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Abstract

This paper conducts a theoretical analysis of ground settlements due to shield tunneling in multi-layered soils which are usually
encountered in urban areas. The proposed theoretical solution which is based on the general form of the Mindlin’s solution and
Loganathan-Poulos formula can comprehensively consider the in-process tunneling parameters including: unbalanced face pressure,
shield-soil friction, unbalanced tail grouting pressure, unbalanced secondary grouting pressure, overloading during tunneling and the
ground volume loss. The method is verified by comparing with the field data from the Qinghuayuan Tunnel Project in terms of the
ground surface settlements along the longitudinal and transverse direction. Due to the local settlement or heave caused by the certain
tunneling parameters, the ground surface settlements calculated using current solution along the longitudinal direction presents an irreg-
ular S-shaped curve instead of the traditional S-shaped curve. Results also find that the effect of the unbalanced secondary grouting pres-
sure and the overloading during tunneling cannot be ignored.
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1 Introduction

With the continuous expansion of the cities, the denser
population has caused traffic congestion (Broere & Festa,
2017; Liang et al., 2020). Underground transportation
has become the best choice to alleviate this problem (Cao
et al., 2018; Li et al., 2020). The key issue to underground
transportation lies in the safe construction of tunnels (Li
et al., 2019; Cao et al., 2020b; Chu et al., 2024). The shield
tunneling method is widely adopted in the construction of
urban tunnels with its advantages of mechanization, safety,
and rapidness (Zheng et al., 2016; Huo et al., 2020). Never-
theless, the tunneling process will inevitably cause ground
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movements, therefore the evaluation and control of the
ground movements, especially ground settlements are par-
ticularly crucial (Wan et al., 2017; Li & Zhang, 2020). At
present, many approaches are available to evaluate ground
settlements which can be mainly divided into several cate-
gories including empirical approach (Peck, 1969;
Celestino et al., 2000; Lu et al., 2020b), numerical approach
(Hasanpour et al., 2014; Boldini et al., 2018; Lu et al.,
2020a), experimental approach (Ahmed & Iskander,
2011; Franza & Marshall, 2019; Soomro et al., 2020), field
measurements (Standing & Selemetas, 2013; Wan et al.,
2017; Cao et al., 2020b) and theoretical approach
(Sagaseta, 1987; Bobet, 2001; Verruijt, 1997; Yang et al.,
2004; Pinto & Whittle, 2014; Kong et al., 2019; Zhang
et al., 2020). The analytical approach can accurately and
concisely grasp the relationship between the independent
variables and the target value, and can quickly analyze
the effect of the variables on the target value, thus this
ehalf of KeAi Communications Co. Ltd.
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approach is widely used (Ledesma & Alonso, 2017). How-
ever, the soil is always regarded as a homogeneous single
layer medium in all theoretical approaches above. In fact,
most of the urban ground is distributed in layers, due to
the different characteristics of the mechanical properties
of each soil layer, the single layer-based analytical
approach may cause non-negligible errors for settlement
prediction in multi-layered soil system (Hagiwara et al.,
1999). In order to solve this problem, some scholars have
developed the analytical or semi-analytical approaches
(Zhang et al., 2011; Zymnis et al., 2013; Cao et al.,
2020a), and all these approaches found that the soil strati-
fication has an important impact on tunneling-induced
ground settlements.

However, the above theoretical approaches can only
evaluate and predict the lateral two-dimensional ground
settlements, whether it is based on the single layer or
multi-layered medium. The predicted ground settlements
are the final stable settlements after the tunnel construction
is completed (Zhang et al., 2020). In practice, the process of
shield tunneling is complicated, and various tunneling fac-
tors all have vital effect on the ground settlements (Ninić
et al., 2020). These factors include the unbalanced face
pressure, the friction of cutterhead rotation, the shield-
soil friction, the unbalanced tail grouting pressure and
the ground volume loss (Liang et al., 2015; Jin et al.,
2020). The above two-dimensional approaches can only
consider the ground settlements caused by the ground
volume loss, but cannot consider the influence of other
factors, thus simplifying the tunneling process and hiding
the soil response of the soil due to various tunneling factors
(Wei et al., 2018). In response to this problem, relevant
scholars develop the three-dimensional theoretical solu-
tions for ground settlements regarding the soil as a single
layer medium and considering the influence of the above
factors on the ground settlements (Wei et al., 2018; Jin
et al., 2020). These solutions can capture the details of
the tunneling process and obtain the more accurate pre-
dicted results compared with the field measurements. How-
ever, the above solutions did not consider the soil
stratification, nor did it consider the action of the unbal-
anced secondary grouting pressure and overloading which
are usually existing in tunneling process, which may be the
non-negligible factors in predicting three-dimensional
ground settlements.

This paper aims to develop a theoretical solution of
ground settlements due to shield tunneling in multi-
layered soils. This solution can not only consider the soil
stratification, but also consider the two critical tunneling
parameters (unbalanced secondary grouting pressure and
overloading during tunneling) in addition to the previously
studied four parameters (unbalanced face pressure, shield-
soil friction, unbalanced tail grouting pressure and ground
volume loss). The theoretical calculated results are verified
through the comparison with the field measurements from
the Qinghuayuan Tunnel Project in Beijing, China. The
component analysis is conducted to explore the influence
of each tunneling parameter on ground settlements. Cur-
rent research may offer some insights into the tunneling-
induced ground settlements in multi-layered soils.

2 Mechanical model of ground during tunneling process

Ground is subjected to various additional loads from
tunnel boring machine (TBM) during tunneling process,
and these loads will break the balance of surrounding soil
and induce soil deformation. For multi-layered soil system,
when using analytical methods to calculate ground settle-
ments considering the above additional loads, it is neces-
sary to homogenize the layered soil first. The thickness of
each soil layer changes correspondingly during the homog-
enization process, thus the excavation boundary and
deformed boundary at the tunnel periphery also change
accordingly, that is, the circular boundaries are trans-
formed into an elliptical cluster (Cao et al., 2020a). For
non-circular boundaries, the infinitesimal superposition
method must be used to calculate ground settlements. To
this end, this section will first establish a mechanical model
of ground during tunneling process, then introduce the
homogenization theory of layered soil, and further give
the transformation and formulaic characterization of the
excavation boundary and deformed boundary at the tunnel
periphery.

2.1 Mechanical model of surrounding soil

According to the location and characteristics of each
load applied by TBM on the soil at a certain transverse sec-
tion, the additional loads can be divided into the following
five types shown as follows (Fig. 1).

(1) Unbalanced face pressure q. Whether it is an earth
pressure balance tunnel boring machine (EPB TBM) or a
slurry pressure balance tunnel boring machine (SPB
TBM), both ensure the balance of the soil by applying pres-
sure on the tunnel face. Due to the complexity of the
ground conditions and the uncertainty of the tunneling
process, sometimes the applied face pressure cannot match
the in-situ lateral earth pressure. The unbalanced force will
induce ground deformation, when the face pressure is too
high, the ground will heave, on the contrary, the soil will
settle. The applied area of the unbalanced face pressure is
the tunnel face with coordinates (0, 0, H) as the center, R
as the radius, and the x direction as the normal direction,
where R is the excavation radius, and H is the distance of
the tunnel axis at spring level from ground surface. The
Cartesian coordinate system xyz conforms to the right-
hand rule. The positive direction of the x-axis is consistent
with the advance direction, the positive direction of the
y-axis is horizontal to the right, which is the direction of
the tunnel transverse section, and the positive direction of
the z-axis is vertically downward.

(2) Shield-soil friction f. During TBM tunneling, the
shield will inevitably have friction with the surrounding soil
in the circumferential direction. When the contact pressure



Fig. 1. Mechanical model of surrounding soil during shield tunneling.

L. Cao et al. / Underground Space 16 (2024) 29–43 31
between the shield and the soil and the friction coefficient is
large, this friction will likely cause non-ignorable deforma-
tion of the soil. The applied area of the shield-soil friction is
the rectangular shield-soil interface with a length of L and
a circumferential width of 2pR, where L is the length of
TBM shield. The direction of friction is along the positive
direction of the x-axis.

(3) Unbalanced tail grouting pressure p. Similar to the
face pressure, when the tail grouting pressure does not
match the in-situ circumferential earth pressure, the sur-
rounding soil will deform. The unbalanced tail grouting
pressure is the main reason for the soil deformation. When
the tail grouting pressure is too large, the soil will heave,
and vice versa. The applied area of the unbalanced tail
grouting pressure is the rectangular area with a length of
S and a circumferential width of 2pR, where S is the impact
length of tail grouting. The direction of the unbalanced tail
grouting pressure is outward normal direction of the tunnel
periphery.

(4) Unbalanced secondary grouting pressure j. In order
to prevent the slow and continuous deformation of the soil
after tunneling, some projects also require secondary
grouting, which is carried out after the tail grouting. The
characteristics of the secondary grouting are similar to that
of tail grouting, therefore it is not illustrated in Fig. 1.
Generally, the applied pressure of the secondary grouting
is larger than that of the tail grouting. Besides, the sec-
ondary grouting is not grouting around the entire tunnel
periphery, but grouting with a certain angle to the spring
line within the upper half section.

(5) Overloading during tunneling t. Due to the stacking
of muck and machinery during construction, the soil will
also be subjected to additional loads, which is manifested
as ground settlements. The applied area of the overloading
during tunneling is the rectangular area connected by point
(M, N, T), point (M + L1, N, T), point (M + L1, N + L2, T)
and point (M, N + L2, T), where M, N, L1 and L2 describe
the applied range of the overloading, and T is applied
depth of the overloading from ground surface.

In addition to the above five factors, the friction of cut-
terhead rotation can also induce ground deformation.
According to related studies (Liang et al., 2015; Jin et al.,
2020), ground settlements caused by this factor is relatively
small and can be ignored, so it is not considered in this
study. In conclusion, the above five factors all have greater
impacts on ground deformation near the tunnel face than
that far away from the tunnel face. Hence, the impact of
shield tunneling on ground deformation is a typical three-
dimensional problem. It should be noted that the ground
settlements a long distance from the tunnel face are only
determined by the ground volume loss l, and can be calcu-
lated by the conventional two-dimensional prediction
method. Therefore, the total ground settlements are the
superposition of ground settlements caused by each factor.

2.2 Homogenization of multi-layered soil and transformation

of coordinates system

The multi-layered soil system can be transformed into
single layer soil system using elastic equivalent method
(Hirai, 2008; Cao et al., 2020a). The multi-layered soil sys-
tem with different modulus and Poisson’s ratio in each soil
layer is transformed into the single layer soil system with
the same modulus and Poisson’s ratio which are equal to
those of the base layer. During the transformation, the
thickness of each layer in the layered soil system is changed
to a new thickness in the single layer soil system, and the
transformation process can be found in Cao et al. (2020a).
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2.3 Transformation of excavation boundary and deformed

boundary at the tunnel periphery

After the transformation of multi-layered soil system,
the circular excavation boundary oX in the stratified
ground should be transformed at the same time (Cao
et al., 2020a). In calculating the ground settlements caused
by unbalanced face pressure q, shield-soil friction f, unbal-
anced tail grouting pressure p and unbalanced secondary
grouting pressure j. The integration of the unbalanced pres-
sure within the area enclosed by the transformed excava-
tion boundary oX0 is required. The associated
transformation process can also be found in Cao et al.
(2020a).

In calculating the ground settlements caused by shield-
soil friction f, unbalanced tail grouting pressure p and
unbalanced secondary grouting pressure j, when the curvi-
linear integral is carried out along the g axis, the elliptical
cluster must be separated considering the dual values
appear (Fig. 2).

According to equation in Cao et al. (2020a), the function
of the two elliptical arcs of the boundary oX0 can be
derived and expressed using Eq. (1).

f1 gð Þ ¼ aiouter

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g�qiouterð Þ2

b2iouter

r
; f � 0

f2 gð Þ ¼ �aiouter

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g�qiouterð Þ2

b2iouter

r
; f � 0

8>>><
>>>:

; ð1Þ

where aiouter, aiouter and biouter are the semi axis in the y 0 fð Þ
direction, semi axis in the z0 gð Þ direction and the distance
of the outer ellipse center from ground surface,
respectively.

The curvature of the two elliptical arcs needs to be used
in the integration process, which can be expressed by Eq.
(2).

k1 gð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ df1 gð Þ

dg

� �2r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ df2 gð Þ

dg

� �2r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4iouterþ a2iouter�b2iouterð Þ g�qiouterð Þ2

b4iouter�b2iouter g�qiouterð Þ2

r ð2Þ

Besides, in calculating the ground settlements caused by
unbalanced tail grouting pressure p and unbalanced sec-
ondary grouting pressure j, it is necessary to decompose
Fig. 2. Schematic of divided elliptical arc at two side.
the pressure along the y and z directions. To this end, the
angle h is expressed by the transformed coordinate shown
as Eq. (3).

cos h ¼ k2 gð Þ ¼ f1 gð Þ
R ; f � 0

k3 gð Þ ¼ f2 gð Þ
R ; f � 0

(

sin h ¼ k4 gð Þ ¼ g�
Pj�1

k¼1
Hke

� �
Hj

HjeR
þ
Pj�1

k¼1
Hk�H

R ;
Pj�1

k¼1

Hke � g � Pj
k¼1

Hke

8>>>><
>>>>:

ð3Þ
It should be noted that all the variables appearing in this

section represent meanings that are not explained, and they
can all be found in Cao et al. (2020a), therefore, they are
not repeated here.

3 Formulas for calculating ground settlements in general

form

The above section establishes the mechanical model of
the layered soil system, then obtains the expression of the
transformed excavation boundary oX0 and deformed
boundary ox0 at the tunnel periphery. In view of the
non-circular characteristic of the two transformed bound-
aries, the infinitesimal superposition method must be used
to calculate ground settlements. That is, the settlements at
point (x0, y0, z0) induced by the infinitesimal applied pres-
sure or excavation at point (n, f, g) should be established
firstly, then the total settlements at (x0, y0, z0) can be calcu-
lated using the superposition method within the domain of
integration.

When calculating the ground settlements caused by var-
ious factors during the construction process, the factors
can be divided into two parts: one is the distributed pres-
sure including q, f, p, j and t, and the other is ground loss
l. The first one is essentially the problem of solving the soil
displacements under the force-controlled boundary condi-
tion, so it can be carried out based on the Mindlin’s basic
solution (Mindlin, 1936) in the semi-infinite elastic system.
The latter is to solve the problem of soil displacements
under displacement-controlled boundary condition, so it
can be calculated using the infinitesimal Loganathan-
Poulos formula (Loganathan & Poulos, 1998) considering
its good adaptability in predicting ground movements
(Cao et al., 2020a).

3.1 Mindlin’s solution and its general form

Taking the semi-infinite elastic space as the research
object, Mindlin (1936) solved the displacement at arbitrary
point (x0, y0, z0) in the elastic region when the horizontal
concentrated force Px and the vertical concentrated force
Pz act at point (0, 0, c) (Fig. 3).

In view of the fact that this formula limits the position of
the action point, there will be certain obstacles in its appli-
cation. Thus Wei et al. (2018) extended it to arbitrary point
(n, f, g) in the elastic half-space. The ground settlements at
arbitrary point (x0, y0, z0) induced by the unit concentration



Fig. 3. Schematic of Mindlin’s solution and schematic of Mindlin’s solution in the general form.
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force acting at another arbitrary point (n, f, g) in three
directions are obtained. In current study, to facilitate the
calculation process, the soil shear modulus G is replaced
by the soil elastic modulus E and soil Poisson’s ratio l.
The transformation can be expressed using Eq. (4).

G ¼ E
2 1þ lð Þ ð4Þ

The ground settlements uzx(n, f, g) at point (x0, y0, z0)
caused by the unit concentrated force acting at point (n,
f, g) along the positive direction of x0(n) can be expressed
by Eq. (5).

uzx n; f; gð Þ ¼ x0 � nð Þ 1þ lð Þ
8pE 1� lð Þ

z0�g
R3
1

þ 3�4lð Þ z0�gð Þ
R3
2

� 6gz0 z0þgð Þ
R5
2

þ 4 1�lð Þ 1�2lð Þ
R2 R2þz0þgð Þ

2
4

3
5 ð5Þ

The ground settlements uzy(n, f, g) at point (x0, y0, z0)
caused by the unit concentrated force acting at point
(n, f, g) along the positive direction of y0(f) can be
expressed by Eq. (6).

uzy n; f; gð Þ ¼ y0 � fð Þ 1þ lð Þ
8pE 1� lð Þ

z0�g
R3
1

þ 3�4lð Þ z0�gð Þ
R3
2

� 6gz0 z0þgð Þ
R5
2

þ 4 1�lð Þ 1�2lð Þ
R2 R2þz0þgð Þ

2
4

3
5 ð6Þ

The ground settlements uzz(n, f, g) at point (x0, y0, z0)
caused by the unit concentrated force acting at point
(n, f, g) along the positive direction of z0(g) can be
expressed by Eq. (7).

uzz n; f; gð Þ ¼ 1þ lð Þ
8pE 1� lð Þ

3�4l
R1

þ 8 1�lð Þ2� 3�4lð Þ
R2

þ 3�4lð Þ z0þgð Þ2�2gz0

R3
2

þ z0�gð Þ2
R3
1

þ 6gz0 z0þgð Þ2
R5
2

2
66664

3
77775 ð7Þ
In Eqs. (5)–(7), the distance between the point (x0, y0, z0)
and the action point (n, f, g) R1, and the distance between
the point (x0, y0, z0) and the mirror of the action point (n, f,
g) R2 can be expressed by Eq. (8).

R1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0 � nð Þ2 þ y0 � fð Þ2 þ ðz0 � gÞ2

q
R2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0 � nð Þ2 þ y0 � fð Þ2 þ ðz0 þ gÞ2

q
8><
>: ð8Þ

According to the characteristics (position and direction)
of each applied pressure (q, f, p, j and t), different integral
functions are selected to integrate in its action area to
obtain the ground settlements.
3.2 Loganathan-Poulos formula and its general form under

three dimensional state

Loganathan-Poulos formula (Loganathan & Poulos,
1998) can be transformed into its general form which is
the ground settlements uz(f, g) at an arbitrary point
(y0, z0) when a unit ground volume loss occurs at another
arbitrary point (f, g) (Cao et al., 2020a). The general form
is illustrated in Eq. (9).

uz f; gð Þ ¼ 1

p

g�z0

y0�fð Þ2þ g�z0ð Þ2

þ 3�4lð Þ gþz0ð Þ
y0�fð Þ2þ gþz0ð Þ2

� 2z0 y0�fð Þ2� gþz0ð Þ2ð Þ
y0�fð Þ2þ gþz0ð Þ2ð Þ2

2
66664

3
77775 exp � 1:38 y0 � fð Þ2

gþ 1ffiffiffiffiffi
pe0

p
� �2 � 0:69z02

g2

2
64

3
75

ð9Þ
Equation (9) calculates the stable ground settlements in

the plane strain state far away from the tunnel face, so it
needs to be extended to a three-dimensional state. In the
expansion method, a common and practical method is to
assume the distribution of the ground volume loss e(x0)
along the tunneling direction (e0 is a constant ground



Fig. 4. Schematic of ground settlements due to unbalanced face pressure
q.
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volume loss, which can be calculated using GAP parame-
ter, which is the vertical displacement of tunnel crown of
excavation boundary, see in Cao et al. (2020a)), and then
expand the two-dimensional formula to a three-
dimensional situation. The distribution of the ground
volume loss along the tunneling direction (Liang et al.,
2015) can be expressed by Eq. (10).

e x0ð Þ ¼ e0
2

1� x0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x02þ y02þ H 2

p
 !

ð10Þ

Considering that in the actual construction process, the
settlements at the tunnel face are usually less than 50% of
the stable settlements (Standing & Selemetas, 2013).
According to the existing research results, and taking into
account the actual construction situation (Wan et al.,
2017), the Eq. (10) should be modified. Assuming that
the ground volume loss at the shield tail is 50% of the max-
imum ground volume loss, the integral function in the
three-dimensional state is finally derived by combining
Eq. (9) and Eq. (10), as shown in Eq. (11).

uz n; f; gð Þ ¼ uz f; gð Þ
2

1� x0 þ Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0 þ Lð Þ2 þ y0 � fð Þ2 þ g2

q
0
B@

1
CA

ð11Þ
Integrating Eq. (11) in the domain enclosed by the trans-

formed excavation boundary oX0 and deformed boundary
ox0 can obtain the three-dimensional settlements caused by
the ground volume loss.
4 Calculation of ground settlements caused by in-process

tunneling parameters

After establishing the mechanical model of the ground,
obtaining the expressions of the transformed excavation
boundary and the deformed boundary, and proposing the
general form of the integral function for calculating the
ground settlements, the ground settlements caused by each
parameter during tunneling can be calculated according to
the characteristics of the influence of each parameter on the
ground. Eventually, the total ground settlements can be
determined through the superposition principle.
4.1 Unbalanced face pressure

The value of applied unbalanced face pressure at tunnel
face is q, and the pressure acts in the positive direction of x
(x0)-axis. The action domain is enclosed by the transformed
excavation boundary oX0 (Fig. 4).

Based on the principle of superposition, combining Eq.
(5), the ground settlements at point (x0, y0, z0) induced by
the unbalanced face pressure wzq can be calculated using
Eq. (12).
wzq ¼
Xn2
i¼n1

q
Z bi

ai

Z di gð Þ

ci gð Þ
uzx 0; f; gð Þdfdg; ð12Þ

where ai, bi, ci(g), di(g) are the lower and upper limits of the
integral variable f, g in the ith soil layer. Among them, the
lower and upper limits of the integral variable g are ai and
bi, respectively. The calculation of ai and bi varies accord-
ing to the position of the tunnel section relative to the soil
layer. According to the geometric relationship, the expres-
sions can be obtained in Eq. (13):

n1 ¼ n2 !
ai ¼

Pi�1

k¼1

Hke þ H � R�Pi�1

k¼1

Hk

� �
Hie
Hi

bi ¼
Pi�1

k¼1

Hke þ H þ R�Pi�1

k¼1

Hk

� �
Hie
Hi

8>>><
>>>:

n1 < n2 !

i ¼ n1 !
ai ¼

Pi�1

k¼1

Hke þ H � R�Pi�1

k¼1

Hk

� �
Hie
Hi

bi ¼
Pi
k¼1

Hke

8>>><
>>>:

n1 < i < n2 !
ai ¼ bi�1

bi ¼
Pi
k¼1

Hke

8<
:

i ¼ n2 !

ai ¼ bi�1

bi ¼
Pi�1

k¼1

Hke

þ H þ R�Pi�1

k¼1

Hk

� �
Hie
Hi

8>>>>><
>>>>>:

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð13Þ
The lower and upper limits of the inner integral variable

f are ci(g) and di(g), which can be expressed by Eq. (14):

ci gð Þ ¼ �aiouter

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g�qiouterð Þ2

b2iouter

r
di gð Þ ¼ �ci gð Þ

8<
: : ð14Þ
4.2 Shield-soil friction

The value of shield-soil friction is f, and the pressure acts
in the positive direction of x(x0)-axis. The action domain is
the rectangular shield-soil interface with a length of L and
a circumferential width of 2pR (Figs. 5 and 6).

Based on the principle of superposition, combining
Eqs. (1)–(2) and Eq. (5), the ground settlements at point



Fig. 6. Schematic of ground settlements due to shield-soil friction f (Plane
view).
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(x0, y0, z0) induced by the shield-soil friction wzf can be cal-
culated using Eq. (15):

wzf ¼
Xn2
i¼n1

f
Z bi

ai

Z di

ci

uzx n; f1 gð Þ; gð Þ þ uzx n; f2 gð Þ; gð Þ½ �k1 gð Þdndg;

ð15Þ

where the friction force f can be further solved according to
the stress state of the soil at the shield-soil interface and the
friction parameters, as shown in Eq. (16):

f ¼ bsrh tan d

rh ¼ rzsin
2hþ rycos

2h

ry ¼ krz

8><
>: ; ð16Þ

where bs is the softening coefficient of the soil, usually 0.83–
0.97 (Liang et al., 2015); d is the frictional angle of the
shield-soil interface (Alonso et al., 1984); rh is the circum-
ferential normal stress of the soil at the shield-soil interface;
ry and rz are the horizontal and vertical stress of the soil at
the shield-soil interface, respectively; k is the coefficient of
lateral earth pressure. Among them, the vertical stress rz
can be further expressed as Eq. (17):

rz ¼ k5 gð Þ ¼ cz z0¼g

		
¼

g�Pj�1
k¼1Hke

� �
Hjcj

Hje
þ
Xj�1

k¼1

Hkck;
Xj�1

k¼1

Hke � g �
Xj
k¼1

Hke;

ð17Þ
where c is the weight of soil; cj is the weight of soil in jth
soil layer. Combining Eqs. (15)–(17), the final expression
of ground settlements at point (x0, y0, z0) induced by the
shield-soil friction wzf can be calculated using Eq. (18):

wzf ¼
Xn2
i¼n1

Z bi

ai

Z di

ci

bs tan dk1 gð Þk5 gð Þ
½kik22 gð Þ þ k24 gð Þ


� uzx n; f1 gð Þ; gð Þ
þuzx n; f2 gð Þ; gð Þ
� �

8><
>:

9>=
>;dndg:

ð18Þ
Fig. 5. Schematic of ground settlements due to shield-soil friction f (3D
view).
The lower and upper limits of the integral variable g are
ai and bi, respectively, which are expressed using Eq. (13),
and the lower and upper limits of the integral variable n
are ci(g) and di(g), respectively, which can be obtained in
Eq. (19):

ci ¼ �L

di ¼ 0



: ð19Þ
4.3 Unbalanced tail grouting pressure

The value of applied unbalanced tail grouting pressure is
p, and the pressure acts in the outward normal direction of
the tunnel periphery. The action domain of the unbalanced
tail grouting pressure is the rectangular area with a length
of S and a circumferential width of 2pR, where S is the
impact length of tail grouting (Figs. 7 and 8).

Based on the principle of superposition, considering the
linear attenuation of the grouting pressure, combining Eqs.
(1)–(3) and Eqs. (6)–(7), the ground settlements at point (x0,
y0, z0) induced by the unbalanced tail grouting pressure wzp

can be calculated using Eq. (20).

wzp ¼
Xn2
i¼n1

Z bi

ai

Z di

ci

p
S

nþ Lþ Sð Þk1 gð Þ

uzy n; f1 gð Þ; gð Þk2 gð Þ
þuzz n; f1 gð Þ; gð Þk4 gð Þ
þuzy n; f2 gð Þ; gð Þk3 gð Þ
þuzz n; f2 gð Þ; gð Þk4 gð Þ

2
6664

3
7775dndg

ð20Þ
The lower and upper limits of the integral variable g are

ai and bi, respectively, which are expressed using Eq. (13),
the lower and upper limits of the integral variable n are
ci(g) and di(g), respectively, which can be obtained in Eq.
(21).

ci ¼ �L� S

di ¼ �L



ð21Þ
4.4 Unbalanced secondary grouting pressure

Similar to the unbalanced tail grouting pressure p, the
value of applied unbalanced secondary grouting pressure
is j, the pressure acts in the outward normal direction of
the tunnel periphery. The action domain of the unbalanced
tail grouting pressure is the rectangular area with a length



Fig. 7. Schematic of ground settlements due to unbalanced tail grouting
pressure p (3D view).

Fig. 8. Schematic of ground settlements due to unbalanced tail grouting
pressure p (Plane view).
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Fig. 9. Schematic of ground settlements due to unbalanced secondary
grouting pressure j.
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of K and a circumferential width of 2pR, where K is the
impact length of secondary grouting (Fig. 9).

Based on the principle of superposition, combining Eqs.
(1)–(3) and Eqs. (6)–(7), the ground settlements at point (x0,
y0, z0) induced by the unbalanced tail grouting pressure wzp

can be calculated using Eq. (22). It is worth noting that the
difference from tail grouting is that the secondary grouting
does not consider the attenuation of the grouting pressure,
but consider the grouting angle.
wzj ¼
Xn2
i¼n1

Z bi

ai

Z di

ci

jk1 gð Þ uzy n; f1 gð Þ; gð Þk2 gð Þ þ uzz n; f1 gð Þ; gð Þk4 gð Þ
þuzy n; f2 gð Þ; gð Þk3 gð Þ þ uzz n; f2 gð Þ; gð Þk4 gð Þ
� �

dndg

ð22Þ
The lower and upper limits of the integral variable g are
ai and bi, respectively, which are expressed using Eq. (13).
If the grouting angle is considered in the calculation, the
values of the limits should be adjusted according the geo-
metrical relationship. The lower and upper limits of the
integral variable n are ci(g) and di(g), which can be obtained
in Eq. (23).
ci ¼ �L� S � J � K

di ¼ �L� S � J



; ð23Þ
where J is the distance of the end face of tail grouting form
the start face of the secondary grouting; K is the impact
length of the secondary grouting.

4.5 Overloading during tunneling

The value of overloading during tunneling is t, the pres-
sure acts in the downward direction at the level z = T and
the applied area of the overloading is the rectangular area
connected by point (M, N, T), point (M + L1, N, T), point
(M + L1, N + L2, T) and point (M, N + L2, T) (Fig. 10).

Based on the principle of superposition, combining Eq.
(7), the ground settlements at point (x0, y0, z0) induced by
the overloading during tunneling wzt can be calculated
using Eq. (24):

wzt ¼
Z b

a

Z d

c
tuzz n; f; T 0ð Þdndf; ð24Þ

where the buried depth of the loading T0 can be expressed
by Eq. (25):

T 0 ¼
Xj�1

k¼1

Hke þ T �
Xj�1

k¼1

Hk

 !
Hje

Hj
;
Xj�1

k¼1

Hk � T �
Xj
k¼1

Hk;

ð25Þ

where a and b are the lower and upper limits of the integral
variable f; c and d are the lower and upper limits of the
integral variable n. These limits can be calculated by Eq.
(26):

a ¼ N

b ¼ N þ L2

c ¼ M

d ¼ M þ L1

8>>><
>>>:

: ð26Þ
4.6 Ground volume loss

Combining the Eq. (11), ground settlements at point
(x0, y0, z0) induced by the ground volume loss wzl can be
calculated using Eq. (27):



Fig. 10. Schematic of ground settlements due to overloading due to tunnelling t.
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wzl ¼
Xn2
i¼n1

Z bi

ai

Z di gð Þ

ci gð Þ
uz n; f; gð Þdfdg�

Z f i

ei

Z hi gð Þ

gi gð Þ
uz n; f; gð Þdfdg

 !
:

ð27Þ
The lower and upper limits of the integral variable g are

ai, bi, ei and fi. ai and bi can be calculated using Eq. (13),
and ei and fi can be calculated using Eq. (28):

n1 ¼ n2 !
ei ¼ ai þGAP

f i ¼ bi
qiinner ¼ ei þ biinner

8><
>:

n1 < n2 !

i ¼ n1 !
ei ¼ ai þGAP

f i ¼ Magn2n1 � bi � aið Þ þ ei
qiinner ¼ ei þ biinner

8><
>:

n1 < i < n2 !

ei ¼ f i�1

f i ¼ Magn2n1 � bi � aið Þ þ ei

qiinner ¼ Magn2n1 � H �Pi�1

k¼1

Hk

� �
Hie
Hi

þ ei

8>>><
>>>:

i ¼ n2 !
ei ¼ f i�1

f i ¼ bi
qiinner ¼ bi � biinner

8><
>:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð28Þ
The lower and upper limits of the inner integral variable

f are ci(g), di(g), gi(g) and hi(g). Among them, ci(g) and di(g)
can be calculated using Eq. (14), and gi(g) and hi(g) can be
expressed by Eq. (29):

gi gð Þ ¼ �aiinner

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� g�qiinnerð Þ2

b2iinner

r
hi gð Þ ¼ �gi gð Þ

8<
: : ð29Þ
4.7 Total ground settlements

According to the principle of superposition, the total
ground settlements at point (x0, y0, z0) are the superposition
of ground settlements induced by six parameters including
unbalanced face pressure q, shield-soil friction f, unbal-
anced tail grouting pressure p, unbalanced secondary
grouting pressure j, overloading during tunneling t and
the ground volume loss l. Combining Eqs. (12), (18),
(20), (22), (24) and (27), the total ground settlement wz

can be calculated using Eq. (30):

wz ¼ wzq þ wzf þ wzp þ wzj þ wzt þ wzl; ð30Þ
where all factors are integral expressions which are compli-
cated to be solved, thus the precise 7-point Gauss-Legendre
formula are selected to calculate the ground settlements by
means of the MATLAB program.
5 Verification of the proposed solution

To verify the proposed theoretical solution for calculat-
ing three-dimensional ground settlements due to shield tun-
neling considering the in-process parameters, the
comparison is conducted with the field data in Qin-
ghuayuan Tunnel Project. The calculated ground surface
settlements along the longitudinal profile and at the trans-
verse section are both compared with those from the mea-
surements in the tunneling project. Afterwards, the case in
which the interlayer with different mechanical properties is
sandwiched between the upper and lower soil layer is car-
ried out to explore the effect of the stratification on ground
settlements.
5.1 Project overview

The Qinghuayuan Tunnel is an urban tunnel in the
downtown area in Beijing, China, which is a key project
of the Beijing-Zhangjiakou High-speed Railway (Cao
et al., 2020b). The northern part of the tunnel is con-
structed by a slurry pressure balance tunnel boring
machine (SPB TBM) with an excavation diameter of
12.64 m and a shield length of 13.30 m. The external diam-
eter, internal diameter and longitudinal length of the seg-
mental lining are 12.20, 11.10 and 2.00 m, respectively.
The TBM passes through various existing environmental
structures with close clearances during the advance process,
which will bring great risks to tunnel construction. Among
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them, the tunnel traverses Chengfu Road with dense traffic.
Since Chengfu Road is composed of asphalt concrete, its
elastic modulus is usually a hundred times that of the soil
below. Therefore, if the conventional single layer-based
prediction method is used, the calculated settlements on
the road may be prominently inaccurate.

The longitudinal geological profile and concerned trans-
verse section DK17 + 700 are shown in Fig. 11. At the con-
cerned section, the tunnel encounters silty clay I, coarse
sand and gravel I, and is covered by asphalt concrete, back-
fill and silt I from the top to the bottom.

The physical and mechanical properties of soils are
shown in Table 1. Due to barrier effect of the silty clay,
the perched water level was found above the silty clay layer,
and there is basically no groundwater within the excavation
area.

5.2 Verification

The monitoring points installed on the concrete asphalt
road are arranged symmetrically about the tunnel center-
line at transverse section DK17 + 700. There are a total
of 7 monitoring points with an interval of 5 m between
each point, as shown in Fig. 11. The associated parameters
for calculation are as following: R = 6.10 m, H = 19.92 m,
L = 13.30 m, S = 4.00 m, J = 10.00 m, K = 2.00 m,
bs = 0.9, d = 6.5�, k = 0.5, q = �40 kPa, p = 75 kPa,
j = 50 kPa, GAP = 6.67 mm. The elastic modulus, Pois-
son’s ratio and specific weight of the 70 cm thick concrete
asphalt road are 1 388 MPa, 0.3 and 2 400 kN/m3, respec-
tively. Due to the significant difference between the con-
crete asphalt and soil below, in order to facilitate the
calculation process, the layered-soil can be regarded as
the homogeneous ground with the elastic modulus of
20 MPa, the Poisson’s ratio of 0.3 and the specific weight
of 2 000 kN/m3.

The comparison of calculated ground surface settle-
ments along the longitudinal profile with those from the
field measurement is illustrated in Fig. 12.
Fig. 11. Longitudinal geological profile and c
The comparison shows that the measured ground sur-
face settlements are close to those calculated using the pro-
posed theoretical solution. The prediction accuracy
considering the stratification is higher than that without
considering the stratification. The proposed solution can
reflect the local ground heave due to in-process parameters,
which cannot be present in the conventional approach. The
comparison of calculated transverse ground settlement
trough with those from the field measurement is illustrated
in Fig. 13. In addition to the prediction accuracy, the
results also show that the solution can reflect the expanding
effect of the stiff layer on the settlement trough.
5.3 Component and parametric analysis

In order to analyze the effect of soil stratification on
ground settlements, the case in which an interlayer is sand-
wiched between the upper and lower soil layer is conducted
(Fig. 14).

The mechanical properties of the interlayer are different
from those of the upper and lower soil layer whose proper-
ties are: E = 10.00 MPa, l = 0.30, c = 20.00 kN/m3. The
basic mechanical and geometric properties of the interlayer
are: EI = 100.00 MPa, lI = 0.35, cI = 20.00 kN/m3,
bI = 5.00 m, hI = 5.00 m, where EI, lI,cI and bI are the elas-
tic modulus, Poisson’s ratio, specific weight and the thick-
ness of the interlayer, respectively; hI is the distance of the
interlayer top from ground surface. Other associated
parameters are as follows: R = 3.00 m, H = 15.00 m,
L = 10.00 m, S = 4.00 m, J = 10.00 m, K = 2.00 m,
T = 5.00 m, M = �6.00 m, N = �6.00 m,
L1 = 6.00 m, L2 = 6.00 m, bs = 0.9, d = 6.5�, h = 0�,
k = 0.5, q = 60 kPa, p = 80 kPa, j = 50 kPa,
t = 10 kPa, GAP = 15.00 mm.

The calculated three-dimensional ground surface settle-
ment trough due to six tunneling parameters are shown
in Figs. 15–20. The ground settlements due to the unbal-
anced face pressure are distributed in an anti-symmetrical
oncerned transverse section DK17 + 700.



Fig. 12. Ground surface settlements along the longitudinal profile.

Fig. 13. Ground surface settlements at the transverse section.

Fig. 14. Schematic of multi-layered soil system with an interlayer
sandwiched between the soil layer.

Fig. 15. Calculated ground surface settlement trough due to unbalanced
face pressure.

Table 1
Physical and mechanical properties of soils.

Soil type Specific weight
(kN/m3)

Water content
(%)

Elastic
modulus (MPa)

Poisson’s
ratio

Cohesion
(kPa)

Internal friction
angle (�)

Characteristic value
of subgrade bearingcapacity
(kPa)

Backfill 17.0 19.5 5.0 0.35 8.0 8.0 150.0
Silt I 19.9 20.5 10.1 0.31 24.3 25.2 150.0
Silty clay I 20.1 22.9 6.0 0.32 33.8 18.4 150.0
Corse gravel 19.7 – 45.0 0.28 0 43.0 500.0
Corse sand 19.5 – 25.0 0.29 1.0 40.0 300.0
Gravel I 19.4 23.9 45.0 0.27 0 45.0 500.0
Silty clay II 19.8 24.4 8.0 0.32 39.1 19.6 180.0
Silty sand 20.5 – 13.5 0.31 8.0 36.0 150.0
Silt II 19.9 23.2 15.0 0.31 21.2 31.4 180.0
Gravel II 21.0 21.5 49.0 0.27 0 45.0 500.0
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pattern with the intersection of the plane x = 0 and the
z = 0 as the axis (Fig. 15).

Since the direction of the unbalanced face pressure is
along the advance direction, the ground heaves in front
of the tunnel face and settles behind the tunnel face, of
which the magnitude are both about 0.40 mm. The ground
settlements due to the shield-soil friction are also dis-
tributed in an anti-symmetrical pattern with the intersec-
tion of the plane x = �L/2 and the z = 0 as the axis
(Fig. 16). Similar with the unbalanced face pressure, the
ground heaves in front of the plane x = �L/2 and settles
behind, of which the magnitude are both about 1.00 mm.



Fig. 16. Calculated ground surface settlement trough due to shield-soil
friction.

Fig. 17. Calculated ground surface settlement trough due to unbalanced
tail grouting pressure.

Fig. 18. Calculated ground surface settlement trough due to unbalanced
secondary grouting pressure.

Fig. 19. Calculated ground surface settlement trough due to overloading.

Fig. 20. Calculated ground surface settlement trough due to ground
volume loss.
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The ground settlements due to the unbalanced tail
grouting pressure are distributed as an inverted plug type
with the maximum settlement of about 0.25 mm occurring
near the shield tail (Fig. 17).
Similar with the unbalanced tail grouting pressure, the
ground settlements due to the unbalanced secondary grout-
ing pressure are also distributed as an inverted plug type,
the maximum settlement of about 2.70 mm is found at
the center of the grouting range (Fig. 18). From the per-
spective of the magnitude, the ground settlements caused
by this factor cannot be ignored.

The ground settlements due to the overloading during
tunneling are distributed as a plug type with the maximum
settlement of about 2.70 mm occurring at the center of the
action area (Fig. 19).

It turns out that the overloading has a prominent effect
on the ground settlements. Even so, the most important
factor causing ground settlements is still the ground vol-
ume loss (Fig. 20). The maximum settlement of about
7 mm occurs about 4 times of the shield length behind
the tunnel face. In conclusion, all the tunneling parameters
should be considered as much as possible for accurate pre-
diction of the ground settlements.

In order to analyze the effect of the interlayer stiff on
total ground surface settlements, three levels of each
parameter of the interlayer including elastic modulus EI,



Table 2
Mechanical properties and dimensional variables of the interlayer.

Variables EI (MPa) lI bI (m) hI (m)

Level 1 1 0.200 0 3.0
2 10 0.350 5.0 5.0

3 100 0.500 10.0 7.0
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Poisson’s ratio lI, thickness bI and buried depth hI are
arranged, which are listed in Table 2. When a certain
parameter changes in its range, other parameters are equal
to the basic value which are bolded and underlined in
Table 2.
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Fig. 21. Effect of the elastic modulus of the interlayer on ground surface
settlements.
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Fig. 22. Effect of the Poisson’s ratio of the interlayer on ground surface
settlements.
The ground surface settlements along the longitudinal
profile and the transverse section at tail due to tunneling
with varied interlayer parameters are shown in Figs. 21–24.

The interlayer will change the ability of the soil system
to resist deformation, and show an ’expanding effect’ or
’shrinking effect’ on the ground settlements. The elastic
modulus (Fig. 21) and the thickness of the interlayer
(Fig. 23) have a greater impact on the ground settlements,
however, the Poisson’s ratio (Fig. 22) and buried depth of
the interlayer (Fig. 24) have little impact on the ground
settlements. These can also be proved under plane state
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(Cao et al., 2020a). Considering the in-process tunneling
parameters, the ground surface settlements along the longi-
tudinal direction presents an irregular S-shaped curve
instead of the traditional one.

6 Conclusions

This paper conducts a theoretical analysis of ground set-
tlements due to shield tunneling in multi-layered soils. The
proposed theoretical solution can comprehensively con-
sider the in-process tunneling parameters and is verified
through the comparison with the field measurements. A
parametric analysis is performed to explore the effect of
the stratification on ground settlements. The key results
obtained are as follows:

(1) Based on the general form of the Mindlin’s solution
and Loganathan-Poulos formula, the theoretical solution is
obtained which can comprehensively consider the in-
process tunneling parameters including unbalanced face
pressure, shield-soil friction, unbalanced tail grouting pres-
sure, unbalanced secondary grouting pressure, overloading
during tunneling and the ground volume loss. The solution
is verified in terms of the ground surface settlements along
the longitudinal and transverse direction by comparing
with the field data from the Qinghuayuan Tunnel Project.

(2) The unbalanced secondary grouting pressure and
overloading during tunneling both have a prominent effect
on the ground settlements, which are not considered in pre-
vious studies. In view of the characteristics of different tun-
neling parameters, the local settlement or heave appear
near the acting area of the pressure. Therefore, unlike the
conventional prediction approach, the ground surface set-
tlements calculated using current solution along the longi-
tudinal direction presents an irregular S-shaped curve
instead of the traditional one.
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