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Placement optimization is a crucial phase in chip design, involving the strategic arrangement of cells
within a limited region to enhance space utilization and reduce wirelength. Chip design enterprises need
to optimize the placement according to design rules to meet customer demands. While mixed-cell-height
circuits are widely used in modern chip design, few studies have simultaneously considered the non-
overlapping cells, rails alignment, and minimum implantation area constraints in the placement opti-
mization problems. Hence, this study involves preprocessing the non-linear parts and developing a
mixed-integer linear programming model to reduce the cost of legalizing chip placements for businesses.
Furthermore, this study designs and implements an exact algorithm based on Benders decomposition,
utilizing dual theory to obtain an optimal cut and iteratively solve for the coordinates of cells.
Numerical experiments across various scales validate the performance of the algorithm. Through a
detailed analysis of the shape of the chip region division, the proportion of different types of cells, the
total number of cells and bins, and their impact on the placement, we derive some potentially useful
design insights that can benefit chip design enterprises.

© 2025 THE AUTHORS. Published by Elsevier LTD on behalf of Chinese Academy of Engineering and
Higher Education Press Limited Company. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In the era of information, the proliferation of intelligent prod-
ucts like mobile phones and computers relies heavily on advanced
chip technology. The integration of chips transforms ordinary
devices into smart products, driven by the public’s insatiable
demand for innovation. Following the breakthrough in computing
power in the post-Moore’s Law [1], chip design faces the critical
challenge of optimizing performance, power consumption, and
cost within constrained physical dimensions. This optimization is
essential not only for the advancement of electronic technology
but is also correlated with both the national economy and interna-
tional competitiveness in the semiconductor industry.

Placement optimization holds a pivotal position in chip design
automation, as its quality directly affects subsequent design tasks.
Traditional circuit design relies heavily on engineers’ experience
and manual operations, often unifying cell heights for optimization
ease [2]. However, advancements in automation have enabled
more placement optimization tasks to be completed through com-
puter algorithms, enhancing design efficiency and reducing human
error. Modern circuit design has shifted towards mixed-cell-height
(MCH) configurations, placement becomes much more challenging
since there are strict constraints regarding routability, timing,
power, and manufacturability [3]. As a variation of the bin packing
problem (BPP), placement involves aligning cells to legitimate
positions based on the requirements of design techniques while fit-
ting within limited chip regions. As emerging technologies evolve
placement constraints, optimization methods must adapt continu-
ously to align with new design rules. For instance, the reduction in
cell size not only increases power consumption but also leads to
improved integration, necessitating innovative approaches to
improve chip space utilization rate. Thus, maintaining competi-
tiveness in chip design requires practitioners to adjust their strate-
gies based on technological advancements and industry shifts.

A fundamental placement optimization problem can be
described as follows: Given a chip region with height h and width
w, where power rails are routed horizontally with a spacing of h0

between every two rails. The task is to legally place n cells within
the region while minimizing total wirelength. Each cell i (where
1 i n) has a height hi and width wi, with the coordinates of
its bottom-left corner defined as xi yi . Additionally, the height
at which cell i is placed along the vertical axis is characterized by
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ki. The upper and lower boundaries of the cells contain pins
corresponding to the power rails. Fig. 1 illustrates an example of
both legal and illegal placements for the cells, which include three
types of heights.

Based on the above description, a foundational placement
model can be formulated [4,5]:

Minimize
1 i i n

xi xi
2 yi yi

2 1-1

subject to

0 xi xi wi w 1 i n 1-2

0 yi yi hi h 1 i n 1-3

xi xi wi if xi xi 1-4

yi kih0 1 i n ki 0 1 2 1-5

Objective function (1-1) minimizes the total wirelength, defined
by the squared differences in the horizontal and vertical coordi-
nates between any two cells. The fundamental legality of cell
placement is governed by the following constraints: Constraints
(1-2) and (1-3) jointly require that all cells be placed within the
designated region. Constraint (1-4) explicitly state that cells must
not overlap in the horizontal direction. Constraint (1-5) specify
that the vertical coordinates of each cell must align with the corre-
sponding power rail. Since the domains of the decision variables xi
and yi are implicitly defined in constraints (1-2) and (1-3), they are
not redundantly elaborated here.

Building on this foundational problem formulation, this study
extends the analysis to explore the influence of modern technolo-
gies on placement optimization. These technologies introduce
novel challenges and opportunities, which are discussed in greater
detail in Section 3.

This study proposes a mixed integer linear programming (MILP)
model and a Benders decomposition (BD) algorithm to address
practical placement challenges in chip design. By balancing wire-
length and the utilization rate of the chip region, the proposed
method systematically integrates the partitioning of the chip
region, the coordinates of the cells, the alignment of pins on cells
with rails on the chip, and the combining illegal cells into the opti-
mization. An exact algorithm is developed to solve this non-
deterministic polynomial (NP)-hard problem. We design numerical
experiments of different scales to evaluate the accuracy and effec-
Fig. 1. An example of legal
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tiveness of our mathematical model and algorithm by applying
authoritative competition data as benchmarks. Additionally, we
discuss the impact of the aspect ratio of the chip region, the pro-
portion of cells with varying heights, the total number of cells,
and the total number of bins on the operational management of
chip design enterprises. Our findings provide valuable insights
for guiding two-dimensional placement under modern techniques,
demonstrating that the combination of the novel MILP model and
the exact algorithm can help chip design enterprises save on place-
ment costs.

The remaining part of this paper is organized as follows.
Section 2 conducts a comprehensive analysis of the pertinent liter-
ature. Subsequently, Section 3 delves into the placement optimiza-
tion problem in detail. In Section 4, an MILP model is formulated,
followed by the development of an exact algorithm in Section 5.
Furthermore, Section 6 expounds on several numerical experi-
ments conducted, and Section 7 concludes with a summary of this
study.

2. Literature review

This study mainly focuses on the placement optimization prob-
lem in MCH circuits and we design an exact algorithm to solve it.
Therefore, this section reviews previous relevant literature from
two perspectives: the placement optimization problem and the
algorithm design for related issues in placement optimization.

As a significant phase in the process of chip design, placement
optimization involves arranging available cells within a legal
region based on information from upstream. To save costs for chip
design companies, it is necessary to consider cell height, threshold
voltage type, and design rules during the placement optimization.
Wu and Chu [6] were the first to tackle the MCH circuit with
single- and double-row-height cells. Through the formulation of
a maximumweighted matching problem, they produced candidate
cell pairs. Their method yields better results in terms of resilience
and quality, but ignores some modern technologies, and their solu-
tions are now illegal.

With the continuous development of chip design, the voltage
drain drain (VDD)/voltage source substrate (VSS) alignment tech-
nique has attracted increasing attention from researchers. Chow
et al. [7] showed that cells with multiple-row-heights are not inde-
pendent between rows and they first considered the legal place-
ment of MCH circuits. Their proposed algorithm is particularly
effective for regional cell motion and buffer insertion, improving
and illegal placements.
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the quality of the initial placement by optimizing the total cell dis-
placement. The Abacus method proposed by Spindler et al. [8] can
effectively address the placement of single-row-height cells, but it
does not apply to MCH circuits. Wang et al. [4] addressed this lim-
itation by leveraging the properties of the Abacus and devised an
optimization scheme and an objective function that is specifically
suited for chip design. Distinguishing from the approach of sepa-
rately optimizing the placement of multiple- and single-row-
height cells, Lin et al. [9] simultaneously optimized cells with var-
ious heights. They proposed a placement method incorporating a
chain move scheme and nested dynamic programming determined
by density-based placement, which solves the ordered multiple-
row placement problem. Their placement achieves a better legal-
ization solution than the above works legalizing cells one by one.

With the increasing complexity of modern circuit design, Zhu
et al. [5] considered special cells to achieve a balanced perfor-
mance in various aspects of the circuit. These special cells pose sig-
nificant challenges to the placement design, particularly in terms
of increasing the difficulty of the legalization process. They opti-
mized an existing placement scheme by first ensuring that the cells
meet the requirements of the alignment technique and then
adjusted the illegally placed special cells one by one. As device
expansion proceeds, minimum implant area (MIA) constraints
have become a new problem in MCH circuits. Chen et al. [10] first
clustered violating cells having the identical threshold voltage
(Vth) and then sorted the combined cell clusters to obtain an ideal
cell ordering. Their method effectively resolves MIA violations
without requiring additional area overhead.

The optimization of placement in MCH circuits is a highly com-
plex problem, and we have summarized some representative
works in Table 1 [4–7,9,10]. In this table, we outline the specific
characteristics of the problems addressed by the above studies.
Most of them focus primarily on ordinary single- and multiple-
row-height cells, with limited attention paid to the placement of
special cells. There has been an increasing focus on considering
the various Vth types among cells. Some studies develop their
approaches on an existing placement scheme to achieve legaliza-
tion. The majority of these studies aim to minimize the total cell
displacement as their optimization objective. The non-overlap con-
straint of cells is fundamental to placement optimization, but
accomplishing 100% non-overlap can be challenging when consid-
ering complex modern design techniques. The aforementioned
studies obtain placement solutions by combining placement rules
(e.g., edge placement) with heuristic algorithms. However, since
these rules cannot cover all possible scenarios, the resulting place-
ment cannot fully guarantee the non-overlapping placement of the
cells. Research on placement optimization that simultaneously sat-
isfies both non-overlap and VDD/VSS alignment constraints is con-
sidered valid, and placement legalization has become an important
trend in recent research. Due to the diversity of cell types and the
Table 1
Representative works on MCH circuit placement optimization.

Papers Height type of cell Vth type of cell Opt

S* D* T* Sp

Wu and Chu [6] — — Consistent The
Chow et al. [7] — Consistent The
Wang et al. [4] — Consistent The
Lin et al. [9] — Consistent The
Zhu et al. [5] Inconsistent (2) The
Chen et al. [10] — Inconsistent (3) The
This study Inconsistent (3) The

S*, D*, T*, and Sp represent cells of single, double, triple, and special heights, respectively
the number of different Vth types available for cells, for example, ‘‘inconsistent (2)” ind
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internal pin configurations, achieving VDD/VSS alignment is not
straightforward. Existing studies typically simplify other cell types
into multiple standard cells (i.e., cells of single-row-height) and
then combine these standard cells to address the alignment. How-
ever, this decomposition-and-merging approach is not suitable for
special cells, as their pins are located inside the cells and cannot be
easily mapped to standard cells. MIA constraints are an emerging
challenge in the optimization of MCH circuit placement, and there
are relatively few papers that have addressed it.

To assist the chip design enterprise response to various types of
cells in placement, this study considers four types of cells based on
their height and wiring way. The Vth type of a cell can affect the
decision of assigning cells to bins and the combined cells that vio-
late MIA constraints. Hence, we also took this factor into consider-
ation in our work. In contrast to a prior study that focused on
wirelength optimization, this study takes placement costs into
account to improve the utilization of the chip region. The three
advanced techniques are still valuable for further exploration.
We incorporate non-overlap constraints into the model, enforcing
100% non-overlap between cells through constraints. By introduc-
ing VDD/VSS alignment constraints, we achieve direct alignment
between the pins of various cells and the power rails. We propose
an aggregation strategy where cells with the same Vth are merged
horizontally into larger cells, thereby avoiding violations of the
MIA constraint. Building upon existing research, we systematically
present these advanced design rules through mathematical model-
ing, aiming to provide a stable and legal placement solution.

Placement optimization methods are constantly updated as the
scale of chip design expands. Initially, the placement optimization
problem was mostly solved by the partitioning-based method [11]
and heuristic algorithms [12]. The size of placement optimization
problems increases exponentially with the use of these two tech-
niques. To obtain the solution of large-scale placement, Agnihotri
et al. [13] figured out how the cells are arranged in the smaller sub-
areas and developed the min-cut method. However, due to the ran-
domness of the division of subareas, the solutions of subareas have
a low correlation with the overall placement, resulting in unsatis-
factory solution quality.

The shrinkage of chip size and the expansion of design scale
have prompted the further development of placement algorithms.
Analytical methods have been widely used in some academic com-
petitions over the past decade, such as design automation confer-
ence [14], international symposium on physical design [15], and
international conference on computer-aided design [16]. Analytical
methods mainly include quadratic placement and non-linear opti-
mization [17]. Quadratic placement constructs a convex optimiza-
tion model that is convenient for solving, but due to the large
difference between the model and the actual placement, the solu-
tion quality does not meet the standards of chip design. The idea of
non-linear optimization is to approximate the wirelength by
imization objective (minimize) Rules

Non-ovlp VDD/VSS MIA

total wirelength — —
total cell displacement —
total cell displacement on the x-axis —
half-perimeter wirelength —
total cell displacement —
cluster area of cells —
placement cost

. ‘‘Non-ovlp” represents for non-overlapping. The numbers in parentheses represent
icates that the study considers two Vth types of cells.
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adding density-based penalty costs, thereby generating a non-
linear objective function, and then solving the placement problem
through non-linear optimization methods [18].

However, the existing placement optimization algorithms are
still unable to fully meet the dual requirements of solution quality
and computational speed. Further development of optimization
algorithms is needed to cope with the increasing placement scale
and increasingly complex design rules. Currently, graphics process-
ing unit accelerated placement design [19] and reinforcement
learning approaches [20] have attracted considerable attention
from researchers. However, these two methods are still in the
exploratory stage, and their performance and stability need to be
further improved when facing complex and constantly evolving
design technologies. Therefore, we shift our focus to other prob-
lems with similarities to chip placement design, seeking to explore
solutions for our research by leveraging the solution methods of
these classical problems.

Chip placement optimization, based on the two-dimensional
BPP, places greater emphasis on the precise positioning and con-
nection of micro elements, such as cells, to meet the functional
and performance requirements of the circuit. Its constraints are
more complex and precise. As a variant of BPP, efficient techniques
for solving BPP may also be applied to placement optimization
problems. Since the 1960s, BPP has developed rapidly. Based on
actual contexts, many variants of BPP emerge, such as the cutting
stock problem in the machining industry [21], the optimization
of the cutting process in the paper production industry [22], and
the container loading problem in the supply chain [23]. Given
the high requirements for solution quality in placement optimiza-
tion, exact algorithms applied to BPP can serve as a reference.
Heuristic algorithms [24] and approximate algorithms [25] can
provide initial solutions for exact algorithms. While simulated
annealing is considered the most suitable heuristic algorithm for
BPP, the frequency of the BD algorithm in BPP research has also
increased significantly [26].

Compared to the BPP, the cutting and packing problem also
aims to optimize the arrangement of objects within a given space
or material. However, the distinction lies in the fact that, for the
cutting and packing problem, the focus is on how to transform lar-
ger objects into smaller ones to maximize the value derived from
the cuts, while the BPP emphasizes how to efficiently arrange
objects of various sizes. Both these two problems share the com-
mon goal of effective space utilization, which is also applicable to
chip placement design. Table 2 provides a comprehensive analysis
of these three related problems. Therefore, we have summarized
the solution methods for the cutting and packing problem to adapt
them to the solving approach of this study. Serairi and Haouari [27]
investigated the two-dimensional BPP with a fixed orientation,
which is widely applicable in cutting and packing. They developed
Table 2
Comparative analysis of placement optimization and other two problems.

Optimization
problem

Objective Constraints Complexity

Placement in
this study

Minimizing
placement
cost

Basic rules (e.g., cells of the same
type clustered in a bin) non-overlap,
VDD/VSS, and MIA

Involving ele
physical char
complex des

Bin packing Maximize
box
utilization

Item sizes, box capacity (e.g., limit on
maximum size and weight)

Relatively sim
mainly on di

Cutting and
packing

Maximizing
material
utilization

Cutting methods, material properties
(e.g., strength and thickness
limitations)

Includes vari
methods and
configuration
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theoretical frameworks for establishing lower bounds and con-
ducted empirical evaluations, emphasizing the importance of rela-
tionships in enhancing packing efficiency and solution quality.
Queiroz et al. [28] conducted through a constraint programming
algorithm ensures that candidate solutions adhere to two-
dimensional packing constraints. They also explored bounds and
valid cuts, alongside a heuristic method incorporating components
of Tabu search and simulated annealing for iterative solution gen-
eration. Delorme et al. [26] summarized nearly 20 years of research
on cutting and packing problems, identifying that the most popular
solution methods are MILP and branch-and-bound, and noting that
in recent years, BD has become increasingly adopted for solving the
cutting and packing problem.

In conclusion, the general trend in the literature regarding the
placement optimization problem is to consider MCH circuits and
some fundamental conditions. This combination is suitable for
most chip design work, making it a popular choice among
researchers. This study builds on this foundation and further con-
siders the impact of Vth types and some modern circuit design
techniques on the placement. To our knowledge, we are the first
to formulate the placement optimization problem as an MILP
model. In addition, given the increasing application of BD in BPP
and the cutting and packing problem in recent years, this research
proposes an exact algorithm based on BD to solve the proposed
problem, seeking a balance between speed and solution quality.

3. Problem background

Before a mathematical model is presented, this section details
chip placement in two elements. Section 3.1 describes the place-
ment optimization problem. Several placement design guidelines
are stated in Section 3.2.

3.1. Placement optimization problem

Chip placement is actually a location-allocation problem that
determines cell coordinates in a chip region. To acquire the precise
coordinates of cells, we suppose that the rectangular chip region is
placed into a two-dimensional space Cartesian coordinate system.
As observed in Fig. 2, the origin o of the coordinate system corre-
sponds to the bottom-left corner coordinate of the chip region,
and the x-axis and y-axis extend along the width and height direc-
tions of the chip region, respectively. VDD provides drain voltage
for the chip, and VSS is the ground wire. The spacing between
VDD and VSS rails is called row height which is fixed. The minimal
width of cells is called site. Site and row height are the unit length
corresponding to the x-axis and y-axis, respectively. In other
words, the chip region is a circuit composed of VDD and VSS rails
interleaved among placement rows.
Solution methods Focus point Potential challenges

ctrical and
acteristics,
ign rules

Mathematical
programming,
graph theory, etc.

Costs and
modern design
techniques

High technical
complexity, lengthy
design times

ple, focusing
mensions

Greedy algorithms,
approximate
algorithms, etc.

Matching item
and box sizes

Diverse item types,
dynamic changes

ous cutting
material
s

Linear
programming,
dynamic
programming, etc.

Material
cutting and
configuration

Resource and
material traits
affecting
effectiveness
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Fig. 2. The chip region and types of cells.
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Additionally, each cell contains two distinct pin types, VDD and
VSS [6]. When the VDD/VSS pins on a cell are placed in correspond-
ing positions with the VDD/VSS rails in the chip region, the cell can
function in the circuit. The cells are uniformly shaped as rectangles,
with their widths and heights being multiples of the unit length on
the x-axis and y-axis, respectively.

Four types of cells can be distinguished based on their pin con-
nections and heights: A, B, C, and D. The pins of type A, B, and C
cells are located at their upper and lower boundaries, with heights
equal to single-, double-, and triple-row-height, respectively.
Although the height of type D cells is also double-row-height, their
pins are located inside the rectangle [5], resulting in a more spe-
cialized wiring configuration.

Apart from these differences, cells can also be categorized into
three groups based on their high, medium, and low Vth. Vth is only
related to the injected dielectric of the cell and does not have a
fixed correlation with its height or wiring way. For example, in
Fig. 2, cell A1 with a single-row-height belongs to a low Vth, while
cell A2 with the same height has a standard Vth. Cells with multi-
ple Vth types can achieve a balance of the circuit between the
speed and leakage power, while the aggregation of cells with the
same Vth can further enhance the efficiency of the circuit [29].

Due to the differentiation among cells, factors such as the
aggregation of cells with the same Vth type, the density of cells,
and the utilization rates of the chip region need to be considered
during placement decision making, which inevitably makes the
placement more challenging. To achieve a reasonable match
between the number, type, and coordinate of cells, this study
adopts a method consisting of repeatedly executing horizontal
and vertical cuts on the chip region, dividing the complete chip
region into multiple smaller rectangular blocks named bins. In
the preliminary stage of placement, areas for placing identical cell
types are identified without specifying the matching of bins and
cell types or the number of cells per bin. This division facilitates
more precise cell placement, adhering to crucial design constraints
like routing, while also reducing computational resources needed
for global searches by dividing the complex placement region into
smaller bins.

To facilitate the understanding of cut operations, we present an
example of cuts in Fig. 3, along with the sequence of cuts. After six
282
alternating horizontal and vertical cuts, the chip region is divided
into seven bins. The functional partitioning of the chip can be used
to calculate the area and number of bins. The space inside each bin
determines the upper number of cells it can accommodate. The
purpose of dividing the chip region into bins is to ensure that the
cells stored in each bin have the same Vth. After identifying the
Vth type corresponding to each bin, the cells with a given number
are matched with the bin to achieve aggregation of the same Vth
cells. This division mechanism can avoid excessive concentration
of cells in local circuits and achieve a uniform distribution of cells
within the chip region.

3.2. Placement design guidelines

Before the placement, the cells are independent of each other,
and their coordinates are not fixed. The purpose of cutting place-
ment is to improve the space utilization rate and reduce the total
wirelength of the circuit, thereby decreasing the delay in the circuit
and imposing stability [30]. After clarifying the structural charac-
teristics of the chip region, the types of cells, and the division of
bins, this study carries out the optimization under some placement
design guidelines.

As the cost of placement directly affects the economic perfor-
mance of enterprises and is related to product quality and cus-
tomer satisfaction, we carry out an optimization procedure
aimed at reducing the cost. Wirelength is the most commonly used
metric to measure the placement cost [31], and the results of wir-
ing can also be used to evaluate the quality of the placement. We
measure the total wirelength from two aspects: the compactness
of the placement and the total wirelength, transforming the objec-
tive from minimizing costs to the shortest wirelength. A denser
arrangement of cells means higher space utilization rate and
shorter wirelength required for the placement. The half-
perimeter wirelength (HPWL) method is a very accurate and fast
method for wirelength estimation [32]. In this study, we use two
metrics to evaluate compactness and wiring efficiency of place-
ment. The first metric is the compactness measure, assessed using
the HPWLmethod. Specifically, compactness is measured by calcu-
lating the sum of the maximum distances of the cells along the
x-axis and y-axis. The second metric is the total wirelength,

move_f0015


Fig. 3. An example of cuts in placement.
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represented by the sum of the Manhattan distance between each
cell and the origin o. We set the coordinates of cell i as xi yi ,
the coordinates of the origin o as (0, 0), and the set of cells as C.
Then, the total wirelength can be expressed as i C xi yi .

Fig. 4 demonstrates the HPWL method, in which the chip region
is divided into three bins. Taking bin 1 as an example, the greatest
distance in the x-axis exists between cells A5 and C1, while the
greatest distance in the y-axis is between A5 and A1. Therefore,
the HPWL value for bin 1 is 10.5. Similarly, we can calculate the
HPWL values for bins 2 and 3, and finally obtain a total HPWL value
of 34 for the entire placement.

Based on the above approach, the calculation of the
total wirelength can be expressed as z Z l L

max
i i i i C
i–i i –i

xili z l yi li z l xi li z l yi li z l . Z represents

the set of bins, L represents the set of cell Vth types, z and l are
the indices of above the two sets, respectively. li z l is a binary vari-
able equal to one if cell i of type l is in bin z, otherwise zero. How-
ever, this expression has a high time complexity of
O Z L 4 C . Considering the scalability of chip placement,
we decided to modify the above wirelength calculation formula
to increase the solution speed.

We treat the chip region as a whole and directly calculate the
HPWL for the entire circuit. The HPWL method is suitable for cir-
cuits with a small-scale placement. When the scale of placement
is large, the HPWL is shorter than the actual wirelength. To avoid
generating this error, we multiply the HPWL by a correction factor.
Considering that wirelength is positively connected with the num-
Fig. 4. Using the HPWL method to descr
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ber of cells, but negatively correlated with the number of bins and
the types of Vth, we have set the correction factor to

C 1 5 Z L after conducting tests. The modified formula is
C 1 5 Z L max

i i i i C
i–i i –i

xi yi xi yi , with a time

complexity of O C , significantly improving the solution effi-
ciency. In the example shown in Fig. 4, the modified HPWL is
approximately 32.9, and the gap with the original HPWL is within
4%. The experiments concerning the effectiveness of the HPWL cor-
rection factor are detailed in Section S1 in Appendix A.

When determining the coordinates of cells, it is necessary to
consider the two requirements of the fundamental placement con-
ditions and modern circuit design techniques. The fundamental
placement conditions determine the allocation scheme of cells.
Modern circuit design techniques ensure that the arrangement of
cells is legal. During the initial placement phase, cells are posi-
tioned within the chip region, followed by a meticulous matching
process where their coordinates are aligned with the correspond-
ing bins. Matching cells with bins in a sensible way and ensuring
that each cell in a bin has the same Vth is challenging. It is also cru-
cial to ensure that each cell belongs to only one bin. It is worth not-
ing that the capacity of a bin is limited, and the number of cells
within bins cannot exceed the capacity. The fundamental place-
ment conditions determine the position and quantitative relation-
ships between various cells and bins, while modern circuit design
techniques make a higher request on optimization.

Cells are not randomly placed within bins; their coordinates
must comply with design techniques. This study considers three
constraints: Cells are non-overlapped, VDD/VSS alignment, and
solve MIA violations. The non-overlapping constraint is a
ibe wirelength: a practical example.
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fundamental condition for legalization [33], it requires that the
coordinates of two cells differ in either the x-axis or y-axis. This
constraint is meaningful in practical applications because overlap-
ping cells increase the number of layers in the placement, compli-
cating optimization efforts.

The VDD/VSS alignment constraint imposes more specific
requirements on the ordinate of cells. Fig. 5 illustrates the legal
and illegal conditions of four types of cells under the VDD/VSS
alignment constraint. The criterion for legality is that the pins of
the cells must match the same type of rails. Since cells A and C have
the same wiring way, they can be placed among rows by vertical
flipping, and they are collectively referred to as odd-row-height
cells. Cells B have two pins of the same type, vertical flipping is
meaningless to them [34]. Cells D have a wiring way similar to cells
A and C, as their pins are internal, their coordinate is located in the
middle of two adjacent rails. In summary, we categorize cells into
three types: single-row-height (A and C), double-row-height (B),
and special (D). We further determine the relationship between
the ordinate of the cells and the row heights based on the wiring
way.

As cell sizes continue to shrink, the complexity and refinement
of chip design increase. However, the idea that smaller cells are
preferable is not always applicable. The MIA constraint establishes
the minimum permissible area for cells, and cells that violate it
need to be further processed. Since the area of the cells is given,
there are two approaches to address MIA violations: One is to
insert fillers of the same Vth to fundamentally increase the area
of cells; the other is to gather cells that are too small and combine
them to comply with the MIA constraint. The former approach
increases design placement costs and results in space waste, while
the latter is economical and has been proven to be effective [10].
According to the principle of proximity, we combine the illegal
cells that violate the MIA constraint into a new entity, ensuring
that the combined area exceeds the lower bound specified by the
MIA constraint. This study expands the width of cells based on
the idea of aggregation, and solving the MIA violations in the hor-
izontal direction.
4. Modeling considering modern circuit design techniques

The model includes various sophisticated design techniques,
determines the coordinates of cells, and evaluates the placement
Fig. 5. The legal and illegal conditions und
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quality by using the wirelength of the entire circuit. We display
the notations below and their relationships with placement opti-
mization in Section S2 in Appendix A.
4.1. Assumptions

To optimize the placement, we have developed an MILP model
that accounts for cells non-overlap, VDD/VSS alignment, and the
MIA constraint. Some basic assumptions need to be explained
before we construct a model.

(1) Interleaved VDD/VSS rails: The interleaving of VDD and VSS
rails in the chip region serves to minimize ground bounce and
improve signal integrity. This technique also facilitates better heat
distribution, reducing thermal issues in densely packed designs.

(2) The height specifications of cells: The height of the cell to be
laid out is up to triple-row-height, where the special ones are twice
the row height, but their wire is different from the double-row-
height cell.

(3) Impact of cell size on placement: The physical size of each
cell directly influences the area it occupies in the placement, as lar-
ger cells require more space to avoid interference and signal
delays. The width and height of each bin must be greater than
those of any individual cell to ensure the stability of the placement
and the performance of the various cells.

(4) Segmentation of chip region into bins: The segmentation of
the chip region into bins, each with an upper limit on area and cell
capacity, is essential for effective resource allocation and efficient
placement management.

(5) Setting of length units: In this study, the dimensions of the
cells are at the nanoscale, whereas the size of the placement area is
at the micrometer scale. Therefore, micrometers are adopted as the
unit of length throughout this research.
4.2. Notations

We define the following three types of notations to
formulate an MILP model. Sets are represented by uppercase let-
ters and indexes are the corresponding lowercase letters. To high-
light the content of the decision, variables are represented by
Greek letters. Superscripts are used for further explanation of these
notations.
er the VDD/VSS alignment constraint.

move_f0025
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4.2.1. Indices and sets
C
 Set of cells, indexed by i;

Cs
 Set of cells with single-row-height, Cs C;
Cd
 Set of cells with double-row-height, Cd C;

Ct
 Set of cells with triple-row-height, Ct C;

Csp
 Set of special cells with double-row-height, Csp C;

Z
 Set of bins, indexed by z;

L
 Set of Vth types for cells, indexed by l;

J
 Set of wires, indexed by j;
J0
 Set of wires corresponding to odd-row-height cells, J0 J;

J1
 Set of wires corresponding to double-row-height cells,

J1 J;
J2
 Set of wires corresponding to special cells, J2 J.
4.2.2. Parameters
w
 Width of the chip region;

h
 Height of the chip region;

w0
 Site, unit length on the x-axis;
h0
 Row height, unit length on the y-axis;
wi
 Width of cell i;

hi
 Height of cell i;

wbin

z

Width of bin z;
hbinz

Height of bin z;
f
 Cutting coefficient;

(xbinz ybinz )
 Coordinate of the bottom-left corner of bin z;
wminw
 Uniform legal width of all cells;

ki j
 Height of wire j on the vertical axis, where the pin

of cell i can be placed;

M
 A positive integer of sufficiently large value.
4.2.3. Decision variables
(xi yi)
 Continuous, coordinate of the bottom-left corner of
cell i;
hz l
 Integer, number of cells of type l in bin z;

li z l
 Binary, equals one if cell i of type l is in bin z,

otherwise zero;

xz l
 Binary, equals one if bin z contains the cell of type l,

otherwise zero;

ai i
 Binary, equals one if cell i is to the left of cell i ,

otherwise zero;

bi i
 Binary, equals one if cell i is below cell i , otherwise

zero;

qi l j
 Binary, equals one if the pin on cell i of Vth type l is on

wire j, otherwise zero;

ci i
 Binary, equals one if cell i and i combine into a new

one, otherwise zero;

si
 Binary, equals one if the width of cell i is less than

wminw, otherwise zero.
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4.3. Model formulation

The mixed integer non-linear programming (MINLP) model is
defined in the following contents using the above notations:

M0 Minimize C 1 5 Z L max
i i i i C

i–i i –i

xi yi xi yi
i C

xi yi

1

Objective (1) minimizes the cost of placement from two aspects.
As mentioned above, the compactness of placement is the first
metric employed to evaluate the cost. The modified HPWL is not
calculated according to the shortest straight distance, but accord-
ing to the longest Manhattan distance, which is consistent with
our modeling from the perspective of two-dimensional coordi-
nates. The second metric is used to evaluate the total wirelength
of the placement, calculated as the sum of the Manhattan distances
from all cells to the origin. In the actual wiring, not all cells may be
directly connected to the origin, making this calculated result an
upper bound for the total wirelength. However, since the specific
wiring details are unavailable during the placement phase, and this
metric effectively captures the variation in total wirelength, it is
considered a reasonable approach for evaluation. In conclusion,
our model minimizes the placement cost, by enhancing the utiliza-
tion rate of the chip region and minimizing the total wirelength. To
ensure the robustness of the results, we don’t perform specific
weight assignments for the two metrics in the objective function
in the main text. However, considering that chip design companies
may prioritize the compactness of placement and total wirelength
differently in practical production, we include additional experi-
ments in Section S3 in Appendix A to analyze these aspects.

subject to

0 xi w wi i C 2

0 yi h hi i C 3

l L

hz l
C

fw0h0 z Z 4

hz l
i C

li z l z Z l L 5

l L z Z

li z l 1 i C 6

l L

xz l 1 z Z 7

hz l Mxz l z Z l L 8

i C z Z l L

li z l
z Z l L

hz lxz l 9

xbinz xili z l xbinz 1 li z l xbinz wbin
z wi i C z Z l L

10

ybinz yili z l ybinz 1 li z l ybinz hbin
z hi i C z Z l L

11
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Constraints (2) to (11) are about the fundamental placement
conditions. Constraints (2) and (3) guarantee cells are placed in
the chip region. Constraint (4) ensures that the total number of
cells of all Vth types in each bin z does not exceed a density thresh-
old determined jointly by the total number of cells, cell size, and a
cutting coefficient, which is to prevent the placement design from
being too crowded or too sparse. Constraint (5) calculates the
actual number of cells of type l in bin z, which are connectivity con-
straints on two variables hz l and li z l. Constraint (6) ensures cell i
corresponds to a unique type l and bin z. Constraint (7) requests
consistent type l of cells within bin z. Constraint (8) specifies the
type of cells that can be placed in a bin, while constraint (9) further
correlates the bin with cells. Constraints (10) and (11) guarantee
the coordinates of the cell i of type l should correspond to bin z.

Constraints (12)–(27) correspond to the modern circuit design
techniques.

xi xi M 1 ai i wi i i C i–i 12

yi yi M 1 bi i hi i i C i–i 13

ai i ai i bi i bi i 1 i i C i–i 14

ai i ai i 1 i i C i–i 15

bi i bi i 1 i i C i–i 16

Constraints (12) to (16) ensure that there is at least one differ-
ence in the x or y coordinates between cell i and i , thus guarantee-
ing that these two cells are non-overlapped in the two-
dimensional coordinate system.

yi
l L j J0

ki jqi l j i Cs Cd Ct 17

l L j J

qi l j 1 i C 18

l L j J0

qi l j 1 i Cs Ct 19

l L j J2

qi l j 1 i Cd 20

yi
1
4
hi

l 1 2 j J2

ki jqi l j i Csp 21

l L j J2

qi l j 1 i Csp 22

l L j J i Cs Ct

qi l j

i Cd

qi l j
i Csp

qi l j C 23

Constraints (17) to (23) are about matching pins on cells to
VDD/VSS rails. Constraint (17) specifies the ordinate for non-
special cells and assigns them to the corresponding rails based
on their types. The set of allowable j values, representing wire
indices, varies with the cell type. For single-row-height and
triple-row-height cells, which can be placed with a flipped orienta-
tion, the range of permissible ki j is broader to accommodate this
flexibility. Constraint (18) means that for a cell, there must be
exactly one Vth type, and its pin can only be associated with one
wire. Constraint (19) declares the relationship of cell i with
single- and triple-row-height should match the type l and corre-
sponding to wire j. Constraint (20) states the relationship between
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cell i with double-row-height of type l and wire j. Constraint (21)
defines the ordinate of special cells, establishing the correspon-
dence between the internal pins of these cells and the power rails
within the placement region. Constraint (22) means that the ordi-
nate of the special cell i should correspond to the type l and wire j.
Constraint (23) states that the total sum of all types of cells across
all possible wires should equal the number of cells to be placed,
ensuring that no cell is omitted. It is noteworthy that, since the
pin positions on each cell are predetermined, the placement orien-
tation (original or flipped) of a cell can be deduced from its ordi-
nate and the corresponding wire allocation.

wi si wminw i C 24

i C i–i

ci i si i C 25

wi wi ci i w
minw i i C i–i 26

xi xi M 2 ci i ai i wi i i C i–i 27

Constraints (24)–(27) are about solving MIA violations. Con-
straint (24) compares the width of cell i and wminw to determine
the MIA violations. Due to the assumption (5) in Section 4.1, the
validity of constraint (24) is ensured. Constraint (25) indicates that
if the width of cell i is less than wminw, it will be combined with
other cells. Constraint (26) requires the width of combined cells
to exceed wminw. Constraint (27) means that the coordinates on
the x-axis between the combined cells are continuous.

0 xi w i C 28

0 yi h i C 29

0 hz l C z Z l L 30

li z l xz l 0 1 i C z Z l L 31

ai i bi i ci i si 0 1 i i C i–i 32

qi l j 0 1 i C l L j J 33

Constraints (28)–(33) define the domains of the decision
variables.

4.4. Formulation of the MILP model

The aforementioned model contains several components
that are challenging to solve directly using a solver, such as
the structure of minimizing the maximum value in the objec-
tive function and the non-linear parts in constraints (9) to
(11). If these issues are not addressed, the workload of model
computation will be increased, subsequently leading to an
extended design cycle.

4.4.1. Preprocessing of the objective function in M0
For the first part of objective function (1), that is,
C 1 5 Z L max

i i i i C
i–i i –i

xi yi xi yi , we define an

additional non-negative decision variable d. Subsequently, the for-
mula (1) can be constructed as outlined below by appending the
subsequent constraints:
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d xi yi xi yi i i i i C i–i i –i z Z l L

34

Using d to represent the maximum Manhattan distance within
the chip region, the dual objective of minimizing the maximum
value is transformed into a single objective, allowing the model
to be solved by IBM ILOG CPLEX Optimization Studio (CPLEX).
The revised objective function is provided by in Section 4.4.3.

4.4.2. Linearization of constraints in M0
Non-linearization in constraint (9) is caused by multiplying

decision variables. Let pz l represent the product of hz lxz l, and con-
straint (9) can be modified to be Eqs. (35)—(39). The process of lin-
earization is described in Appendix A Derivation S1.

pz l hz lxz l z Z l L 35

pz l xz l z Z l L 36

pz l hz l C Z 1 C Z 1 xz l z Z l L 37

pz l C Z 1 xz l z Z l L 38

pz l hz l xz l 1 z Z l L 39

Similarly, we use ri z l andui z l to replace the bilinear expression
in constraints (10) and (11), these two constraints can be replaced
by Eqs. (40)–(44) and (45)–(49), respectively. These two processes
of linearization are described in Appendix A Derivations S2 and S3.

ri z l xili z l i C z Z l L 40

ri z l 0 i C z Z l L 41

ri z l xi w wi w wi li z l i C z Z l L 42

ri z l w wi li z l i C z Z l L 43

ri z l xi i C z Z l L 44

ui z l yili z l i C z Z l L 45

ui z l 0 i C z Z l L 46

ui z l yi h hi h hi li z l i C z Z l L 47

ui z l h hi li z l i C z Z l L 48

ui z l yi i C z Z l L 49

This linearization method by relaxing the feasible region
boundary enables the model to complete the transformation from
non-linear to linear, and the lower bound of the global optimal
solution is obtained. Compared with introducing large M for lin-
earization, this method uses less computational space and has a
faster solving speed.
Fig. 6. Operations of mo
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4.4.3. Mixed integer programming model M1
Based on these new decision variables and constraints, the

model M0 can be reformulated as an MILP model M1.

M1 Minimize C 1 5 Z L d
i C

xi yi 50

subject to
Constraints (2)–(8) and (12)–(49).
The core of Section 4.4 is summarized in Fig. 6, which depicts

the linearization process. The purpose of linearization is to enable
the model to be solved directly by CPLEX and to facilitate the appli-
cation of exact algorithms. In the initial model M0, there are two
parts that need to be preprocessed: the non-convex objective func-
tion and the nonlinear expressions in the constraints (9) to (11). By
adding new decision variables d, achieving the transformation from
the Min–Max problem to the minimization problem. By introduc-
ing new auxiliary variables to replace the product of the original
decision variables, and define discrepancy variables based on the
domains of the decision variables, we can then derive linearized
constraints. Subsequently, the new MILP model M1 is derived,
which can be solved easily. For more practical instances on
medium- or large-scale, CPLEX cannot reach solutions within the
specified design period. Hence, a suitable algorithm is designed
in the next section to improve the solution efficiency.
5. Exact algorithm

Consideringmodern circuit design techniques, the placement opti-
mization problem poses a significant challenge. In the design cycle,
commercial solvers like CPLEX can barely compute the results when
the scale of data expands, while in actual production the number of
cells is extremely large, necessitating the development of an algo-
rithm tailored for this model. BD is renowned for solving large-scale
optimization problems and is widely applied in the supply chain
[35], material transportation [36], and other fields. We incorporate
the idea of iterative optimization into the model of placement, seek-
ing a balance between solution quality and computing speed.
5.1. Classical BD

The main idea of BD is to divide the decision variables into two
categories based on the difficulty of solving, thereby decomposing
the intricate problem into a master problem (MP) and a subproblem
(SP). By solving these two small models iteratively, we can more
easily obtain the results than directly solving the original model.

In this study, the decision variables that determine the relative
positional relationship between cells, bins, Vth, and rails include
hz l li z l xz l ai i bi i ci i si andqi l j. The above variables that indi-
rectly determine the coordinates of cells are uniformly placed in
the MP. However, the core variables xi and yi directly related to
the cell coordinates are assigned to the SP to make the final deci-
sion. Binary and integer variables in the MP are substituted into
the SP, and then the optimal cut is calculated from SP is added to
del preprocessing.
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the MP, which greatly improves the efficiency of solving. Combin-
ing the idea of two-level decoupling, we iteratively optimize the
upper and lower bounds of the original problem to obtain the opti-
mal solution.

5.1.1. The construction of SP
The SP determines the final coordinates of cells based on the

relative positional relationship obtained by the MP. The ordination
of cells is affected by the VDD/VSS alignment constraint, and there
may be some randomness in the process of deciding the cell coor-
dinates, it is crucial to ensure that SP has a solution. Above all, SP
provides an upper bound for the original problem, which is stated
as follows:

SP Minimize C 1 5 Z L d
i C

xi yi 51

subject to
Constraints (2), (3), (28), (29), (34), (41), (44), (46), and (49);

xbinz xbinz 1 li z l xili z l i C z Z l L 52

xili z l xbinz wbin
z wi xbinz 1 li z l i C z Z l L

53

ybinz ybinz 1 li z l yili z l i C z Z l L 54

yili z l ybinz hbin
z hi ybinz 1 li z l i C z Z l L

55

xi xi M 1 ai i 0 i i C i–i 56

yi yi M 1 bi i 0 i i C i–i 57

yi
l L j J0

ki jqi l j i Cs Cd Ct 58

yi
1
4
hi

l 1 2 j J2

ki jqi l j i Csp 59

xi xi M 2 ci i ai i wi i i C i–i 60

ri z l xili z l i C z Z l L 61

ri z l xi w wi w wi li z l i C z Z l L 62

ri z l w wi li z l i C z Z l L 63

ui z l yili z l i C z Z l L 64

ui z l yi h hi h hi li z l i C z Z l L 65

ui z l h hi li z l i C z Z l L 66

All variables in SP are continuous, and the model is linear. The
parameters with hat notation correspond to decision variables in
MP. To ensure the smooth progression of the iteration process,
we first design an initial solution generation rule. This rule requires
sorting all cells by their height and then placing the cells into the
placement area from bottom to top. Using this approach, an initial
placement solution is obtained, which is then passed to the SP for
further optimization. The SP solves for a more refined placement
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and passes the cell positions to the MP for global adjustment. This
process is repeated in each iteration, with a new cut generated in
every round. We infer the optimal cut based on duality theory
and use it to shrink the feasible region, thereby improving the
placement quality.

Based on the constraints of SP, we introduce the dual variables
Pn
i , where n 1 2 21 . These dual variables, along with their

corresponding constraints, are incorporated into the original objec-
tive function of the SP through a weighted sum, yielding an aug-
mented objective function. This formulation simplifies the
problem by integrating the constraints directly into the objective.
The resulting Lagrangian relaxation expression is as follows:

Minimize d
i C

P1
i xi

i C

P2
i w wi xi

i C

P3
i yi

i C

P4
i h hi yi

i C z Z l L

P5
i z l xbinz xbinz 1 li z l ri z l

i C z Z l L

P6
i z l xbinz wbin

z wi xbinz 1 li z l ri z l

i C z Z l L

P7
i z l ybinz ybinz 1 li z l ui z l

i C z Z l L

P8
i z l ybinz hbin hi ybinz 1 li z l ui z l

i C z Z l L

P9
i z l Mli z l ri z l

i C z Z l L

P10
i z l xi ri z l

i C z Z l L

P11
i z lM 1 li z l ri z l xi

i C z Z l L

P12
i z l M 1 li z l ri z l xi

i C z Z l L

P13
i z l Mli z l ui z l

i C z Z l L

P14
i z l yi ui z l

i C z Z l L

P15
i z l M 1 li z l ui z l yi

i C z Z l L

P16
i z l M 1 li z l ui z l yi

i C i Cleft i

P17
i i M ai i 1 xi xi

i C i Cleft i

P18
i i M bi i 1 yi yi

i Cs Cd Ct

P19
i

l L j J0

ki jqi l j yi

i C6

P20
i

l 1 2 j J2

kl jqi l j
1
4
hi yi

i C i Cleft i

P21
i i wi M 2 ci i ai i xi xi 67
5.1.2. The construction of MP
After solving SP, we obtain a feasible solution and can infer the

optimal cut based on the dual theory. We follow the idea of
Adulyasak et al. [37] to combine all scenarios into one SP, and only
add one optimal cut at each iteration to avoid solving too many
SPs. Most studies first obtain dual subproblem (DSP) based on SP
and then connect DSP with MP through the optimal cut. Given
the significant number of decision variables involved in this study
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and the merging challenge between max function and summation
in the dual process, we choose the Lagrangian relaxation to deter-
mine the optimal cut. According to the Lagrangian relaxation
expansion, we introduce a new variable f to represent the expected
cost. The MP corresponding to the relative position of cells can be
reformulated as follows:

MP Minimize f 68

subject to
Constraints (4)–(9), (14)–(16), (18)–(20), (22)–(26), and (30)–(33);

f
i C

P2
i w wi

i C

P4
i h hi

i C z Z l L

P5
i z l xbinz xbinz 1 li z l xbinz

wbin
z wi xbinz 1 li z l

i C z Z l L

P7
i z l ybinz ybinz 1 li z l ybinz hbin

hi ybinz 1 li z l
i C z Z l L

P9
i z lMli z l

i C z Z l L

P11
i z lM 1 li z l

i C z Z l L

P12
i z l M 1 li z l

i C z Z l L

P13
i z lMli z l

i C z Z l L

P15
i z lM 1 li z l

i C z Z l L

P16
i z l M 1 li z l

i C i Cleft i

P17
i i M ai i 1

i C i Cleft i

P18
i i M bi i 1

i Cs Cd Ct

P19
i

l L j J0

ki jqi l j

i C6

P20
i

l 1 2 j J2

kl jqi l j
1
4
hi

i C i Cleft i

P21
i i wi M 2 ci i ai i 69

Constraint (68) represent the optimality cut which is valid for
all MP solutions.

The core of the algorithm lies in ensuring that the variables
transmitted during each iteration are both valid and feasible in
both the SP and the MP. Specifically, when the MP determines
the relative positions of the cells, the constraints are relatively
relaxed, whereas the SP further refines the exact position coordi-
nates of the cells within the feasible region. Thus, the solution from
the MP provides the relative positions of the cells, while the SP
ensures that these positions satisfy the placement constraints, ulti-
mately providing the precise placement coordinates.

In each iteration, the optimal cut is key to the progress of the
algorithm. By solving the SP, we obtain a feasible solution and infer
the optimality of the cut through duality theory. This optimal cut
provides crucial guidance for subsequent iterations, ensuring that
each round improves the solution quality within the feasible
region, thereby approaching the optimal solution. Based on our
algorithm, the MP and SP can efficiently collaborate, allowing each
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iteration to shrink the feasible region and gradually optimize the
placement, ultimately solving for the optimal coordinate of the
cells.

5.2. Framework of our algorithm

In conclusion, BD iteratively transfers the values of variables
from MP to SP, and SP then returns optimal cuts to MP. This
iterative idea gradually narrows down the solution space, and
ultimately final solution is obtained. The pseudocode of BD is
shown in Appendix A Section S5, and a framework is as follows:

Step 1: Initialization. Set the upper bound UB , lower bound
LB , iterations In 0, upper limit of iterations Inmax 50,
acceptable gap g 0 01 w h . The objective values calculated
according to the initial guideline, SP, and MP, and set them as
F o , F sp and F mp , respectively.

Step 2: Initial solution setting. According to the arrangement
order from tall to short and the idea of placing cells along the edge
of chip region, we design a set of initial feasible solutions. Because
F o LB, update LB, F o LB.

Step 3: Solve the SP. Substitute the relative position information
from initial guideline into the SP to obtain the initial feasible coor-
dinates of cell. If F sp UB, update UB, F sp UB, In 1 In.

Step 4: Infer this iteration’s optimal cut. If UB LB g, stop the
iteration; otherwise, go to step 5.

Step 5: Solve the MP. Substitute the optimal cut obtained by
Lagrange a relaxation into the MP to obtain relative position infor-
mation. If F mp LB, update LB, F mp LB. If In 1, go to step
2.

Step 6: Iteration termination. If any of the following situations
exist: ① UB LB g, ② In Inmax, the algorithm terminates and
the optimal solution outputs.

5.3. Convergence of our algorithm

In this study, our algorithm is guaranteed to converge. Specifi-
cally, we obtain new optimality cuts in iterations, and the algo-
rithm will eventually converge to the optimal solution.

The original best solution of the problem is (x y ), where x and
y represents an integer vector and represents a non-negative real
vector. According to the classical BD principle, SP has the following
expression:

g y Minimize cTx 70

subject to

Ax b B y 71

x 0 72

Here, A is a matrix that represents the system of linear con-
straints for the integer variables. B is a matrix corresponding to
the coefficients in the dual constraints involving the real vector
y, and b is a vector of constants. The vector c represents the coef-
ficients in the objective function of the SP.

Due to the processing of the objective and constraints in
Section 4.3, the solution of SP is monotone. There exists a suffi-
ciently large integer N such that for all n N, the optimal solution
of SP satisfies cTxn cTxn 1. This ensures that each iteration of the
algorithm produces a solution that is at least as good as the previ-
ous one. The chip region’s area limits the number of feasible solu-
tions for the SP, thereby bounding the solution space of SP.
Consequently, the optimal solution to the original problem corre-
sponds to the solution that optimizes the SP.

In conclusion, since the decision making of SP is limited by the
area of the chip region, the objective function of SP possesses an
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upper bound, making SP a bounded optimization problem. Since
the constraints of MP are more relaxed than those of SP, and both
MP and SP are limited by the same chip region, MP is also bounded.
Since both MP and SP are bounded, according to optimization the-
ory, the original problem has an optimal solution. If a bounded
optimization problem has no optimal solution, then the solution
space of this problem will be unlimited, which contradicts the def-
inition of ‘‘bounded.” In summary, since both MP and SP in this
study are limited by the chip region, the optimal solution to the
original problem can be effectively determined through our
algorithm.

6. Numerical experiments

In the following paragraphs, we use real data obtained from a
famous placement competition ‘‘International Symposium on
Physical Design (ISPD) 2014 Detailed Routing-Driven Placement”
to test the performance of the proposed BD algorithm [38]. Our real
data have also been widely used in the related studies such as Zhu
et al. [5], Chen et al. [32], and Chen et al. [10]. This study first set up
various scales of instance groups, then conduct some comparative
analysis to validate the effectiveness of the BD algorithm by com-
paring it with CPLEX, and also perform some sensitivity analyses to
provide some potentially useful insights for placement. Each
instance is solved on a workstation equipped with 128 GB RAM
and, a 3.40 GHz Intel Xeon E5-2643 v3 CPU. The algorithms are
implemented in the Visual Studio 2020, C# programming lan-
guage, and CPLEX 12.6.1.

6.1. Parameter setting

To ensure the validity of the experiment, we use the competi-
tion data as benchmarks, which are authoritative. We adopt the
method from Chen et al. [32] to divide the number of various cells
to form an MCH placement instance. On this basis, we consider the
special cells with wires inside and set their proportion to 30% of
the double-row-height cells [5]. Due to the adjustment of the
height of some cells, the chip region may not be able to accommo-
date all cells. Therefore, the width of these cells should be adjusted
accordingly to ensure that the area of the cells remains unchanged.
The modified instance groups retain the characteristics of the
benchmark itself to the greatest extent, ensuring the rationality
of the placement [7]. The characteristics of instances are provided
in Table 3 for reference.

6.2. Performance of the proposed algorithm

For the small-scale instances, we conduct experiments by using
three methods. Solving model M1 directly using CPLEX is the first
method. This provides the optimal solution as a benchmark for
the latter two methods. The second method is to obtain a lower
bound on the optimal solution value by solving the model after
deleting constraints (2), (3), and (12)–(16) and relaxing the binary
variables xz l in the model M1 to make them continuous. The third
Table 3
Characteristics of instances.

Group ID No. of cells Proportion of various cells

ISG1 4 1:1:1:1
ISG2 10 6:2:1:1
ISG3 20 12:5:1:2
ISG4 35 23:7:2:3
ISG5 55 40:9:2:4
ISG6 70 46:14:4:6

The order in proportion of various cells is single-row-height cells:double-row-height cells
voltage threshold:standard voltage threshold:low voltage threshold.
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method uses the proposed BD algorithm to solve MP and SP itera-
tively. Computation time and objective value obtained by these
methods are used to evaluate the algorithm’s performance. We
set the maximum solving duration for each instance as an hour.

According to Table 4, the minimal placement costs for the
small-scale instances computed by the BD algorithm are identical
to those of CPLEX. This comparison suggests that the BD algorithm
is a reliable for model solving, and it can obtain an optimal solution
of placement optimization problem. The solving time of the BD
algorithm is longer than that of CPLEX in instance set groups
(ISG1 and ISG2), but as the scale of instance groups increases, the
advantage of the BD algorithm in solving speed becomes more pro-
nounced. In ISG3, the BD algorithm is able to give a placement
solution in 81 seconds, while CPLEX takes about 15 minutes. Due
to the relaxation of some variables and constraints, the result
obtained by LB is the lower bound of the CPLEX objective value,
and the maximum gap with the optimal solution is 3.52%.
Although CPLEX performs moderately well on small-scale
instances, it is unable to provide a chip placement solution within
the validity time as the scale of the instance groups increases. We
conclude that the BD algorithm is useful for solving large-scale
instances because the accuracy of the algorithm for small-scale
examples has been confirmed.

To further evaluate the performance of the algorithm across
instances of varying scales, we designed three sets of large-scale
experiments. Each set included five representative instances, and
the detailed computational results of the BD algorithm, the LB
method, and CPLEX are summarized in Table 5. Notably, in the ISG4
experiment, while CPLEX occasionally managed to solve the problem
within the predefined time limit, our BD algorithm demonstrated sig-
nificantly higher efficiency, with all solution times remaining below
270 seconds. As the instance scale further increased, the BD algorithm
consistently provided feasible placement solutions within 16 min-
utes, highlighting its exceptional solving speed and adaptability.
Additionally, in small-scale experiments, we observed that as the
complexity of the instances increased, the gap between the LB meth-
od’s solutions and the optimal solutions widened. However, the max-
imum gap between the BD algorithm and the LB method was
constrained within 13.96%. This not only validates the robustness of
the BD algorithm in maintaining solution quality but also indirectly
underscores its superiority over the LB method for larger-scale prob-
lems. Based on the above analysis, we confidently conclude that the
proposed BD algorithm exhibits remarkable efficiency and precision
in large-scale instances, providing an effective and reliable solution
to complex optimization problems.
6.3. Sensitivity analyses

In this section, we examine the impact of several significant
parameters: the aspect ratio of the chip region, the quantity ratio
of cells with varying heights, the total number of cells and the total
number of bins. According to the sensitivity analyses, we derive
some potentially useful design insights for chip placement
optimization.
No. of bins No. of wires No. of Vth

2 5 0:4:0
4 10 1:8:1
8 30 2:16:2

12 50 3:28:4
16 65 5:44:6
20 80 6:56:8

:triple-row-height cells: special cells. The order in the column of ‘‘No. of Vth” is high
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Table 4
Performance of methods for small-scale instances.

Instances CPLEX LB BD algorithm

(group and ID) FCPLEX tCPLEX FLB GAP1 FBD tBD GAP2

ISG1
1-1 6.00 0.51 5.98 0.33% 6.00 2.14 0.00%
1-2 6.00 0.49 5.99 0.17% 6.00 1.63 0.00%
1-3 6.00 0.58 5.98 0.17% 6.00 1.84 0.00%
1-4 6.00 0.53 5.97 0.34% 6.00 1.81 0.00%
1-5 6.00 0.34 5.99 0.17% 6.00 1.35 0.00%
Average — — — 0.30% — — 0.00%

ISG2
2-1 21.48 4.35 20.86 2.97% 21.48 11.95 0.00%
2-2 23.16 2.49 132.87 0.65% 23.16 10.14 0.00%
2-3 23.07 2.08 113.84 1.36% 23.07 10.02 0.00%
2-4 22.43 3.63 107.88 2.23% 22.43 11.39 0.00%
2-5 23.38 3.41 121.86 1.08% 23.38 11.25 0.00%
Average — — — 1.66% — — 0.00%

ISG3
3-1 232.08 890.62 226.54 2.65% 232.08 78.34 0.00%
3-2 202.94 828.17 193.52 4.87% 202.94 72.49 0.00%
3-3 219.36 847.65 212.75 4.14% 219.36 73.98 0.00%
3-4 221.57 853.23 213.69 2.65% 221.57 75.62 0.00%
3-5 243.41 901.84 235.18 3.50% 243.41 80.03 0.00%
Average — — — 3.52% — — 0.00%

FCPLEX, FLB, and FBD represent the objective value of solution obtained by CPLEX, LB, and the BD algorithm, respectively. tCPLEX and tBD are the calculation time of CPLEX and the
BD algorithm in seconds, respectively. GAP1 FCPLEX FLB FLB; GAP2 FBD FCPLEX FCPLEX.

Table 5
Performance of methods for large-scale instances.

Instances CPLEX LB BD algorithm

(group and ID) FCPLEX tCPLEX FLB GAP1 FBD tBD GAP2

ISG4
4-1 612.21 — 584.20 4.79% 612.21 259.48 0.00%
4-2 567.37 3509.79 523.81 8.32% 567.37 228.95 0.00%
4-3 622.33 — 595.78 4.46% 622.33 268.31 0.00%
4-4 607.85 — 572.92 6.10% 607.85 237.60 0.00%
4-5 522.17 3382.05 485.14 7.63% 522.17 203.20 0.00%
Average — — — 6.26% — — 0.00%

ISG5
5-1 — — 1084.35 11.09% 1204.56 457.02 —
5-2 — — 995.47 13.44% 1129.31 410.39 —
5-3 — — 1126.14 10.88% 1248.63 463.76 —
5-4 — — 1219.07 9.03% 1329.13 517.13 —
5-5 — — 1158.62 9.10% 1264.01 470.50 —
Average — — — 10.71% — — —

ISG6
6-1 — — 1561.57 15.26% 1799.84 909.60 —
6-2 — — 1509.65 12.26% 1694.66 840.25 —
6-3 — — 1420.29 11.23% 1579.72 797.09 —
6-4 — — 1540.93 14.49% 1764.18 901.55 —
6-5 — — 1402.21 16.59% 1634.90 832.20 —
Average — — — 13.96%

FCPLEX, FLB, and FBD represent the objective value of solution obtained by CPLEX, LB and the BD algorithm, respectively. tCPLEX and tBD are the calculation time of CPLEX and the
BD algorithm in seconds, respectively. GAP1 FBD FLB FLB; GAP2 FBD FCPLEX FCPLEX. CPLEX cannot solve the instances within 3600 seconds except ISG4-2 and ISG4-5.

Table 6
Metrics involved in sensitivity experiments.

Subject Property Concrete content

Chip Shape of chip region Proportion of height to width
Cell Types of height Single-row-height

Double-row-height
Triple-row-height
Special

Bin Degree of cutting The number of bins
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6.3.1. Experimental design
These sensitivity analyses involve the metrics listed in Table 6

to understand the subsequent experiments. We will describe these
metrics from three aspects, the first being the corresponding sub-
ject of the metric, followed by the property and the concrete
content. The shape of the chip regions is affected by its aspect ratio,
which is also considered in the experiments. Cells can be divided
based on the heights, and what varies in the experiments are the
proportions and numbers between the various cells. The relation-
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Table 7
Factors and variables of sensitivity experiments.

Group Non-experimental factors Independent
variables

Dependent
variables

1 Area of chip region, the
total number of cells and
the proportion of cells with
various heights

Aspect ratio of
chip region

Placement cost

2 Total height of cells and
combination of cells with
various heights

Quantity ratio
of cells with
varying
heights

Placement cost

3 Area of chip region, the
types of cells and their
respective proportions

Total number
of cells

Placement cost and
the maximum
space utilization
rate

4 Area of chip region, the
total number of cells and
the proportion of cells with
various heights

Total number
of bins

Placement cost
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ship between the chip region and the number of bins depends on
the cutting coefficient. The more cutting times, the finer the chip
region is divided, and the more bins there are.

We designed six groups of experiments to discuss the impact of
each metric on the placement cost. Table 7 clarifies non-
experimental factors, dependent variables, and independent vari-
ables. Non-experimental factors are related to the independent
variable but remain unchanged for each instance. Independent
variables correspond to the metrics in Table 6, and the purpose
of sensitivity experiments is to explore their impact on costs.
Dependent variables are consistent with the optimization objec-
tives of this study. Except for the third group, which additionally
considers maximum space utilization rate, the others all focus on
placement cost. Each group of experiments covers six instances
of different scales, which can comprehensively explore the rela-
tionship between variables.
6.3.2. The impact of the aspect ratio of the chip region
To facilitate modeling, we set the shapes of cells, bins, and the

chip region as rectangles. The width and height of the cells are
set in accordance with their functions and other attributes, and
the aspect ratio (w:h) of the bin and chip region is related to the
chip itself. Although the shape of the chip is fixed, the determina-
tion of the bin in the placement process is mostly empirical and has
no clear rules. Therefore, the following experiments explore the
influence of the aspect ratio of chip region on the placement cost,
aiming to give informative suggestions on the division of bins.
Fig. 7. Sensitivity analyses on the as
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Table S1 in Appendix A gives the experimental data of the chip
region width and height under six instance groups (G1–G6). To
make the table clear, width and height are represented by w and
h respectively. Five experiments with different aspect ratios are
carried out under the same scale instance group to comprehen-
sively explore the influence of the chip region aspect ratio on the
placement cost. Taking G1 as an example, if we fix the chip region
to 36, we can obtain a square area with a width and height of six, as
well as rectangular areas with (w:h) = (12:3), (9:4), (4:9), and
(3:12), respectively. The total number of cells increases with the
expansion of the chip region, and cells of various heights are
divided equally to ensure the validity of the experiment.

Fig. 7 illustrates the effect of chip region aspect ratio on the cost
for different instance groups. In the same groups with fixed area,
the placement cost is lowest when (w:h) = (3:12), and the cost
increases with the decrease of (w:h). When the width and height
of the chip region are disparate, the linear array implies a more
fixed design scheme. However, as the width and height of the chip
region become more closely, the region resembles a square, which
offers more design options. Since the widths of the cells are all set
in a small range, and the heights are fixed as a multiple of the row
heights, the difference in the widths of the cells is smaller than the
heights. This results in a more compact vertical arrangement of
cells than a horizontal arrangement with less wasted space. As
the scale of groups increases, the cost of the arrangement with a
higher (w:h) of the chip region increases slowly.

In conclusion, the chip region with a higher (w:h) is more effec-
tive in reducing the placement cost. In the actual chip design, it is
advisable to enhance the aspect ratio of the bin in the placement
partition, so that the placement can achieve a higher quality.

6.3.3. The impact of the quantity ratio of cells with varying heights
After realizing the relationship between the aspect ratio of the

chip region and the placement cost, we proceed to investigate
whether the cost is impacted by the quantity ratio of cells with
varying heights. Directly adjusting the number of various cells in
experiments is meaningless, as it ignores the total height of the
cells, and cells of different heights require different wiring ways.

We set up six groups of instances, and maintain the total height
of cells constant in the same group. To guarantee the feasibility of
the experiment, it is crucial to determine the lower limit of the
chip area that can accommodate the cells themselves. Take G1 as
an example, the total area of ten cells should be smaller than the
given chip region. After fixing the total height of the cells, the cells
can be arranged according to their heights and the number of var-
ious cells can be allocated accordingly. Each group includes seven
experiments, the specific experimental data is shown in Appendix A
Table S2.
pect ratio (w:h) of chip region.
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Fig. 8. Sensitivity analyses on the quantity ratio of cells.
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Fig. 8 demonstrates the impact of the quantity ratio of cells with
varying heights on the placement cost for different instance groups.
Among the same group with a fixed total cell height, the minimum
cost is achieved when the total number of cells is the least. The cost
is positively correlated with the total number of cells. This is due to a
small number of cells implies a high proportion of three-row-height
cells, which weakens the influence of other cells on placement.
When there are a moderate number of cells overall, double-row-
height cells tend to yield the optimal placement quality. A more uni-
form height type of cell implies higher compatibility between cells,
which improves the utilization rate of the chip region. Influenced
by the alignment rule of special cells, there exist two half-row resid-
ual spaces, making the result less compact.

The cost increases in proportion to both the chip area and the
total cell height. The quantity ratio of cells with varying heights
affects the cost, with lower cost when there is a high percentage
of taller cells. For chip design companies, it makes more financial
sense to arrange cells with a unified height type. Controlling the
height type of cells can also effectively improve the utilization rate
of the placement.

6.3.4. The impact of the total number of cells
It is given that adding more cells will increase the placement

cost when the chip region is sufficiently large. When investigating
the relationship between the number of cells and the placement
cost, instances that fix the area of the chip region are significant
since the goal of chip placement is to place as many cells as feasible
within a restricted area.
Fig. 9. Sensitivity analyses on
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For the same scale instances, we maintain the area of the chip
region constant. In this experiment, only single- and double-row-
height cells are considered, with an equal proportion of each, to
make the allocation of various cells easier. We determine the max-
imum number of cells that the chip region can accommodate,
ensuring that each experiment is reasonable. The total number of
cells in the largest scale in each group is the highest value that
can be accommodated in a given chip region. Experimental data
on the chip region and the number of cells with varying types
are presented in Appendix A Table S3. In the same group, the num-
ber of cells within each group increases uniformly. To keep the
table concise and clear, the number of the two heights of cells is
represented by s and d, respectively.

Fig. 9 demonstrates the effect of the total number of cells on the
placement cost and maximum space utilization rate. Among the
same group with the same chip region, the placement cost
increases with the total number of cells. Despite the feasibility of
the instance groups considered in the setup, some cases remain
unsolvable. This indicates that placements that consider modern
design rules are more complex and have lower space utilization
rates than placements that solely consider arrangement feasibility.
Although the total number of cells increases uniformly, the cost
rises unevenly.

Since this experiment includes unsolved instances, we also
include a comparison of the maximum space utilization rates
between groups. By dividing the maximum area that may accom-
modate cells by the area of the chip region, the maximum space
utilization rate is found. As shown in the right corner subfigure
of Fig. 9, the maximum space utilization rates exhibit a trend of
rapid increase with the growth of the instance scale, reaching a
local peak at G3, followed by a brief decline and then a subsequent
rise. This fluctuating trend arises from the balance between MIA
constraints and changes in placement area. The initial upward
trend can be attributed to the more pronounced influence of MIA
constraints on cell placement in smaller areas. These constraints
promote the aggregation of small-area cells, enabling more cells
to be accommodated within a limited space and thereby improving
space utilization. However, as the placement area expands, the
placement options for cells become increasingly flexible. While
this greater degree of freedom benefits the placement of earlier
cells, it complicates the placement of subsequent cells, leading to
a temporary decline in the maximum space utilization rates. For
large-scale chip placement problems, the MIA constraint values
remain unchanged, and cell aggregation tends to occur across mul-
tiple local spaces. In this case, the impact of placement sequence
on the degree of freedom diminishes gradually, allowing the over-
all system’s space utilization to further improve. Nevertheless, due
to the non-overlapping constraints between cells, the space
the total number of cells.

move_f0040
move_f0045


B. Zhang, L. Zhen and G. Laporte Engineering 52 (2025) 278–296
utilization rates eventually saturate as the instance scale increases
beyond a certain threshold.

Overall, the placement cost increases with the total number of
cells, and the increase fluctuates. The number of cells that can be
accommodated is not only related to the area of the chip region
but also to the design techniques. Additionally, there is a positive
correlation between the total number of cells and the space utiliza-
tion rate, highlighting how placement optimization can be exam-
ined from another perspective. For chip design companies,
enhancing the performance of individual cells and reducing the
total number of cells can significantly contribute to cost savings
while maintaining or improving chip functionality. Beyond plan-
ning the total number of cells based on functional requirements,
companies can strategically determine cell configurations by con-
sidering placement costs, space utilization rates, and the balance
between design constraints and chip performance. By adopting
advanced strategies and optimizing placement areas, companies
can achieve higher efficiency and reduced costs, especially in
large-scale chip designs where placement constraints and resource
utilization play a critical role.
6.3.5. The impact of the total number of bins
The objective of dividing a chip region into bins is to refine the

chip region to tackle the intricate problem of matching cells with
their various types. The number of bins is positively correlated
with the area of the chip region, and it is also related to the number
and type of cells. The division of bins plays a crucial role in place-
ment optimization, and their number may affect the costs.

Except for the first group, which only has four cases, we build
six groups of instances, each with five cases. Due to the total num-
ber of cells in the G1 is relatively small, there is a lack of data in the
fifth case. The initial two bins of each group are uniformly assigned
to one and two. The division of bins in the first and last groups is
comparable, and the middle four groups have the same bin divi-
sion. The types of cells are all single-row-height, the area of the
chip region and the total number of cells stays constant within
the same group to prevent the influence of other factors on the
placement optimization. Table S4 in Appendix A provides compre-
hensive information on the bin division.

Fig. 10 demonstrates the effect of varying the number of bins on
the placement cost for all instance groups. In the same group
where the chip region and the total number of cells are fixed, the
cost increases with the number of bins, and the increase gradually
slows down. This is a result of the cell arrangement being less com-
pact as the number of bins increases. There is a blank space on the
edge of each bin to prevent cells from overlapping, however this
lowers the space utilization rate. This result is comparable to the
Fig. 10. Sensitivity analyses on the total number of bins.
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finding in Section 6.3.3 that lowering the number of cells inside a
bin can save costs. Since the chip region is fixed, the division of
bins is also limited, and there is an upper limit for the blank areas.
Therefore, the increased rate of cost also shows a slowing trend.

Overall, the placement cost and the number of bins is positively
correlated. For chip design companies, reducing the division of bins
can effectively save costs. To meet customer needs and maintain
competitive advantages, it is recommended that companies master
the technology of bin division and combine it with alignment tech-
niques, which is crucial for their business development and market
position.

6.3.6. Strategic insights for cost optimization in chip design companies
Based on the provided content, here are some management

insights:
(1) Aspect ratio optimization: Managers should consider the

aspect ratio (w:h) of design spaces when planning placement. A
well-optimized aspect ratio, such as (3:12), can minimize costs
and maximize design flexibility. Striking a balance between width
and height leading to more efficient space utilization.

(2) Cell quantity and cost management: Reducing the total
number of cells in a design can significantly lower placement cost.
Emphasizing fewer, taller cells (e.g., three-row-height cells)
improves overall placement efficiency. This suggests that manage-
ment should focus on optimizing cell height and quantity to
enhance compatibility and space utilization.

(3) Complexity and feasibility: As the number of cells increases,
placement costs rise disproportionately, highlighting the need for
careful planning to avoid complexity that hinders effective space
utilization. Managers should balance the number of cells with
design feasibility to maintain efficiency and minimize costs.

(4) Bin management: The number of bins can affect cost and
space utilization rates. Managers should optimize bin divisions to
reduce excess spacing that lowers utilization. Reducing the num-
ber of cells per bin can also be a strategy to control costs. Under-
standing the trade-offs between bin size and arrangement can
lead to better resource allocation and cost management.

By applying these insights, managers can make more informed
decisions that enhance efficiency, reduce costs, and improve over-
all design effectiveness.
7. Conclusions

We have studied an optimization problem on the design of chip
placement under the context of using some modern placement
techniques in chip manufacturing and proposes a methodology
to support the decision-making process in cell allocation, bin divi-
sion, bin matching with cell types, and cell legalization. The model
constructed in this paper can meet the design requirements of chip
placement engineers for various functional cells, and optimize the
design from the perspectives of cost saving and space utilization
rate improvement. We have proposed a comprehensive optimiza-
tion model that considers design details, designs an exact algo-
rithm for providing reasonable solutions, and derives potentially
useful managerial insights based on the results of sensitivity anal-
yses. The following is a summary of the core achievements in this
paper.

From the perspective of problemmodeling, we have formulated
an MILP model for placement and handling the complex non-linear
part of the placement decision-making. In developing the model,
we aimed to minimize placement costs while simultaneously
addressing the practical design requirements of different types of
cells. In addition to fulfilling the basic need for two-dimensional
non-overlapping placement, the model incorporates three realistic
constraints from technical designs. This paper may be the first to
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propose a mathematical programming model for placement under
the context of using some modern circuit design techniques in chip
manufacturing.

From the perspective of algorithm design, we have designed
and implemented a Benders decomposition (BD) based exact algo-
rithm, which divides the aforementioned chip placement problem
into a master problem (MP) and a subproblem (SP) during the solu-
tion stage. The decisions in the MP involve the positional relation-
ships between cells and bins, the number of cells classified by type,
and the merging of illegal cells. The SP uses the data transferred
fromMP to determine the cell placement coordinates. Additionally,
we have used dual theory to obtain an optimal cut, enabling an
iterative solving process based on the interaction between the
MP and the SP. The solutions’ optimality was validated by numer-
ical experiments.

From the perspective of design insights, we utilize real data on
placement optimization and conduct sensitivity analyses to derive
potentially useful design insights such as chip region shape and
cell type on placement design costs. Based on the experimental
conclusions, we further analyze the directions for cell performance
improvement and the influence of alignment techniques on region
partitioning, providing practical design insights.

This study also contains limitations. The model presented in
this study only uses some of the modern design technologies that
have been published, without accessing the latest technologies
developed by some high-tech enterprises. Our research could be
more thorough if relevant practitioners, who are familiar with
the most cutting-edge related technologies, could refine some
new technologies and further improve the model proposed in this
study. All of the above could be the possible future research
directions.
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