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Abstract   The recent progresses on the propagation, gen-
eration and application of partially coherent beam (PCB) are 
reviewed in this paper. A new tensor ABCD law for treating 
the propagation of partially coherent Gaussian-Schell model 
(GSM) beams through a paraxial optical system is derived. 
The focusing, spectral shift and fractional Fourier transform 
of the GSM beam are investigated by using the tensor 
method. The generation of PCB with special optical resona-
tor is studied both theoretically and experimentally. Fur-
thermore, the ghost imaging and superluminal propagation 
of the PCB is discussed. The results show clearly that the 
coherence of light have strong influences on the ghost im-
aging and superluminal propagation. 
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1 Introduction 

Partially coherent beam (PCB) is a more general form of 
practical beam compared with a completely coherent beam. 
In the past decades, PCBs have been studied extensively 
both theoretically and experimentally. These have wide ap-
plications in modern optics [1]. 

A widely used model of PCB is Gaussian-Schell model 
(GSM) beams, which can be produced by using a Col-
lett-Wolf source [2-5]. It is well-known that the transforma-
tion of completely coherent Gaussian beams with circular 
symmetry through axially symmetric optical system satisfies 
the famous ABCD-law [6]. This law was later generalized in 
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several aspects for more complicated beams, including ellip-
tical Gaussian beams [7, 8], non-Gaussian beams [9], pulsed 
Gaussian beams [10], and general astigmatic beams in spa-
tial-frequency domain [11], etc. The extension of the ABCD 
law to PCB will be presented in Section 2. 

Focusing of laser beam is encountered in many applica-
tions [12]. The focusing properties of PCBs have attracted a 
lot of attention because of their unique characteristics [13- 
15]. For examples, the PCB is helpful in reducing speckle 
effects accompanying diffraction or scattering of optical 
beams [1], and is less influenced by turbulence of atmos-
phere than coherent laser beam [16, 17]. The focusing prop-
erties of PCB will be discussed by tensor ABCD law in Sec-
tion 3.  

Since Wolf first revealed that PCB undergoes spectral 
shift during its propagation in free space [18, 19], this phe-
nomena have become an attractive topic in optics [13, 
20-26]. The tensor ABCD law will be applied to study the 
phenomena of spectral shift of PCB in free space in Section 4. 

Most practical optical systems contain apertures, which 
induce many interesting phenomena such as focal shift and 
focal switch, etc. The widely used method for treating the 
propagation of PCB through an apertured optical system is 
direct numerical integration, but this method is time- con-
suming. By expanding the hard aperture function into a finite 
sum of complex Gaussian functions [27-28], an approximate 
analytical formula is available, which provides an efficient 
way for calculating propagation and transformation of PCB 
through an apertured optical system. The extension of this 
method to PCB is reviewed in Section 5. 

The fractional Fourier transform (FRT) is the generaliza-
tion of the conventional Fourier transform, which was first 
introduced into optics by Ozaktas, Mendlovic and Lohmann 
in 1993 [29, 30]. Since then, many studies have been done 
on its properties, optical implementations and applications 
[31−36]. The fractional Fourier transform (RFT) of PCB can 
be treated based on the mutual intensity distribution [37, 40] 
and Wigner distribution function [41, 42]. Recently, we ap-
plied the FRT to PCB based on the cross-spectral density. In 
Section 6, we are going to review the FRT of PCB.  
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The well-known Fox-Li method for laser resonators is 
based on monochromatic and completely spatial coherent 
beam [43], which cannot provide any information about the 
spectrum and coherence properties of the light inside reso-
nators. Early attempts to clarify these problems were made 
by Wolf et al. [44, 45]. A set of integral equations of the 
cross-spectral density on the mirrors of resonators was de-
rived within the frame of coherence theory in the space- 
frequency domain [46-48], which can provide information 
about the spatial coherence and spectrum properties of beam. 
The effects of the edge diffraction and phase modulation on 
the spatial-coherence of light in optical resonators are dis-
cussed in Section 7, which shows clearly how the spectrum 
develops during the establishment of laser oscillation, and 
where the high spatial coherence of laser beams comes from. 

The uniformity of intensity distribution is very important 
in the applications of laser beam, such as in inertial con-
finement fusion and material thermal processing [49, 50], 
etc. There are several approaches to improve the uniformity 
of intensity distribution including binary optical elements 
[51, 52], random phase plate [53, 54], random polarization 
control plate [55], etc. Among these methods, the random 
phase plate is very effective in transforming coherent laser 
beam into partially coherent beam. In Section 8, we are go-
ing to present a new way to obtain partially coherent beams 
directly from the optical resonator instead of outside reso-
nator transformation. This method is demonstrated experi-
mentally by having a spatial-temporal phase modulator in-
serted into a Nd:YAG laser.  

Ghost imaging and interference (also named coincidence 
imaging and interference) were first realized by using entan-
gled photon pairs generated in spontaneous parametric down 
conversion in 1995 [56, 57]. The term “ghost” comes from 
the fact that an object in one path produces an image or in-
terference fringes in another path in the measurement of 
coincident counting rates (proportional to the fourth-order 
correlation of light), and the image or fringes depend on 
both paths. Since then, many theoretical and experimental 
studies on this subject have been published, due to their 
great potential applications in quantum metrology, lithogra-
phy and holography. Recently, there are discussions about 
whether quantum entanglement is necessary in the ghost 
imaging and interference and whether the ghost imaging and 
interference can be realized with a classical source [58, 70]. 
Bennink et al. presented their classical ghost imaging and 
interference experiments using classical coherent light [59, 
60], while their experimental results have been shown to be 
just point-to-point projections [61, 62]. Gatti et al. [63], 
Cheng et al. [64], Cai et al. [65, 66], Cao et al. [67] investi-
gated theoretically the ghost imaging and interference with 
incoherent light (thermal light) or partially coherent light. 
More recently, several research groups have demonstrated 
the ghost imaging and interference with pseudo-thermal 
light (essentially PCB) experimentally [68-70]. As an ex-
tension of ghost imaging and conventional FRT, Cai et al. 
introduced the concept of coincidence FRT and coincidence 

subwavelenght FRT, and designed the optical systems with 
and without lens for implementing FRT with entangled pho-
ton pairs, incoherent or partially coherent light, respectively 
[71-74]. More recently, we have observed coincidence FRT 
with partially coherent beam experimentally [75]. In Section 
9, we review briefly on ghost imaging with PCB. 

The PCB can be either stationary [76], or non-stationary, 
such as pulses, which have been traditionally treated as a 
completely spatial-temporally coherent light. Generally, for 
non-stationary light fields, the average values are dependent 
on the choice of the original point of time, and hence de-
pendent on two time variables involving the generalized 
Wiener-Khintchine theorem for getting the knowledge of the 
spectrum of the non-stationary light fields [77, 78]. Recently, 
incoherent spatial solitons and incoherent light pulses have 
attracted more attentions in experimental and theoretical 
studies [79−81]. For partially coherent pulses, a random 
method is often used [81], where the phase and/or amplitude 
is fluctuated. Another way to study the coherence properties 
of non-stationary light fields is by using the spectral ap-
proach [78, 82, 83], which is a generalization of the coher-
ence theory from the stationary case into the non-stationary 
case in space-frequency domain. Based on the theory of co-
herence for non-stationary light field, Pääkkönen et al. dis-
cussed the partially coherent Gaussian light pulses [84, 85]. 
Such light pulses are composed of partially correlated fre-
quency components in frequency domain, and in time do-
main they are partially coherent. In Section 10, the propaga-
tion of partially coherent pulses is discussed. 

Superluminal propagation is a phenomenon that the group 
velocity of an optical pulse is greater than the speed of light 
in vacuum [86]. It has been observed recently in a series of 
experiments [87−94]. However, the mechanism about the 
superluminal propagation remains quite controversial. There 
are two different explanations on the experimental results. 
One of the explanations is that the front and the tail of the 
pulse undergo different gain or attenuation [94−97]. Another 
explanation is attributed to the wave nature of the pulse 
propagation [98−105], which is based on the re-phasing 
mechanism. The problem raised is that which of the two 
viewpoints describes the nature of the superluminality. By 
using the partially coherent pulse theory, we proved that the 
superluminality depends on the coherence of the pulse and if 
we vary the interference while keeping the intensity profile 
of the pulse, the superluminal propagation will be changed 
(even disappears). This issue will be reviewed in Section 11. 

 

2  Tensor ABCD  law for partially coherent beam 
In this section, we will show that it is possible to obtain a 
generalized ABCD law for the most general astigmatic PCB. 
The cross-spectral density of the most general partially co-
herent twisted anisotropic GSM beam can be expressed in 
tensor form as follows [106]: 
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J is a transpose anti-symmetric matrix given by: 
0 1
1 0

⎛ ⎞
= ⎜ ⎟−⎝ ⎠

J  (4) 

µ is a scalar real-valued twist factor with an inverse dis-

tance dimension. It is limited by 20 µ≤
12 2det( )gk σ

−
⎡ ⎤
⎣ ⎦≤  

due to the non-negativity requirement on the cross-spectral 
density of the beam. All the known families of coherent and 
partially coherent Gaussian beams are subsets of the beam 
described by Eq. (1). In general cases where 0,µ ≠ 2 ,Iσ  

2 ,gσ  and R−1 have different principal axes and the beam is a 
general astigmatic one. If 0µ =  and if all these three ma-
trices have the same principal axes, the beam is an “aligned 
simple astigmatic” one. If 0µ =  and if all three matrices 
are proportional to the identity matrix, the beam is “stig-
matic” and has rotational symmetry.  

In most cases, the partially coherent complex curvature 
tensor can be expressed as follows: 

( ) ( )
 1  1
11 12 1

* 1  1
12 11

T

− −

−
− −

⎛ ⎞
⎜ ⎟=
⎜ ⎟−⎝ ⎠

M M
M

M M
 (5) 

where  1
11

−M  is also transpose symmetric, but 1
12

−M  is not. 

In the general case,  1
11

−M  contains 6 real parameters (three 

complex parameters), 1
12

−M  contains four real parameters, 

therefore 1−M  contains ten independent real parameters. 
In other words, ten real physical parameters are needed to 
characterize the most general partially coherent general as-
tigmatic GSM beam.  

The diffraction integral formula for a beam passing 
through a general axially non-symmetric (or general astig-
matic) optical system reads [10,11]: 

[ ]
1
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λ
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where l is the Hamiltonian point characteristic function 
(eikonal function) between the incident and output planes, 
given by: 
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l0 is the optical path along the axis, V is the 4 4×  point 
characteristic matrix, A, B, C and D are all 2 2×  sub- ma-
trices of the 4 4×  ray transfer matrix describing the axially 
non-symmetric optical system.  

Assume that the optical fields at the two arbitrary points 
1 2,r r  in the incident plane are 1 2( ), ( ),E Er r and that at the 

two arbitrary points 1  2,ρ ρ  in the output plane are 

1  2( ), ( ),E Eρ ρ  respectively. The cross-spectral density in 
the incident and output planes will be:  

 1  2  1  2( ) ( ) ( ) ,  ( ) ( ) ( )E E E EΓ Γ∗ ∗= =r r r ρ ρ ρ  (8) 

where “ 〈 〉 ” denotes ensemble average, T T T
1 2( ),=r r r  

T T T
1 2( )=ρ ρ ρ . Using Eq. (6), we can get the propagation 

formula of cross-spectral density of partially coherent beam 
through the axially non-symmetric optical system as fol-
lows:  
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Due to the fact that 1 2l l−  is a scalar quantity, we get di-
rectly from Eq. (10) the following relations:  

( ) ,T− −=1 1B A B A   T( )− −=1 1 DB DB  

   
T( )− −− = −1 1C DB A B   (12) 

These are equivalent to the famous Luneburg relations 
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describing the symplecticity of the axially non-symmetric 
optical system. Substituting Eq. (1) into Eq. (9), after vector 
integration and tensor operation, we get the following [106]: 

( ) 1/ 21 T 1
0 i 0

i( ) det exp
2
kGΓ

−− −⎡ ⎤⎡ ⎤= + −⎢ ⎥⎣ ⎦ ⎣ ⎦
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  (13) 
where  

1 1 1 1
0 i i( )( )− − − −= + +M C DM A BM  (14) 

Eq. (14) is the so-called tensor ABCD law, which can be 
regarded as a generalization of Kogelnik’s abcd law to PCB, 
which can be reduced to the case of completely coherent 
Gaussian beam. Eqs. (13) and (14) provide a powerful tool 
for studying the propagation properties such as focusing and 
spectral shift, etc., of the partially coherent GSM beam, 
which will be shown in the following sections. This tensor 
method can be extended to dispersive and absorbing media 
[107], and turbulent atmosphere [108], and can be applied to 
study the propagation of other PCBs with special beam pro-
files such as partially coherent flat-topped beam and par-
tially coherent dark hollow beam [109, 110]. 

 

3  Focusing properties of partially coherent beam 
As an application example of the tensor ABCD law derived 
above, we study the focusing properties of PCB in this sec-
tion. Assuming a PCB focused by a thin astigmatic lens that 
is located in the plane of z = 0, the output plane is located at 
z. The ray transfer matrix of the optical system between the 
input plane and the exit plane reads [111]: 
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where fx and fy are the focal lengths of the astigmatic lens in 
the direction of x and y, respectively. I is a 2 2×  unit ma-
trix. Applying Eqs. (13)−(15), we calculate the on-axis in-
tensity distribution of focused PCB with different transverse 
coherence width matrix element 2

11gσ , the results are shown 
in Fig. 1. The initial parameters used in the calculation are 

2 1 1 0.2
( )

0.2 0.5I
− ⎛ ⎞
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⎝ ⎠

σ (mm)–2, 20 mm,xf = 30 mm,yf = 1−R  

,= 0 10(mm) ,µ −= 2 2
12 1(mm) ,gσ = 2 2

22 0.33(mm) ,gσ = λ =

632.8 nm.  
 Figure 1 shows that there are two peaks in the on-axis 

intensity distribution, which are located at the focusing 
plane of the x- and y-direction, respectively. The heights of 
the two peaks are different. When 2 2

11 22g gσ σ<  (the beam is 

“more coherent” in y-direction) as depicted by (a), the peak 
located at yz f=  is higher and narrower than the peaks 

located at ;xz f=  and (b) shows the opposite case. That 
means a beam or a part of a beam with a higher coherence 
can be focused more tightly. This is due to the fact that the 
focusing process is meant to change the phase of the beam. 
The phase of a lens is fixed, but the phase of different parts 
of the PCB is partially correlated. So the wavefront of a 
PCB can only be partially matched by the phase of a lens. 
This mismatch is more serious for a beam with lower co-
herence.  

 
Fig. 1  The on-axis intensity distribution of focused PCB with different 
transverse coherence width. (a) 2 2

11 0.2(mm) ;gσ =  (b) 2 2
11 2(mm) .gσ =  

 

4  Spectral shift of partially coherent beam in free 
space 
In this section, we applied the tensor ABCD law to study the 
spectral shift of the PCB in free space. The sub-matrices of a 
free space of distance z take the following form: 

 ,  ,   ,  z= = = =0A I B I C D I  (16) 
Applying the tensor ABCD law of PCB, we can obtain 

the partially coherent complex curvature tensor in the output 
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plane as follows [112]: 
1 1

o i( )− −= +M M B   (17) 

The spectrum of PCB after passing through the optical 
system can be obtained by having  1  2=ρ ρ in the cross spec-
tral density, ( ) ( )1 1 2, , .S ω Γ ω= =ρ ρ ρ  Let us then assume 
that the initial spectrum 0 ( )S ω  is of the Lorentz type, i.e., 
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where S0 is a constant, 0ω  is the central frequency of the 
initial spectrum, δ  is the half-width at half-maximum of 
the initial spectrum. 

Figure 2 shows the on-axis normalized spectrum ( )S ω  at 
several propagation distances calculated by using Eq. (13). The 
parameters used in the calculations are: 15

0 3.2 10 rad/s,ω = ×  

150.6 10 rad/s,δ = × S0=1, 0,µ =  2 1 21 0.1
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σ
1 10.0001 (mm) .− −=R I  From Fig. 

2, we can see that the shape of the normalized on-axis spec-
trum is similar to the initial one, but its peak position is 
blue-shifted, which can be denoted by the relative central 
frequency shift: 

( )0 m 0 0/ /ω ω ω ω ω∆ = −  (19) 

where mω  is the central frequency of the spectrum after 
propagation.  

 

Fig. 2  The normalized on-axis spectrum ( )S ω  on the plane of (a) z = 0; 
(b) z = 5 m ; (c) z = 50 m. 
 

Figure 3 depicts the on-axis frequency shift of PCB with 
different twist factors, which is an increasing function of z. 
The parameters used are the same as Fig. 2. At the far field, 
the frequency shift approaches to a constant. With an in-
crease in the twist factor, the frequency shift decreases. The 
spectral shift of the PCB through more complicated systems, 
such as focused by a thin lens, can also be treated by the 
tensor method [113].  

 
Fig. 3  The on-axis relative central frequency shift of the twisted anisot-
ropic GSM beams with different twist factors along with the propagation 
axis z. (a) 0µ = ; (b) 10.0002(mm) ;µ −= (c) 10.0004(mm) .µ −=  

 

5  Propagation of partially coherent beam through 
apertured optical system 
In practice, most optical systems contain apertures, so it is 
necessary to study the propagation of laser beam through an 
apertured optical system, which is the topic of this section. 
The propagation of PCB through an apertured non- symmet-
rical optical system can be treated by the following general-
ized Collins formula: 
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where 1( )H r  is the hard aperture function. 

For a circular hard-edged-aperture with radius 1a , the 
hard aperture function can be expanded into a finite sum of 
complex Gaussian functions [27, 28]: 
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where Am and Bm are the expansion and Gaussian coeffi-
cients, which can be obtained by optimization computation. 
After some arrangement, we can express ( ) ( )*

1 2H Hr r  in 
the following tensor form: 
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Substituting Eqs. (1) and (22) into Eq. (20), we obtain the 
following analytical formulas for partially coherent GSM 
beam passing through a circularly apertured astigmatic opti-
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cal system [114]: 
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 (25) 
Simulation results show that the approximate formulas are in 
good agreement with numerical integration [114]. Thus, the 
analytical formulas provide an effective way for studying the 
propagation and transformation of GSM beam through an 
apertured paraxial astigmatic optical system. 

When the aperture radius 1 ,a → ∞  Eq. (24) reduces to 
Eq. (13) for the unapertured case, and Eq. (25) reduces to the 
tensor ABCD law of Eq. (14). The above method can be ex-
tended to rectangular aperture and other complicated par-
tially coherent beams such as partially coherent Bessel 
Gaussian beams and flat-topped beams, etc. 

 

6  Fractional Fourier transform for partially coherent 
beam 
In this section, we applied the FRT to PCB based on the 
cross spectral density with the help of the tensor method. 
Assuming an input stationary quasi-monochromatic field 

1( ),E r the FRT achieved by a thin lens system under paraxial 
approximation performs the following operation [30,42]:  
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where 1( )E r and 1( )E ρ are the electric fields in the input plane 
and FRT plane, respectively. This thin lens system consists of 
a section of free space of length 1 tan( / 2)d f φ=  followed 
by a thin lens of focal length  1 / sinf f φ=  followed by a 
section of free space 2 tan( / 2)d f φ= . The fractional order 
of the FRT is given by 2 / π.p φ=  When 1,p =  the FRT 
goes back to the conventional Fourier transform. In Eq. (26), 
a factor1/(i sin )fλ φ existing in front of the integral ensures 
the energy conservation after FRT transform. 

Applying Eqs. (8) and (26), we can get (after some tensor 
operation) the following relation between the cross-spectral 
density of the PCB in the FRT plane and in the input plane 

[115]:  

T 2
2

1 iπ( ) ( ) exp d
( sin )f

Γ Γ
λλ φ

∞

−∞

⎛ ⎞= −⎜ ⎟
⎝ ⎠∫ρ r R NR r  (27) 

where T T T T T T T
1 2 1 2( ) (     )= =R r ρ r r ρ ρ  is a 1 8×  

matrix, N is an 8 8×  matrix given by  

11 12

12 11

−⎛ ⎞
= ⎜ ⎟−⎝ ⎠

N N
N

N N
  (28) 

where 11 12,N N  are all 4 4×  diagonal matrices given by: 

 11
1 ,

tanf φ
⎛ ⎞

= ⎜ ⎟−⎝ ⎠

0
0
I

N
I

 12
1

sinf φ
⎛ ⎞

= ⎜ ⎟−⎝ ⎠

0
0
I

N
I

 (29) 

Eq. (27) is applicable for the FRT of any kind of PCB. If 
we substitute the cross-spectral density of GSM beam Eq. (1) 
into Eq. (27), we get  

( )
( )

( )

1
10 2

112

11
11 12 11 12

( ) det
sin

π           exp T T

G
Γ

f

i

φ

λ

−−

−−

⎡ ⎤= +⎣ ⎦

⎡ ⎤⎛ ⎞⋅ − − +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

ρ M N

ρ N N N N N ρ

  (30) 

Eq. (30) provides a convenient way for studying the proper-
ties of the GSM beam in the FRT plane. As an example, the 
intensity profiles of the GSM beams across the FRT plane 
with different transverse coherence width are shown in Fig. 4. 
The parameters used in the calculations are p = 0.8, y = 
0, 100 mm,f = 632.8 nm,λ = 0,µ = 2 1 2( ) 10 (mm) ,Iσ I− −=  
and 1 10.01 (mm) .R I− −=  When beam coherence increases, 
the peak intensity in the FRT plane also increases, and the 
beam width decreases. This means that the intensity profile 
is more concentrated for beams with higher degree of co-
herence.  

 
Fig. 4  The FRT of GSM beams. (a) 2 20.001 (mm) ,g =σ I (b) 2

g =σ  

20.0015 (mm) ,I  (c) 2 20.01 (mm) ,g =σ I  (d) 2 2(mm) .g = ∞σ I  

It is found that the condition for a paraxial system to per-
form FRT is [112]: 

1 1
11 ,− −= =N B A DB 1 1

12
− −= = −N B C DB A  (31) 
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Any optical system whose transfer matrices satisfy Eq. (31) 
can implement the FRT for PCB. 

Fractional Fourier transform for more complicated beams 
and/or systems can also be analysed using the above theory 
[116-122], and in more recent developments on coincidence 
FRT can be found in Refs. [71-75]. 

 

7  Optical resonator for producing partially coherent 
beam 
In this section, we put forward a new structure of the reso-
nator that includes a spatial-temporal phase modulations, 
which can produce partially coherent flat-topped beams. 
Figure 5 depicts a two-dimensional plane parallel resonator 
with the parameters shown in the figure. The phase profile 
on mirror 1 can be either fixed, or time-varying [123, 124].  

If the initial light in the resonators is polychromatic, spa-
tially incoherent light with a uniform intensity distribution, 
the cross-spectral density takes the form: 

(0) (0)
1 2 1 2( , ; ) ( )δ( )x x S x xΓ ν ν= −  (32) 

 
Fig. 5  Schematic diagram of two-dimension parallel plane cavity with 
phase modulation. 

where (0) ( )S ν  denotes the spectrum of the initial light and 
δ( )x  is the Dirac delta function, x1 and x2 are the spatial 
coordinates on the M1 plane. The complex degree of spectral 
coherence after completion of N round trips has the follow-
ing form: 

( )
1 2( )

1 2 ( ) ( )
1 2

( , ; )
( , ; )

( , ) ( , )

N
jN

j N N
j j

W x x
x x

S x S x

ν
µ ν

ν ν
=  (33) 

Using integral equations of the cross-spectral density 
function between the two mirrors, we can obtain the evolu-  

 

 
Fig. 6  The evolution of complex degree of spatial coherence | |µ  at the central frequency 0.ν  



160   

 

 

 
 

Fig. 7  Mode of resonators with time-varying phase modulation. 
 

tion of the spatial coherence at the central frequency of the 
initial light. When the phase profile ( )xϕ  on both mirrors 
is fixed, the cross-spectral density approaches a fixed func-
tion after sufficient number of cycles. A numerical result for 
the resonator of g-factor equal to 1.0 and the Fresnel number 
equal to 8.0 is given in Fig. 6. It clearly shows that the com-
plex degree of spatial coherence is an increasing function of 
the round trips N. The field develops from spatial incoherent 
light to PCB, and eventually to completely spatially coher-
ent at each frequency. 

In order to obtain partially coherent output beam, we can 
add a time-varying phase profile ( , )x tϕ  on mirror 1 as 
follows: 

ππ sin πδ( ) ,
( , )

0,  

q x t x a b
ax t

x a b
ϕ

⎧ ⎡ ⎤+ > −⎪ ⎢ ⎥⎪ ⎣ ⎦= ⎨
⎪ −
⎪⎩

≤
 (34) 

where δ( )t  is a random quantity between 0 and 1 changing 
with time. In this case, the cross-spectral density will not 
reach a fixed function, but fluctuate with time after each 
round trip. When ( , )x x'Γ  is averaged over a period of 
time t∆ , however, the fluctuation will disappear, and the 
averaged intensity ( )I x  will reach a smooth profile, as 
shown in Fig. 7. 

 

8  Generation of partially coherent beam experimen-
tally 
In this section, we investigate the generation of partially 
coherent beam experimentally using a special optical reso-

nator. Figure 8 is a schematic diagram of the optical resona-
tor, which can generate PCB [125]. The active medium is 
Nd:YAG rod with size 6 mm 104 mm,φ ×  which is pumped 
by two Krypton lamps working in continuous wave mode. 
M1 and M2 are two plane parallel mirrors separated by a 
distance of 510 mm. Between mirror 1 and the YAG rod, 
there is a LiNbO3 crystal which acts as a phase modulator. A 
high voltage is added on the transverse side of LiNbO3 crys-
tal to produce the phase modulation. 

 
Fig. 8  Optical resonator for generating PCB. 

  
Experimental result has confirmed that the phase- modu-

lated resonator can generate PCB. Figure 9 (a) and (b) shows 
the interference patterns formed by two beams coming out 
from Young’s double-slit without and with phase modulation 
respectively. From Fig. 9 (a), we can see a very clear inter-
ference pattern in the case of no phase modulation, which 
indicates that the output beam has high degree of coherence. 
When modulation is applied, the interference pattern be-
comes very vague [Fig. 9 (b)], which indicates that the out-
put beam has a low degree of coherence. 

The interference pattern can be simulated by GSM beam, 
as shown in Fig. 9 (c) and (d), which corresponds to with 
modulation and without phase modulation, respectively. We 
find that the simulated interference patterns account for the 
experimental patterns very well. Since the visibility of the 
interference patterns is determined by the degree of coher- 
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Fig. 9  Young’s two-slit interference patterns for laser beam produced by the setup of Fig. 8 in case of without (a) and with (b) spa-
tial-temporal phase modulation, and corresponding simulation of GSM beam without (c) and with (d) the phase modulation. 

 
ence of the beam, we can conclude from the interference 
pattern that the resonator with phase modulation can pro-
duce PCB. 

 

9  Ghost imaging with partially coherent beam 
In this section, we study the phenomena of ghost imaging 
with PCB, which has attracted wide attention and induced 
hot debates recently. Figure 10 shows the scheme for the 
ghost imaging with PCB. The PCB was split into two 
beamlets, and then propagated through path one to detector 
D1, and through path two to D2, respectively. In path one, 
between the beam splitter and D1, there is an object with 
transmision function ( ).H v  In path two, there is a lens with 
focal length f between the beam splitter and D2, and the 
distance between the source and D2 is divided into l1 and l2. 
The coincident counting rate is proportional to the fourth 
order correlation function, (2)

1 2( , ),G u u  which obeys the 
following integral formula for the PCB [65, 66],  

( ) ( ) ( ) ( ) ( )(2)
1 2 1 2 2 1

2
1 2 1 2

,  

 ( ) ( )  ( , )

G u u E u E u E u E u

I u I u u uΓ

∗ ∗=

= 〈 〉〈 〉 +
 (35) 

where 
 

1 2 1 2 1 2 
( ) ( , ) ( , ) ( ) ( ) d d , i i i i iI u h x u h x u E x E x x x

∞ ∞ ∗ ∗
−∞ −∞

〈 〉 = 〈 〉∫ ∫  
1, 2i =  (36) 

  * *
1 2 1 2 1 1 1 2 2 2 1 2  

( , ) ( ) ( ) ( , ) ( , )d du u E x E x h x u h x u x xΓ
∞ ∞

−∞ −∞
= 〈 〉∫ ∫

 (37) 

 
Fig. 10  The scheme for ghost imaging with PCB. 

 

1 1 1( , )h x u  and 2 2 2( , )h x u  are the response functions of the 
two optical paths. Here, ( )iI u〈 〉  is the average intensity at  
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Fig. 11  The ghost images of a double-slit aperture with a partially coherent beam (with fixed transverse size 2 mmIσ = ) for different 
transverse coherence width (a) 0.001 mm, (b) 0.005 mm and (c) 0.01 mm. 
 

i-th detector, and depends only on the i-th path, while 
1 2( , )u uΓ is the second-order cross correlation function at 

two different detecting points, which is related to both de-
tectors and depends on both paths. 1 2( ) ( )E x E x∗〈 〉  is the 
second-order cross correlation in the source plane. 
Both 1( )I u〈 〉 2( )I u〈 〉  and 1 2( , )u uΓ  have contribution to 
the coincident counting rates. 

We assume the light source to be partially coherent 
isotropic GSM source with second-order cross correlation 
function given by the equation 2 2

1 2 1 2( ) ( ) exp[ ( ) /E x E x x x∗〈 〉 = − +   
2 2 2

1 24 ( ) / 2 ],I gx xσ σ− − here Iσ and gσ are the transverse 
beam size and transverse coherence width of the beam, re-
spectively. By substituting the explicit expressions of 

1 1 1( , ),h x u 2 2 2( , )h x u  and 1 2( ) ( )E x E x∗〈 〉  into Eqs. (35)- 
(37), we can calculate the ghost image of the object when 

the Gaussian imaging condition 
1 1 2

1 1 1
l z l f

+ =
−

 is satis-

fied [66, 67]. As can be seen from Fig. 11, when the beam’s 
coherence increases (with a fixed spot size), the ghost image 
gradually disappears whereas the visibility increases. The 
coherence width is inversely proportional to the transverse 
size, thus the transverse size has the opposite influence on 
the visibility and quality of the image. Numerical results 
have also shown that the visibility of the ghost image is re-
lated with the complexity of the object [66]. 

In the above discussion, we have assumed the light is 
temporally coherent, so the ghost imaging is a result of a 
spatial correlation. Spatially partial coherent source with 
long coherence time can be produced from a laser beam 
passing through a rotating ground-glass. The above theo-
retical results about the ghost imaging and interference with 
incoherent and partially coherent light have been confirmed 

by experimental results of several research groups [68−70].  

 

10  Partially coherent pulse 
In this section, we extend the partially coherent beam from 
the spatial domain to the temporal domain. Partially coher-
ent pulse (PCP) refers to an optical pulse that is partially 
coherent in the temporal domain, but with infinite transverse 
spatial extension (plane wave). PCP can be modeled by us-
ing the spatial-temporal analogy. The second-order correla-
tion function 1 2 1 2( ; , )Γ τ τ ξ ξ  of any partially coherent 
pulses in second-order dispersive media satisfies [126]: 

2

1 2; 1 2 0 1 2 1 22  ( , , ) ( 1) 2i ( , ; , )

          0,    1, 2

j

jj

j

Γ τ τ ξ ξ ω Γ τ τ ξ ξ
ξτ

∂ ∂
+ −

∂∂

= =

 (38) 

The integral solution reads [126]:  
1/ 22
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where 1 1 1, ,A B D and 2 2 2, ,A B D  are the elements of tempo-
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ral ABCD matrices of the dispersive media, and 0 10( ,Γ τ  

20 10 20; , )τ ξ ξ is the initial correlation function of light pulse. 
Eq. (39) describes the propagation of the correlation func-
tion between different spatial temporal points of light pulses. 
For example, the initial correlation function for a PCP is 
given by [126]: 

2 2
10 20

0 10 20 0 2 2
0 0

2
10 20

2
0

( , ;0,0) exp exp
2 2

( )
                            exp

4 L

G
τ τ

τ τ
Γ τ τ

σ σ

τ τ
σ

⎛ ⎞ ⎛ ⎞
= − −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
⎡ ⎤−

⋅ −⎢ ⎥
⎢ ⎥⎣ ⎦

  (41) 

where G0 is a constant, 0τσ  is the initial temporal width of 
the light pulse, and 0Lσ  is the correlation width of the 
pulse, which is a quantity characterizing the coherence 
property of the light pulse. 

If the beam is both temporally and transverse spatially 
confined, a more general pulsed PCB model including all 
spatial-temporal coordinates can be adopted [127]. The 
propagations of pulsed PCB through the second-order dis-
persive media satisfy the following equation: 

2 2 2

1 1 1 1 2 2 2 22 2 2

0 1 1 1 1 2 2 2 2

( , , , ; , , , )

 ( 1) 2i ( , , , ; , , , ) 0,  1, 2

j j j

j

j

x y x y
x y

k x y x y j

Γ ξ τ ξ τ
τ

Γ ξ τ ξ τ
ξ

⎛ ⎞∂ ∂ ∂⎜ ⎟+ +
⎜ ⎟∂ ∂ ∂⎝ ⎠

∂
+ − = =

∂

           (42) 
The propagation of the correlation function between the dif-
ferent spatial-temporal points of any pulsed beam through 
second-order dispersive media can be obtained by a similar 
procedure as described above [127].  

 

11  Superluminal propagation 
By using the formula (39) given in Section 10, we can cal-
culate the propagation of PCP through a gain medium with 
the susceptibility given by:   

0 0
( )

i i
M Mχ ω

ω ω ∆ γ ω ω ∆ γ
= +

− − + − + +
 (43) 

It describes a three-level system with two closely placed 
Raman gain peaks. This medium provides a strong negative 
dispersion, which leads to the superluminal propagation 
phenomena [128-130]. 

Figure 12 depicted the propagation of the PCP passing 
through the medium. The parameters used are: 0τσ =  

1.2 ,sµ 14
0 / 2π 3.5 10ω = × Hz, / 2π 2.262M = Hz, / 2πγ =  

60.46 10× Hz, 6/ 2π 1.35 10∆ = × Hz. For high 0Lσ  (dot 
line), a peak delay of m v 62.2dt t t= − = − ns is calculated, 

here mt  and vt  are the times that the peaks appear for the 
pulses passed through the medium and through the vacuum, 
respectively. It corresponds to superluminal propagation. 
When 0Lσ  becomes sufficiently small (dashed line), the 
pulse propagation is no longer superluminal, but subluminal. 

 
Fig. 12  The temporal evolution of the pulse envelope at the exit of the 
medium. Solid line: the pulse through vacuum; Dotted line: the pulse 
through the medium for 0 2400Lσ = ns; Dashed line: the pulse through the 

medium for 0Lσ =82.4 ns. 

In Fig. 12, we plot the peak delay td as a function of the 
correlation time width 0Lσ . The relevant parameters are the 
same as in Fig. 1. It can be clearly seen that the time delay 
increases as the pulse change from almost fully coherent to 
almost incoherent. The transition from superluminal to sub-
luminal propagation happens at 0 200Lσ ≈ ns. Therefore, 
the coherence of light plays an essential role for superlu-
minal propagation in media. 

 
Fig. 13  Peak time delay dt  as a function of the correlation time 0Lσ . 

 

12  Conclusions 
We have investigated the propagation, generation and appli-
cation of a partially coherent beam in detail. We introduced 
a new tensor method to describe an astigmatic partially co-
herent GSM beam, and to study the propagation, focusing 
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and spectral shift properties of the GSM beam through par-
axial optical systems. Fractional Fourier transform was ap-
plied to a partially coherent beam based on the cross-spectral 
density with the help of the tenor method. Generation of 
partially coherent beam with special optical resonator was 
investigated both theoretically and experimentally. We have 
also applied the partially coherent beam to study the phe-
nomena of ghost imaging and superluminal propagation, and 
found that these interesting phenomena were closely related 
with the spatial and temporal coherence of light. Further 
researches on the applications of partially coherent beams in 
free-space optical communication, metrology, lithography, 
holography, etc., are expected to be carried out in the future. 
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