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Abstract   The Wang-Landau algorithm is an efficient 
Monte Carlo approach to the density of states of a statistical 
mechanics system. The estimation of state density would 
allow the computation of thermodynamic properties of the 
system over the whole temperature range. We apply this 
sampling method to study the phase transitions in a triangu-
lar Ising model. The entropy of the lattice at zero tempera-
ture as well as other thermodynamic properties is computed. 
The calculated thermodynamic properties are explained in 
the context of the magnetic phase transition. 
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1 Introduction 

The density of states (DOS) is one of the most important 
concepts in statistical physics. It describes how closely the 
energy levels are packed. Despite the importance and wide 
application of this concept, there are no numerical method 
that can give an accurate estimation of DOS for a physical 
system before 2001, when the algorithm was proposed by 
Landau and Wang [1−3]. The algorithm was originally de-
voted to the study of simple statistical models such as the 
Ising model and the q-state Potts model. The idea was later 
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extended to the study of various problems, such as complex 
spin models [1, 4], quantum systems [5-7], fluids [8], poly-
mers [9], and proteins [10].  

The Wang-Landau method possesses many desirable fea-
tures, and the most appealing one would be its ability to 
calculate the density of states (DOS) directly. This would 
allow the estimation of thermodynamic properties at all 
temperatures. The algorithm had been proved to be ex-
tremely precise and it can reproduce the DOS in any desired 
precision. The essence of the method is to perform a random 
walk in energy space with a probability proportional to the 
reciprocal of the true DOS. As a result, a flat histogram 
should be obtained.  

The DOS is unknown in the beginning. However, all 
DOS entries are set an initial guess. They are then carefully 
modified during the random walk to ensure that the recorded 
histogram is flat. Finally the calculated DOS is approxi-
mately equal to the true DOS. The calculated DOS can be 
used to obtain the partition function of the system. The 
thermodynamic properties can consequently be computed, 
so in the range of statistical physics, the problem is essen-
tially solved. 

The study of geometrical frustration in strongly correlated 
electron and spin systems can be dated to the 1950s, and this 
field is still producing novel and exciting physical phenom-
ena [11, 12]. As a typical example of the spin system, anti-
ferromagnetic Ising model on a triangular lattice possess 
many interesting features, such as its zero temperature 
non-zero entropy density, and how this degeneracy is lifted 
under a small magnetic field. Although the DOS of the anti-
ferromagnetic Ising model on a square lattice can be solved 
exactly [13], there are currently no computation method that 
can yield the DOS for the same model on a triangular lattice, 
which is of both theoretically and practical importance. In 
this paper, we have applied the Wang-Landau sampling 
method to the antiferromagnetic Ising model on a triangular 
lattice to calculate the DOS and study how its thermodynamic 
properties would change under external magnetic field. 
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2  Algorithm and implementations 
Since the birth of the algorithm in 2001, there have been a 
number of investigations dedicated to the improvement and 
refinement of the method [14-18]. As it had been discovered 
by these investigations, the performance of Wang- Landau 
algorithm is largely controlled by two factors. One is the 
modification factor, namely how we modify the DOS in the 
simulation process. Its changing pattern would not only 
largely influence the CPU cost of the simulation, but also 
govern the accuracy of the result. The other factor is the 
stopping condition, which would determine the efficiency of 
the algorithm. Many theoretical investigations have been 
carried out to investigate how these two factors would in-
fluence the simulation process. Several improvements had 
been proposed. For example, Schulz et al. discovered that at 
the edge of the DOS, a simple improvement can be imple-
mented to reduce the error at DOS boundaries [14]. After a 
theoretical analysis of the algorithm, Zhou and Bhatt dis-
covered useful relationships and suggested that a larger ini-
tial modification factor should be used, and to the same end, 
the logarithm of the modification factor should be divided 
by a larger number [15]. Tröster and Dellago followed the 
idea proposed by Wang and Landau and discussed in detail 
the random walk in both energy and magnetization space 
case. They applied the algorithm to the Ising model and nu-
merical integrations. They presented many helpful ideas [16]. 
Lee et al. studied the rate of convergence of the method and 
suggested an optima stopping condition for the algorithm 
[17]. Very recently, Poulain et al. compared many different 
schemes of changing the modification factor, and concluded 
that WL-annealing scheme appeared to be the best candidate 
[18]. 

In this paper, we have taken advantage of these investiga-
tions, and we set the initial stopping condition to be 1.0, it is 
reduced as: 

1ln ln /8n nf f+ =  

every time the stopping condition 

max min max min( ) /( )H H H H Ctrl− + ≤  

is met, where Hmax and Hmin are the maximum and minimum 
of the histogram, Ctrl is a control factor and was taken to be 
0.1 in our simulation.  

As it had been pointed out [16], the resolution of the DOS 
would in another way affect the thermodynamic results. A 
high resolution calculation would certainly be more desir-
able in the calculation of thermodynamic properties. How-
ever, it would take more CPU time than its low resolution 
counterpart. We have taken the resolution to be the mini-
mum non-zero energy change caused by a spin flip. It is 
believed that this would keep a balance between CPU time 
and calculation results. 

We describe the antiferromagnetic Ising model on a tri-
angular lattice by the following Hamiltonian: 

B
[ , ]

m n m
m n m

H J S S h g Sµ= ⋅ ⋅ −∑ ∑  

The first term is the spin-spin coupling with strength J > 0. 
The second term expresses the contribution of external 
magnetic fields. Sm is the Ising spin at site m. h is the 
strength of the external magnetic field, Bµ is the Bohr mag-
neton, and the g denotes the Lande factor. The values of 
these parameters used in our simulation are listed in Table 1. 

Table 1  System parameters chosen for the simulation.   

Parameter Value Parameter Value 

kB /(J ⋅ K−1) 1.3807×10−23 J/J 3.592×10−25 
µB /(J ⋅ T−1) 9.274×10−24 Sm 32 

g 2   

 

3  Results and discussion 

3.1  Calibration of the method 

For the triangular antiferromagnetic Ising model on a trian-
gular lattice, the exact zero-temperature entropy density 
given by Wannier [19]: 

 π / 3

 0

2 ln(2cos )d 0.323 066
π

S ω ω= =∫  

The calculated DOS for the zero-field case of a 16×16 
lattice is shown in Fig. 1. It is clearly shown that the ground 
state of the system is degenerated. It is known from Boltz-
mann’s law that the y-intercept in this graph is nothing but 
the zero temperature entropy. The numerical result is 81.998, 
thus the entropy density is calculated to be 0.3203(−0.8 %), 
in fine agreement with exact result. 

 
Fig. 1  Calculated DOS at zero temperature. Note that to fit all g(E) into 
double precision numbers, ln g(E) is used instead of g(E). The graph showed a 
peak when the energy is zero, where the system is in a PDA state. 

To study the effect of the lattice size on the entropy den-
sity, several calculations with different lattice size were per-
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formed and the result is shown in Fig. 2. Numerical results 
showed that for the 12×12 lattice, the error in entropy den-
sity is +1.77 %, while for the 16×16 lattice it is −0.87 %. 
We shall take this as satisfactory and further calculations 
were performed with lattice of this size. 

 
 

Fig. 2  Calculated zero temperature entropy for lattices of different sizes. The 
red line is the exact result, while the black points are the simulation results. 
 

In statistics, the entropy of the system can also be com-
puted as: 

( ) ( )( ) U T F TS T
T
−

=  

Where 
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The calculated entropy-temperature relation is plotted in 
Fig. 3. 

 
Fig. 3  S(T) graph at zero magnetic field. It is not possible to calculate the 
entropy near zero temperature. However, as the entropy is converged to a 
certain value (81.998), it is natural to take that value as the true zero tem-
perature entropy. Note that a phase transition point near 10 K is exhibited.  

3.2  Thermodynamic properties in magnetic fields 

The partition function for the calculated DOS g(E) can be 
computed as: 

B/( ) ( )e E k T

E
Z T g E −= ∑  

When external field equals zero, the thermodynamic 
properties can be computed as: 
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To study the thermodynamic properties under external 
fields, the calculation was performed to find the DOS of a 
triangular lattice exposed to different magnetic fields (see 
Fig. 4). In order to understand the U(T) curves, it is neces-
sary to study how the spins orientation change under exter-
nal fields in triangular lattice. When the external magnetic 
field equals zero, the spin is fully frustrated at zero tem-
perature, many spin direction are unrestricted. The absence 
of restriction would lead to the zero temperature degeneracy. 
The system is in a partially disordered antiferromagnetic 
(PDA) state. A very small external magnetic field would lift 
this degeneracy, and those unrestricted spins are arranged 
along the field’s direction. Before all the spins are flipped to 
give a ferromagnetic state, further increase of the field 
would not alter the spin configuration before a critical mag-
netic field is reached. This critical magnetic field hc can be 
calculated from the Hamiltonian which we have used: 

 
Fig. 4  Internal Energy of the lattice under the influence of external mag-
netic fields. The behavior of the U-T curve is completely different when the 
magnetic field is below and above h =1.8. 

c B0 3J S S N h g S Nµ= ⋅ ⋅ ⋅ − ⋅ ⋅ ⋅ ⋅  

This would yield hc = 1.859. For all h > hc, all of the spins 
are forced to arrange in the same direction.  

We are now ready to explain the behavior of U-T curves. 
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When the magnetic field equals zero, The ground state en-
ergy equals .J S S N⋅ ⋅ ⋅  The rise in temperature would in-
troduce fluctuation, which would raise the internal energy. 
When 0 < h < hc, although the rise in the field would not 
alter the spin configuration, it would lower the internal en-
ergy. When h> hc, the spins are all along the same direction 
and the internal energy is B3 ,J S S N h g S Nµ⋅ ⋅ ⋅ − ⋅ ⋅ ⋅ ⋅ and 
the fluctuation induced by the rise in temperature would 
introduce disorder and lower the internal energy. 

The calculation of specific heat for various external fields 
was also carried out (see Fig. 5). It is easily noticed that the 
phase transition points are rising as a stronger external 
magnetic field is imposed. When h> hc, all of the spins are 
in the same direction, and the decrease in degrees of free-
dom well explained why the peak would be lower than their 
h< hC counterparts. 

 
Fig. 5  C (T) graph under different magnetic fields. 

 

4  Conclusion 
The Wang-Landau was applied to the study of antiferro-
magnetic Ising model on a triangular lattice under the influ-
ence of external magnetic field. Thermodynamic properties 
were calculated according to a DOS obtained from a random 

walk in energy space. A PDA to FM phase transition hap-
pens at a critical magnetic field hc =1.859. The spin configu-
ration of the system is the determining factor in the under-
standing of the calculated thermodynamic properties. 
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