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Existence and Uniqueness Analysis for
Fractional Differential Equations with
Nonlocal Conditions

Chun VVangIZl

Abstract: Fractional differential equations and systems are gradually becoming an essential ap-

proach to real world applications in science and engineering technology. The boundary value prob-

lems of the fractional differential equations and systems were investigated by using several different

methods. Recently, much attention has been paid to investigate fractional differential equations

with nonlocal conditions by using the fixed point method. In this paper, by using the Banach fixed

point theorem and Krasnoselkii fixed point theorem, the existence and uniqueness of the solutions

to the initial value problem of the nonlinear fractional differential equations with nonlocal condi-

tions are investigated, and some sufficient conditions are obtained. We extend some results that

already exist. Finally, an example is given to show the usefulness of the theoretical results.
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1 Introduction

Fractional differential equations are differential
equations of any arbitrary real or complex
order.The major advantage of the fractional de-
rivatives is that they can describe the property of
heredity and memory of many materials.
Fractional differential equations now  re-
ceived increasing attention due to their applica-
tions in a variety of disciplines such as physics,
chemistry, mechanics, electrical engineering, con-
trol theory, heat conduction in materials with
memory, etc.(see [1-15] and references therein).
Regarding some new real world applications of
fractional calculus in science and engineering, we

recommend the review article [16] to the readers.
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Recently, much attention has been paid to
investigate fractional differential equations with
nonlocal conditions by using the fixed point
method. The reader may consult [17-23].

In [24], by using the monotone iterative
method and the fixed point method, Jankowski
discussed the initial value problems

(Dix)(t) = f(t,z(t)), t € J,=[0,T), T >0

{9(5(0% Z(T)) =0

and

(Dix)(t) = f(t,z(t)), te J,=10,T), T >0

Z(T)=k
where D2z denotes the right-handed Riemann-
Liouville fractional derivative of z with 0 < ¢ < 1.

In [25], N'Guérékata considered the Cauchy
problem for the nonlocal conditions of fractional
differential equation

{(D“z)(t) =ftx(t)), tel
z(0) + g(z) = o

where 0 < ¢ < 1. However, the author did not in-
dicate which type of fractional derivatives in the
paper.

The above problems with nonlocal condi-
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tions can be applied to the description of diffu-
sion phenomenon of a small amount of gas in a
transparent tube (see [26]).

Motivated by the above references, we focus
our attention on the following problem

(D*z)(t) = f(t =(1))
0<g<1l,tel,=(0,T, T>0 QD)

with the nonlocal condition

lirr}r t'x(t) + g(z) =z 2

where Dz denotes the left-sided Riemann-Li-

ouville fractional derivative of z with

€(0,1), feC(IxR,R), I =1[0,T]
g is a bounded linear functional on the space.
Ci(I,R)={ueC(0,T],R) : t' “u e C([0,T],R)}
where C*(I,R) =C(I,R) if ¢=1. The bounded

linear functional ¢ has many different forms. For
example, it could be either of the following: one
is that

P

g(w) = Z cz(t:)

i=1
where ¢; (i=1,2,---,p) are given constants and

0<t, <ty <---<t,<T. The
defined by

other form is

o) = [ u(t)a(n)dt

4]

where u(t) is a function such that w(t)x(t) is in-
tegrable on (0,7T7.
The left-sided Riemann-Liouville fractional

derivative of x with ¢ € (0,1) define by
1 d e

(1 —gq)dt L (t-

and if ¢ =1, then D'z(t) = z/(t), see [27]. Here,

we also introduce the left-sided fractional integ-

(Diz)(t) = s) x(s)ds, t €1,

ral J¢ of order ¢ > 0 by

(I"z)(t) = ﬁ Lt (t —s)" 'x(s)ds, t € I,

where I'(g) is the Gamma function, see [27].

The following definition is necessary for our

main results.

Definition 1 Function x is called a solution
of problem (1)-(2) if

(a) z € C(I,,R), t*~22 € C(I, R) and its frac-
tional integral I'~“x is continuous on I;

(b) x satisfies problem (1)-(2).

2 Main Results

In order to get our main results concerning the
existence and uniqueness of the solutions for frac-
tional differential equations with nonlocal condi-
tions, we have to introduce the following norm
on the function space C*(I, R).

For z € C(I, R), we define a weighted norm

lall. = maxt? e [a(1)]

with a corresponding fixed positive constant A
such that AT" < 1. It is easy to show C*(I,R) is a
Banach space with the norm.

The following theorem is our main results.
Theorem 1 Let g€ (0,1), feC(I x R,R). As-
sume that:

(H1) g¢ is a bounded linear functional on
C(I, R) with

lg(x) —g(y)| < Lllz —y
L<1,Ve,ye C'(I,R)

¢

(H2) there exists a nonnegative constant K
such that

\f(t,z) — ft,y)| < K|z —y
Ve,y € C'(I,R)

s

g KT
[(g+ 1)er

has a unique solution.
Proof It is easy to show that problem (1)-(2) is

+ L < 1, Then problem (1)-(2)

equivalent to the following integral equation

w(t) =t (zo — g(x))+
1

@ Lt (t—s)"""f(s,2(s))ds

We define an operator 7 on the space
C(I,R) by

Ta(t) =t~ (z, — g(x))+

1 wt
(g Jo €8 S (ssa(s)ds
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We shall show that 7T is a contraction map
on C*(I,R) for showing the operator T has a
fixed point.
For any z,y € C*(I, R), by using the assump-
tions (H1) and (H2) we get
[Tz —Ty|l, < Lilz —yll.+
K 1—q—X ¢ -1
q t o q o <
T haxt e J =)l —yll.ds <
Kllz —y] ¢
Lijx — - — <
e =yl + Ty e o
Kl —yll, T
F(g+1) e

+ L] e —=yll.

Lijz —yll. +

KT
eMT(qg+1)
KT

By — -
Y (g + 1)
lem(1)-(2) has a unique solution according to

+ L < 1, we show that prob-

the Banach fixed point theorem. The proof is
complete.
Corollary 1 When ¢ =1, assume (H1), (H2)
with L+% <1, then problem (1)-(2) has a
unique solution.
Proof In this case, |z||, = 1[10175;)]<ef“|:c(t)|. By The-
operator T has the form
Tx(t) =z, — g(x) + fot f(s,z(s))ds

By conditions (H1) and (H2), we can get

orem 1, the

t
T2 =Tyl <Liie —yll. +maxe™ [ Kr —yil.ds <

KT
(£+ %55 ) o=l

According to the Banach fixed point theor-

em, we show that problem (1)-(2) has a unique
solution when ¢ = 1.

The next main result is based on the well-

known Krasnoselkii fixed point Theorem (see
[28]).
Theorem 2 (Krasnoselkii) Let E be a closed con-
vex nonempty subset of a Banach space (B, || ||).
Suppose that operators U and V map E into B
such that

(i) if z,y € E, then Uz +Vy € E;

(ii) U is compact and continuous;

(iii) V is a contraction mapping.

Then there exists z € E with z=Uz+ V2.

By using Krasnoselkii fixed point Theorem,
we can get the following main result.
Theorem3 Assumethatq € (0,1),f € C(I x R, R),
and

(H1) ¢ is a bounded linear functional on
C(I, R) with ¢g(0) = 0 and

lg(z) —g(W)| < Ll —y
L <1, Ve,ye CY(I,R)

*

(H3) |£(s,2(s))| < (s), ¥(s,2) € I x C*(I, R),
where p(s) € L*(I, R"), a > 1, and

B 1
= — 1 _—
« T <pB< ¢
Then problem (1)-(2) has at least one solu-
tion on J.
Proof Firstly, it is easy to show that

1
N =maxtFe M =

[0,T]
( 1 )é N S
— ) e 7, < =<
A8 A (3)
T# 1
- T < —
e’ < 23

Choose a real number r satisfying

1 [l
> N+ z|| @
L [[ﬁ(q—l)ﬂ]ﬂr(q) o

and we consider the ball
B, ={zeC": |[z]l. <r}
Now, we define the operators U and V on B,
by
—— [ (t= )" (s, 2(s))ds

and
Va(t) =t (z, — g())

By a simple calculations, we get

1 [ 3
< 1—q —At _ o)\Bla—D) }5
|Uz()], < r{geg](t e T [L (t—s) ds| " x

Uﬂt (#(S))“dS} "< NF”(A;')'a [ﬁ(q _11) + 1} B

(5)
This shows that U is uniformly bounded on

B,. On the other hand, since z is continuous,
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then (Uz)(t) is continuous.

By (H1), for any y € B,, we have
IVyll, < [wo] + Lr (6)

By (5), (6) and choice of r, we obtain
Uz +Vyll, <7

Thus, we show that if z,y € B, then
Uz+Vye B,
By (H1), for any z,,z, € B,, we have
[(Va)(t) - V)OI, < Lz, — 2]

it is clear that V is a contraction mapping for
L <1.

Next, we will prove that U is compact.
Firstly, we prove that (Ux)(¢) is equicontinuous.
For any ¢,,t, € I and t, < t,, and = € B,. Since f
is bounded on the compact set I x B,, then
SUP,, uyerum, |f(5,2(s))| =S < oc. By this, we ob-
tain

(Uz)(t,) = (Uz)(t)] <
L <J;t1 (t, — 5)'1—1|f(8,13($))|ds) + I‘LX

I(g) \/e (q)
([t =9 = (0= ) (s, 2(s))lds ) <
S
m@(tl —4,)"+ (15— t])) <
28 b e
CESIA

So U(B,) is relatively compact. By the Ar-
zela-Ascoli Theorem, U is compact. We now
complete the proof of Theorem 3 by using

Krasnaselkii’s Theorem above.

3 Example

In this section, we will show an example to illus-

trate the main results.

Example 1 Consider the nonlocal initial problem
1

T+ ()

lim toa(t) +g(x) =5

(D3 x)(t)

5, t €1, =(0,2]

where

1
1+ 6710+ (a(t)

f(t.2) = )wgua—éjfﬁx@m

1
Put )\:?7a:9,ﬁzg. It is easy to check that

1 1
<

200 = Ty < = O

and

2 1 9 %
lall, = U <t/> dt} ~1.3015

On the other hand, we have

*

o(0) = g0 < 3 J etat) o~

1 ¢
and L = : JPe?dt ~0.4630 <1. By (3), we get

that N = max#5e~% ~ 1.3915.

[0,2)
By (4) and some simple calculations, we get

that r > 15. So the problem has at least one solu-

tion on
B, ={zeC": ||z||. <r} CC0,2],R)
by Theorem 3.
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