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To develop new conjugate gradient (CG) methods that are both theoretically
robust and practically effective for solving unconstrained optimization prob-
lems, we propose novel hybrid conjugate gradient algorithms. In these algo-
rithms, the scale parameter 8y is defined as a convex combination of 8%
(from Hager and Zhang’s method) and 8P4 (from Al-Bayati and Al-Assady’s
method). In one hybrid algorithm, the parameter in the convex combina-
tion is determined to satisfy the conjugacy condition, independent of the line
search.In the other algorithm, the parameter is computed to ensure that the
conjugate gradient direction aligns with the Newton direction. Under certain
conditions, the proposed methods guarantee a sufficient descent at each itera-
tion and exhibit global convergence properties. Furthermore, numerical results
demonstrate that the hybrid computational scheme based on the conjugacy
condition is efficient and performs favorably compared to some well-known al-

gorithms.

(cc)

1. Introduction

Optimization involves minimizing or maximizing
an objective function. Unconstrained optimiza-
tion, a subset of optimization, focuses on mini-
mizing a function of real variables without con-
straints. The general unconstrained optimization
problem can be expressed as:

min{ f(z),z € R"}, (1)

where f is a smooth function, and its gradient is
available.!

Over time, several numerical methods have been
developed for solving such problems, including
the Steepest Descent (SD) method, Newton’s
method, Conjugate Gradient (CG) methods, and
Quasi-Newton (QN) methods. This paper focuses
on CG methods.

These methods are widely utilized in various fields
due to their efficiency and scalability, especially
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for large-scale optimization problems. In engi-
neering, 2 CG algorithms are employed for solv-
ing challenges in structural design, fluid dynam-
ics, and control systems. In data science and ma-
chine learning,>* they play a crucial role in op-
timizing loss functions for regression, classifica-
tion, and neural network training. Additionally,
in signal and image processing® CG methods are
used for tasks such as image reconstruction, de-
noising, and signal recovery. Scientific computing
also heavily relies on CG algorithms for solving
large sparse linear systems, particularly in finite
element analysis and computational physics.

The key advantages of CG methods include their
low memory requirements,® which make them
suitable for high-dimensional problems, and their
rapid convergence for specific classes of functions.

The foundation of CG methods was laid in 1952
by Hestenes and Stiefel,” who introduced the CG
method for unconstrained linear optimization, as
it is applied to quadratic functions. Then, in
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1964, Fletcher and Reeves® extended the CG
method for solving nonlinear unconstrained min-
imization problems. The basis of all CG methods
is to generate a sequence {zy} starting from an
initial estimate x¢p € R", using the following re-
currence:

k=0,1,2,.... (2

Tht1 = T + ody,

The step size aj is determined using a one-
dimensional search, referred to as a line search.”
Line searches can be either exact or inexact. In-
exact line searches are generally preferred because
performing an exact line search at each iteration is
computationally expensive in terms of both time
and memory %!, In our research, we employ the
strong Wolfe line search, defined by the following
conditions 1%13:

— f(wg) < Saugl dr,
g1 dy| < —ogldy.

[y + apdy) (3)

(4)

where 0 < 0 < o < 1. And d}, is the search direc-
tion generated by the following rule:

.

where g; is the gradient of f at the point xg
and [ is known as the CG parameter. Different
choices for the parameter 3 correspond to vari-
ous conjugate gradient methods. Bellow are some
well-known formulas:

it k=0
it k>0,

—90;

5
— 09k + Br—1dr—1, (5)

i 5 % Fletcher and Reeves (FR);
° 5]?3/ ”gy];% Dai-Yuan method (DY)4;
° 51?5 = g%ijiyk Hestenes and Stiefel (HS);

° 5kL ngyk Liu and Storey (LS).'?

These methods are identical if f is a strongly
convex quadratic function and «y is obtained
by exact line search, as the parameters [ of
these methods will be equal, generating the
same sequence {zp}*=0. However, when ap-
plied to a general nonlinear function with in-
exact line searches, these methods generate
different sequences {z;}*=0, implying different
methods. 618

The most important characteristic that combines
the methods FR and DY methods is their strong
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convergence properties. However, they may not
perform well in practice due to jamming. On the
other hand, although HS and LS methods may
not converge in general, they often perform bet-
ter. To achieve good computational performance
while maintaining strong global convergence, re-
searchers paid special attention to hybridize the
CG methods of the two categories. Various hy-
brid methods have been proposed in this context.
For example:

lgjykd (1—0k)8y, YL-H%[?,?D Hammel!;

s BI}CLHZDY =(1 Hk;) Z 4 013z, DY Hallal??;
Guefassa

° BZPRPHZ (1 _ ek),ﬁ]];RP + ekﬁfz
Delladji??;

o BRFRBA — (1—6;) BT 40,884 Delladji?*;

s 5hyb (1- ek)ﬁ + 0155 FR Diordjevi¢.24

From the literature, the AL-BAYATI and AL-
ASSADY (BA) method?® often performs better in
practice than the Hager and Zhan (HZ) method,?¢
while the HZ method exhibits stronger conver-
gence properties than the BA method. To com-
bine the advantages of both the BA and HZ meth-
ods and develop a more efficient and robust algo-
rithm, we propose a new hybrid CG method based
on a convex combination of these two methods
for solving unconstrained optimization problems
under suitable conditions. The corresponding pa-
rameters are defined as follows:

HZ Hyk:”2 T
= Yk — 2dg—7—)" gk 6
BA _ ||l/k:||

where yr = gr+1 — gr and ||.|| stands for the Eu-
clidean norm.

This paper is organized as follows: In Section 2,
we present the new hybrid conjugate gradient al-
gorithm, detail its corresponding algorithm, and
derive the parameter 6, using specific techniques.
Furthermore, we establish the sufficient descent
condition under the strong Wolfe line search. In
Section 3, we analyze the convergence proper-
ties of the proposed method. In Section 4, we
demonstrate the efficiency of our method through
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numerical comparisons against the NDH, HZ,
and BA methods, as well as the hybrid method
hDYHS from,?” using 30 test problems from the
CUTE collection.?® Finally, a brief conclusion is
presented in Section 5.

2. Proposed method, algorithm

In this section, we describe a newly proposed CG
method, where the parameter 5; € R represents a
convex combination of the HZ and BA methods,
defined as follows:

B = (1—0)BE + 0,817,
el
=(1-6
(1= 6k) Ty, (8)
+0y, (dT (Y — 2y g7 ”y’“” -) 9k+1>-

Here 0}, € [0, 1] is referred to as the hybridization
parameter, which will be determined using a spe-
cific approach described later. Clearly: if 6, = 0,

then 8Y° = gPA, and if @ = 1, then g1¥* = g7
For 0 < 6 < 1, ﬁk is a convex combination of
BPA and pHZ.

We consider two possibilities for selecting the pa-
rameter j:

In the first hybrid conjugate gradient algorithm,
the parameter 0y is selected such that the conju-
gacy condition ( d;‘gﬂyk = 0)is satisfied at every
iteration, independently of the line search. From

the recurrence relation for dj;, we have:

2
dr :_gT +(1—6, [yl dr
k+1 k+1 ( )dfyk; k
+0 ! —— (Wi g (9)
k k+1
||?Jk|| T
—2 d k+1) dj, -

Now, multiplying both sides of relation (9) by y,
we obtain:

lyk|”

di Yk = —gipyk + (1= 0k) Tyr di i
1
+0p —— (Wl gk
ALy
lyell® ¢
-2 dt grt1) di v
d{yk k Jk+ k

Using the conjugacy condition, then the above
relation becomes:

27

0 = —gliaye + (1= 0)|ysl?

lyx|® )
dTy ’

after some algebra, the formula for 6, becomes:

dT

+0k (Y gry1 — 2

9L Yk
_ ollukll® 4T
Q—dgyk dpg

0 =

(10)
yly

In the second algorithm, the parameter 6 is cho-
sen such that the direction di4; from (9) corre-
sponds to the Newton direction, i.e.,

s |I?
dLy,

—V2f(zhs1) g1 = —grpr + (1 — 0)

—— (Y} gk
K

Having in view that V2f(zj41)dr=yk, from the
above relation, we get:

(Wi ge1 — lyrll* = di grs1)dir yi

Wt gr)(dEyr) — llunl?(2dE gr1 + dE y(k) |
11

O =

We observe that the value of the parameter 6
given by (10) or (11) can be outside the interval
[0.1]. Thus, in order to have a real convex combi-

nation in (8), the following rule is considered: if
0 < 0, then set 0 = 0 in (8) i.e., Zyb BA i

0 > 1, then take 0 = 1 in (8), i.e. l@hyb 1z,

Therefore, under this rule for 0 selection, the di-
rection dj in (9) combines the properties of HZ
and BA algorithms.

Theorem 1. If the relations (8) and (9) hold,
then

hyb
dkil = (1 ek)dk-u + ekdk+1 (12)
Proof. We have the following relation:
Y2
4 = g, 1+(1—9k)” dy,
k+1 + dk Yk
lyel® 7
+0p—— <ZUT§/k+1 -2 At g1 ) di-
Ay F dLyy, F
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Next, considering the above relation again and
adding and subtracting the value 6;gx1, we get:

2
dZ_yi_bl =—(1—0k 4+ O0k)gr+1 + (1 — 0O) ”%{ﬁ” d,
dkyk:
Yk
+¢9k%(y59k+1 -2 ‘dT I df, gt1)dr,
Hka2
= (1= 0k)(—gk+1 + dp,
(L= 0 (g + gt )
1
+0k (—gr+1 + o
(3/ Jk+1 —QLT” dkngrl)dk)'

Finally, from the above relation, we obtain:

k1l = 9k)dk+1 + 9kdk+1

2.1. The sufficient descent condition

In the following we prove that the search direction
dp, obtained by the new hybrid conjugate gradi-
ent satisfies the sufficient descent condition, which
plays a crucial role in ensuring global convergence.
Based on the relation (12), we distinguish three
cases:

Firstly: If 6, = 0, then

hyb
dpity = dith,

Therefore, the sufficient descent condition holds
for the hybrid method if it holds for the BA
method. Delladji, S., Belloufi, and Sellami prove
in?? that dkaI satisfies the sufficient descent con-
dition for all k£, under the strong Wolfe line search
conditions.

Secondly: If 6, = 1, then

hyb
dk+1 dk+17

Therefore, the sufficient descent condition holds
for our hybrid method if it holds for the HZ
method, the following theorem (2), established by
William W. Hager and Hong Zhang in,? proves
the sufficient descent for the HZ method:

Theorem 2. Ifd yr # 0, and

dpy1 = — g1 + Tdg,
dy = —go, V7 € [B,?Z,max{o,ﬁfz}].
Then,

ghditt < §||91<:+1H2- (13)

Finally:?" if 0 < 6;, < 1, then there exist two real
numbers p1, po such that 0 < p; < 0 < po < 1,
and we have:

hyb (

T T BA T HZ
Irr1dy7 = (1= Ok) g1 di iy + Okgrp1dieins

< (1- M2)gk+1dk+1 + M19k+1dk+1v

In,? they proved that:

A
ghadit < =1 —e)llgen |, (14)

where, 0 < €1 << 1, from the above relations (13)
and (14), it follows that:

hyb

Gip1dpty < —(1 = p2)(1 = e)lgrsa|® — MI*Hgk—&-l” :
Therefore,
hyb
le-s-ldkil < K||gk+1” (15)
where K = ((1 — p2)(1 —€1) + ,u1%).

Algorithm 1. (CCH, NDH)

Initialization. Choose a starting point xg € R™,
e>0,and 0 < <o < 1. Compute f(xg) and
go = Vf(xo). Consider dy = —go, the initial
guess ag = 0, and k = 0.

Step 1: If ||gx|| < €, then stop; otherwise, con-
tinue with Step 2.

Step 2: Compute oy by the strong Wolfe line
search (3), (4).

Step 3: Generate xp11 = xp + opdy.

Compute f(zr41), gr+1 = Vf(Tg41), and yp =
9k+1 — Gk-

Step 4: Compute the 0y parameter. If y,{gk —
2”“” dTng = 0, then set 0, = 0. Otherwise,

compute 0r as follows:
CCH algorithm (using the Conjugacy Condition):

G Yk
llyell® ;7
2 dTEyk dkg

0), =
vl g —

NDH algorithm (using the Newton Direction):

0 — WL gk — llwell® — df grg1)di yi
(WE gr1) (AL yr) — Nlyell?(2dF gesr + dFyk)
as in

Step 5. If 0 < 0, < 1, compute ﬁZyb
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equation (8). 1If O > 1, set 5Zyb = pHZ.
0 <0, set Bgyb = ppA.
Step 6. Compute d = —gpi1 + ﬁgybdk. If the

restart criterion of Powell’s condition

If

gt 19k > 0.2]|gks1 12,
is satisfied, then set dxi1 = —grk11-
define dy11 = d.

Step 7. Set k =k + 1 and continue with Step 1.

Otherwise,

3. Global convergence

In this section, we study the global convergence
properties of the proposed conjugate gradient
method. To proceed, we make the following As-
sumptions and present several lemmas.

Assumption 1. The level set S = {x € R" :
f(z) < f(zo)} is bounded, i.e., there exists a con-
stant B > 0 such that

|lz|| < B, forallx € S. (16)

Assumption 2. In a neighborhood N of S, the
function f is continuously differentiable, and its
gradient V f(x) is Lipschitz continuous. That is,
there exists a constant 0 < L < oo such that

IVf(z) =Vl < Llz—yl, forallz,y e N.

Under Assumptions 1 and 2 on f, there exists a
constant I' > 0, such that

V(@) <T, (17)

forallx € S.

Lemma 1. Let Assumptions 1 and 2 hold. Con-
sider the method (2) and (3), where dj is a de-
scent direction and oy is obtained from the strong
Wolfe line search. If

1
PO (18)
2]
then
lim inf ||gx|| = 0. (19)
k—o00

Lemma 2. ! Suppose that Assumptions 1 and 2
hold. If dj, is a descent direction and oy, satisfies

Genrdy > ogtdy, o<1, (20)
then ‘ - |
(1 - U) dkgk

ap > . . 21

A PATE 21)

Proof. The proof of Lemma 2 can be found
in.! O
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According to Lemma 2, Assumptions 1 and 2, the
strong Wolfe conditions, and (15), it follows that
g,{dk # 0 for all kK > 0. Therefore, o = 0 does
not satisfy (4). This implies that oy = 0 in the
new hybrid conjugate gradient algorithm is not
valid, and there exists a constant A > 0 such that

ap > A, forall k> 0. (22)

Now, we will give the following Theorem, which
shows the global convergence of our new method.

Theorem 3. Let Assumptions 1 and 2 hold.
Consider the iterative method of the form (2),(8)
and (9). Then either g, = 0, for some k, or

lim inf ||gg|| = 0. (23)
k—ro0

Proof. Suppose that g # 0, for all k. We will
prove (23) by contradiction.Assume that (23)
does not hold. Then, there exists a constant
¢ > 0 such that

llgk|| > ¢, for all k | (24)

according to the relations (4) and (15), we obtain:
diyr > K(1—0)|grl® > K (1 —o0)c”.

By using the Lipschitz condition, we get:

lyell = llgr+1 — grll < LD,

where D = max{||z —y||, =,y € N'} is the diam-
eter of \V.
We have

hyb __
dk+1 -

— g1 + (1= 0k) BEAdy, + 0x B2 dy,
since, 0 < 0 < 1, we obtain:

hyb
it

PN Ngrrall + (UBEA + 182 ldw ]l (25)

They proved in?® and3! that:

L?D?
BA

P ——
181 < K1 —o0)c?’
and

1 o
HZ 2

1871 < T oke (LDF+2(1_U)(LD) > :

Using the above relations and (22), the equation
(25) becomes:
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hyb BA HZ
3l < Ngnaall + (85 + 185 7Dkl

[ s MD
<I'+M <I'+—
<I'+ Y S + N
where
272
M= L*D 1
Kl—-o0)? (1—-0)Kc?
o
LDT 42— (LD)* ).
(eor + 2725 007)
Thus, we conclude:
> s =
hyb 2
izo 143117

By applying Lemma 1, we conclude that:
lim inf ||gx|| = 0.
k—o00

This contradicts (24), and thus we have proved
(23). O

4. Numerical experiments

In this section, we present the computational
performance of a Mathematica implementation
of the CCH algorithm on a set of 450 uncon-
strained optimization test problems from.3? We
selected 30 large-scale unconstrained optimiza-
tion problems in extended or generalized form.
Each problem is tested for several values of n:
n = 2,4,10,...,20000. At the same time, we
provide comparisons with other conjugate gradi-
ent algorithms (NDH, HZ, and BA) as well as
with the hybrid method: hDYHS (where the
parameter (i is computed as a convex combi-
nation of 319 (Hestenes-Stiefel) and BPY (Dai-
Yuan)algorithms), as proposed in,2” which we re-
fer to here as HYB. The comparison is done using
the performance profiles of Dolan and Moré,
The comparisons between algorithms are made
in the following context. Let J“"ZALG1 and flALGQ
represent the optimal values found by ALG1 and
ALG2, respectively, for problem ¢ = 1,...,450.
We say that the performance of ALGI is better
than the performance of ALG2 on a particular
problem i if: [fAFCL — fALG2| < 1073 and the
number of iterations, number of function-gradient
evaluations, or CPU time for ALG1 is less than
those for ALG2, respectively.

All codes are written in Matlab and the com-
putational experiments were performed on a PC
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with an Intel(R) Core(TM) i3-4030U CPU @ 1.90
GHz, 4GB RAM, running Windows seven profes-
sional.

In the first set of numerical experiments, we
present a comparison with the NDH algorithm un-
der the same conditions mentioned above. More-
over, Figures 1 and 2 show the performance pro-
files of CCH versus NDH, based on the number of
iterations and CPU time.

Performance Profile based on the iteration number, CCH versus NDH.

Figure 1. Performance Profile based
on the iteration number. CCH versus
NDH

Performance Profile based on the CPU time, CCH versus NDH.

Figure 2. Performance Profile based
on the CPU time. CCH versus NDH

The two figures show that our method outper-
forms the NDH method in terms of both the num-
ber of iterations and CPU time.

In the second set of numerical experiments, we
compare the performance of our new algorithm
with the HZ and BA conjugate gradient algo-
rithms. Figures 3 and 4 display the performance
profiles of the new method versus HZ and BA,
based on number of iterations and CPU time, re-
spectively. It is observed that the convex com-
bination of HZ and BA, as expressed in (8), is
significantly more successful than either the HZ
or BA algorithms individually.
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Performance Profile based on the iteration number, CCH versus HZ and BA.

Eos

CCH

HZ BA

Figure 3. Performance Profile based
on the iteration number. CCH versus
HZ and BA algorithms

Performance Profile based on the CPU time, CCH versus HZ and BA.
9 T T T T T T T T

Figure 4. Performance Profile based
on the CPU time. CCH versus HZ
and BA algorithms

The third set of numerical experiments compares
our new method with the hybrid conjugate gradi-
ent algorithm hDYHS from,?” which we refer to
as HYB here. Figures 5 and 6 display the per-
formance profiles of the new method versus HYB,
based on the number of iterations and CPU time,
respectively.

Performance Profile IJsed on the iteration number, CCH versus HYB.

—— CCH —— HYB

0.4

Figure 5. Performance Profile based
on the iteration number. CCH versus
HYB
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Performance Profile IJsed on the CPU time, CCH versus HYB.

Figure 6. Performance Profile based
on the CPU time. CCH versus HYB
and BA algorithms

Based on the performance of the HYB method
in,2” we can conclude that our method outper-
forms both the HS and DY conjugate gradient
algorithms, as well as the hybrid conjugate gradi-
ent algorithms hDY and hDYZ from,3* which use
the projections of HS and DY.

5. Conclusion

Hybrid conjugate gradient (CG) methods play a
pivotal role in advancing optimization techniques
by combining the strengths of various classical CG
algorithms to achieve superior performance. In
this paper, we present the CCH method, which
combines the HZ and BA methods. The param-
eter B is computed as a convex combination of
BHZ and BPA, ie., B = (1 — 05)BPA + 0,87
The parameter 6, is computed in such a way that
the conjugacy condition is satisfied, or the corre-
sponding direction in the hybrid conjugate gradi-
ent algorithm becomes the Newton direction. The
CCH method ensures sufficient descent and global
convergence under strong Wolfe line search con-
ditions, as rigorously demonstrated in the paper.
Furthermore, the performance profile of our al-
gorithm outperforms those of the well-established
conjugate gradient algorithms HZ and BA, as well
as the hybrid algorithm based on the Newton di-
rection (NDH algorithm) and the known hybrid
variant HYB, which combines HS and DY, for a
set of 450 unconstrained optimization problems.
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