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a b s t r a c t

The diffusivity equation is a partial differential equation (PDE) which can be used for fluid flow modeling
in porous media. Determining reservoir parameters from pressure data (i.e., pressure transient analysis)
is one of the most important steps in the process of field development. This initial evaluation can be used
to make decisions about future developments. Wireline Formation Testing (WFT) is one of the most
popular techniques for parameter estimation and has received significant attention in recent years. The
main problem plaguing WFT is a phenomenon known as the “supercharging effect,” which essentially
refers to mud invasion, and this, in turn, alters pressure distribution across the system.

In this study, an analytical solution for fluid flow modeling in spherical coordinates with non-uniform
initial pressure is presented. This new procedure takes into account the effect of mud invasion, or, in
other words, the supercharging effect. The accuracy of this derivation was validated using previous semi-
analytical solutions (the Laplace method) in addition to field data. New type curves and dimensionless
parameters, which can be used for pressure transient analysis, are also proposed. This procedure is
applied to the WFT data that was obtained from an oil field in the south of Iran, and an excellent
agreement (less than 10% error) was observed. In addition, there is considerable uncertainty regarding
the radius of investigation for spherical flow. This is important as this parameter greatly affects the
applicability of WFT. The analytical derivation of this study was used to determine a reasonable value for
this parameter as well.

© 2020 Southwest Petroleum University. Publishing services by Elsevier B.V. on behalf of KeAi
Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

During drilling of an underground formation, mud pressure is
usually greater than initial formation pressure (overbalanced dril-
ling). Mud cakes usually contain leakage, meaning that drilling
fluids penetrate into the reservoir. This invasion causes pressure
increment near the wellbore. Drilling fluid pressure is generally
higher than formation pressure, and this flow from the well to the
reservoir increases reservoir pressure [1]. Accordingly, the pressure

recorded by bottom hole sensors does not represent the true for-
mation pressure. Moreover, the initial pressure of an invaded
reservoir is not constant. Locations far from the wellbore remain
untouched, and the pressure of these sections equals the formation
pressure. On the contrary, pressure increment due to invasion is
more severe near the wellbore. In this regard, different invasion
models have been proposed to investigate pressure distribution
across the system [2,3].

To determine reservoir parameters using pressure transient
analysis (PTA), information pertaining to the area near the well-
bore carries greater importance than locations further from the
wellbore. Obviously, an inaccurate estimate of initial pressure
leads to inaccurate reservoir parameter calculations. To this end,
several remedial actions have been proposed to overcome these
challenges [4]. Well stimulation techniques can be deemed an
effective approach to eliminate the impact of invasion during
drilling. The stimulation process removes the invaded particles,

* Corresponding author.
E-mail address: m_sharifi@aut.ac.ir (M. Sharifi).
Peer review under responsibility of Southwest Petroleum University.

Production and Hosting by Elsevier on behalf of KeAi

Contents lists available at ScienceDirect

Petroleum

journal homepage: www.keaipubl ishing.com/en/ journals /pet lm

https://doi.org/10.1016/j.petlm.2020.10.006
2405-6561/© 2020 Southwest Petroleum University. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Petroleum 7 (2021) 303e313

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:m_sharifi@aut.ac.ir
http://crossmark.crossref.org/dialog/?doi=10.1016/j.petlm.2020.10.006&domain=pdf
www.sciencedirect.com/science/journal/24056561
www.keaipublishing.com/en/journals/petlm
https://doi.org/10.1016/j.petlm.2020.10.006
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.petlm.2020.10.006
https://doi.org/10.1016/j.petlm.2020.10.006


opening a path for reservoir fluid to move from the reservoir to the
well. As was previously mentioned, the pressure that is obtained
from an invaded reservoir can be misleading. In practice, con-
ducting pre-tests is necessary in order to achieve reliable initial
reservoir pressure results using well test analysis. During these
pre-tests, drilling fluids that penetrate the formation are pro-
duced. Therefore, as time passes, the effect of mud invasion is
mitigated.

Running expensive and time-consumingwell tests are no longer
economically viable [5,6]. Novel strategies have been proposed to
reduce the total costs of field development. Formation testing is one
such technique that has received significant attention in recent
years. The primary objective of formation testing is the determi-
nation of initial reservoir pressure. It can also be used to calculate
certain reservoir parameters [7e9]. In comparison with conven-
tional well testing, formation testing operates on a much smaller
scale. The volume that is produced during formation testing is less
than one barrel, meaning that it only takes a few minutes, whereas
conventional well testing lasts several hours or even days. Another
benefit of formation testing is that during this process, pressure is
recorded using down-hole instruments. As such, the recorded
pressure is the initial formation pressure. The main problem
involved in formation testing is a phenomenon known as the
supercharging effect. This effect is the result of mud invasion, and is
more noticeable in reservoirs with low permeability [1]. To over-
come these challenges, the invasion process before the test must be
accounted for.

Various analytical and numerical solutions for fluid flow
modeling assuming spherical flow have been proposed. Gringarten
et al. and Al-Rbeawi [10,11] proposed an analytical solution
consideringwellbore storage and skin factor to determine new type
curves. These type curves were derived for early time region and
transient flow. Kuchuk [12] improved the previous study and pro-
posed a generalized transient solution assuming different types of
wellbore storage. A high accuracy numerical scheme was devel-
oped by Proett and Chin [2] to simulate mud invasion into the
reservoir. The results of the mentioned study can be used to correct
the measured false pressure to actual formation pressure. After this
numerical study, Proett and Chin proposed an analytical solution
for spherical flow modeling assuming wellbore storage and skin
factor [13]. Their results can be used for parameter estimation of
WFT data. Another analytical solution for pressure transient anal-
ysis considering partial penetration (i.e., spherical flow) was pre-
sented by Theuveny et al. [14]. In all of these studies, initial
reservoir pressure was assumed to be constant. This assumption is
not applicable to invaded reservoirs.

There are several studies covering spherical fluid flowmodeling
in porous media using analytical approaches. However, none of
them considered non-uniform initial pressure due tomud invasion.
This study proposed a generalized analytical solution not only can
be applied to conventional reservoirs without mud invasion but
also can be used for invaded reservoirs. In this study, the impact of
mud invasion on virgin reservoirs was studied. The concept of
initial pressure increment due to mud invasion was statistically
accounted for. Moreover, the diffusivity equation for spherical flow
involving mud invasion was solved analytically. This equation was
solved assuming a constant rate and constant pressure for the inner
boundary, while the outer one was assumed to have constant
pressure. The methodology and analytical derivations are pre-
sented in Section 2. The results of these derivations are discussed in
Section 3. The accuracy of the developed solutions is compared
with the semi-analytical solution and field data in Section 4. The
radius of investigation is studied in Section 5. Finally, a conclusion is
presented in Section 6.

2. Methodology

Fluid flow equations were derived assuming both constant rate
and constant Bottom Hole Pressure (BHP) for the inner boundary
condition. The outer boundary condition was assumed to have
constant pressure. As was previously mentioned, the initial pres-
sure should be assumed as a function of radius. This function rep-
resents themud invasion toward the formation. Different equations
for mud filtration have been proposed. Proett and Chin [2] pre-
sented steady-state filtration based on Darcy's equation. Wu et al.
[3] improved on the single-phasemodel and proposed an analytical
solution accounting for mud cake growth. Mud invasion is a radial
flow from the well toward the reservoir. The governing equations
for fluid flow modeling in porous media have been presented by
authors i.e. Tarek Ahmed, George Stewart, and John Lee [15e17].

Pðr; tÞ¼ Pi þ 70:6
qm
kh

Ei

��9484mctr2

kt

�
(1)

For illustration purposes, a synthetic case was conducted, with
the relevant data being presented in Table 1. Fig. 1 plots the pres-
sure versus radius for two different filtration rates. It is evident that
the case with a higher filtration rate demonstrated higher pressure.
Based on this equation and other equations that have been pro-
posed by researchers, it can be concluded that there is a negative
exponential correlation between pressure and radius.

For simplification, the following equation is proposed in this
study for mud propagation toward the formation. This exponential
function captures the physics of the problem since it is similar to
the analytical solution. This exponential behavior has been
observed experimentally and numerically [18,19].

f ðrÞ ¼ Pi þ ae�cr

or
f ðrDÞ ¼ Pi þ ae�crD

(2)

Alpha [pa] is a constant value related to the invasion magnitude.
This parameter summarizes all relevant parameters that are listed
in Table 1. C is a curve fitting parameter that is proposed to reduce

Table 1
Synthetic case data to illustrate invasion.

Parameter Magnitude

Filtration Rate (q) 0.0015 and 0.003 (m3/s)
Time (t) 172,800 (s)
Thickness (h) 20 (m)
Porosity (4) 0.1
Viscosity (m) 0.001 (kg/m.s)
Total compressibility (Ct) 1.7E-9 (1/pa)
Permeability (k) 1E-14 (m2)
Formation Pressure (Pf) 2.75E7 (pa) or 4000 (psi)

Fig. 1. Invasion model based on Ei solution.
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the error involved in this simplification. For the sake of comparison,
two cases were assumed with the same initial pressure (4000psi)
and two different alpha values. In Fig. 2, the effect of mud invasion
on pressure profile is depicted. The invasion magnitude parameter
(a) refers to the pressure difference between the reservoir pressure
and mud pressure. This phenomenon was quantified using this
parameter. Apart from the invasion magnitude, the propagation of
this pressure difference within the reservoir (i.e., invasion depth) is
another phenomenon that should be quantified in the equations.

Obviously, this propagation is dependent on reservoir properties,
including permeability, compressibility, porosity, etc. This curve
fitting parameter (C) lumps these properties together. Physical
descriptions are also provided for these proposed parameters. It is
safe to say two criteria should be assigned to each mud invasion
process. We need to know how severe the invasion is (in terms of
pressure increment due to invasion) and the depth of the invasion
(in terms of the radius far fromwellbore affected by invasion). The
parameter alpha, which its unit is similar to pressure, is named

Fig. 2. The impacts of mud invasion on pressure profile (a) based on the exponential invasion model (a) invaded reservoir (b) virgin reservoir.
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invasion magnitude. A sketch map is also included in Fig. 2 to
demonstrate mud invasion for two cases: an invaded reservoir, and
a virgin one. In Fig. 2(a), it can be observed that mud invasion can
alter the uniform pressure profile of the reservoir.

Comparing the results of Fig. 1 with Fig. 2 illustrates that
assuming an exponential function for mud filtration makes sense.
Therefore, in mathematical modeling, this exponential function
was implemented for the initial pressure profile of the reservoir.

2.1. Constant rate solution

The general formulation of the spherical flow based on conser-
vation of mass is as follows [16]. The following assumptions are also
utilized for analytical derivation:

� Homogeneous reservoir
� Isotropic reservoir
� Slightly compressible fluid
� Finite reservoir
� Nonlinear initial pressure due to mud invasion

1
r2

v

vr

�
r2
vP
vr

�
¼4mct

k
vP
vt

(3)

Or

v2P
vr2

þ2
r
vP
vr

¼ 1
h

vP
vt

r is between rp and re (4)

Boundary Conditions (BC) and the Initial Condition (IC) are:

vP
vr

����
rp
¼ qm

k
�
4pr2p

�

Pðre; tÞ ¼ Pi

Pðr; t ¼ 0Þ ¼ f ðrÞ

(5)

In this equation, the initial condition expresses that pressure is
not constant at the initial time, and it is a function of the radius. This
concept clearly illustrates the impact of mud invasion on pressure
distribution. To convert this equation into a dimensionless one, the
following dimensionless parameters are presented:

rD ¼ r
rp

tD ¼ kt

m4ctr2p

PD ¼ 4pkrp
mq

ðPi � PÞ

(6)

Substituting these parameters yields

v2PD
vr2D

þ 2
rD

vPD
vrD

¼ vPD
vtD

(7)

vPD
vrD

����
rD¼1

¼ �1

PDðr ¼ rDeÞ ¼ 0

PDðrD; tD ¼ 0Þ ¼ 4pkrp
mq

ðPi � f ðrDÞ Þ

(8)

To linearize the above equation, the following transformation
was implemented.

wDðrD; tDÞ¼ rDPDðrD; tDÞ (9)

Using this transformation yields

v2wD

vr2D
¼ vwD

vtD
(10)

vwD

vrD

����
rD¼1

�wDðrD ¼ 1; tDÞ ¼ �1

wDðrDe; tDÞ ¼ 0

wDðrD; tD ¼ 0Þ ¼ rD
4pkrp
mq

ðPi � f ðrDÞ Þ

(11)

Separation of variable method was implemented:

wDðrD; tDÞ¼wD;ssðrDÞ þwD;ussðrD; tDÞ (12)

For the steady-state part

v2wD;ssðrDÞ
vr2D

¼ 0

wD;ssðrDÞ ¼ ArD þ B

(13)

Boundary conditions for steady-state section are:

vwD;ss

vrD

����
rD¼1

�wD;ssðrD ¼ 1Þ ¼ �1wD;ssðrDeÞ ¼ 0 (14)

Applying these equations yields

wssðrDÞ¼1� rD
rDe

(15)

The following equation is the unsteady state section

v2wD;ussðrD; tDÞ
vr2D

¼ vwD;ussðrD; tDÞ
vtD

(16)

vwD;uss

vrD

����
rD¼1

�wD;ussðrD ¼ 1; tDÞ ¼ 0

wD;ussðrDe; tDÞ ¼ 0

wD;ussðrD; tD ¼ 0Þ ¼ wDðrD; tD ¼ 0Þ �wD;ssðrDÞ

wD;ussðrD; tD ¼ 0Þ ¼ rD
4pkrp
mq

ðPi � f ðrDÞ Þ �
�
1� rD

rDe

�

(17)

Using separation of variable method.

wD;ussðrD; tDÞ¼RðrDÞTðtDÞ (18)

1
R
v2R
vr2D

¼ 1
T

vT
vtD

¼ �l2 (19)

These two Ordinary Differential Equations (ODE) can be solved
easily

TðtDÞ¼C1e
l
2tD (20)
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RðrDÞ¼C2 cosðlrDÞ þ C3 sinðlrDÞ (21)

Boundary conditions are used to determine the unknown pa-
rameters. Using the first boundary condition yields

wD;ussðrDe; tDÞ ¼ 0/RðrDeÞ ¼ 0

C3 ¼ �C2
cosðlrDeÞ
sinðlrDeÞ

(22)

Substituting this equation yields

RðrDÞ¼
C2

sinðlrDeÞ
ðsinðlrDeÞcosðlrDÞ� cosðlrDeÞsinðlrDÞÞ (23)

Defining new parameter C4

C4 ¼
C2

sinðlÞ (24)

The final format of RðrDÞis.

RðrDÞ ¼ C4 sinðlðrDe � rDÞÞ
R0ðrDÞ ¼ �C4l cosðlðrDe � rDÞÞ (25)

Using the first boundary condition yields:

R
0 ðrD ¼ 1Þ � RðrD ¼ 1Þ ¼ 0
R

0 ðrD ¼ 1Þ ¼ RðrD ¼ 1Þ
tan½lðrDe � 1Þ � ¼ �l

(26)

The method that has been implemented to determine this
parameter was explained in Appendix A.

The final solution of wD;ussðrD; tDÞis

wD;ussðrD; tDÞ ¼ RðrDÞTðtDÞ ¼
X∞

n¼0

Cn sinðlnðrDe � rDÞÞe�l
2
ntD

wD;ussðrD; tD ¼ 0Þ ¼ rD
4pkrp
mq

ðPi � f ðrDÞÞ �
�
1� rD

rDe

�

(27)

The initial condition can be used to calculate Cn

wD;ussðrD; tD ¼0Þ¼ rD
4pkrp
mq

ðPi � f ðrDÞÞ �
�
1� rD

rDe

�

¼
X∞

n¼0

Cn sinðlnðrDe � rDÞÞ (28)

Multiplying by
ZrDe

rD¼1

sinðlmðrDe� rDÞÞdrD

Cn ¼

ðrDe

rD¼1

�
rD
4pkrp
mq

ðPi � f ðrDÞÞ �
�
1� rD

rDe

��
sinðlnðrDe � rDÞÞdrD

ðrDe

rD¼1

sin 2ðlnðrDe � rDÞÞdrD

(29)

The final solution of wDðrD; tDÞis:

wDðrD; tDÞ¼1� rD
rDe

þ
X∞

n¼0

Cn sinðlnðrDe � rDÞÞe�l
2
ntD (30)

To determine PDðrD; tDÞ, we need to transform back

PDðrD; tDÞ ¼
wDðrD; tDÞ

rD

PDðrD; tDÞ ¼
1
rD

� 1
rDe

þ
X∞

n¼0

Cn
sinðlnðrDe � rDÞÞ

rD
e�l

2
ntD

(31)

2.2. Constant Bottom Hole Pressure (BHP) solution

The general formulation of the spherical flow based on conser-
vation of mass is given as follows [16]:

1
r2

v

vr

�
r2
vP
vr

�
¼4mct

k
vP
vt

(32)

Or

v2P
vr2

þ2
r
vP
vr

¼ 1
h

vP
vt

r is between rp and re (33)

B:C#1
P
	
r ¼ rp; t


 ¼ Pw

B:C#2
Pðr ¼ re; tÞ ¼ Pi

I:C
Pðr; t ¼ 0Þ ¼ f ðrÞ

(34)

To convert this equation into a dimensionless one, these
dimensionless parameters were presented. It should be noted that
for constant pressure cases, it is common to use dimensionless rate
instead of dimensionless pressure for Rate Transient Analysis (RTA)
[20]. This dimensionless pressure is utilized to demonstrate the
pressure profile across the system.

rD ¼ r
rp

tD ¼ kt

m4ctr2p

PD ¼ Pi � P
Pi � Pw

(35)

To solve this Partial Differential Equation (PDE), the procedure
that was mentioned in the previous section was utilized. The final
solution is:

PDðrD; tDÞ¼
1

rDðrDe � 1Þ ðrDe � rDÞ þ
X∞

n¼0

Cn
sinðlnð1� rDÞÞ

rD
e�l

2
ntD

(36)

Cn ¼

ðrDe

rD¼1

�
rD
ðPi � f ðrDÞÞ
Pi � Pw

� 1
rDe � 1

ðrDe � rDÞ
�
sinðlnð1� rDÞÞdrD

ðrDe

rD¼1

sin 2ðlnð1� rDÞÞdrD

(37)
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3. Results and discussion

3.1. Results of constant BHP solution

First, the derived equation was applied to a virgin reservoir
without mud invasion (Fig. 3). Accordingly, the conventional initial
condition should be used for this case.

Pðr; t¼0Þ¼ Pi/f ðrÞ ¼ Pi (38)

The concepts of the proposed dimensionless parameters are
required to analyze this figure. These parameters are presented
below.

rD ¼ r
rp

tD ¼ kt

m4ctr2p

PD ¼ Pi � P
Pi � Pw

(39)

A zero value for dimensionless pressure means the pressure
equaled the initial pressure. Negative values of dimensionless pres-
sure indicate that the pressure was greater than the initial pressure.

In the following figure, the results of the invaded reservoir are
depicted. The exponential equation for invasion was implemented,
and a new dimensionless parameter represented by x is proposed.
There is an inverse relationship between x and a (invasion magni-
tude). Therefore, a decline in x denotes that the invasion process
was more severe.

f ðrDÞ ¼ Pi þ ae�rD

x ¼ Pi � Pw
a

(40)

As evidenced by Fig. 4, near wellbore locations experienced
greater pressure increment; by contrast, those further from the
wellbore remained untouched. In Fig. 5, the production data from
an invaded reservoir is analyzed.

Fig. 5 clearly illustrates the impact of mud invasion on the
production data. This figure demonstrates that the impact of mud
invasionwas present early on (e.g., tD ¼ 1) and that locations with a
negative PD had pressure, which was greater than the initial pres-
sure. As time passed, this effect disappeared completely. Fig. 6
provides a comparison of the production from a virgin reservoir
with that of an invaded one. The invaded reservoir had a smaller
value of PD at the same rD, indicating greater pressure in compar-
ison with the virgin reservoir.

3.2. Results of constant rate solution

The same procedure discussed abovewas also applied to a virgin
reservoir. In Fig. 7, the pressure was equal to the initial pressure at
tD ¼ 0. As time passed, the pressure dropped. Accordingly, the
dimensionless pressure value rose.

Fig. 8 illustrates an invasion which occurred before production.
Again, an exponential equation for invasionwas utilized, giving rise
to a new dimensionless parameter in the form of b. An increase in b
indicates that the invasion process was more severe.

f ðrDÞ ¼ Pi þ ae�rD

b ¼ 4pkrp
mq

a
(41)

Fig. 4. Dimensionless pressure at initial condition of an invaded reservoir (constant
BHP).

Fig. 5. Dimensionless pressure versus dimensionless radius for an invaded reservoir
(constant BHP, x ¼ 0.5).

Fig. 3. Dimensionless pressure versus dimensionless radius for a virgin reservoir
(constant BHP solution without invasion).

Fig. 6. Comparison between invaded and virgin reservoir at tD ¼ 1 (constant BHP,
x ¼ 0.5).
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Production from an invaded reservoir enjoying a constant rate is
depicted in Fig. 9. Negative values of dimensionless pressure mean
the pressure was greater than the initial pressure. As time passed,
the dimensionless pressure became increasingly positive and, in
turn, the effect of invasion disappeared.

In Fig. 10, a comparison between an invaded reservoir and a
virgin one is depicted. The invaded reservoir has greater pressure
than the virgin one.

The effects of mud invasion on pressure derivatives and
dimensionless pressure drop plots are presented in Fig. 11. When
b¼ 0, the reservoir had not yet been invaded (i.e., it was still a virgin
reservoir). As b increased, the invasion process became more pro-
nounced. It should be noted that the spherical derivative concept

( dp

d

�
1ffi
t

p

� ) was implemented. The initial pressure of this synthetic

reservoir was 4000 Psi.

Based on derivative plots, it seems that mud invasion moves
derivative plots upward, which can lead to false interpretation. As
evidenced by Fig. 11, the virgin reservoir has a zero slope derivate
plot. On the contrary, invaded reservoirs do not have flat derivate

Fig. 7. Dimensionless pressure versus dimensionless radius for a virgin reservoir
(constant rate without invasion).

Fig. 8. Dimensionless pressure at initial condition of an invaded reservoir.

Fig. 9. Dimensionless pressure versus dimensionless radius for an invaded reservoir
with b ¼ 5 (constant rate).

Fig. 10. Comparison between invaded and virgin reservoir at tD ¼ 1.

Fig. 11. Impact of mud invasion on (a) pressure drop plots (b) dimensionless pressure
drop plots (c) derivative plots.
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plots due to mud invasion. These figures demonstrate that the ef-
fect of mud invasion on pressure profile disappears over time.
These type curves can be used to estimate the magnitude of mud
invasion and reservoir parameters.

4. Verification

4.1. Using laplace solution

To validate the derivation presented in Section 2, the constant
rate case was solved using the Laplace method, a method proposed
in the literature andwhose accuracy has been verified [21e24]. This
solution was applied to a virgin reservoir where the initial pressure
was not a function of radius.

v2PD
vr2D

þ 2
rD

vPD
vrD

¼ vPD
vtD

wDðrD; tDÞ¼ rDPDðrD; tDÞ (42)

Using the above transformation yields:

v2wD

vr2D
¼ vwD

vtD
(43)

vwD

vrD

����
rD¼1

�wDðrD ¼ 1; tDÞ ¼ �1

wDðrDe; tDÞ ¼ 0

wDðrD; tD ¼ 0Þ ¼ 0

(44)

Transforming this equation from the time domain into the
Laplace domain yields:

v2wD

vr2D
� swD ¼ 0 (45)

vwD

vrD

������
rD¼1

�wDðrD ¼ 1; sÞ ¼ �1
s

wDðrDe; sÞ ¼ 0

(46)

The general solution of this ODE is:

wDðrD; sÞ ¼ C1e
� ffiffi

s
p

rD þ C2e
ffiffi
s

p
rD (47)

Rearranging the second boundary conditions into the ODE
yields:

C1e
� ffiffi

s
p

rDe ¼ �C2e
ffiffi
s

p
rDe

C1 ¼ �C2e
2

ffiffi
s

p
rDe

(48)

Then

wDðrD; sÞ¼C2
h
e

ffiffi
s

p
rD � e

ffiffi
s

p ð2rDe�rDÞ
i

(49)

To use the first boundary condition, the following equation is
required:

vwD

vrD

������
rD¼1

¼ C2
ffiffi
s

p h
e

ffiffi
s

p
þ e

ffiffi
s

p ð2rDe�1Þ
i

wD

ð1; sÞ ¼ C2
h
e

ffiffi
s

p
� e

ffiffi
s

p ð2rDe�1Þ
i

(50)

Combining the above equations yields:

vwD

vrD

������
rD¼1

�wDðrD ¼ 1; sÞ ¼ �1
s

C2
h ffiffi

s
p

e
ffiffi
s

p
þ ffiffi

s
p

e
ffiffi
s

p ð2rDe�1Þ � e
ffiffi
s

p
þ e

ffiffi
s

p ð2rDe�1Þ
i
¼ �1

s

C2 ¼ � 1

s
h ffiffi

s
p

e
ffiffi
s

p
þ ffiffi
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(51)

Now the general solution is:
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(52)

This problem was solved in the Laplace domain. The Stehfest
algorithm [25] was implemented to revert to the time domain. To
verify the accuracy of the proposed analytical solution, the results
of the analytical solutionwere compared with the previous Laplace
transformed solution. Fig. 12 indicates that there was an excellent
agreement between these two solutions. It should be noted that
these equations were plotted at the wellbore (i.e.rD ¼ 1 ) assuming
an infinite-acting reservoir (i.e. rDe/∞).

4.2. Field data

In this section, the new equations and reservoir characterization
procedure were used to analyze the WFT data that was obtained
from an oil field in the south of Iran. Oil-BasedMud (OBM) has been
used to drill this formation. The accuracy of these equations was
verified using the previously published method; only this time this
methodology was used to analyze an actual field case.

Awell-servicing company conducted wireline formation tests in
this field, and the interpretation of this data demonstrated that the
supercharging effect was observable at some points. In this section,

Fig. 12. PD versus tD for a virgin reservoir (Analytical and Laplace transformed
solution).
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the objective is to determinewhether the proposedmethodology is
applicable to real-world scenarios. To this end, a test with the
supercharging effect present was carried out. Relevant information
about this well can be found in Fig. 13.

At this point (True Vertical Depth ¼ 3680.5 m), four successive
drawdown and build-up tests were conducted. The first test was
selected in Fig. 13 to be analyzed. As can be seen, the supercharging
phenomenon affected the first three tests as in comparisonwith test
4, the first three cases had higher pressure due to mud invasion.
Based on the detailed pressure plot in Fig. 13, the build-down phe-
nomenon was observed during the build-up test, another signature
characteristic of the supercharging effect. In Fig. 14, the drawdown
period of test 1 is comparedwith the analytical solution of this study.

Fig. 14 demonstrated that there is an acceptable agreement
between the formulation presented in this study and field data.
Least squares error function was used to quantitatively indicate the
agreement between field data and the analytical solution, and less
than 10% error was determined. What this means is that although
previously proposed solutions are not able to analyze supercharged
data, this new solution can be used to investigate problems of this
type. The reservoir parameters are presented in Table 2. Invasion

magnitude (a) and curve fitting parameter (C) have been deter-
mined with a simple automatic solver using a standard regression
method.

In this paragraph, we will present our simple reservoir charac-
terization procedure again. An invaded reservoir initial pressure
profile is P (r, t ¼ 0) ¼ f (kh, m, , Ct, qinvasion, tinvasion). We have
assumed another exponential equation with only two parameters
which is P (r, t ¼ 0) ¼ f (a, C). It is proved that this exponential
assumption can capture the reservoir initial pressure profile. We
have solved the nonlinear PDE, and an analytical solution was
proposed. After that, a simple automatic solver using standard
regression method was used to match reservoir field data with the
analytical solution (manual trial and error could be used too). Now
themagnitude of a and C are known, we can transfer back from f (a,
C) to f (kh, m, , Ct, qinvasion, tinvasion).

5. Radius of investigation for spherical flow

One of the most important parameters affecting the applica-
bility of wireline formation testing is its radius of investigation.
Understanding what portion of a reservoir can be captured using
this method is of significant importance. It was previously
mentioned that wireline formation tests are conducted on a small
scale. In this section, an analysis of the radius of investigation for
spherical flow is presented as it provides a guide for future test
design. For radial flows, a formulation has been proposed in the
literature for the radius of investigation [17]:

rinv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m

kt
m4ct

s

wherem is a constant value, and k refers to reservoir permeability.
4Represents reservoir porosity. mand Ct are viscosity and forma-
tion compressibility, respectively. This definition demonstrates
that the radius of investigation depends on reservoir parameters.
However, this definition is not applicable to wireline formation
testing with a spherical flow. In the conducted test, the flow
reached a steady state condition early on [8,12] (Figs. 13 and 14).
Therefore, the radius of the sphere into which the flow converged
could not propagate any further. It should be noted that this
steady state definition is different from the conventional defini-
tion that indicates reservoir boundaries. Therefore, a pseudo-
steady state definition can be used. Schlumberger [26] proposed
a formulation for the radius of investigation in a spherical flow
(rinv ¼ 20rp). This equation demonstrates that the radius of
investigation is not dependent on reservoir characteristics. In this
section, the analytical equation that was presented in this study is
used to propose an analytical derivation for the radius of inves-
tigation in a spherical flow. The radius of investigation for a
spherical flow corresponds to the radius of a sphere within which
a large percentage (i.e., 98%) of the pressure drop occurs [8,26]. In
the following figure, dimensionless pressure versus dimensionless
radius is depicted.

Fig. 15 demonstrates that the pressure drop cannot propagate to
locations further than rD ¼ 30. Therefore, the following equation is
proposed for the radius of investigation:

20rp < rinv <40rp

There is a good agreement between this equation and that
proposed by Schlumberger [26]. It is evident that the radius of
investigation is not significantly dependent on the reservoir
characteristics.

Fig. 14. Comparison between this study's formulation and conventional methods (field
data application).

Fig. 13. Reported field data

Table 2
Reservoir parameters (Field data).

Parameter Magnitude

Formation Pressure (Pf) 6500 (Psi)
Production Rate (q) 0.3 (cc/sec)
Mobility (k/m) 25 (md/cp)
Probe Radius (Rp) 0.02 (m)
Porosity (4) 0.2
Total Compressibility (Ct) 2.1E-5 (1/Psi)
Invasion Magnitude (a) 450 (Psi)
Curve Fitting Parameter (C) 0.1
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6. Conclusions

In this study, a novel analytical solution for spherical flow
modeling in a reservoir with non-uniform initial pressure was
presented. Different type curves and dimensionless parameters
were proposed that can be used for pressure transient analysis
(PTA), and parameter estimation from wireline formation testing
(WFT) data. This new solution considers the impact of the super-
charging effect, a phenomenon which has been neglected in pre-
vious studies in this field of research. The results of this solution
were compared with previously validated numerical solutions, and
field data obtained from an oil field in the south of Iran, and an
excellent agreement was observed. In addition, the radius of
investigation for a spherical flow was investigated using the
analytical solution proposed in this study, and a range for this
parameter was proposed. This parameter significantly affects the
applicability of wireline formation testing (WFT).
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Nomenclature

Ct Total compressibility
Cn series coefficient
k Formation permeability
P Pressure
t Time
w variable transform parameter
rp probe radius
re reservoir external radius
r spherical coordinate
C curve fitting parameter
q production rate

Greek
l Eigen value
4 reservoir porosity
a mud invasion magnitude
m viscosity

Subscript
w wellbore
D Dimensionless
i initial
ss steady state
uss unsteady state

Abbreviation
BHP Bottom Hole Pressure
ODE Ordinary Differential Equation
OBM Oil-Based Mud
BC Boundary Condition
IC Initial Condition
PDE Partial Differential Equation

Appendix A

Calculating roots of the following equation

tan½lðrDe �1Þ�þ l ¼ 0

In this equation, l is unknown. To find the roots of this equation,
the Newton-Raphson method was implemented. In the following
table, the first five roots of this equation for different rDevalues are
presented.
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