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A B S T R A C T

This study is devoted to amendment to some concepts related to the construction of Mohr's circles on the plane of
variables “normal and tangential components of the stress vector on the elemental area”. As the tangential
component is positive by definition (as a square root), we have to talk only about semicircles instead of Mohr's
circles. To introduce negative values, we bring in the concept of the positive direction of the shear force connected
with the projection on the first principal direction of the stress tensor. The considered approach allows us to
determine the direction of the shear force (positive/negative) relatively to the principal axes of the stress tensor
on any elemental area with known values of the principal stresses. The same approach is applied to the vector of
deformations on the elemental area. To represent the application of these two vectors on the elemental area, we
consider the work done by the forces acting (in the form of the Cauchy vector of stresses) on changes in the vector
of strains. It is also shown that this work, even in the case of elasticity, does not always lead to an unambiguous
result. It does not depend on the loading path only on octahedral elemental areas. The foregoing does not negate
the existence of the elasticity potential as a whole (non-potency on one elemental area is annulled by the same
non-potency on the other one). All this is important when, based on a set of slip areas, physical theories of
plasticity and destruction (slip theories) are constructed.
1. Introduction

When constructing theories of plasticity [1–5], theories of strength
and destruction of materials and rocks [6,7] much attention is paid to
Cauchy stress and strain vectors on elemental areas with a unit normal.
Shear and normal stresses are involved in the formulation of criteria for
plasticity and destruction of rocks [8,9]. Considering the fan of areas on
which shear stresses exceed the elastic limit in magnitude, and further,
summing up the shear stresses and their responses, various versions of
the slip theory are obtained [10].

Due to the normal shear stresses on the elemental area, the concept of
constructing Mohr's circles (semicircles), assuming that all possible stress
states are within the area limited by three Mohr's circles (semicircles),
draws attention.Why semicircles and not circles? Traditionally, the stress
vector on the elemental area is represented by the sum of the normal and
tangential components. The length of the tangent vector is calculated by
the Pythagorean formula through the hypotenuse and leg. At this point, a
square root occurs, so the value of the shear stress is assumed to be
positive. This causes that in the plane “normal stress – shear stress”
semicircles appear instead of Mohr's circles. Such a stressed state system
with semicircles was considered in Refs. [11–13]. The average value of
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shear stresses for a system with semicircles was found in Ref. [14], which
was associated with Von Mises' plasticity condition [11]. Since the pic-
ture of the stressed (strain) state is incomplete, it is necessary to study not
semicircles, but Mohr's circles. The question –when the shear stress as an
algebraic root should be considered positive in value and in which
negative – arises. And here another question comes up: what will we gain
from the analysis of the stress-strain state of the body?

2. Rule for determining the positive direction

We note that Mohr's circles are of great importance in mechanics.
They are formed in the plane of variables σn, τn, so that a half of the
circles is in half–plane τn � 0, the other half is in half– plane τn � 0 , and
here is the question: which of the vectors τ!n should be considered
positively directed with τn � 0 and for which τn � 0?

It is important, because in many works, for example [11–13], the
values are non-negative (in fact, only the upper half of Mohr's circles was
taken into account). Moreover, when calculating the center of mass, only
its upper part is considered [14–16].

Let us look at the situation with Mohr's circles again. So, we assume
pril 2023
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that in some rectangular Cartesian coordinate system xOyz the stress
tensor is in the form

Τσ ¼
0
@ σx τxy τxz

τxy σy τyz
τxz τyz σz

1
A:

For this symmetric matrix the eigenvalues σ1; σ2; σ3 and eigenvectors
are found by the known method. These vectors, when moving from axes
x; y; z to the principal axes x1; x2; x3 of the tensor Τσ , in which it has a
diagonal form, define the transformation matrix. The orts of this coor-
dinate system are denoted as e!1; e

!
2; e
!

3. It is assumed that the directions
of the orts e!1; e!2; e!3 are chosen so that the coordinate system x1Ox2x3
is right, as shown in Fig. 1.

Next, we consider arbitrary elemental areas with the normal n! and
the Cauchy stress vector p!n on it (similarly to the strain vector q!n):

p!n ¼ σ1n1 e!1 þ σ2n2 e!2 þ σ3n3 e!3; (1)

where n1; n2; n3 are direction cosines of the normal n!. Vector p!n is
decomposed into two components - the direction n! and the direction of
the tangent. Here

p!n ¼ τ!n þ σ!n: (2)

So we have σ!n ¼ σn � n!, where σn ¼ p!n � n! or

σn ¼ σ1n21 þ σ2n22 þ σ3n23; (3)

where (�) denotes the scalar product of vectors.
As for the “positive” direction for σ!n, it obviously coincides with the

direction n!. If σn > 0, then σ!n is directed by n!, otherwise σ!n has a
negative direction and opposed to n!. Now let us have a look at τ!n. If we
use a polar coordinate system to represent τ!n, then for any direction

vector l
!

connected with τ!n, the projection τ!n on l
!

will be non-
negative, equal to the length of the vector τ!n (here the polar angle
varies from 0 to 2π). But this approach may be inconvenient to describe a
vector that is opposite to τ!n (Fig. 1), because for the oppositely directed
vector, the projection must be negative (with respect to the original
vector).

For this reason, within the framework of the polar coordinate system,
it is proposed to introduce a fan of positive directions. We assume that the
fan of positive directions is determined by changing the polar angle from
0 to π. Then the area of negative or opposite directions is determined by
changing the polar angle from π to 2π. The choice of a fan of positive
directions is ambiguous. In case of Mohr's circles, the ort of the first
principal direction e!1 of the tensor Τσ helps.

Definition. We say that vectors τ!n on the elemental area with the
normal n! are positively directed if they are directed towards the
increasing coordinate in the first principal direction of the tensor and
Fig. 1. The system of the principal axes of the stress tensor Τσ and elemental
area with the normal n! affected by the Cauchy stress vector p!n.
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negatively directed if they are directed towards the decreasing coordi-
nate x1. In other words, the tangent force vectors τ!n are positively
directed if the scalar product of vectors τ!n and the unit ort of the first
principal direction of the stress tensor e!1 is positive and negatively
directed if the scalar product is τ!n � e!1 � 0.

As from (1)-(3) τ!n is equal to

τ!n ¼ p!n � σn n!;

then the scalar product of vectors τ!n and e!1 is

τ!n � e!1 ¼ p!n � e!1 � σn n!� e!1 ¼ σ1n1 � σnn1 ¼

¼ �
σ1

�
1� n12

�� σ2n22 � σ3n23
�
n1 ¼

�ðσ1 � σ2Þn22 þðσ1 � σ3Þn23
�
n1:

The latter equality means that the scalar product of vectors τ!n and
e!1 is positive on all elemental areas where n1 � 0 . That is, if the
elemental area is inclined to the axis x1 at an acute angle, then the vector
τ!n on this area, owing to σ1 � σ2 � σ3, is positively directed. For sites
where the normal vector n! and the ort e!1 form an obtuse angle (n1 < 0),
the vector τ!n is negatively directed and its projection is considered
negative.

This definition is suitable for both plane stress and plane strain state,
and when analyzing 3D stress state.

Let us consider a system of equations for finding the direction cosines
of the elemental area on which the values σn and jτnj are considered to be
given. On one hand, we have (3), on the other hand, the equation
following from definitions (1), (2) is:

σ2
n þ τ2n ¼ σ2

1n
2
1 þ σ22n

2
2 þ σ23n

2
3: (4)

Besides, it is assumed that normal n! has unit length:

n21 þ n22 þ n23 ¼ 1: (5)

From (3) - (5) we get

n21 ¼
τ2n þ ðσn � σ2Þðσn � σ3Þ

ðσ1 � σ2Þðσ1 � σ3Þ ;

n22 ¼
τ2n þ ðσn � σ3Þðσn � σ1Þ

ðσ2 � σ3Þðσ2 � σ1Þ ;

n23 ¼
τ2n þ ðσn � σ1Þðσn � σ2Þ

ðσ3 � σ1Þðσ3 � σ2Þ :

(6)

Since the left parts of these equalities are non-negative, the right ones
must be non-negative too. The non-negativity of the right part implies the
Fig. 2. The Mohr's diagram with upper half semicircles characterized by the
condition τn � 0, the lower semicircles determined by the inequality τn � 0.
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Mohr's diagram shown in Fig. 2.
Speaking about the solution (6), for the given values σn and � τn, in

general, 8 different combinations of direction cosines take place simul-
taneously: for n1 � 0 we have 4 values�n2 and�n3, similarly for n1 < 0.
These 8 areas form an octahedron. Fig. 3 shows an octahedron with areas
equally inclined to the axes x1;x2;x3, obtained from

σn ¼ σ1 þ σ2 þ σ3
3

; τn ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ21 þ σ2

2 þ σ23 �
�σ1 þ σ2 þ σ3

3

�2
r

:

If we consider the directions of the vector τ!n on faces of the octa-
hedron in the upper part, then for case σ2 ¼ σ3 ¼ 0; σ1 > 0 these di-
rections, shown in Fig. 3, form acute angles with vector e!1 (axisOx1). On
all other elemental areas with n1 < 0 (the lower part of the octahedron)
these angles are obtuse.

Based on the system analysis (6), it is clear that octahedral, in general
case, regenerate into prisms on circles passing through the points σ3;σ2;
σ3;σ1; σ2; σ1 in Fig. 2. If the circle passes through the points σ3;σ2, then
the values n21 ¼ 0 (the vertices of the octahedron located on the axis x1
Fig. 3, go to “infinity” at n1 → 0). For this case, one of the Mohr's circle
equations passing through σ3; σ2 has the view

τ2n þ
�
σn � σ2 þ σ3

2

�2
¼
�σ2 � σ3

2

�2
:

If open the brackets, we have

τ2n þ σn2 �ðσ2 þ σ3Þσn þ σ2σ3 ¼ 0:

The latter equation transforms into

τ2n þðσn � σ2Þðσn � σ3Þ¼ 0:

This equation means that the nominator for n21 in (6) turns to zero.
We have prisms with generatrixes parallel to the axis x1. The Cauchy

stress vector on their faces is set in the form p!n ¼ σ2n2 e!2 þ σ3n3 e!3 and
for it

σn ¼ σ2n22 þ σ3n23; τ
!

n � e!1 ¼ 0:

In this exceptional case, the positive direction of the vector τ!n is the
one towards the increase of coordinate x2, i.e. when τ!n � e!2 � 0 or

ðσ2 � σ3Þn23n2 � 0;
Fig. 3. Directions of the tangent components of the Cauchy stress vector.
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from where it follows that, owing to σ1 � σ2 � σ3, τn is positive on the
areas where n2 � 0 and negative where n2 < 0.

From the circles passing through the points σ3; σ1 and σ2; σ1, we get
n22 ¼ 0, n23 ¼ 0, and the condition τ!n � e!1 on them is respectively
transformed into the following expressions:

ðσ1 � σ3Þn23n1 � 0; ðσ1 � σ2Þn22n1 � 0;

that is, the determination of the positive direction of τ!n is preserved.
Depending on the value of the direction cosine n1, we have positive and
negative directions of the vector τ!n. We note that at n22 ¼ 0 the vertices
of the octahedron located on the axis x2 go to “infinity” at n2 → 0 (Fig. 3),
and at n23 ¼ 0 vertices located on the axis x3 go to “infinity” at n3 → 0.

In order to fix this position related to the determination of the posi-
tivity of direction τ!n, we introduce the basis linked to the arbitrary area
with the normal n!. In addition to n!, we introduce two more unit vectors

t!1 and t!2, orthogonal to each other and to n! .

t!1 ¼
�
1� n21

�
e!1 � n1n2 e!2 � n1n3 e!3ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n21
p ; t!2 ¼ n3 e!2 � n2 e!3ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n21
p : (7)

It is easy to check that in the sequence t!1; t
!

2; n! these vectors form
the right triple of vectors (in this case, the mixed product is þ1). We find
the projections of the stress vector p!n on these orts. Denoting them as τ1;
τ2, we get

τ1 ¼ðσ1 � σ2Þn22 þ ðσ1 � σ3Þn23ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

p n1; τ2 ¼ðσ2 � σ3Þn2n3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

p : (8)

From (8) it follows that, if n1 � 0, then τ1 is always positive and τ2 can
be both, positive (depending on the value of the product n2n3) and
negative, that is, vector τ!n as a projection of vector p!n onto a tangent

plane is always a non-obtuse angle with the ort t!1.
Let us consider two elemental areas with oppositely directed normals.

Let one normal have direction cosines α; β; γ, the other �α;�β;�γ
respectively. It follows from (7) that on the second elemental area vectors

t!1 will have the same direction, but vectors t!2 will be opposed.
As for the projections τ1 and τ2, the projection τ1 becomes negative in

the second case, but τ2 remains positive. Comparing both results, we
notice that for an oppositely directed elemental area, the vector τ!n will

have projections on the directions t!1 and t!2, determined by the di-
rection cosines α; β; γ opposite in sign. This means that values τn can be
both positive and negative.

The first principal direction and the ort e!1 along it as well as two

positively directed shear forces b
!

and c! are shown for plane deforma-
Fig. 4. Positive directions of shear forces b
!

and c! in the case of plane
deformation.
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tion in Fig. 4. Vectors a! and d
!

are in negative direction, wherein a!¼�
c! and d

! ¼ � b
!
.

Similarly, the problem for Mohr's circles in the strain space is solved.
There is a strain tensor Τε for which the principal deformations ε1; ε2; ε3
are determined. From the principal deformations, the principal axes are
found; orts e!1; e!2; e!3 are selected so that the principal axes x1; x2; x3
correspond to the right coordinate system. Next, an arbitrary elemental
area with normal n! is taken in the principal axes and the deformation
vector q!n considered on it is:

q!n ¼ ε1n1 e!1 þ ε2n2 e!2 þ ε1n1 e!3:

At the same time, the deformation vector is thought of as the vector of
relative displacements of a medium element, when its displacements,
including rotation, are rigid and fixed. This means that there are only
relative displacements of the point of the medium element that generate
its deformation. Just as for stresses, the conditions of equilibrium are
met: one boundary of the body will shift in one direction as far as the
other (opposite) boundary of the body should shift in the opposite di-
rection. We decompose the strain vector q!n into two components: the
normal to the elemental area and the tangent:

q!n ¼ εn n!þ γ!n;

where εn ¼ ε1n21 þ ε2n22 þ ε3n23. Vector γ!n is positively directed if it is
directed towards the increase of coordinate x1, that is, the scalar product
of γ!n and the ort here must be positive, the same as in stresses. If this
product is negative, then the vector γ!n is negatively directed. So γn,
being a positive or negative vector projection, may be either positive
(γn � 0) or negative (γn < 0).

It should be mentioned that two approaches to the study of the stress-
strain state are considered here: Mohr's circles for stresses and for strains.
Each of them is of paramount significance for the development of the
theory of elastic and inelastic deformation of materials.

Remarks. 1. Above the first principal direction of the stress (strain)
tensor was used as a guideline. Not only the first principal
direction but also the second and the third can be taken
as a guideline for determining the positivity of the di-
rection of the vectors τ!n. It is interesting to note that in
both cases

< listaend> τ!n � e!2 ¼
�� ðσ1 � σ2Þn21 þðσ2 � σ3Þn23

�
n2;

τ!n � e!3 ¼ � �ðσ1 � σ3Þn21 þðσ2 � σ3Þn22
�
n3:

Hence it can be seen that if the second principal direction is chosen for
reference, the positive direction of the vectors τ!n is set not only due to
the sign of the direction cosine of the normal n2, but also due to the sign
of the expression in square brackets.

In the third case, the situation is determined by the sign of the di-
rection cosine n3: if n3 is positive, then the scalar product of vectors τ!n

and e!3 turns out to be negative and vice versa – if n3 � 0, then τ!n � e!3 �
0. For these reasons, it is preferable to design vectors τ!n on ort e!1.

2. There are other formulations of the positivity of the direction of the
tangent vector proposed in the literature. For example, in Ref. [17] it
is proposed to consider the counterclockwise direction relatively to
the center of mass as the positive direction of the tangent vectors, and
the clockwise direction as the negative one. The disadvantage of these
formulations is that they are well applicable to the description of
plane deformation cases and the plane stress state of the body, but are
not applicable to the description of the 3D stress-strain state. Prob-
lems of determining the signs of shear stresses on elemental areas in
an arbitrary Cartesian coordinate system x; y; z were studied in Refs.
[18,19].
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3. Calculations of the work done by the Cauchy stress vector on
changes in the strain vector on the same elemental area for
Hooke's law

We calculate the work done by the stress vector p!n on changes in the
strain vector q!n during the transition from some fixed state (M) to
another (N). To do it, it is necessary to use the defining ratios of the
medium. Here, as an example, we use Hooke's law, which in the principal
axes of tensors Τσ and Τε has the form:

ε1 ¼ 1
E
½σ1 � νðσ2 þ σ3Þ�; ε2 ¼ 1

E
½σ2 � νðσ1 þ σ3Þ�; ε3 ¼ 1

E
½σ3 � νðσ1 þ σ2Þ�;

(9)

where E is Young's modulus of the material, ν is Poisson's ratio. If stress

vector p!n in basis t!1; t
!

2; n! had coordinates τ1; τ2; σn defined by (8),
(3), the similar coordinates for vector q!n we denote as γ1; γ2;εn. Taking
into account (9), it is easy to see that

γ1 ¼
ðε1 � ε2Þn22 þ ðε1 � ε3Þn23ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n21
p n1 ¼ τ1

2μ
; γ2 ¼

ðε2 � ε3Þn2n3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

p ¼ τ2
2μ

; (10)

where 2μ ¼ E=ð1 þ νÞ.
To express coordinates εn ¼ ε1n21 þ ε2n22 þ ε3n23 through the co-

ordinates of vector p!n, connections σ1; σ2; σ3 through τ1; τ2; σn are
needed. Based on (3), (8), we obtain

8>>>>>>>><
>>>>>>>>:

σ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

q
n1

τ1 þ σn;

σ2 ¼ � n1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

q τ1 þ n3

n2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

q τ2 þ σn;

σ3 ¼ � n1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

q τ1 � n2

n3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

q τ2 þ σn:

(11)

Substituting (11) into (9) and further into εn we have:

εn ¼ ν
E

�
3n21 � 1

�
n1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

p τ1 þ ν
E

�
n22 � n23

�
n2n3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

p τ2 þ 1� 2ν
E

σn: (12)

Calculating the work A we get

A¼
ZðNÞ

ðMÞ

p!n � d q!n ¼
ZðNÞ

ðMÞ

ðτ1dγ1 þ τ2dγ2 þ σndεnÞ: (13)

Analyzing (13), we find that

ZðNÞ

ðMÞ

τ1dγ1 ¼
ZðNÞ

ðMÞ

τ1
dτ1
2μ

¼ 1
4μ

τ21
		ðNÞ
ðMÞ;

ZðNÞ

ðMÞ

τ2dγ2 ¼
1
4μ

τ22
		ðNÞ
ðMÞ:

Based on (12), we calculate the third integral in (13), it equals to:

I3 ¼ ν
E

�
3n21 � 1

�
n1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

p
ZðNÞ

ðMÞ

σndτ1 þ ν
E

�
n22 � n23

�
n2n3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n21

p
ZðNÞ

ðMÞ

σndτ2 þ 1� 2ν
E

σ2n
2

				
ðNÞ

ðMÞ
:

(14)

Its main feature is that in order to calculate the first and second in-
tegrals, it is necessary to set integration paths or loading paths (they are
unknown, can be only guessed) in planes ðτ1;σnÞ, ðτ2;σnÞ. Depending on
the paths, the integrals can be both positive and negative, and can in-
crease in absolute value for loop-like trajectories (Fig. 5).

So, it makes no sense to attach special importance to these and similar
elemental areas with a given loading trajectory because there are areas
equally inclined to the axes x1; x2; x3 for which the coefficients for these
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integrals are zero:

3n21 � 1 ¼ 0; n22 � n23 ¼ 0:

At the same time, there is no need to set and monitor integration
paths. Then the work A is represented here by the sum

A¼ 1
2

0
@
			 τ!n

			2
2μ

þ σ2
n

K

1
A
						

ðNÞ

ðMÞ

(15)

irrespective of the integration or loading path, at that K ¼ E= ð1 � 2νÞ.
These elemental areas are determined by Hooke's law, and the basic laws
of inelastic deformation of initially isotropic media are formulated on
them [20], which do not contradict the experimental data [21].

There is one more remark concerning (14). Here n1 6¼ 0;n2 6¼ 0;n3 6¼
0. If n2 ¼ n3 ¼ 0, we have the principal area normal to ort e!1. And in
this case, based on (9), work A is

A¼
ZðNÞ

ðMÞ

σ1dε1 ¼ 1
2E

σ2
1

		ðNÞ
ðMÞ �

ν
E

ZðNÞ

ðMÞ

σ1dσ2 � ν
E

ZðNÞ

ðMÞ

σ1dσ3;

that is, again we have the situation related to the setting and tracking the
integration or loading path in planes ðσ2;σ1Þ, ðσ3;σ1Þ.

If n1 ¼ 0we get t!1 ¼ e!1, t!2 ¼ n3 e!2 � n2 e!3 and then τ1 ¼ 0, τ2 ¼
ðσ2 �σ3Þn2n3: For components γ1; γ2 of the vector q!n we have γ1 ¼ 0;
γ2 ¼ τ2=2μ. Further we find

σ2 ¼ σn þ τ2
n3
n2
; σ3 ¼ σn � τ2

n2
n3

:

Hence

εn ¼ � ν
E
σ1 þ 1� ν

E
σn þ ν

E

�
n22 � n23

�
n2n3

τ2:

Compiling A, we have

A¼
ZðNÞ

ðMÞ

p!n � d q!n ¼
1
4μ

τ22
		ðNÞ
ðMÞ �

ν
E

ZðNÞ

ðMÞ

σndσ1 þ ν
E

�
n22 � n23

�
n2n3

ZðNÞ

ðMÞ

σndτ2

þ 1� ν
E

σ2
n

2

				
ðNÞ

ðMÞ
:

Here again we have integrals that require setting and tracking the inte-
gration path in planes ðσ1;σnÞ, ðτ2;σnÞ.
Fig. 5. One of the possible platform loading path with a normal n! in the plane
ðτ1; σnÞ, leading to an infinite work value.
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Despite this apparently paradoxical result, it should be noted that,
considering all indicated works on all areas surrounding the given
element of the medium, the sum of the terms, connected with trajectories
of stress changes, is annulled here. For example, the terms with n1 > 0
(where τ1 > 0 based on (8)) will correspond to the opposite sign terms
with n1 < 0 (where τ1 < 0).

That is, the above does not contradict the fact that in the theory of
elasticity there is a potential for which the scalar product of tensors Tσ ,
dTε, denoted as ðTσ ; dTεÞ, is a complete differential and the integral of
which is an expression of type (15).

The consistency of the introduced determination of the positivity of
the direction of shear forces with those available in the literature is
shown below.

A universal approach to determining the sign in expressions for τn and
γn, associated with the first principal direction for stress or strain tensors,
is proposed in the paper. To understand the essence of the proposed
approach, let us turn to the simplest situation depicted in Fig. 6. Here we
have a rectangle OABC, along the edges of which there are shear forces
τ!yx; τ

!
xy ; τ

!
AO; τ

!
CO ( τ!AO works in the direction from point A to point O,

τ!CO– from C to O).

From Fig. 6 it is clear that τ!yx ¼ τyx i
!
, τ!xy ¼ τxy j

!
, τ!CO ¼ � τ!yx,

τ!AC ¼ � τ!xy , where τxy ¼ τyx are components of stress tensor Τσ , which
in 2D interpretation is equal to

Τσ ¼



0 τxy
τxy 0

�
: (16)

For Τσ it is possible to find the principal axes 1, 2, for which the ei-
genvalues σ1; σ2 are set by the condition:

σ1 > σ2:

Axes 1, 2 as well as orts e!1, e!2 are shown in Fig. 6. It follows from
Fig. 6, that vectors τ!yx and τ!CO are opposite in direction (the same for

τ!xy and τ!AO). Besides, τ!yx and τ!xy have positive projections on orts i
!

and j
!

(positively directed) and form sharp angles with the ort e!1 of the
first principal direction for Tσ . Vectors τ!CO, τ!AO involved in the equi-
librium of the rectangle OABC, form obtuse angles with the first principal
direction. Because of these facts, the following definition may be intro-
duced. Shear forces on the plane are considered positively directed if the
projections on the ort e!1 are positive; otherwise they are negatively
directed. In the first case τn � 0, in the second τn � 0.

The above can be used when constructing Mohr's circles on the cor-
responding diagram.
Fig. 6. The rectangle OABC in equilibrium under the applied shear forces τ!yx ;

τ!xy ; τ
!

AO; τ
!

CO.
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4. Conclusion

1. A universal rule for determining the direction of shear force (shear
deformation) on any elemental area in a deformable medium,
depending on the stress–strain state, is proposed. According to this
rule, it is required:
� First, to determine principal values for the given stress (strain)
tensors, then, the directions of the principal axes;

� Next, you need to fix the elemental area by setting its normal
vector;

� After that, on this area, the length and direction of the shear force
(shear deformation) are determined.

This result is important as it shows in which direction shear forces
(shear deformations) act on the given area. If these forces are insignifi-
cant in value, then they can be neglected. Traditionally, positive di-
rections are introduced for a discrete set of axes (coordinate axes) in the
form of orts of the coordinate system. Instead of this concept, this paper
introduces an infinite set of positive directions in the form of a field of
directions that occupies semispace in a 3D image (the other semispace is
occupied by a set of negative directions).

2. A lot of works are focused on elemental areas and values of shear
stresses and strains on them, when formulating the defining relations
of plasticity, creep, and post -limit deformation. Speaking about shear
forces, we should also speak about shifts on these areas caused by
these forces. However, in addition to shear, there are also normal
stresses and strains on the same elemental area. The paper shows that
the relationships between these values on the area should be treated
with caution, taking into account the history of loading (deforma-
tion). As the work of forces on displacements is not potential, it de-
pends on the way of measuring forces (deformations). In this respect,
octahedral or equally inclined to the principal axes of the stress and
strain tensor areas are safe.

3. This study shows that, in general, despite the fact that on some areas
(except octahedral ones) there is no potential for the work of forces
during the displacement, this effect disappears when summing up all
works on all areas surrounding this element of the medium. At the
same time, the potentiality of the work of stresses σij; εij on de-
formations in elasticity is not disturbed in any way.
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