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Abstract: This paper reports a simulation study of the two-dimensional (2D) phase structure of
high-frequency (HF) skywave wavefronts arriving at ground level after single-hop oblique iono-
spheric reflection, bounding the aperture over which a single-radius spherical wavefront model
remains consistent for distributed long-baseline ground-based HF receiver arrays. For a representa-
tive short-range link (transmitter at Beijing; ground range 419 km; 10 MHz; IRI-2020 epoch 2026-
04-14T06:00 UTC), three-dimensional IONORT ray tracing produces a dense landing-phase foot-
print fitted to a 2D second-order Taylor surface with residual below 1.5%. Two contributions to the
principal-curvature splitting are decomposed. The oblique-projection component yields a free-space
geometric astigmatic ratio determined solely by the arrival elevation, while ionospheric refraction
acts as an anisotropic cylindrical lens, compressing the longitudinal curvature radius and expand-
ing the transverse one. The phase mismatch between the simulated anisotropic wavefront and a sin-
gle-radius isotropic reference grows quadratically with aperture extent. A closed-form expression for
the aperture at which this mismatch reaches a half-power coherence-degradation threshold yields a
scale of approximately 9 km for the present configuration. These results are presented as a configu-

ration-specific case study whose analytic forms are intended to be portable.

Keywords: high-frequency (HF) skywave propagation; wavefront astigmatism; ionospheric ray trac-

ing; deterministic phase-match aperture

1 Introduction

High-frequency skywave propagation utilizes the
dynamic refractive properties of the Earth’s iono-
sphere to establish beyond-line-of-sight signal
paths, serving as the critical physical carrier for
transhorizon electronic reconnaissance, space-
weather diagnostics, and passive emitter localiza-

tion [1]. While single-site receiving architectures
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suffer from inherent resolution bounds and sus-
ceptibility to multi-path fading, deploying dis-
tributed passive ground arrays across baselines
spanning several kilometers to tens of kilometers
significantly enhances azimuthal resolution [2].
This distributed long-baseline paradigm capital-
izes on the extensive spatial diversity of the
incoming wavefield, fundamentally advancing the
geolocation precision of distant uncooperative
targets.

The lineage of far-field passive localization
has traditionally relied on direction-of-arrival,
and frequency-differ-
These
methods are anchored in the far-field plane-wave

time-difference-of-arrival,

ence-of-arrival estimation techniques [2].
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assumption, which posits a linear phase progres-
Its validity
requires the source-to-array distance to exceed
the Rayleigh distance 2D?*/\ [4]. For a typical
HF skywave scenario (A =30 m, distributed
baseline D =10 km), the Rayleigh distance

expands to approximately 6700 km, far exceed-

sion across the sensor array [3].

ing the typical ionospheric slant range of several
hundred kilometers. The distributed array there-
fore operates deeply within the near-field [5],
where the plane-wave assumption and linear
phase-steering techniques become inadequate.

To overcome the parameter coupling and
data association ambiguities inherent in tradi-
tional two-step localization frameworks, direct
position determination and passive synthetic
aperture methodologies have seen aggressive
development over the past two decades. Initi-
ated by Weiss, direct position determination
bypasses intermediate parameter extraction to
construct a spatial cost function directly from
baseband signals [6], later expanding to incorpo-
rate expectation-maximization algorithms for non-
cooperative multi-source environments [7] and
coprime array geometries for enhanced degrees of
freedom [8]. In parallel, passive synthetic aper-
ture techniques have demonstrated order-of-mag-
nitude improvements in localization accuracy by
leveraging relative platform motion [9], with
recent advances effectively mitigating range-
migration effects for linear frequency modulated
radar sources [10]. Despite these robust algorith-
mic achievements, the ultimate geolocation ceil-
ing of both direct position determination and
passive synthetic aperture architectures remains
strictly bottlenecked by the physical fidelity of
their underlying wavefront phase models.

Providing high-fidelity phase histories for
these distributed arrays requires advanced iono-
spheric ray tracing and propagation modeling.
Geometric-optics ray tracing, originally formu-
lated through the Haselgrove equations [11], has
matured into

comprehensive  computational

engines such as the IONORT software, which has
recently been updated to support 3D global elec-
tron density grids [12,13]. Concurrently, to solve
the specific boundary-value problem of emitter-to-
receiver variational point-to-point
[14,15].

methods have

targeting,
alternatives have been developed
Recently,  generalized-force
advanced these variational approaches by com-
puting the Hessian matrix of the phase-distance
functional within a 3D ray-configuration space,
enabling the precise mathematical classification
of high and low rays via eigenvalue signatures
[16,17]. It is crucial to distinguish, however, that
these Hessian-based extensions operate exclu-
sively within the configuration space for mode
identification, rather than evaluating the 2D spa-
tial phase surface at a physical receiver plane to
extract principal wavefront curvature radii.

The literature addressing near-field arrays
and high-frequency wavefront curvature exhibits
a distinct gap between deterministic spatial mod-
eling and statistical coherence analysis. Array
signal processing conventionally assumes an
isotropic quadratic phase structure governed by a
single curvature radius [18,19], while the high-fre-
quency propagation literature formalizes stochas-
tic coherence lengths due to random refractive-
index fluctuations [20,21]. However, classical
optics demonstrates that oblique incidence upon
a curved refractive boundary inevitably gener-
ates astigmatic aberrations, splitting the focal
length into distinct sagittal and tangential com-
ponents [22]. Neither the deterministic array
models nor the stochastic scintillation theories
treat the oblique skywave wavefront as a deter-
ministic 2D anisotropic curvature-tensor prob-
lem. Specifically, the joint treatment of the geo-
metric structural astigmatism induced by oblique
projection and the anisotropic refractive lens
modulation caused by along-path electron-den-
sity gradients remains unaddressed — this is the
primary focus of the present study.

This paper formalizes the oblique high-fre-
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quency (HF) sky-wave wavefront as a determinis-
tic 2D anisotropic curvature-tensor problem and
quantifies its two underlying mechanisms on a
representative single-hop oblique link. A virtual-
source unfolded geometry is constructed from the
IONORT-derived group path, and the receiver-
plane phase surface is reconstructed from a dense
ray bundle propagated through an IRI-2020 elec-
tron-density volume. Hessian-eigenvalue extrac-
tion applied separately to a free-space baseline
and to the full ionosphere-loaded simulation iso-
lates two distinct contributions: a closed-form
geometric astigmatism arising purely from
oblique projection, and an additional ionospheric
lens modulation due to electron-density gradi-
ents. A closed-form Fresnel-integral coherence
envelope is derived, yielding a deterministic
phase-match aperture L., that bounds the spa-
tial extent over which a single-radius wavefront
model remains consistent with the simulated

astigmatic wavefront.

2 System Geometry and Intrinsic

Astigmatism

2.1 Oblique Skywave Link Geometry

A right-handed coordinate frame is established
with its origin at the receiver (RX) reference
point on the ground. The longitudinal axis € is
aligned with the great-circle bearing from RX
toward the transmitter (TX); the transverse axis
7 lies in the horizontal plane orthogonal to £
and the vertical axis ¢ is the local upward nor-
mal. TX is located at 39.9°N, 116.4°E (Beijing)
and the RX reference point is placed at the land-
ing centroid of the ray bundle, approximately
36.2°N, 115.5°E, corresponding to a great-circle
separation D ~ 419 km (computed using stan-
dard spherical geometry).

For the wavefront-curvature analysis, the
curved trajectory is represented by an unfolded
straight-ray equivalent using a virtual source P
whose position is fixed by the IONORT-derived

group path P’ and the arrival elevation a.
Equivalently, P is constructed as the mirror
image of the transmitter through the receiver
tangent plane, displaced by the slant range
R,=D/cosa along the ray-arrival direction.
This construction differs from the standard
Breit-Tuve mid-point virtual height in that P is
anchored to the receiver-side endpoint of the
unfolded ray rather than to the transmitter-
receiver mid-point, and serves purely as a geo-
metric phase-source location. Denoting the one-
way group path by P’ =ct,, the corresponding
virtual point P = (&, 0, (») lies on the great-cir-
cle plane, where £, is the along-track horizontal
offset and (¢, is the vertical depth below the
receiver tangent plane. For the reference link,
(p = Dtana ~ 253 km. The slant range from P to

the origin is

R, = (€ +¢)"” (1

sina = (p/ Ry, cosa =&p /R, @)

The azimuth satisfies § = 0 by the on-great-
circle symmetry of the nominal path. The slant
range R, = D/cosa is the geometric straight-line
distance from P to the receiver origin. It differs
from the group path P’ =ct, (the integrated
optical path along the curved ray): ionospheric
refraction (n, > 1) gives P’ > R,, with the dis-

persive difference analysed in Section 3.3.

2.2 Isotropic-Spherical Reference Wavefront
Throughout this paper, the local horizontal coor-
dinates are aligned with the longitudinal-trans-
verse frame defined in Section 2.1: the z-axis
coincides with € (along the great-circle bearing
toward the transmitter) and the y-axis coincides
with % (orthogonal to € in the horizontal plane).
The monochromatic phase observed at an
arbitrary horizontal offset r = (z,y,0)" relative to
the origin, under the classical assumption of a
locally spherical wavefront emanating from P, is

_271'

Gun(r) = 5 (R(r) = R,) (3)
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where R(r) = |P —r| is the exact slant distance.
The canonical near-field expansion retains the
second-order correction under a single scalar-

radius (isotropic-spherical) assumption:

2 qin? 2
R(r) = R, —cosaz + % 4>
0

In (4), a single scalar radius R, governs the
quadratic phase in both directions; the model
admits no independent curvature parameter per
axis. This single-parameter constraint is the
structural limitation addressed in this paper.

2.3 Structural Astigmatism from Oblique Projec-
tion

The astigmatic structure of the geometrically

propagated wavefront is revealed by evaluating

the Hessian of R(r) at the origin. For P =

(€5,0,(p), direct computation yields

O’R|  sin’a FR| 1 (5)
dz* |, R, ’ oy |, R,
The effective principal curvature radii are
therefore
R
Rlong,geo = . 20 9 Rtrans,gea = RO (6)
sin“a

With R, =489 km and a ~ 31.1° (Section
3.2), Eq. (6) give

Ringeo = 1830 km, Ry oo = 489 km

ARgeo — Rlong,geo _ (7)

First,

Rigng g0 > Rine et the longitudinal curvature radius

Two properties bear emphasis.
exceeds the transverse by a factor of 3.74, a
direct consequence of oblique projection com-
pressing the apparent longitudinal curvature
(sin’a < 1) while leaving the transverse curva-
ture unchanged. Second, AR,, = 1/sin’a depends
only on «, which is fixed by the link geometry
(ground range D and equivalent virtual height) ;
it is independent of ionospheric state, frequency,
or electron-density gradient. The closed-form
1/sin’a prediction is validated against free-space
Hessian fits in Section 3.3, and the dependence of
the astigmatic ratio on arrival elevation —
together with the ionosphere-loaded values — is

presented for four benchmark links in Section 3.5.

Modula-

tion via Three-Dimensional Ray

3 Ionospheric Wavefront

Tracing

3.1 Simulation Setup

The ionospheric electron density distribution is
specified by the International Reference Iono-
sphere 2020 (IRI-2020) model [23] evaluated at
epoch 2026-04-14T06:00 UTC, corresponding to
daytime conditions over the link midpoint. A
three-dimensional grid spanning 18°-56°N lati-
tude, 70°—141°E longitude, and 1-600 km alti-
tude is precomputed at 1° x 1° horizontal and
2 km vertical resolution, and supplied as volu-
metric input to IONORT [12] (Fig. 1). Rays are
traced at 10 MHz for the ordinary (O) polariza-
tion mode, with TX at 39.9°N, 116.4°E and RX
near 36.2°N, 115.5°E, corresponding to a ground
D~419 km and
a = 31.1°. The Hamiltonian ODE system is inte-

range arrival  elevation
grated with a relative error tolerance of 5 x 10~*,
placing the typical F-layer step near 0.7 km and
keeping the accumulated phase error below the

< 1.5% level validated in Section 3.2. All rays

IRI-2020 Ne(h), 2026-04-14T06:00

600
— TX (39.9N,116.4E)
— Midpoint (38.0N,116.0E)
500 F — L1_RX (36.1N,115.6E)
Valley search band
z 400 |
=
Q
!
g
3 300 |
200 |
100 |

10° l(.)IU l(‘)11 l(.)12
Electron density Ne (m™)
Fig. 1  Vertical electron density profiles Ne(h) from IRI-
2020 at the transmitter, path midpoint, and receiver
locations for epoch 2026-04-14T06:00 UTC
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flagged as success additionally satisfy a ground-
range criterion D, > 100 km, which eliminates
transmitter-collocated truncation pseudo-rays
arising near the MUF watershed; across the four
reference links the minimum landing range is
360 km, threshold.
IONORT ray tracing indicates that the rays turn

around at approximately 122 km altitude. As the

comfortably above this

wavefront analysis of Sections 2—4 focuses on the
integrated 2D phase structure at the receiving
plane, it remains independent of which specific
ionospheric layer produces the reflection; the cur-
vature extraction procedure applies to the actual
simulated propagation regardless of turning

height.
3.2 2D Wavefront Surface Reconstruction and
Hessian Matrix Extraction

Wavefront reconstruction proceeds by launching
a dense ray bundle over a 51 x 61 elevation—
azimuth grid (elevation 26.88°-36.88° at 0.2°
step; azimuth 187.43°-193.43° at 0.1° step) . Of 3111
launched rays, 2748 satisfy the success criterion
and terminate on the horizontal sampling plane
within an irregular footprint of approximately
65 x 130 km centred on the L1 reference point.
The accumulated propagation phase ®(x,,y,.) is
recorded at each landing point and fitted to a 2D

second-order Taylor expansion:

O(z,y) = Po+ge.x+9,y+ %stf +H,,xy+ %Hyygf

€y
with six coefficients determined by least-squares
regression over the 2748 scattered landing posi-
tions. The symmetric phase-Hessian

H=( 7 o (9)
( Hwy Hyy >

is diagonalized to align the principal axes with I3
and 7). The two principal curvature radii are

27/ 27 /A
H R = o

@ vy

R]ong = (10)

Themaximum pointwiseresidualacrossall2 748
landing points is less than 1.5%, confirming that

the second-order Taylor model captures the dom-

inant curvature structure with negligible trunca-
tion error.

The 2748 landing points form a non-uni-
form spatial density (denser near the centroid).
A bootstrap test (1000 draws, 80% subsampling)
gives 95% confidence interval half-widths of
0.25% and 0.66% for the longitudinal and trans-
verse curvature radii, with AR,, varying under
1%. The fit is therefore robust to the non-uni-
form sampling, owing to the smoothness of the
quadratic phase surface and the heavily overde-
termined regression (six parameters on 2748
points) .

The Hessian fit is performed only on the 2748
successfully landed rays. The reconstructed phase

surface and fit overlay are shown in Fig. 2.

3.3 Anisotropic Ionospheric Lens Effect

The Hessian extraction is applied separately to a
geometry-only baseline (ionosphere disabled) and
to the full IONORT simulation at 10 MHz, O
mode. For the geometry-only baseline, the same
Taylor-fit pipeline recovers R = 1750 km and
Ry o =475 km, deviating by 4.4% and 2.9%
respectively from the analytic predictions of (6)
(1830 km and 489 km). The fitted astigmatic
ratio AR} = 3.69 differs from the theoretical 3.74
by 1.5%. These small discrepancies reflect the
finite, irregular sampling of the landing footprint
and the tangent-plane coordinate projection used
identically for the ionosphere-loaded case, con-
firming that the pipeline recovers the closed-form
geometry to within a few percent.

Ionospheric refraction modifies both princi-
pal radii in opposite senses. The longitudinal
radius is compressed t0 Rim = 1388 km (a
20.7% reduction), reflecting convergence driven
by the
through the reflection region. The transverse
radius is expanded to Ry = 537 km (a 13.0%
increase), reflecting weak transverse divergence

along-path electron-density gradient

from the cross-path gradient. The ionospheric
astigmatic ratio is AR,,, = 2.59.
Along the longitudinal (great-circle) direc-

tion, the along-path electron-density gradient
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L1—f=10 MHz, landing centroid (36.211°N, 115.529°E), AR=2.59
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Fig. 2 Wavefront reconstruction on the L1 receiving plane: (a) ray-traced phase ®(z,yx) at the L1 landing points (mean removed);

(b) Hessian-fit quadratic component evaluated on a smooth mesh, with principal axes marked

produces gradient-index refraction that bends
rays convergently toward the ground plane,
equivalent to a converging cylindrical lens whose
focal power is set by the along-path N. gradient.
Along the transverse direction, the cross-path
gradient is both weaker and directed outward,
producing mild divergence equivalent to a weakly
diverging lens. The combined action reduces AR
from 3.74 to 2.59: the ionosphere partially miti-
gates the intrinsic geometric astigmatism, but the
structural factor 1/sina persists regardless of
ionospheric state.

Dispersive medium response and positioning
implications. The IRI-2020+IONORT pipeline
inherently models the ionosphere as a dispersive
magnetised plasma. In the HF band, the Apple-
relation  [24] n, <1 and
n, = d(wn,)/dw > 1. Integrated along the ray tra-

ton—-Hartree gives

jectory I,
P = Lng ds > Lds > Ln,, ds=9o,, D

with strict inequalities holding if and only if
On, /0w # 0. Across the 2748 successfully landed
rays, (P —®,,)~24.33 km (peak 31.13 km).
Analysis of the most central ray (Section 3.2,
selection criterion: smallest centroid distance)
dispersive difference

shows the cumulative

[(n, —n,)ds = 23.9 km, corresponding to a group

delay of 0.080 ms. This localization has practical
implications for HF positioning: the group path
exceeding the phase path by tens of kilometers
implies that time-of-arrival and phase-based
ranging yield systematically different apparent
distances, and the concentration of dispersive
delay in a ~ 15 km turning-layer slab suggests
that correction models need only capture the
electron-density structure of this compact alti-
tude range rather than the full profile. The
anisotropic  curvature modulation extracted
above therefore rests upon an explicitly disper-

sive refractive-index field.

3.4 Cross-Link Generalisation

The full pipeline is re-applied to three additional
oblique links a€1[6.7°,31.1°] and
f €[10,18] MHz, with ground distances D from
419 km to 1414 km, sharing the common epoch

spanning

and O-mode single-hop regime. The L3 carrier
f =18 MHz lies well above f,F2~9 MHz but
safely within the oblique MUF: at o = 6.74° the
secant-law obliquity factor sec¢, ~ 3.4 yields a
single-hop MUF on the order of 30 MHz, consis-
tent with the 1281 successful rays returned by
IONORT. At ground ranges exceeding approxi-
mately 1000 km (L2, L3), the tangent-plane
Hessian includes a parasitic quadratic contribu-

tion from Earth curvature, introducing a system-
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atic bias in the extracted R,,. not de-embed-
ded here. This bias arises from the departure of
the local tangent plane from the spherical Earth:
for Rz =~ 6371 km, the tangent-plane approxima-
tion introduces a quadratic term ~ D?/(2R;) in
the apparent longitudinal curvature, negligible at
L1 (< 0.3%) but reaching several percent at L3.
De-embedding this contribution requires a spheri-
cal-coordinate Hessian formulation, left for future
work. The benchmark is summarised in Tab. 1
and visualised in Fig. 3 and Fig. 4.

Three observations emerge. First, the geo-
metric astigmatic ratio follows 1/sin’« across the
full elevation sweep, with Taylor-fit values within
14% of the closed-form limit even at the most
(e =6.74°, AR™ =59.9

grazing link o
1/sin®> @ = 72.6). Second, ionospheric refraction

versus
consistently reduces AR, with the reduction
growing monotonically at lower elevation: from
30% at a ~31° (3.74 — 2.59) to 48% at a ~ 6.7°
(59.9 — 31.3), reflecting the longer along-path
residence within the stratified electron-density
gradient at grazing incidence. Third, even at the
lowest elevation AR,, remains bounded away
from unity by more than an order of magnitude,
confirming that 2D astigmatism rather than
isotropic sphericity is the dominant wavefront

geometry.

4 Phase Mismatch Budget and Deter-

ministic Phase-Match Aperture

4.1 Residual Phase

Isotropic-Spherical Reference

Mismatch Against an

The true wavefront phase is encoded by H,

whose principal curvatures are 1/Rgm and
1/Ryuns.ion- A radio-measurement model adopting
the isotropic-spherical reference (4) with scalar

radius R, incurs a residual phase mismatch.

Defining the degenerate reference Hessian
H,, = (2r/\R,) I, the mismatch is
1
A (r) :57“T(His0 — H)r =
f xr? i — 1 +
)\ Ro Rlong,iono ( 12)

(7w
y RO Rtmns,iono

where R, =489 km is adopted as the reference

radius. Along the longitudinal cut (y =0),

1 1
A¢long(x) = ;xﬂ (R - R ) (13)
0 long, iono

and along the transverse cut (z =0),

T (1 1
Aw"ans(y)zxy (R_R. v ) 14)

At equal offset,

Aty 1/489 — 1/1388
= =+-——"1"——=73 U
Aty 1/489 — 1/537

l2I=lyl
reflecting an 899 km longitudinal underestimate
of the curvature radius by the isotropic reference
versus only a 48 km transverse underestimate.

The mismatch profiles are shown in Fig. 5.

4.2 Derivation of the Deterministic Phase-Match
Aperture L,

The spatial scale over which the isotropic refer-

ence remains consistent with the true astigmatic

wavefront is bounded by accumulation of the

quadratic mismatch. Consider the longitudinal

direction (the dominant mismatch); the trans-

verse case follows by substituting R....om-

Tab. 1 Four-link benchmark of geometric and ionospheric astigmatism, and deterministic phase-match aperture

Link  f (MHz) D (km) & () Ry (km) ARG, AR, ARine gl (gn)  LL (km)
L1 10 419 31.13 489 3.74 3.69 2.59 8.87 24.00
LL5 10 637 19.84 677 8.69 8.39 717 9.00 30.47
L2 12 1163 7.01 1172 67.20 5184 11.21 10.50 27.64
L3 18 1414 6.74 1424 7258 59.92 31.32 9.21 23.08

All links share UTC 2026-04-14T06:00, O-mode, single-hop oblique link. AR® =1/ sin? a; ARft  from free-space Taylor fit; ARjono

from IRI-2020+IONORT. Ll‘u/hl are 3-dB coherence lengths.

260 geo
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Fig. 3

Fig. 4
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Astigmatic ratio versus arrival elevation: closed-form

prediction (solid curve), geometric Hessian fits (open
squares), and ionosphere-loaded values (filled circles)

for the four benchmark links

Define the longitudinal curvature mismatch
A2 1/Ry —1/Ry,im- Operating in a phase-domi-
nant regime — the spatial amplitude variations of
the ray-ensemble wavefront across the local sam-
pling window are small compared with the
quadratic phase mismatch at the aperture scales
considered here — the normalised aperture-inte-

grated coherence amplitude across [—L/2, L/2] is

L/2

1 .
G(L) = ¢ UWWWM’" dz (16)

Introducing the dimensionless half-aperture

t(L) = (L/2)\/2|A]/A, (16) evaluates to a nor-

Astigmatic phase bowls across the four-link benchmark (unified spatial axes; 2nd-order quadratic component only)
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Second-order astigmatic phase bowls for the four oblique links of Tab. 1 (white and cyan double arrows mark the longitudinal

and transverse principal axes):(a)L1: ground range = 419 km;(b) L1.5: ground range = 637 km;(c) L2: ground range = 1 163

km;(d) L3: ground range = 1414 km
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Phase mismatch and coherence envelope analysis for the L1 link: (a) quadratic phase mismatch profile: along longitudinal and

transverse cuts of the L1 link, with the m/2 half-power scale marked; (b) Fresnel-integral coherence envelope G(L); 1/v/2

intercepts define Lycﬁf

malized Fresnel integral. The deterministic phase-
match aperture L., is defined as the smallest
sampling extent at which the isotropic reference
departs from the true wavefront by half-power
(£L=3 dB, G =1/A/2). Evaluating the Fresnel
integral yields the universal dimensionless thresh-

old t,4 ~ 1.32, giving

[ A [ A
L., =2t —— = 1864, — amn

coh 3dB 2|A| |A|
Substituting A =30 m and |A]=]1/489—

1/1388/km™" = 1.324 x 10~°*m~"' yields
L., = 8.87 km (18

The transverse coherence length, obtained
by substituting Ry = 537 km, is L wus = 24.0
km. The factor-of-2.7 ratio between the two
directional coherence lengths mirrors the factor-of-
7.3 disparity in quadratic phase accumulation
(15), inverted by the square-root in (17). These
two scales define the anisotropic validity enve-
lope of a single-radius wavefront description for
the analysed link.
4.3 Cross-Link Consistency of the Longitudinal

Aperture Bound
Re-applying (17) to the four-link benchmark
yields the values in Tab. 1. Across the four links,
8.87-10.50 km
9.40 km, spread +£9%) despite AR, spanning a

L! ~ remains within (mean
12x dynamic range. Inspection of (17) explains

this: as elevation decreases, R im ZrOWS super-

linearly, so |A| asymptotically approaches 1/R,
alone, and the \/\/JA[ scaling absorbs the resid-
exhibits
a wider spread (23.1-30.5 km), reflecting weaker

ual variation. The transverse bound LZ,
curvature modulation. Within the limits of this
study, the four-link consistency suggests L!, may
serve as an order-of-magnitude reference for sub-

aperture sizing.

5 Implications for Distributed Long-

Baseline HF Passive Localization

The deterministic phase-match aperture L,
characterises the spatial scale over which a single-
radius isotropic-spherical steering model remains
internally consistent with the simulated 2D astig-
matic wavefront. This section translates that
scale into theoretical bounds relevant to dis-
tributed long-baseline HF receiver arrays. The
estimates below are order-of-magnitude conse-
quences of the present wavefront model, not

absolute predictions of fielded system accuracy.
5.1 Local Direction-of-Arrival Disagreement

A distributed coherent aperture composed of sub-
aperture nodes samples the arriving wavefront at
different offsets. A sub-aperture at longitudinal
offset L/2 from the origin samples a local phase
gradient that, under the isotropic model, yields a
local wavefront normal differing from the true
astigmatic one. Differentiating (13) gives the

local gradient, which maps to an elevation-DOA
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disagreement

- AL

5 (19

da(L)

L=1L! =887 km gives
da = 0.34°. The transverse counterpart, with
Riweie and Lt =240 km, gives 08~ 0.12°.

Below these bounds the disagreement decreases

Evaluating at

linearly with L; above them the quadratic phase
residual exceeds the 7/2 threshold and the linear-
tilt approximation ceases to hold. Within a sin-
gle sub-aperture, the same quadratic mismatch
produces wavefront defocus (main-lobe broaden-
ing) rather than a DOA bias. Fig. 6 plots da(L)
and 03(L) with the aperture bounds marked.

— ba (longitudinal/elevation)
Lob=" 60 (transverse/azimuth) ‘
' : L4,=24.00 km
081 ©L1,=8.87 km
g 00r
B : :
<C H H
@) 04 r . 240
= 3 (8.87,0.34°)
02 ° :
(24.0, oizﬂ)ﬂ>__p B
. g ~ 1 1 )
0.0 5 10 15 20 25 30

Sub-aperture length L (km)

Fig. 6  Theoretical local DOA disagreement under the single-
spherical-wave steering model: longitudinal/elevation
da (solid) and transverse/azimuth 63 (dashed) versus
sub-aperture offset expressed as total span L, derived
from (19) (vertical dashed lines mark L‘C‘oh = 8.87 km
and Lé(‘)h = 24.0 km)

5.2 Ground-Localization Bias

For a single-station skywave geometry, the
ground range D = (,/tana and its sensitivity to
elevation-DOA error is |0D/d«| = ¢p/ sin® a. Sub-
stituting (, ~253 km and a=31.1°
|0D/0a| = 947 km/rad. The resulting range-

direction displacement at the longitudinal aper-

yields

ture bound is

SD(L]

coh

) ~ 5.5km (20)

The transverse DOA disagreement maps to a
cross-range displacement through the great-circle
distance: 6D, ~ D g, giving D, (L%)~1 km.

coh

These estimates are order-of-magnitude theoreti-
cal extrapolations consistent with the present

wavefront model.

5.3 Indications for Distributed Array Design

The longitudinal aperture bound L!, ~ 8.87 km
marks the scale beyond which an isotropic-spheri-
cal steering vector incurs more than -3 dB
coherent-integration penalty against the true 2D
astigmatic wavefront. Within a single coherent
sub-aperture, longitudinal extents on the order of
I

coh

(kilometers) may serve as a useful sizing ref-
erence; the transverse extent is bounded by
LL

coh

~ 24.0 km. Coherent processing across sub-
apertures separated by baselines exceeding L/,
would require steering vectors that explicitly
encode the 2D anisotropic near-field phase char-
acterised in Section 3 — parameterised jointly by
longitudinal and transverse principal-curvature
radii — together with accommodation of the geo-
metric Jacobian |0D/0«|. It is important to note
that L., derived here is a deterministic bound
based on the smooth TRI-2020 mean ionosphere;
in practice, traveling ionospheric disturbances
(TIDs) and small-scale scintillation will further
degrade spatial coherence at scales smaller than
L., so the present bound should be interpreted
as the model's upper limit of systematic wave-
front error rather than the coherence floor of the
physical channel. It should also be noted that the
wavefront analysis developed here characterises
the arriving field with respect to the virtual
source P; relating this virtual-source location to
the physical transmitter coordinates involves the
inverse ionospheric ray-tracing problem and is
deferred to subsequent work. A complete treat-
ment of such anisotropic steering vectors and
associated algorithms lies outside the descriptive

scope of this paper and is left as future work.

6 Conclusion

This paper reported a simulation study of the
two-dimensional astigmatic phase structure of
HF skywave wavefronts on a short single-hop

oblique link (transmitter at Beijing, ground
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range D =419 km, 10 MHz, O mode, IRI-
2020 epoch 2026-04-14T06:00 UTC), separating
geometric and ionospheric contributions through
IONORT 3D ray tracing and 2D Hessian extrac-
tion with fit residual below 1.5%.

Within the scope of this study, three find-
ings are reported. First, pure oblique geometry
produces an astigmatic ratio AR,, =3.74, gov-
erned by the

AR,,, = 1/sin® o, independent of ionospheric state.

arrival  elevation through
Second, ionospheric refraction is consistent with
an anisotropic cylindrical lens: longitudinal con-
vergence of 20.7% and transverse divergence of
13.0% reshape the ratio to AR, = 2.59. The
associated phase mismatch against an isotropic-
spherical reference exceeds the half-power thresh-
old at a deterministic phase-match aperture
L., = 887 km. Extending the analysis to four
oblique links («a € [6.7°,31.1°], f € [10,18] MHz)
AR,
within 14% and L!, remaining within 9.440.9
km. Third, the present simulation suggests that

shows tracking the 1/sin’a prediction

this ~ 10 km longitudinal aperture scale may
serve as a useful sub-aperture sizing reference for
distributed long-baseline HF
coherent integration within a single sub-aperture

of longitudinal extent < L!, can proceed under

receiver arrays:

an isotropic-spherical steering model without
exceeding the -3 dB
threshold.

Extension to other diurnal/seasonal condi-

coherence-degradation

tions, geographic regions, geomagnetic distur-

bance levels, and propagation modes is left as

future work.
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