
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The stress and strain induced by temperature increments 
should be considered for energy piles. The thermally 
induced strain is T k is the thermal expansion coeffi-
cient of the pile, and is the kth element temperature),
which can be seen as the initial strain of the rod element.
Therefore, we have
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The following equation is obtained from the virtual
work principle:

due k z 

T 
P

e k 
M 

V 
dez r zdV 34

where k and k 
M represent the virtual nodal displace-

ment and the equivalent nodal forces, respectively ez is
the virtual strain and V denotes the volume.
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Combining Eqs. (32)–(34), we obtain
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By assembling all elements, we have the global matrix
equation as
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denotes the nodal displacements vector; K s the global 
stiffness matrix; and are vectors of equivalent nodal
forces.

Up p i 
PM PT 

2.3 Coupled mat rix equation

To consider the interaction between the surrounding 
soils and piles, and investigate the change of stresses, 
strains and temperatures, the coupled matrix equ ation
related to time should be constructed. Considering a
time-dependent process, we can rewrite Eq. (36) as 
KpUp t PN t FM t P T t 37

where t denotes the vector of the nodal forces caused 
by external mechanical loadings, an FM t denotes the 
vector of the equivalent nodal forces caused by end bearing
forces and skin frictions.

PN 
d 

The coupled matrix equation is established based on the 
interaction on the pile-soil interface, which is shown in
Fig. 5. In this study, the discretization is carried out in a 
same way. Thus, boundary element nodes and finite ele-
ment nodes overlap in spatial position. The loads on the
interface can be expressed by the following interpolation:
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e k 
B t 38

where N 1 N 2 ,  and k is the nodal force vector at
the kth boundary element.

N F
e 
B 

Applying the transform to Eq. (38) and combining Eqs .
(28) and (29), we have the following equation by taking the 
integral domain as the length of lk: 
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Fig. 5. Elements and nodes on the energy pile-soil interface and energy
pile.
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Then, by assembling all boundary elements on the 
energy pile-soil interface, we have
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where m 
k 1 indicates superimposing the boundary ele-

ments effects.
bTaking point as all boundary element nodes, we can

obtain a matrix equation:
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where s and s are the nodal force vector and tem-
perature vector, respectively; s and s are the nodal 
displacement vector and excess pore water pressure vector,
respectively; M, , M and fT can be obtained from

Eqs. (41) and (42). 
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Taking transform to Eq. (37) leads to 
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The equivalent nodal force vector is
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Combining Eqs . (38) and the Laplace transform, we can
write Eq. (46) as 

F
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Assemble all elements, and one has
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Combining Eqs . (43) and (48), we can express the equiv-
alent nodal forces as
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Since boundary element nodes and finite element nodes 
overlap in spatial position , we have the following coordina-
tion condition:

Up s W s 50
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By combining Eqs . (45), (49) and (50), the coupled 
matrix equation to reflect the en ergy pile-soil interaction
is established:

Kp Cu 1 
M 

Up s PN s Cu 1 
M 
u TT s PT s 51

By solving Eq. (51), the nodal displacements of the 
energy pile can be obtained. The flowchart of this study
is depicted in Fig. 6. Energy piles and the surrounding soils 
are modeled independently, and then coupled through 
introducing interpolation of forces at the interface and 
coord ination conditions. After the coupled matrix equation
is solved, validation and discussion are conducted.
3 Validation 

3.1 Piles in TI soils

The proposed theory is applicable to piles in both isotro-
pic and transversely isotropic media. A pile in isotropic and 
TI soils subjected to vertical loads is calculated by the pro-
posed theory in this study, and the results are compared
with those in Chow (1989). The length of the pile Lp, 
and the depth of the soil is 2 For isotropic case, we have 

Ev 1 0, v Ev 0 33, an lh lvh 0 499; for 
transversely isotropic case, we have Eh Ev 2 0, 

Ev 0 40, h 0 499 an lh 0. The normalized 
stiffness at the pile top is defi ned a o V EvDuz o , in
which D is the pile diameter, o is the settlement of the
pile top, and V is the amplitude of the mechanical load.
Different cases with variou Lp D an Ep Ev (100, 300
and 1000) are shown in Figs. 7 and 8. 

is 
Lp. 

Eh G d 

Gv lv d 
s w 

uz 

s d 

It can be noted that the obtained results of this study are
in good agreement with those in Chow (1989), which veri-
fies the applicability of the proposed solution for piles in 
isotropic and TI soils. Also, the discrepancy between Figs. 7 
···

-

Fig. 6. Flowchart of the prop
and 8 shows that it is essential to involve the transverse iso-
tropy of soils when discussing the behaviors of piles.

3.2 Energy piles embedded in saturated soil s in Nanjing,

China

To further validate this theory for energy piles under var-
ious temperatures, an energy pile in saturated soils in Nan-
jing, China is recalculated. As shown in Table 1, the soils 
are divided into 7 layers. In Table 1, l the Poisson’s ratio; 
E is the elastic modulus; c the gravity of soils; a he linear 
thermal expansion coefficient; and is the thermal perme-
able coefficient. The length and diameter of the energy pile 
is 24 and 0.6 m, respectively; Ep =  30.9  GPa,  and  ap=-

10 5 °C−1 . The energy pile is heated up with a tempera-
ture of 17 °C, and the heating time is 336 h. The thermally
induced stresses is recalculated and compared with data
from field tests and simulations by COMSOL (Kong et al .,
2023). It is noted that the results are in good agreement in
Fig. 9, validating the proposed appro ach.

is 
is is t 

K 

1 

rTs 

It is observed that Chow utilized the finite element 
method to obtain the displacements and axial forces of 
piles in anisotropic clay, and COMSOL is a popular soft-
ware based on the finite element theory. Compared with 
the solutions provided by Chow and COMSOL, the theory 
in this study introduces the integral transform to model the
semi-infinite half-space when applying the TDQM, thus
avoiding the complex handling of boundary conditions.
Additionally, both the consolidation and transverse iso-
tropy of the surrounding soils are considered.

4 Examples and discussion 

4.1 Transverse isotropy of the surrounding soil

Existing research on energy piles mostly considered the 
isotropic surrounding soil, while the proposed theory in
0 

4 

8 

12 

16 

20 

24

- 1000 2000 5000 8000 

osed theory in this study.
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Fig. 7. Normalized stiffness at the pile top in isotropic soils.

Fig. 8. Normalized stiffness at the pie top in transversely isotropic soils.
this study can further solve the behaviors of energy piles in 
transversely isotropic soils. To discuss the effects of trans-
verse isotropy of surrounding soils, examples are con-
ducted as follows. The vertical Young’s modulus of 
surrounding soil 30 MPa, and the transversely isotro-
pic ratio Eh E v is set up as 0.5, 1.0 and 1.5, respec-
tively. FN = 1000 kN, and the temperature increments

hT including − 20, −10, 0, 10 and 20 °C are discussed.

Ev 
nhv 

Dh 
Table 1 
Properties of the saturated soils in Nanjing.

Depth (m) l E (MPa) c (kN/m3 )

1–4 0.30 220 21.0
4–8 0.30 200 20.3
8–15 0.30 220 20.0
15–18 0.32 180 20.0
18–23 0.30 230 19.6
23–28 0.30 230 20.6
28–58 0.25 280 20.3
The length and diameter of the energy pile is 10 m and 
0.6 m, respectively; 30 GPa, 1 10 5 °C−1 , and 
Poisson’s ratio is 0.3. The soil depth is 20 m, and other 
parameters of the soils a Gv 10 M a, lh 0 25, 

0 3, r Kz 2  W  m C , kwr kwz 1 10 7 

m s, n = 0.5, q = 2000 kg/m3 , C = 1200 J/(kg∙°C), 
1 10 5 °C−1 , 3 1 5 10 5 °C−1, and af 7

10 5 °C−1. We defin z uz 103 an s t 86 400, in
which and are in the units of mm and m, respectively,
and and are in the units of d and s, respectively.
Displacements at 0 01 d and 10 000 d are calcu-
lated and shown in Figs. 10 and 11, respect ively.

Ep ap 

re: P 
lvh K 

as1 as 
e u d 

uz uz 
s t 

s s 

As shown in Figs. 10 and 11, there is linear relationship 
between temperature increments and displacement 
changes. In other words, the displacement change caused 
by the temperature increase from 0 to 10 °C is the same 
as that from 10 to 20 °C. It is beneficial for the prediction
of energy pile settlement without the need for complex cal-
culations for various temperature increments, since the lin-
ear fitting can be used instead.

nhBesides, with the increase of v, the displacement line 
gradually moves downward, and the displacement 
decreases. There are discrepancies between different cases, 
which indicates the necessity of involving the transverse 
isotropy of the surrounding soils when performing the 
energy pile analysis, so as to make the computational
results more realistic and accurate. Also, the displacement
of energy pile top will change over time, which is induced
by the heat transfer and the consolidation caused by
mechanical and thermal loads.

The axial forces are depicted in Figs. 12 and 13.  By  com-
paring the axial forces at two moments, it can be seen that 
with the development of time, the temperature of the soil 
gradually approaches to the energy pile temperature due 
to heat conduction. Hence, the restriction of the soils is 
weakened and the axial forces with differen T are close 
to the axial force distribution with =  0  °C. By compar-
ing the axial forces under different cases at the same
moment, the axial force distribution along the energy pile
does not change obviously with the increa nhv, which
are not shown here. For the calculation of the axial forces,
the anisotropy of the soil can be ignored.

t h 
hT 

se
a (°C−1 ) K (W/(m °C)) np 

1.0 × 10− 6 1.66 0.63 
1.0 × 10− 6 1.57 0.75 
1.0 × 10− 6 1.53 0.80 
1.0 × 10− 6 1.61 0.77 
1.0 × 10− 6 1.56 0.81 
1.0 × 10− 6 1.48 0.55 
1.0 × 10− 6 1.72 0.67 
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Fig. 9. Comparison of the thermally induced stresses of energy piles.

xia at s 

Fig. 10. Pile top d cement at s 0 01 d.ispla 

Fig. 11. Pile top dis ement at s 10 000 d.

Fig. 12. A l forces 0 01 d (nhv=0.5).
4.2 Consolidation effects on displacements and stresses

This study addresses the consolidation of the surround-
ing soils in heat pumps, enabling the calculation of the 
time-dependent behaviors of energy piles. Displacements 
and axial forces of the energy pile change over time due
to the consolidation induced by mechanical loads and heat-
ing/cooling of piles. In this example, and of the sur-EhEv 
rounding soils are 30 and 20 MPa, respectively. Other 
parameters are consistent with those in Section 4.1. 

To more effectively illustrate the consolidation process, 
the normalized displacement induced by −20 °C cooli ng
is depicted in Fig. 14. It is observed that the displacement 
of the energy pile develops over time, since the heat transfer 
causes the consolidation of the surrounding soils. Finally, 
the displacement reaches a constant value, signifying the 
completion of the consolidation process. The normalized 
initial displacement is 1.189 and the final constant value 
is 1.351, which is easily to calculate the percent displace-
ment caused by consolidation (13.6%), indicating that the 
accurate prediction of displacements requires considering
the time-dependent consolidation process.
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Fig. 13. A forces at s 10 000 d (nhv=0.5).xial 
for 

Fig. 14. Displacements induced by −20 °C cooling with FN = 0.

orc 

Fig. 15. Thermally induced axial ces at s 0 01 d.

Fig. 16. Thermally induced axial f es at s 10 000 d.
F pfThen, the axial force is calculated, and the therm ally
induced axial forces are shown in Figs. 15 and 16. The ther-
mally induced axial forces with different are symmetric 
in the figures. When the energy pile cools down, there are 
negative axial forces. Similarly, axial forces are positive
when the energy pile heats up. By comparing Figs. 15 
and 16, it is noted that the thermally induced axial forces 
decrease with time. It is because that the consolidation 
develops with time, and the deformation discrepancy 
between the pile and surrounding soil gradually decreases,
so that the restriction of surrounding soil is weakened.

hT 

4.3 Length-diameter ratio

erFor energy piles, the ratio of length and diamet vp 
affects the mechanical behaviors. An example with
= 10 m and Lp D as 16, 25 and 50 are calculated 
for discussion. The vertical load is 1000 kN. Other param-
eters are the same as those in Section 4 .2. Figures 17 and 18
show the initial and final pile top settlements, respectively.

Lp vp 

It is noted that the increasing of the pile diameter results 
in less settlements, which is induced by a better load trans-
fer. The settlements with = 20 °C at the initial time andDh



Y. Zhao et al. / Underground Space 23 (2025) 113–124 123

Fig. 17. Settlements of the e top at s 0 01 d.pil 

Fig. 18. Settlements of the top at s 10 000 d.pile 
finial time are almost the same. The reason is that the offset 
of consolidation is caused by mechanical loads and pile
heating.
5 Conclusions 

In this study, energy piles in multilayered poroelastic 
soils are investigated with involving the transverse isotropy 
of soils. The TDQM is applied to acquire the boundary 
element solution of soils, and the finite element is further 
coupled to solve the time-dependent interaction be tween
the surrounding soils and energy piles. The proposed solu-
tion is validated through comparisons with existing meth-
ods and field tests. After discussion, this study concludes
the following conclusions.
The coupled solution in this study could accurately 
obtain the time-dependent displacements and axial 
forces of energy piles embedded in transversely iso-
tropic poroelastic soils.

(1) 

(2) The developed displacement can be up to 13.6% of 
the initial displacement, so it is necessa ry to consider
the consolidation process caused by thermal and
mechanical loads.

(3) The transverse isotropy of soil has a significant influ-
ence on the settlements and stresses of en ergy piles,
which is deserved to be considered for computation.

(4) Linear fitting can be used to predict the displacement 
of energy piles since there is a linea r relationship
between temperature increments and displacement
changes.

The long-term performance including the viscoelastic 
and plastic displacement is a significant research topic. 
The proposed method does not consider the plastic or vis-
coelastic settlem ents of piles under a long-term cyclic cool-
ing and heating, which deserves investigation in the future.
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