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a b s t r a c t

Accurately predicting multiphase fluid flow in oil and gas reservoirs is crucial to optimizing production 
and minimizing costs. However, traditional numerical reservoir simulations are computationally 
expensive, while innovative data-driven models may not adhere to physical laws. Building on estab
lished physics-informed machine learning (PIML) formulations, we present an integrated 
PIML–reinforcement learning (RL) workflow that embeds the governing fluid-flow equations and uses 
RL to solve the inverse problem of estimating relative-permeability model parameters from average 
water-saturation measurements. Using the inferred parameters, the forward physics-consistent model 
predicts saturation dynamics and enables inference of capillary-pressure trends during unsteady-state 
waterflooding. The proposed model accurately predicts the average water saturation over time and 
estimates trends in capillary pressure across three laboratory experiments. Additionally, a sensitivity 
analysis is performed to understand the impact of the estimated parameters on the model predictions.

© 2026 Southwest Petroleum University. Publishing services by Elsevier B.V. on behalf of KeAi 
Communications Co. Ltd. This is an open access article under the CC BY license (http://creativecommons. 

org/licenses/by/4.0/).

1. Introduction and background

Understanding fluid  flow physics and the evolution of fluid 
saturations within a core sample during coreflooding experiments 
is crucial for accurately characterizing reservoir properties. In this 
context, relative permeability and capillary pressure play a pivotal 
role [1,2]. Relative permeability and capillary pressure can be 
determined through coreflooding experiments [2–4]. However, in 
such experiments, the rock samples are opaque, and the mea
surements are time-consuming and expensive to set up [4]. On the 
other hand, relative permeability and capillary pressure can be 
inferred through numerical simulation of the governing equations 
of fluid flow in a porous medium. These equations, which involve 
phase saturation, capillary pressure, and phase pressures [5], are 
quite complex because of the heterogeneities of the porous media 

and the non-linearities caused by fluid-rock interactions [6]. Often, 
these equations are simplified to facilitate solution and to predict 
the fluid-displacement  process in laboratory experiments. Nu
merical simulations have successfully estimated reservoir petro
physical properties and improved reservoir characterization 
[1,7,8]. However, due to high-dimensional problems, they often 
require significant  computational resources, which can be chal
lenging for many applications [9].

Machine learning and deep neural networks have attracted 
considerable attention across various research fields  in recent 
years [10–12]. However, applying these techniques to areas with 
limited datasets and complex physics, such as reservoir engi
neering, can be challenging [13]. Deep neural networks are easy to 
implement but prone to overfitting  and may produce unreliable 
predictions when trained on small datasets [14]. To address this 
limitation, researchers have explored various strategies, such as 
increasing the size and diversity of the training dataset and uti
lizing transfer learning to leverage existing data from similar 
problems [15,16]. Another approach to mitigate the sensitivity of 
deep neural networks to limited datasets and complex physics is to 
use physics-informed models. These models incorporate physical 
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principles into deep neural networks, yielding interpretable re
sults compared with standalone deep neural network models 
[17,18].

The fields of physics modeling, numerical modeling, and data- 
driven learning have all been independently successful in solving 
various research and industrial problems, including those related 
to multiphase fluid  flow [19]. Integrating these approaches has 
proven effective, resulting in generalizable and accurate models 
[20]. Building on these established developments, physics- 
informed machine learning (PIML) frameworks have increas
ingly been used to couple limited experimental observations with 
governing flow equations through PDE residual constraints and 
boundary/initial-condition enforcement [21–23]. In porous- 
media problems, PIML has been applied to both forward predic
tion and inverse identification tasks [24]. However, most existing 
studies focus on either physics-informed inversion using 
gradient-based parameter updates [22] or purely data-driven 
surrogates, with fewer efforts targeting unsteady-state core
flooding  interpretation, where measurements are often sparse 
and averaged. In parallel, inverse estimation of constitutive re
lationships [25], particularly relative permeability and capillary 
pressure, has traditionally relied on iterative simulation-based 
optimization and history matching [26,27]. While these 
methods are well established, they can be sensitive to initial 
guesses, computationally expensive [28], and challenging to 
apply when measurements are limited or indirect [29]. This 
motivates hybrid strategies that preserve physical consistency 
while improving robustness and computational efficiency  for 
coreflooding-scale inverse problems.

Deep reinforcement learning (DRL), a cutting-edge technique 
for dealing with complex systems and problem-solving, offers a 
promising solution to dealing with complex, high-dimensional, 
and nonlinear systems across various domains, such as fluid me
chanics and control theory [30]. Unlike traditional methods that 
require detailed knowledge of the system's full state and govern
ing equations, DRL learns directly from environment interaction 
through trial-and-error learning without relying on assumptions 
of the environment [31]. This renders DRL suitable for complex 
applications where obtaining accurate system models can be 
challenging or computationally expensive. Additionally, once 
trained, DRL agents can efficiently  predict actions based on the 
current state, reducing computational costs [31]. Despite the po
tential of DRL in addressing complex and nonlinear challenges, its 
utilization in reservoir engineering is relatively scarce. Traditional 
approaches, such as numerical methods and optimization tech
niques, have remained prevalent in this field [32]. Further explo
ration and application of DRL in reservoir engineering could 
unlock new insights and enable more efficient and accurate solu
tion strategies. Despite these advances, a gap remains in inte
grating reinforcement learning with physics-informed learning for 
coreflooding-scale  inverse problems in which the available mea
surements are limited and the target is to infer constitutive pa
rameters that govern displacement.

In our previous studies [33,34], we utilized a Pyomo-based 
mathematical modeling and optimization approach to identify 
the parameters of the LET model [35]. These parameters describe 
the variation of relative permeability in an oil-water waterflooding 
setting [2] within a reservoir carbonate core sample. Our choice of 
the LET model is informed by Ghoodjani and Bolouri's [36] 
comprehensive analysis, which identified it as a realistic and ver
satile model for estimating relative permeability curves, owing to 
its three-parameter configuration.  By matching the experimen
tally measured fluid saturation, we estimated the LET model pa
rameters to accurately predict water saturation and relative 

permeability. We also inferred the capillary pressure trend during 
waterflooding.

In this study, we address the same problem and estimate the 
parameters of the LET model using a physics-informed machine 
learning approach. We adopted state-of-the-art reinforcement 
learning to identify the best possible combination of the LET model 
parameters [35] that minimizes the physics-informed machine 
learning model (PIML) loss function. The proposed model accu
rately predicts the water saturation and infers the capillary pres
sure for the selected samples. The performance of the proposed 
PIML algorithms is compared with data-driven deep neural net
works to highlight the contribution of physics information within 
the data-driven architecture to model performance. We also 
compare the proposed PIML model with our previous findings 
using a Pyomo-based mathematical modeling approach to assess 
its efficiency and robustness. Although the Pyomo-based approach 
offers superior predictive performance, reinforcement learning 
yields relatively accurate predictions with minimal computational 
resource requirements. Finally, we conduct a sensitivity analysis of 
the estimated parameters using the PIML model to assess the 
impact of changes on model predictions and stability. This study 
provides valuable insights into multiphase fluid-flow  behaviour 
within a core sample during waterflooding, a step toward accurate 
characterization of reservoir properties and improved oil recovery.

The paper is organized as follows: it start by introducing the 
governing equations and physical constraints of the problem in 
section 2 and the dataset in section 3. section 4 details the pro
posed deep neural networks and physics-informed machine 
learning. The findings  are discussed in section 5, followed by 
concluding remarks in section 6, in which we present the study's 
conclusions.

2. Governing equations

This study focuses on a macroscopic model describing the flow 
of a two-phase fluid system comprising oil and brine. The system is 
assumed to be one-dimensional (1D) and to involve immiscible, 
incompressible fluids  with constant viscosities. The model is 
represented by a set of mass-conservation equations for both 
phases, as shown in Eq. (1). The fluid  velocities in Eq. (2) are 
determined by applying Darcy's law to the two-phase fluid flow 
[5,37,38]. Eq. (3) presents the total fluid velocity for both phases, 
assuming incompressible flow  and continuity. Eqs. (4) and (5) 
present the total saturation and the capillary pressure equations, 
respectively. 

∅
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+
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Sw + So = 1; (4) 

pc =pw − po : (5) 

Eqs. (1)–(5) are combined into three partial differential equa
tions (PDEs) denoted by Eqs. (6)–(8) for the unknown variables of 
Sw, Pc, and Po. 
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In Eqs. (6)–(8), the relative permeability functions are un
known. In this study, we assume the LET model [35] in Eqs. 
(9)–(11) Li; Ei; Ti; i = {o; w}, for the variation of the relative 
permeability with water saturation. The problem now becomes an 
optimization one, which consists of finding  the parameters 
Li;Ei; Ti; which minimizes the loss function or the discrepancy 
between the measured and calculated water saturations. 
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rw
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w
)Lw

(
S*

w
)Lw + Ew

(
1 − S*

w
)Tw

; (9) 
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S*
w =

Sw − Siw
1 − Siw − Sor

: (11) 

3. Dataset

The proposed algorithms were trained and evaluated on 
experimental data collected via unsteady-state coreflooding  of 
three distinct outcrops (Indiana limestone core samples). The 
initial and boundary conditions used to solve the problem were 
derived from the experimental work. Table 1 summarizes the 
physical properties, dimensions, and experimental results ob
tained from measurements of the selected outcrop samples.

Table 2 provides the ranges for the LET model parameters 
within which the optimal values were investigated. The ranges 
selected are based entirely on the literature reported by Yar
alidarani and Shahverdi [39]. The phase-specific parameter ranges 
are utilized to capture the distinct behaviors of water and oil 
phases in the porous media, reflecting the different wetting con
ditions and flow dynamics associated with each phase. By speci
fying separate ranges for water and oil, the model can more 
accurately simulate the unique characteristics of each phase's 
interaction with the porous rock. In other words, we looked for 
optimal values of the parameters within these ranges that solve 
the inverse problem (PDEs with their boundary conditions) while 
matching the experimental water saturation values.

We used the physics-informed machine learning model to es
timate LET parameters, accurately fitting the water saturation and 
providing relative permeability functions. The proposed models 
utilize two input parameters: time (t) and position (x). The time 

parameter is discretized and scaled into 100 equally spaced time 
steps, ranging from 0 to 2, and normalized accordingly. Similarly, 
the position parameter is represented by 100 coordinates, span
ning from 0 to L (the positions of simulation grid points), and 
scaled within the range of 0–1. The objective of the prediction task 
is to determine the evolution of the water saturation parameter, 
Sw(x; t), with respect to space and time.

Acknowledging the limitations in our experimental study's 
ability to capture spatial water saturation variations along the 
length of the core samples, we opted for a convenient approach. 
While recognizing that assuming constant saturation across all 
spatial locations is an oversimplification, it served to expand our 
dataset's scope and size. This introduced an additional spatial 
dimension to our analysis, facilitating a more comprehensive 
portrayal of water saturation's spatial variation across the samples 
under study.

4. Methods

In this section, we present the two models used in this work 
with their architectures: the data-driven deep neural networks as 
the baseline model and the physics-informed machine learning 
model. We also present model training and hyperparameter 
optimization procedures of the models. We later present a sensi
tivity analysis approach for the physics informed machine learning 
(PIML) model focusing on the function parameters of the relative 
permeability in the PDEs. Finally, we show an attempt to estimate 
the capillary pressure and oil phase pressure surfaces from the 
PIML model.

4.1. DNN model

The DNN model employs a fully connected feedforward neural 
network with multiple hidden layers, which help capture complex 
patterns and relationships. The network consists of an input layer, 
an output layer, and weighted connections between layers [40]. 
Fig. 1 illustrates the proposed DNN architecture and the optimi
zation loop utilized during model training.

The output (y) of a unit (σ) in layer (l) is determined by the 
weighted sum of the outputs (X) from the previous layer (k) with j 
outputs, along with a bias (b), and a linear activation function (f ), 
as given by Eq. (12) [41]. 

Table 1 
Physical properties, dimensions, and experimental results of the selected three core samples.

Property Sample #1 Sample #2 Sample #3

Abs. permeability (mD) 10.4 33.9 58.5
Porosity (%) 13.1 19.3 20.4
Core length (cm) 7.5 7.3 7.6
Core diameter (cm) 3.7 3.7 3.8
Irreducible water saturation (Swi) 0.17 0.19 0.24
Residual oil saturation (Sor) 0.34 0.41 0.33
Endpoint water relative permeability (ko

rw) 0.15 0.13 0.11
Endpoint oil relative permeability (ko

ro) 0.11 0.27 0.26

Table 2 
Parameter ranges of the waterflooding relative permeability LET model [39].

Parameter Set minimum Set maximum

Lw 1.0 3.0
Lo 0.5 3.0
Ew 1.0 2.5
Eo 1.5 4.5
Tw 0.5 2.0
To 0.8 1.0
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i = f

⎛

⎝
∑j

j=1

wi;kXk + bi

⎞

⎠ : (12) 

In the proposed DNN model, the inputs (x; t) represent the 
training input data used to estimate the water saturation Sw(x; t). 
The inputs comprise the boundary conditions attributed to the 
domain while the output comprises the initial and final conditions.

From Eqs. (13) and (14), given input data (x;t), denoted as X, and 
the DNN model with parameters θ (weights and biases), we 
calculate the predicted outputs (activations) for each layer using 
forward propagation. 

Zl =Wl:gl
(

Zl
)
+ bl; (13) 

J(θ)=L

(
gl
(

Zl
)
;Y
)
; (14) 

where l is the layer index, Zl is the linear combination of inputs for 
layer l, Wl is the weight matrix for layer l, bl is the bias vector for 
layer l, gl(:) is the activation function for layer l, J(θ) is the loss (cost) 
function, and L (:; :) is the chosen loss function (e.g., mean squared 
error) [41].

The gradients of the loss function are then calculated with 
respect to the model parameters using the backpropagation 
approach as the model parameters are continuously updated by 
using the computed gradients and a chosen optimization algo
rithm such as the gradient descent algorithm or Adam. This is 
repeated over a specified  number of epochs or iterations until 
model convergence based on the validation loss. Here, the loss 
function in Eq. (14), can be estimated as the difference between 
predicted outputs and ground truth labels (experiments).

4.2. Physics-informed ML model (PIML)

To incorporate physics constraints into the problem, we adopt 
the physics-informed machine-learning approach [42]. We intro
duce additional terms into the loss function that represent the 
physics constraints, to be jointly minimized during training as 
shown in Fig. 2.

With the involvement of physics constraints obtained through 
automatic differentiation (AD), the loss function is modified  to 
include both the data-driven loss and the physics-driven loss 
terms. The physics loss term enforces the physics constraints by 
measuring the discrepancy between the model predictions and 
the solution of the relevant PDEs. 

J(θ)= Jdata(θ)+ δ:Jphysics(θ)=

[
1
N

∑N

i=1

(Ŝ(x; t; θ) − S*(x; t))2

]

+ δ

⎡

⎣ 1
⃒
⃒
⃒Nf

⃒
⃒
⃒

∑Nf

i=1

l (Ŝ(x; t; θ); Pc(x; t; θ); Po (x; t; θ))2

⎤

⎦ :

(15) 

Eq. (15) presents the overall loss function J(θ), minimization of 
which is central to the model's optimization. θ represents the 
parameters of the model. Jdata(θ) is the part of the loss function 
that represents the data fidelity  term. It measures how well the 

model's predictions Ŝ(x; t; θ) match the observed data S*(x; t). The 
term is evaluated using the mean squared error over, N data points. 
The term δ:Jphysics(θ) introduces the physics into the overall loss 
function. The symbol δ represents a weighting factor that balances 
the contribution of this term against the data fidelity term.

This physics-based component sums up all the physics re
siduals in the function l (:) over Nf points, where Pc and Po are the 
capillary and oil pressures, respectively. These terms are critical as 
they enforce the physical laws described by the partial differential 
equations (PDEs) governing the system, ensuring that the model 
predictions remain consistent with the underlying physics.

4.3. The inverse problem

The inverse problem in the context of RL involves an agent 
estimating the relative permeability LET model parameters of the 
PIML model (environment) by performing actions in the RL envi
ronment and learning from the state and rewards received, see 
Fig. 3. The estimated parameter values correspond to the ones 
obtained from a fully trained agent with the highest cumulative 
reward, which translates into the smallest discrepancy between 
the model's predictions and the actual data points.

In this study, the reinforcement learning framework is utilized 
to estimate model parameters that describe the variation of the 
relative permeability in an unsteady state coreflooding problem. 
This approach centers around a reinforcement learning agent 
interacting with its environment through actions, observations, 
and rewards. In this problem, the agent's objective is to determine 
the optimal action, i.e., the set of parameters for the physics- 
informed machine learning (PIML) model that minimizes the er
ror between the model's predictions and the actual data. Essen
tially, the agent seeks the optimal policy, π(s) = argmaxaQ(s; a)
that maps the state s to the best action a.

Fig. 1. Data-driven DNN architecture for prediction of water saturation.
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Discretizing the reinforcement learning action space and state 
space translates into a potentially computationally expensive 
problem. However, reinforcement learning algorithms such as Q- 
Learning, Deep Q-Networks (DQN), and others are specifically 
designed to handle such problems. In this study, we adopted DQN 
as the agent learning algorithm to estimate the variational pa
rameters of the problem (Fig. 4). DQN is a general-purpose and 
model-free algorithm in which a value-based reinforcement 
learning agent is employed to estimate a critic and return a reward.

Our agent learns from its actions through a method known as 
Q-Learning, where an action-value function Q(s; a) is updated 
iteratively based on the observed reward and the maximum 
action-value of the next state, aiming to eventually converge to the 

optimal policy. This learning process involves a balance of explo
ration, where the agent samples a space of actions randomly to 
learn about potentially unseen states and exploitation. The agent 
makes decisions based on its current knowledge to get the best 
possible reward. In this scenario, we adopted the epsilon-greedy 
approach to balance exploration and exploitation. The epsilon- 
greedy approach allows the agent to randomly select actions 
with a certain probability (epsilon) to explore new possibilities 
while selecting the action with the highest expected reward most 
of the time to exploit its current knowledge. By using Q-Learning 
and the epsilon-greedy approach, our agent can continuously 
improve its performance and make more informed decisions [43].

The architecture in Fig. 4 illustrates a deep Q-network (DQN) 
reinforcement learning agent. The input dimension [200,1] is derived 
from concatenating two vectors, each of size [100,1], representing 

different state variables, such as S{ex}
w (exact) and S{pred}

w (predicted). 
This combined input vector is critical for the agent to capture the full 
state information, enabling it to make informed decisions based on 
both the current state and the predicted future state. The fully con
nected (FC) layers with 64 and 32 neurons progressively abstract the 
features to higher-level representations. The final linear output layer 
[1,6] maps the features to six output variables representing the 
variational parameters Lw, Lo , Ew, Eo, Tw, and To.

To define  the action space, we employ a discrete approach, 
utilizing mathematical combinations (10C6) to generate an exten
sive set of potential parameter combinations within the specified 
ranges outlined in Table 2. From this pool of parameter sets, the 
agent selects its actions randomly. These chosen actions lead to the 
environment providing a new state, which is a concatenated vec
tor comprising both the actual and predicted water saturation 
values, along with a corresponding reward for the agent. Our 
reward function is primarily reliant on the current (E2) and pre
vious error (E1) values, as expressed in Eq.(16). 

Error (Ex) = Relative error
(

Sexact
w ; Spred

w

)

Reward =

⎧
⎪⎨

⎪⎩

1; if E1 > E2

0; if E1 = E2

− 1; if E1 < E2

:
(16) 

During the training phase, we implemented several crucial 
constraints and hyperparameter configurations  to optimize the 
reinforcement learning process. Specifically, after extensive 
hyperparameter tuning, we set a maximum limit of 100 episodes 
for the training duration. We maintained a fixed discount rate of 
0.95 throughout the training process, providing stability and 

Fig. 2. PIML architecture for prediction of water saturation with physics constraints.

Fig. 3. A Reinforcement Learning agent interaction with its environment.

Fig. 4. DQN reinforcement learning agent.
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consistency. Additionally, we initiated the epsilon value at 0.99 to 
govern exploration-exploitation trade-offs effectively.

In terms of optimization, we employed a binary cross-entropy 
loss function paired with the Adam optimizer, fine-tuning  the 
learning rate to 0.0001 for the agent. These hyperparameter se
lections were the result of multiple trial runs, ensuring that the 
training process was both efficient and effective in achieving the 
desired outcomes.

4.4. The forward problem

In this section, the derived parameters from the analysis in 
section 4.3 are used in tackling the forward problem solved using 
the PIML model in section 4.2. This step revolves around the pre
diction of trends in water saturation and capillary pressure. By 
addressing the forward problems, we not only verify the precision 
of the derived parameters but also undergo a validation process. 
This validation involves a comparison between the projected 
outcomes of our model and the experimental values. The models 
are trained and tested on a CPU-enabled system with 20 cores in 
total. Training is set to stop when the difference between the 
previous loss value and the current loss value is less than 1× 10− 15 

or after 25 h. Hyperparameters such as the learning rate (0.0001), 
optimizer (Adam), and number of layers are set after several trials.

4.5. Sensitivity analysis

To study the implications of the estimated parameters of the 
LET model on the forward solution model's predictions and eval
uate its robustness, a Sobol sensitivity analysis was performed in 
this study. We adopt the Sobol sensitivity analysis [44] in SALib, an 
open-source sensitivity analysis library [45], to identify the 
contributing parameters' first, second, and total-order indices, Li;

Ei; Ti; i = {o;w}. The Sobol method is a variance-based algorithm 
that quantifies the extent to which the variance in the input pa
rameters contributes to the variance in the output.

The first-order indices (S1) measure the contribution of a single 
input parameter to the output variance, holding all other param
eters constant. This reveals the direct influence of each parameter 
on the model output. The second-order indices (S2) capture the 
interactions between pairs of parameters, showing how their 
combined effects contribute to the variance in the output. Finally, 
the total order indices (ST) account for the overall contribution of 

each parameter, including its individual effect and its interactions 
with other parameters. These indices are crucial for identifying the 
most influential parameters in the model, guiding future research 
to improve the accuracy of predictions related to the parameters 
used for estimating relative permeability curves from experi
mental data. A detailed explanation of the Sobol sensitivity anal
ysis implemented with SALib can be found in the literature [44]. 
Fig. 5 presents the pipeline followed in identifying the first, sec
ond, and total order indices of the sensitivity analysis.

5. Results and discussions

In this section, we present the results obtained from the solu
tion of both the inverse and forward problems within the scope of 
this study. We conducted a comparative analysis of our findings 
compared to those of our previous studies [29] and [30] through 
the Pyomo framework and utilized mathematical modeling and 
optimization techniques on the same case studies. Additionally, 
we extend our comparative analysis to encompass the results 
produced by a data-driven (DNN) pipeline, emphasizing the sig
nificance  of incorporating the physical constraints into our 
modeling approach.

5.1. DNN model

Fig. 6 illustrates the DNN model's relative error variation in 
predicted water saturation at select spatial-temporal points. Our 
comparison involves the application of the DNN model across 
three distinct core sample cases. Notably, the most favorable 
outcomes are observed in the case of sample #3, which exhibits 
the highest permeability in comparison to the other two core 
samples (Table 1).

5.2. Solution to the inverse problem

It is important to highlight that the solution to the inverse 
problem within this study remains confined to the experimental 
limits of water saturation, as detailed in Table 1. These experi
mental limits represent essential boundary conditions that govern 
the entire estimation process. Table 3 presents the parameters of 
the selected samples estimated by the trained Reinforcement 
Learning agents for the three cases, based on the parameter ranges 
presented in Table 2.

Fig. 5. Sobol sensitivity analysis pipeline.
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The values obtained for the LET model parameters, particularly 
the Lw, Lo, Ew, and Eo values, provide important insights into the 
wettability of the core samples. While the relatively higher Lw 

values compared to Lo suggest that water still maintains signifi
cant mobility at lower saturations, the aging process of the core 
samples likely shifted the wettability towards more oil-wet con
ditions. The parameters Ew and Eo provide additional insight into 
the wettability of the core samples. The higher Eo values relative to 
Ew suggest that the system is tending towards oil-wet conditions, 
as the oil phase maintains mobility across a wider range of satu
rations. However, the Ew values indicate that water still retains a 
significant  flow  capacity, pointing towards a mixed-wettability 
scenario. Furthermore, this wettability shift may not have been 
complete, as the parameters still reflect a system where water has 
a significant presence. This combination of parameters suggests a 
mixed-wet condition, where the core exhibits characteristics of 
both water-wet and oil-wet systems. The resulting relative 
permeability curves using these derived parameters are discussed 
later in this document.

The reinforcement learning agents of the three cases were 
trained using 1 GPU (graphic processing unit) node: 4 NVidia V100 
GPU cores of a high-performance computer (HPC) over 100 epi
sodes. In this study, we fixed the number of episodes at 100. This 
was due to computational restrictions with the available resources 
of the HPC.

Fig. 7 provides an insightful representation of the reward evo
lution achieved by the three reinforcement Learning agents 
throughout a training span of 100 episodes. Within this figure, we 
also observe the evolution of epsilon, which signifies the balance 
between exploration in the early stages of training and exploita
tion towards the later part of the training process. This evolution is 
uniform for all three cases studied. This epsilon-greedy approach is 

further mirrored in the cumulative number of positive rewards 
obtained. Fig. 8, on the other hand, offers a smoothed represen
tation of the reward trends by presenting the moving average 
reward computed over a window of 5 episodes.

5.3. Solution to the forward problem

Fig. 9 illustrates the variations in relative prediction errors 
concerning water saturation at specific  spatial-temporal points. 
These variations correspond to the application of the PIML model 
across the three distinct core samples. Notably, the results are 
particularly favorable for sample #3, which, like the PIML model, 
exhibits the highest permeability among the core samples 
(Table 1).

Following the identification  of the target parameters that 
minimize the loss function to acceptable values, we proceeded to 
solve for the average water saturation and subsequently estimated 
the corresponding relative permeability curves. Additionally, we 
derived the capillary pressure trends for the selected cases from 
this forward solution. In Fig. 10 (a)-(c), we present the outcomes of 
this analysis, highlighting a comparison of average water satura
tion values between the model's predictions and the actual 
experimental values. Fig. 10 (d)-(f) depict the estimated relative 
permeability curves for the three distinct core samples.

The behaviour observed in Fig. 10 (c) for core 3 is more pro
nounced due to the unsteady-state nature of the core flooding 
process. In an unsteady state, the water saturation remains at the 
initial average water saturation until the shock front reaches the 
outlet, at this point, the saturation jumps to the breakthrough 
value. This behaviour is characteristic of a more water-wet system, 
where the core exhibits a sharp shock front, indicating the efficient 
displacement of the oil phase by the water phase.

In contrast, the behaviour in Fig. 10 (a) and (b) for cores 1 and 2 
shows less pronounced jumps in saturation, suggesting a more 

Fig. 6. Water saturation relative error on testing data using the DNN model.

Table 3 
Parameters of the relative permeability (LET) model estimated.

Parameter Set minimum Set maximum Sample #1 Sample #2 Sample #3

Lw 1.0 3.0 3.00 2.75 2.62
Lo 0.5 3.0 1.50 2.00 1.88
Ew 1.0 2.5 2.38 2.12 2.38
Eo 1.5 4.5 2.50 2.75 2.50
Tw 0.5 2.0 1.15 1.30 1.45
To 0.8 1.0 0.85 0.80 0.85

Fig. 7. Learning performance of the agent over the number of episodes.
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gradual transition. This indicates that these cores are less water- 
wet, leading to more spreading of the water phase rather than a 
distinct shock front. Specifically, Core 1, being the least water- 
wetting medium, exhibits the most gradual transition, with the 
water phase spreading more evenly throughout the core before 
breakthrough occurs.

Fig. 11 provides an overview of the estimated capillary pressure 
trends against the average water saturation for the three selected 
core samples. The results from this analysis indicate that the PIML 
approach captures notable consistency in the capillary pressure 
trends compared to those reported in the existing literature. These 
trends can be explained by the PIML model's ability to account for 
capillary heterogeneities, such as variations in wettability and the 
gradual increase in injection flow  rates, which affect fluid 
displacement efficiency [46].

In oil-wet samples, the rock surfaces have a stronger affinity for 
oil, making it more difficult for water to displace the oil. This leads 
to a slower reduction in capillary pressure and less efficient  oil 
phase displacement, which is evident in the capillary pressure 
curve. The unusual start of the capillary pressure curve for Core 1 
can be attributed to its low permeability, which means that the 
fluid  encounters significant  resistance when beginning to flow 
through the small, tightly packed pores. This high initial capillary 
pressure is reflected in the steep start of the curve. Once the fluid 

finds a path and a breakthrough occurs, the pressure drops, mak
ing flow easier.

The variation in wettability observed across the core samples, 
despite being subjected to similar aging processes, can be attrib
uted to differences in mineralogy and micro-heterogeneity within 
the cores. These factors can result in micro-level variations in 
wettability, where different parts of the core exhibit varying af
finities for oil and water. For example, the presence of clays, car
bonates, or other minerals within the rock matrix can create 
localized regions with distinct wetting properties [47].

Overall, the capillary pressure curves are consistent with the 
relative permeability curves presented in Fig. 10. The data shows 
that core 1 is the most oil-wetting, while core 3 is the least oil- 
wetting after ageing, illustrating the impact of wettability on 
fluid flow through porous media.

To gain deeper insights and shed light on these capillary pres
sure trends, we examined the results against the injected pore 
volumes in Fig. 12. Results show that the initial capillary pressure 
is relatively high because the oil phase occupies the smaller pores, 
and the capillary forces resist the wetting phase (brine) intrusion 
into those pores. However, as water is injected into the rock and 
the flow  rate increases during the flooding  process, it gradually 
displaces the oil phase from the smaller pores, and the capillary 
pressure decreases to a minimum value. This reduction in capillary 
pressure reflects the diminishing resistance to water intrusion as 
oil is displaced from the smaller pores. In cases with extremely low 
permeabilities, the entry capillary pressure significantly decreases 
as the injected flow  rates rise (core 3). However, when perme
ability levels are higher, the entry capillary pressure reduction rate 
is minimal despite variations in the injected flow rates (core 1).

Due to the inherent characteristics of low permeability samples 
and the wettability characteristics, capillary pressure is notably 
higher in their smaller pore throats. During the process of water
flooding, the initial phase involves water displacing oil from larger 
pores, which are typical of higher permeability samples. These 
larger pores inherently possess lower capillary pressures, making 
the initial displacement relatively straightforward. However, as 
the waterfront advances into the smaller pores’ characteristic of 
low permeability samples, it encounters significantly  higher 
capillary pressures. These smaller pores resist intrusion, resulting 
in a more rapid reduction of capillary pressure.

5.4. Sensitivity analysis

This section discusses the sensitivity analysis findings based on 
the lower and upper bounds of each relative permeability LET 
parameter, as outlined in Table 2. In addition, the interpretation of 
the Sobol indices is explained using the core properties (perme
ability, porosity, and wettability) reported in section 3 Table 1, 
since these properties control the viscous–capillary force balance, 
the saturation pathway sampled during displacement, and the 
endpoint behaviour of the relative-permeability functions. Fig. 13
portrays both the first  order (S1) and total-order effects (ST) 
derived from the Sobol sensitivity analysis carried out on the 
estimated parameters. Notably, we observe that parameters such 
as Tw exhibit stronger first-order  sensitivities (S1) than the 
remaining parameters. This result is physically consistent with 
unsteady-state waterflooding conditions under which the satura
tion trajectory advances into moderate-to-high Sw values, so that 
the model response becomes particularly sensitive to the upper-Sw 
curvature of krw, which is governed by Tw. In higher-permeability 
cores, displacement is more efficient, so the system spends more 
time in the high-Sw regime, further amplifying the influence of Tw 
on the predicted saturation response. Porosity also plays a role by 
setting the pore-volume time scale, higher porosity tends to 

Fig. 8. Evolution of the agent's reward with a moving average of 5 over the number of 
episodes.

Fig. 9. Water saturation relative error on testing data using the PIML model.
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smooth the evolution of saturation over time, thereby affecting 
how long the solution resides within the saturation ranges where 
the LET parameters (including Tw) exert the greatest control. An 
interesting observation about the relative permeability curve 
pertains to the substantial influence when all parameters experi
ence a significant  increase. Such an occurrence largely impacts 
only the curvature of the upper section of the water relative 
permeability curve.

It is noteworthy that the total-order indices surpass the first- 
order indices by a significant  margin, indicating the presence of 
higher-order interactions among the parameters, with still Tw 
exhibiting the strongest sensitivities. From a physical perspective, 
the larger gap between ST and S1 suggests that coupled effects 
between parameters become important when capillary forces and 
wettability influence  the displacement, which is expected to be 
more pronounced in tighter cores (lower permeability) and/or 
more strongly wetting systems where saturation transitions are 

more significant, and phase mobilities are more strongly coupled. 
To gain a deeper understanding of these intricate interactions, we 
examined second-order indices (S2). Fig. 14 presents the second- 
order effects, with a notable emphasis on the combined impact 
of Lw and Eo, which contributes significantly more to these effects 
than other parameter combinations. This interaction is consistent 
with the fact that Lw and Eo jointly influence  the transition/ 
crossover region of the two-phase mobility, whose effective 
location and steepness are strongly conditioned by wettability and 
endpoint saturations (Swi and Sor). Hence, variations in wettability 
can amplify the combined impact of Lw–Eo on the predicted satu
ration evolution and the inferred capillary-pressure trend. Con
cerning the relative permeability curves, these second-order 
interactions tend to be more pronounced, particularly regarding 
the maximum oil saturation and irreducible water saturation re
gions. Finally, we note that the dominant Sobol indices and 
interaction structure may shift for cores with substantially 

Fig. 10. A comparison of the predictions to the experimental results of average water saturation (a), (b), and (c) and estimated relative permeability curves (d), (e) and (f) for the 
selected cores #1, #2 and #3, respectively.
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different permeability, porosity, or wettability; therefore, param
eter bounds and interpretation should be revisited when trans
ferring the workflow to other core types and flow regimes.

5.5. Comparative analysis

In our previous studies [33,34], we implemented a mathe
matical modeling and optimization approach based on Pyomo to 
address the same problem at hand. We have now undertaken a 
comparative analysis between the outcomes of our earlier studies 
and the results obtained from the present work. The aim is to 
assess the predictive capability and the computational resource 
requirements of the proposed physics informed machine learning 
(PIML) model to the Pyomo-based approach and the DNN model.

Table 4 presents a comparison between relative error values 
obtained on testing unseen data using the PIML and DNN models 
for the three cases. Fig. 15 illustrates a comparison of the variations 
in relative prediction errors of water saturation at specific spatial- 
temporal points. The data illustrates the performance of the PIML 
model in contrast to the DNN results for sample #1. These findings 
indicate that while there are instances where the DNN model 
outperforms the PIML, in most points, both models exhibit 
competitive predictive capabilities as presented in Table 4.

Table 5 provides a comparison of the mean absolute error 
values of the predicted water saturation for PIML, DNN, and the 
Pyomo-based models. The results indicate that the Pyomo-based 
approach consistently achieves the highest level of predictive ac
curacy with the lowest MAE across all samples. The DNN model, on 

Fig. 11. Estimated capillary pressure trends for the three core samples.

Fig. 12. Estimated Capillary pressure against the injected pore volumes for the 
selected samples.

Fig. 13. Sobol sensitivity analysis applied to the proposed forward solution model: (a) first order indices; (b) total order indices.

Fig. 14. Second-order indices to a Sobol sensitivity analysis applied to the proposed 
forward solution model.
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the other hand, varies in performance across samples but generally 
provides competitive predictions. The PIML model, while not 
outperforming the DNN and Pyomo-based approach, offers fair 
prediction accuracy.

Table 6 provides a comparison of computational time and 
iteration count between the physics-driven models, i.e., the PIML 
and the Pyomo-based approach. The PIML method demands less 
computational time compared to the Pyomo-based approach. It is 
noteworthy that the PIML approach requires fewer computing 
resources in terms of CPU utilization, whereas the Pyomo-based 
approach requires a dedicated GPU.

In Fig. 16, we present a comparison based on sensitivity analysis 
between the Pyomo-based approach [33,34] and the PIML meth
odology. This analysis examines both first  order and total-order 
sensitivities. The results show that while the PIML approach has 
higher first-order  sensitivities for some LET parameters, specif
ically for the water phase, the Pyomo-based approach generally 
exhibits greater total-order sensitivities across most parameters. 
This suggests that the Pyomo-based model captures more complex 
(higher-order) interactions between parameters, reflecting its 
ability to optimize within a broader solution space.

The high total-order sensitivities observed in the PIML method 
for Tw indicate an alignment with the results obtained from the 
Pyomo-based approach, particularly when approaching residual 
oil saturation. This alignment suggests that both methods are 
sensitive to changes in the transition region of the relative 
permeability curve, which is crucial for accurately modeling fluid 
flow in porous media.

Furthermore, Fig. 17 highlights the importance of second-order 
interactions in the Pyomo-based model, particularly the interac
tion between Lo and Tw parameters. These interactions are less 
pronounced in the PIML approach, indicating that the Pyomo- 
based model is better at capturing higher-order interactions be
tween parameters. This ability to model complex dependencies is 
likely why the Pyomo-based approach outperforms the PIML 
model in predictive accuracy.

5.6. Model applicability and limitations

The proposed PIML–RL approach is intended for core-scale, 
unsteady-state waterflooding  problems in which the primary 
goal is core-specific  inverse solution of relative-permeability pa
rameters (LET-model parameters) from sparse laboratory mea
surements, particularly average water saturation over time. In this 
context, the framework is best used to (1) identify a physically 
consistent set of relative-permeability parameters for a given core 
sample under the tested conditions, (2) reproduce saturation 
evolution through a forward, physics-consistent solution, and (3) 
infer capillary-pressure trends that are consistent with the actual 
and predicted saturation over time.

One limitation of the study is the small experimental dataset 
comprising three core samples. While this is common in labora
tory investigations, it limits the extent to which broad, statistical 
claims can be made regarding model generalization across diverse 
rock types, wettability states, pore structures, and flow regimes. 
The results therefore primarily support within-core generaliza
tion, which is strengthened by physics enforcement that reduces 
effective model flexibility and helps mitigate overfitting  under 
sparse data. On the other hand, across-core generalization, transfer 
of inferred parameters to unseen cores, cannot be established with 
the current sample size and should be considered outside the 
scope of the conclusions in this study.

Moreover, the inverse problem is primarily influenced  by 
average saturation measurements, which, while informative, are 
indirect; hence, a certain degree of parameter non-uniqueness 
may occur, in which different parameter combinations yield 
similar saturation histories. The RL-based search enhances 
exploration of the proposed parameter space; yet it does not 
eliminate the limitations imposed by sparse measurements and 
experimental design. For this reason, the reported LET parameters 
should be interpreted as best-fit within a constrained model class 
for the tested conditions, rather than uniquely determined values. 
Similarly, the inferred capillary-pressure behaviour is primarily 
presented as a trend consistent with the forward solution and the 
underlying assumptions. Additional measurements, such as 
pressure-drop data, saturation profiles,  or imaging-based 

Table 4 
Comparison of the testing relative error values for water saturation between the PIML and DNN models.

Sample #1 Sample #2 Sample #3

Testing average relative error PIML DNN PIML DNN PIML DNN
3.8×10-6 1.7×10-6 1.7×10-6 2.6×10-6 1.4×10-7 1.8×10-7

Fig. 15. Water saturation relative error in testing data between the DNN and PIML 
model on sample #1 Dataset.

Table 5 
Comparison of mean absolute error values in predicted water saturation of the 
proposed models to the Pyomo-based approach.

Sample DNN Pyomo PIML

#1 9:6× 10− 4 2:6× 10− 6 1:4× 10− 3

#2 1:3× 10− 3 2:6× 10− 6 1:2× 10− 3

#3 1:9× 10− 4 3:2× 10− 6 3:6× 10− 4

Table 6 
Comparison of the computation requirements.

Sample #1 Sample #2 Sample #3

PIML Pyomo PIML Pyomo PIML Pyomo

Running time (s) 1374 4320 1375 3715 2226 4680
No. of iterations 18320 108 18340 95 29690 121
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saturation measurements, would be beneficial for stronger quan
titative validation.

Future research should expand the dataset to include addi
tional cores that represent a wider range of petrophysical and 
wettability characteristics, as well as varying injection settings, 
and, where possible, integrate more comprehensive measure
ments with imaging. Such improvements would enable broader 
evaluation across various core samples, enhance parameter esti
mation, and facilitate comparison of alternative core-parameter 
definitions and inversion techniques.

6. Conclusions

Building on established physics-informed machine learning 
(PIML) formulations in the literature, our study integrates PIML 
with reinforcement learning (RL) to solve a core-scale inverse 
problem, estimating LET relative-permeability parameters from 
unsteady-state coreflooding data. The estimated parameter values 
are then used in a PIML forward solution to predict saturation 
evolution and to infer capillary-pressure trends. By enforcing the 
governing fluid-flow  physics within a porous medium during 
learning, the proposed approach produces physically consistent 
and accurate saturation predictions while mitigating the risk of 
model overfitting and the nonphysical predictions often associated 
with purely data-driven models. Our comprehensive Sobol sensi
tivity analysis further enhances interpretability by quantifying the 
influence  of individual LET parameters and their interactions on 
forward-model predictions. In comparison with our earlier 
Pyomo-based optimization approach [33,34], the proposed work
flow  achieves acceptable accuracy with a lower computational 
requirement.

A key advantage of our approach is its suitability for data-scarce 
applications, where measurements are costly and often limited to 
averaged observables. In such settings, it offers physics-consistent 
and accurate predictions compared to purely data-driven models, 
while requiring fewer computational requirements than 
simulator-driven optimization. In addition, the Sobol sensitivity 
analysis provided interpretability by quantifying the relative 
importance of LET parameters and their interactions, thereby 
clarifying which regions of the relative-permeability curves 
dominate the predicted displacement behaviour. However, in 
terms of applicability, the method is most useful for core-scale 
inverse problems when experimental measurements and 
computational resources are limited. At the same time, the present 
study is limited by a small dataset (three cores), and the results 
should therefore be interpreted primarily in the context of core- 
specific  inversion rather than as a generalization across rock 
types and wettability conditions.

Future work will focus on validating the approach using a 
larger, more diverse set of cores spanning a wider range of 
permeability, porosity, and wettability, and incorporating flow 
imaging to enhance parameter identifiability  and capillary- 
pressure validation. Additional improvements may include un
certainty quantification for inferred parameters and testing alter
native relative permeability models beyond LET for broader 
displacement conditions.
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Nomenclature

Symbols
a : RL action
bl : Bias vector for layer l
Ex : Relative error between the exact and predicted values 

of water saturation
Ei : Exponents governing the slope of the relative 

permeability curve for water and oil
gl(⋅) : Activation function for layer l
J(θ) : Overall loss function
k : Permeability of the porous medium
krw(Sw) : Relative permeability of water phase as a function of 

water saturation Sw

kro(Sw) : Relative permeability of oil phase as a function of water 
saturation Sw

kO
rwo: Endpoint relative permeability for water

kO
row: Endpoint relative permeability for oil

L: Core length/domain length x ∈ [0;L]
Li: Exponents governing the shape of the relative 

permeability curve for water and oil
N : Number of data points
Nf : Number of physics constraints or collocated points
pw: Pressure of the water phase
po: Pressure of the oil phase
pc : Capillary pressure, defined as; pw − po
Q(s; a) : Action-value function
s : RL state
Si : Saturation of phase i (i can be o for oil, w for water)
Siw: Irreducible water saturation
Sor: Residual oil saturation
S*

w: Dimensionless water saturation, normalized by Siw and 
Sor

Ti: Exponents governing the transition of the relative 
permeability curve for water and oil

t : Time coordinate
Ui : Darcy velocity of phase i (i can be o for oil, w for water)
Wl : Weight matrix for layer l
wl

i;k : Weight connecting unit k in layer l to unit i
x : Position coordinates in the spatial domain
xk : Input of a unit in layer k
yl

i : Output of a unit in layer l
Zl : Linear combination of inputs for layer l
∇:(:) : Divergence operator

Greek letters
ϕ : Porosity
μw: Viscosity of the water phase
μo: Viscosity of the oil phase
δ : Weighting factor between the data and physics-based 

loss components
l ( ⋅) : Function representing the physics residuals
θ: Model parameters
ϵ: Epsilon in epsilon-greedy exploration
π(s) : RL policy

γ: Discount factor
σ: Neuron/unit or perceptron

Abbreviations
S1: First-order indices (a single parameter interaction)
S2: Second-order indices (two parameter interactions)
ST: Total-order indices (All parameter interactions)
ML: Machine learning
PIML: Physics informed machine Learning
RL: Reinforcement learning
DNN: Deep neural networks
DRL: Deep reinforcement learning
PDE: Partial differential equation
HPC: High performance computing
GPU: Graphical processing unit

References

[1] N. Wenck, S.J. Jackson, S. Manoorkar, A. Muggeridge, S. Krevor, Simulating 
core floods in heterogeneous sandstone and carbonate rocks, Water Resour. 
Res. 57 (2021) 1–11, https://doi.org/10.1029/2021WR030581.

[2] U. Alfazazi, W. AlAmeri, M.R. Hashmet, Experimental investigation of poly
mer flooding  with low-salinity preconditioning of high temperature–high- 
salinity carbonate reservoir, J. Pet. Explor. Prod. Technol. 9 (2019) 1517–1530, 
https://doi.org/10.1007/s13202-018-0563-z.

[3] S. Ahmed, A.S. Hanamertani, W. Alameri, E.W. Al-Shalabi, M.R. Hashmet, 
Experimental investigation of flow diversion and dynamic retention during 
polymer flooding  in high salinity fractured carbonates using CT imaging, 
Geoenergy Sci. Eng. 221 (2023) 211349, https://doi.org/10.1016/ 
j.geoen.2022.211349.

[4] Y. Jing, A. Uthaia, D. Stimson, K. Mardon, L. Najdovski, C. Barkhausen, 
R.T. Armstrong, P. Mostaghimi, Visualisation of [ 11 C ] CO 2 storage in coal 
with positron emission tomography imaging, Fuel 356 (2024) 129511, 
https://doi.org/10.1016/j.fuel.2023.129511.

[5] S. Kameswaran, L.T. Biegler, G.H. Staus, Dynamic optimization for the core- 
flooding  problem in reservoir engineering, Comput. Chem. Eng. 29 (2005) 
1787–1800, https://doi.org/10.1016/j.compchemeng.2005.02.038.

[6] G.E. Karniadakis, I.G. Kevrekidis, L. Lu, P. Perdikaris, S. Wang, L. Yang, Physics- 
informed machine learning, Nat. Rev. Phys. 3 (2021) 422–440, https://doi.org/ 
10.1038/s42254-021-00314-5.

[7] T. Farhana Faisal, A. Islam, M.S. Jouini, R.S. Devarapalli, M. Jouiad, M. Sassi, 
Numerical prediction of carbonate elastic properties based on multi-scale 
imaging, Geomechanics for Energy and the Environment 20 (2019) 100125, 
https://doi.org/10.1016/j.gete.2019.100125.

[8] M.S. Jouini, S. Vega, A. Al-Ratrout, Numerical estimation of carbonate rock 
properties using multiscale images, Geophys. Prospect. 63 (2015) 405–421, 
https://doi.org/10.1111/1365-2478.12156.

[9] M.D. Swinson, Statistical Modeling of High-Dimensional Nonlinear Systems : 
a Projection Pursuit Solution, Georgia Institute of Technology, 2005.

[10] Y. Wang, G. Lin, Efficient  deep learning techniques for multiphase flow 
simulation in heterogeneous porousc media, J. Comput. Phys. 401 (2020), 
https://doi.org/10.1016/j.jcp.2019.108968.

[11] E.S. Mathew, M. Tembely, W. AlAmeri, E.W. Al-Shalabi, A.R. Shaik, Applica
tion of machine learning to interpret steady state drainage relative perme
ability experiments, in: Abu Dhabi International Petroleum Exhibition & 
Conference to be Held in Abu Dhabi, UAE, 2021, https://doi.org/10.2118/ 
207877-ms.

[12] R. Kalule, H.A. Abderrahmane, W. Alameri, M. Sassi, Stacked ensemble ma
chine learning for porosity and absolute permeability prediction of carbonate 
rock plugs, Sci. Rep. 13 (2023) 1–17, https://doi.org/10.1038/s41598-023- 
36096-2.

[13] M.M. Almajid, M.O. Abu-Alsaud, M.M. Almajid, M.O. Abu-Al-Saud, Prediction 
of porous media fluid  flow  using physics informed neural networks, J. Pet. 
Sci. Eng. 208 (2022) 1–31, https://doi.org/10.1016/j.petrol.2021.109205.

[14] P. Tang, D. Zhang, H. Li, Predicting permeability from 3D rock images based 
on CNN with physical information, J. Hydrol. (Amst.) 606 (2022) 127473, 
https://doi.org/10.1016/j.jhydrol.2022.127473.

[15] R. Pires de Lima, D. Duarte, C. Nicholson, R. Slatt, K.J. Marfurt, Petrographic 
microfacies classification with deep convolutional neural networks, Comput. 
Geosci. 142 (2020) 104481, https://doi.org/10.1016/j.cageo.2020.104481.

[16] M.I.K. Haq, I.N. Yulita, I.A. Dharmawan, A study of transfer learning in digital 
rock properties measurement, Mach Learn Sci Technol 4 (2023) 1–19.

[17] M. Raissi, Open problems in applied deep learning, ArXiv arXiv 2301 (2023) 
1–52.

[18] P. Shokouhi, V. Kumar, S. Prathipati, S.A. Hosseini, C.L. Giles, D. Kifer, Physics- 
informed deep learning for prediction of CO2 storage site response, 
J. Contam. Hydrol. 241 (2021) 1–30, https://doi.org/10.1016/j.jconhyd.2021. 
103835.

R. Kalule, H.A. Abderrahmane, S. Ahmed et al. Petroleum 12 (2026) 430–443

442

https://doi.org/10.1029/2021WR030581
https://doi.org/10.1007/s13202%2D018%2D0563%2Dz
https://doi.org/10.1016/j.geoen.2022.211349
https://doi.org/10.1016/j.geoen.2022.211349
https://doi.org/10.1016/j.fuel.2023.129511
https://doi.org/10.1016/j.compchemeng.2005.02.038
https://doi.org/10.1038/s42254%2D021%2D00314%2D5
https://doi.org/10.1038/s42254%2D021%2D00314%2D5
https://doi.org/10.1016/j.gete.2019.100125
https://doi.org/10.1111/1365%2D2478.12156
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref9
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref9
https://doi.org/10.1016/j.jcp.2019.108968
https://doi.org/10.2118/207877%2Dms
https://doi.org/10.2118/207877%2Dms
https://doi.org/10.1038/s41598%2D023%2D36096%2D2
https://doi.org/10.1038/s41598%2D023%2D36096%2D2
https://doi.org/10.1016/j.petrol.2021.109205
https://doi.org/10.1016/j.jhydrol.2022.127473
https://doi.org/10.1016/j.cageo.2020.104481
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref16
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref16
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref17
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref17
https://doi.org/10.1016/j.jconhyd.2021.103835
https://doi.org/10.1016/j.jconhyd.2021.103835


[19] J.D. Willard, X. Jia, S. Xu, M. Steinbach, V. Kumar, Integrating physics-based 
modeling with machine learning: a survey, ArXiv 1 (2020) 1–34.

[20] M. Raissi, A. Yazdani, G.E. Karniadakis, Hidden Fluid Mechanics: Learning 
Velocity and Pressure Fields from Flow Visualizations, 2020, https://doi.org/ 
10.1126/science.aaw4741.

[21] L. Von Rueden, S. Mayer, K. Beckh, B. Georgiev, S. Giesselbach, R. Heese, 
B. Kirsch, J. Pfrommer, A. Pick, R. Ramamurthy, M. Walczak, J. Garcke, 
C. Bauckhage, J. Schuecker, Informed machine learning - a taxonomy and 
survey of integrating knowledge into learning systems, ArXiv (2019) 1–20.

[22] M. Raissi, G.E. Karniadakis, Hidden physics models: machine learning of 
nonlinear partial differential equations, J. Comput. Phys. 357 (2018) 125–141, 
https://doi.org/10.1016/j.jcp.2017.11.039.

[23] A. Karpatne, G. Atluri, J.H. Faghmous, M. Steinbach, A. Banerjee, A. Ganguly, 
S. Shekhar, N. Samatova, V. Kumar, Theory-guided data science: a new 
paradigm for scientific discovery from data, IEEE Trans. Knowl. Data Eng. 29 
(2017) 2318–2331, https://doi.org/10.1109/TKDE.2017.2720168.

[24] M. Raissi, P. Perdikaris, G.E. Karniadakis, Physics informed deep learning (Part 
II): data-Driven discovery of nonlinear partial differential equations, ArXiv 
(2017) 1–19.

[25] Y. Wang, G. Lin, Efficient  deep learning techniques for multiphase flow 
simulation in heterogeneous porousc media, J. Comput. Phys. 401 (2020), 
https://doi.org/10.1016/j.jcp.2019.108968.

[26] D.S. Oliver, Y. Chen, Recent progress on reservoir history matching: a review, 
Comput. Geosci. 15 (2011) 185–221, https://doi.org/10.1007/s10596-010- 
9194-2.

[27] K. Johansen, General Rights Statistical Methods for History Matching, 2007. 
www.kt.dtu.dk.

[28] S. Bryant, S. Srinivasan, A. Barrera, Y. Kim, S. Yadav, History Matching in 
Parallel Computational Environments Final Report, 2006. Texas, https:// 
www.netl.doe.gov/. (Accessed 25 December 2025).

[29] M.M. Khaninezhad, B. Jafarpour, Sparse randomized maximum likelihood 
(SpRML) for subsurface flow  model calibration and uncertainty quantifica
tion, Adv. Water Resour. 69 (2014) 23–37, https://doi.org/10.1016/ 
j.advwatres.2014.02.005.

[30] S.L. Brunton, J.N. Kutz, Data-driven science and engineering: machine learning, 
Dyn. Syst. Control (2019), https://doi.org/10.1017/9781108380690. Second.

[31] C. Vignon, J. Rabault, J. Vasanth, F. Alc�antara-�Avila, M. Mortensen, R. Vinuesa, 
Effective control of two-dimensional Rayleigh-Benard convection: invariant 
multi-agent reinforcement learning is all you need, Phys. Fluids 35 (2023) 
1–15, https://doi.org/10.1063/5.0153181.

[32] S. Cuomo, V.S. di Cola, F. Giampaolo, G. Rozza, M. Raissi, F. Piccialli, Scientific 
Machine Learning Through Physics-Informed Neural Networks: where We 
are and What's next, 2022, pp. 1–67.

[33] R. Kalule, U. Alfazazi, S. Ahmed, H.A. Abderrahmane, W. Alameri, M. Sassi, 
Estimating relative permeability and capillary pressure functions from 
unsteady-state core flooding  data using dynamic optimization techniques, 

in: SPE Abu Dhabi International Petroleum Exhibition and Conference 
(ADIPEC), 2023, pp. 1–12, https://doi.org/10.2118/216279-MS.

[34] R. Kalule, A.H. Abderrahmane, S. Ahmed, W. Alameri, M. Sassi, Dynamic 
optimization for petrophysical property estimation in Unsteady- state cor
eflooding  using pyomo, SPE J. SPE-219450-PA (2024) 1–13, https://doi.org/ 
10.2118/219450-PA.

[35] F. Lomeland, E. Ebeltoft, W.H. Thomas, A New Versatile Relative Permeability 
Correlation, International Symposium of the Society of Core Analysts, Tor
onto, Canada, 2005, pp. 1–12.

[36] E. Ghoodjani, S.H. Bolouri, A novel two-parameter relative permeability 
model, J. Porous Media 15 (2012) 1061–1066.

[37] Azziz and Settari, Petroleum Reservoir Simulation, Applied Science Pub
lishers, London, 1979, pp. 135–139, https://doi.org/10.1016/c2018-0-04535- 
1.

[38] P.C. Richmond, A.T. Watson, Estimation of multiphase flow  functions from 
displacement experiments, SPE Reserv. Eng. 5 (1990) 121–127, https:// 
doi.org/10.2118/18569-pa.

[39] M. Yaralidarani, H. Shahverdi, Co-estimation of saturation functions (k r and 
P c) from unsteady-state core-flood  experiment in tight carbonate rocks, 
J. Pet. Explor. Prod. Technol. 8 (2018) 1559–1572, https://doi.org/10.1007/ 
s13202-018-0452-5.

[40] H. Jian, L. Chenghui, C. Zhimin, M. Haiwei, Integration of deep neural net
works and ensemble learning machines for missing well logs estimation, 
Flow Meas. Instrum. 73 (2020) 101748, https://doi.org/10.1016/ 
j.flowmeasinst.2020.101748.

[41] T. Qin, K. Wu, D. Xiu, Data driven governing equations approximation using 
deep neural networks, J. Comput. Phys. 395 (2019) 620–635, https://doi.org/ 
10.1016/j.jcp.2019.06.042.

[42] M. Raissi, P. Perdikaris, G.E. Karniadakis, Physics-informed neural networks: 
a deep learning framework for solving forward and inverse problems 
involving nonlinear partial differential equations, J. Comput. Phys. 378 (2019) 
686–707, https://doi.org/10.1016/j.jcp.2018.10.045.

[43] P. Garnier, J. Viquerat, J. Rabault, A. Larcher, A. Kuhnle, E. Hachem, A review 
on deep reinforcement learning for fluid mechanics, ArXiv 225 (2021) 1–23, 
https://doi.org/10.1016/j.compfluid.2021.104973.

[44] X.Y. Zhang, M.N. Trame, L.J. Lesko, S. Schmidt, Sobol sensitivity analysis: a 
tool to guide the development and evaluation of systems pharmacology 
models, CPT Pharmacometrics Syst. Pharmacol. 4 (2015) 69–79, https:// 
doi.org/10.1002/psp4.6.

[45] J. Herman, W. Usher, Salib Documentation, 2019. Release 1.1.3.post0. 
dev82+ng5deeaf3.

[46] T. Bognø, Impacts on Oil Recovery from Capillary Pressure and Capillary 
Heterogeneities, University of Bergen, 2008.

[47] W.G. Anderson, Wettability literature survey — part 1 : Rock/Oil/Brine in
teractions and the effects of core handling on Wettabiiity, Journal of Petro
leum Science and Technology 38 (1986) 1125–1144.

R. Kalule, H.A. Abderrahmane, S. Ahmed et al. Petroleum 12 (2026) 430–443

443

http://refhub.elsevier.com/S2405-6561(26)00030-1/sref19
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref19
https://doi.org/10.1126/science.aaw4741
https://doi.org/10.1126/science.aaw4741
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref21
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref21
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref21
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref21
https://doi.org/10.1016/j.jcp.2017.11.039
https://doi.org/10.1109/TKDE.2017.2720168
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref24
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref24
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref24
https://doi.org/10.1016/j.jcp.2019.108968
https://doi.org/10.1007/s10596%2D010%2D9194%2D2
https://doi.org/10.1007/s10596%2D010%2D9194%2D2
http://www.kt.dtu.dk
https://www.netl.doe.gov/
https://www.netl.doe.gov/
https://doi.org/10.1016/j.advwatres.2014.02.005
https://doi.org/10.1016/j.advwatres.2014.02.005
https://doi.org/10.1017/9781108380690
https://doi.org/10.1063/5.0153181
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref32
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref32
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref32
https://doi.org/10.2118/216279%2DMS
https://doi.org/10.2118/219450%2DPA
https://doi.org/10.2118/219450%2DPA
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref35
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref35
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref35
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref36
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref36
https://doi.org/10.1016/c2018%2D0%2D04535%2D1
https://doi.org/10.1016/c2018%2D0%2D04535%2D1
https://doi.org/10.2118/18569%2Dpa
https://doi.org/10.2118/18569%2Dpa
https://doi.org/10.1007/s13202%2D018%2D0452%2D5
https://doi.org/10.1007/s13202%2D018%2D0452%2D5
https://doi.org/10.1016/j.flowmeasinst.2020.101748
https://doi.org/10.1016/j.flowmeasinst.2020.101748
https://doi.org/10.1016/j.jcp.2019.06.042
https://doi.org/10.1016/j.jcp.2019.06.042
https://doi.org/10.1016/j.jcp.2018.10.045
https://doi.org/10.1016/j.compfluid.2021.104973
https://doi.org/10.1002/psp4.6
https://doi.org/10.1002/psp4.6
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref45
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref45
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref46
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref46
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref47
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref47
http://refhub.elsevier.com/S2405-6561(26)00030-1/sref47

	Relative permeability and capillary pressure estimation via physics-informed machine learning and reinforcement learning
	1. Introduction and background
	2. Governing equations
	3. Dataset
	4. Methods
	4.1. DNN model
	4.2. Physics-informed ML model (PIML)
	4.3. The inverse problem
	4.4. The forward problem
	4.5. Sensitivity analysis

	5. Results and discussions
	5.1. DNN model
	5.2. Solution to the inverse problem
	5.3. Solution to the forward problem
	5.4. Sensitivity analysis
	5.5. Comparative analysis
	5.6. Model applicability and limitations

	6. Conclusions
	CRediT authorship contribution statement
	Data availability
	Declaration of competing interest
	Acknowledgements
	Nomenclature
	References


