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S1. EFIE formalism
When the microstructures are made of dielectrics, the interaction of an incident field with the microstructures can be described by an electric field volume integral equation, which can be formulated as the following [1] [1],

[bookmark: ZEqnNum221931]	 	(S1)
In the above,  is the incident field,  is the induced equivalent current flowing in the microstructure,  is the volume of the dielectric microstructure,  is the permittivity of the material filling the microstructure,  is the permittivity of the material filling the surrounding, and  is the permeability of the vacuum. In Eq. (S1), the dyadic Green’s function  is assumed to be the one of homogeneous space, which can be expressed as,

	 	(S2)
Eq. (S1) can also be applied to describe the interaction of light and the microstructures made of metals operating at optical, since optical metals behave like lossy dielectrics. The equation also applies when microstructures are made of semiconductors. When the microstructures are made of metals and operate at lower frequencies like far-infrared, terahertz or microwaves, the interaction is described by a surface integral equation (see details in Ref.[2] [2]),

[bookmark: ZEqnNum920314]	 	(S3)
since the metal can be regarded as perfect electric conductor (PEC) in these frequency bands. In Eq. (S3),  denotes the surface of the metallic microstructures and  denotes the unit normal vector of the surface. Eqs. (S1) and (S3) can be summarized as an operator equation (see Eq. (1) of the main text). In this sense, Eq. (S1) can be re-interpreted as,

	 	(S4)
Eq. (S3) can be re-interpreted as,

	 	(S5)
[bookmark: _Toc177999075]S2. Transformation of dyadic Green’s function in homogeneous space
The homogeneous space dyadic Green’s function can be expanded in terms of cylindrical wave functions [3] [3],

	 	(S6)
In the above,  and  are the radial component and the vertical components of the wave vector and are linked by the wavenumber k in free space, i.e., .  and  are the vector cylindrical wave functions, and are defined as [3] [3],

	 	(S7)
where  is the -order Bessel function of the first kind. The integral kernel of Eq. (S6) can  Eq.  can be written as,

	 	(S8)
In the above,  is the rotation matrix with respect to the  axis, defined by,

	 	(S9)
And  is defined as the sum of two terms, i.e., ,

	 	(S10)

	 	(S11)
We further define an auxiliary function ,

	 	(S12)
Up to this point, we have recovered Eq. (S4) of the main text. Especially, when  and , Eq. (4) in the main text and Eq. (S12)  reduce to,

	 	(S13)

	 	(S14)
[bookmark: _Toc177999076]S3. Eigen dipole distributions belonging to the irreps of the  group with even 
For the  irrep,

[bookmark: ZEqnNum221376]	 	(S15)
For the  irrep,

	 	(S16)
For the  irrep,

	 	(S17)
For the  irrep,

	 	(S18)
For the  irrep,

[bookmark: ZEqnNum828486]	 	(S19)
Eqs. (S15) - (S19) give all possible (eigen) dipole distributions belonging to the dimensions of the irreps of the  group for the case of even .
[bookmark: _Toc177999077]S4. Detailed forms of the vectorial function  in Eq. (12) of the main text
The vectorial function  in Eq. (S12) of the main text has following form,

[bookmark: ZEqnNum115812]	 	(S20)
In details, for the  irrep, we have,
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For the  irrep, we have,

[bookmark: ZEqnNum338153]	 	(S22)
For the  irrep, we have,

	 	(S23)
For the  irrep, we have,

	 	(S24)
For the  irrep, we have,

[bookmark: ZEqnNum633047]	 	(S25)
For the case of the  group with odd , only Eqs. (S21), (S22), and (S25) are needed since the  and  irreps vanish in this case.
[bookmark: _Toc170458959][bookmark: _Toc177999078]S5. Full Wave Simulation Results for Section 4 of the Main Text
[bookmark: _Hlk170400984]To verify our theoretical results, we design a plasmonic polygonal microstructure with  group symmetries (see Fig. S1Fig. S1(a)). The structure consists of five sets of paralleled slits etched into a 150 nm thick gold film over a silica substrate. Such the structure can support surface plasmon polaritons (SPPs) and the SPP wavelength  can be evaluated by the dispersion relation of SPPs [4] [4]. The incident wave is chosen as a Laguerre-Gaussian (LG) mode , where  and  mark the spin and orbit quantum numbers of the mode. The wavelength of the incident wave  is  and the corresponding  is equal to . The width of each slit is . Applying symmetry matching condition to the LG mode, we can conclude that such a LG mode can excite the irrep indexed by  [5] [5]. Based on Eqs. (14)-(16) of the main text, the topological charges of the excited scalar and polarization vortices can be evaluated. It can be readily checked that the theoretically predicted topological charges agree well with the ones given in Fig. S1Fig. S1(b) and (c). Therefore, the simulation results well demonstrate our theoretical findings.
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[bookmark: _Ref170399394][bookmark: _Hlk170399837]Fig. S1. A full wave singulation by COMSOL Multiphysics: (a) a Laguerre-Gaussian mode  with the wavelength of  shines on the polygonal microstructure with  group symmetries; (b) The scalar vortices in the , right- and left-handed components; and (c) The polarization vortex in the in-plane component. In (a),  and . In (b) and (c), the topological charges of vortices are marked in phase/polarization distributions. The color bar in the first row of (c) marks the normalized magnitude which is dimensionless. And the color bar in the second row of (b) marks the phase with the unit of radian.
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