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Abstract:  Efficiently  performing high-resolution direction of  arrival (DOA)  estimation under  low

signal-to-noise  ratio (SNR)  conditions has  always  been  a  challenge  task  in  the  literatures.  Obvi-

ously, in order to address this problem, the key is how to mine or reveal as much DOA related in-

formation as possible from the degraded array outputs. However, it is certain that there is no per-

fect solution for low SNR DOA estimation designed in the way of winner-takes-all. Therefore, this

paper proposes to explore in depth the complementary DOA related information that exists in spa-

tial spectrums  acquired  by  different  basic  DOA  estimators.  Specifically,  these  basic  spatial   spec-

trums are employed as the input of multi-source information fusion model. And the multi-source in-

formation fusion model is composed of three heterogeneous meta learning machines, namely neural

networks (NN),  support  vector  machine (SVM),  and random forests (RF).  The  final  meta-spec-

trum can  be  obtained  by  performing  a  final  decision-making  method.  Experimental  results   illus-

trate that the proposed information fusion based DOA estimation method can really make full use

of the complementary information in the spatial spectrums obtained by different basic DOA estim-

ators. Even under low SNR conditions, promising DOA estimation performance can be achieved.
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1    Introduction

Direction  of  arrival  (DOA)  estimation  in  array

signal processing  has  been  one  of  the  most   im-

portant  issues  in  various  fields,  such  as  radar

[1−3],  sonar [4−8],  speech recognition [9−11], wire-

less  sensor  networks  [12,13],  etc.  In  order  to

achieve the  objective  of  accurate  DOA   estima-

tion, many  famous  high-resolution  DOA  estima-

tion methods  have  been  proposed  in  the   literat-

ures. In general, DOA estimation methods can be

divided  into  beamforming  based  [14−16],  sub-

space  based  [17−19],  maximum  likelihood  based

[20−22],  sparse  representation  based  [23−25],  and

machine learning based [26−29] ones according to

their theoretical nature. However, when the SNR

of array output is lower than a certain threshold,

the performance  of  these  classical  DOA   estima-

tion methods will always be severely degraded.

In  order  to  deal  with  this  problem,  several

special designed low SNR DOA estimation meth-

ods have  been  proposed  in  the  literatures.   Ac-

cording to the stage at which improvement meth-

ods are  implemented,  these  methods  can  be   di-
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vided  into  three  categories:  1)  data-level  meth-

ods  [30−32]  that  focus  to  the  quality  of  the  raw

data;  2)  model-level  methods  [33−35]  that  focus

to  the  model  for  constructing  spatial  spectrum;

and  3)  decision-level  methods  [36−39]  that  pay

more  attention  to  the  post-understanding  of  the

output  spatial  spectrum(s).  Specifically,  for  the

data-level  methods,  the  raw  data  is  filtered  or

transformed into  a  more  informative   representa-

tion.  For  example,  [30] proposed  to  employ   em-

pirical  mode  decomposition  (EMD)  to  denoise

the array output data, and then MUltiple SIgnal

Classification  (MUSIC)  method  is  applied  to

construct  the  EMD-enhanced  spatial  spectrum.

[31]  proposed a novel  enhanced DOA estimation

method by using multi-resolution wavelet analys-

is of the raw array output data. In [32], a special

designed deep  autoencoder  was  used  to   recover-

ing  the  desired  covariance  matrix  of  the  array

output  data.  For  the  model-level  methods,  new

tools or enhanced conventional methods are con-

structed by considering the low SNR conditions.

For  example,  [33] employed  RBF  neural   net-

works for  building  the  non-linear  mapping   rela-

tionship between the noisy array output and the

desired DOAs. [34] designed a two-stage DOA es-

timation method from coarse to fine by introdu-

cing a received signal calibration method using a

priori  information  acquired  from  the  obtained

coarse DOA related information. [35] proposed to

use angular power gradient technique to convert

the outputs of a group of analog beam-precoders

into a novel spatial spectrum to acquire the final

DOAs.  For  the  decision-level  methods,  spatial

spectrums acquired by several different DOA es-

timators are employed as the information sources

to make the final decision of DOAs. For example,

Dr. Gershman A.B. [36,37] proposed to make full

use of information that arises when several DOA

estimators  are  calculated  simultaneously,  he

called  these  are  joint  estimation  strategy  (JES)

based DOA estimation methods. Inspired by the

JES strategy, Volodymyr V. I.[38,39] proposed to

address  the  DOA  estimation  task  by  analyzing

the  rooted  beamspace  estimator  bank,  and  the

rooted eigenstructure  estimator  bank,   respect-

ively. In  fact,  there  are  three  hidden  basic   as-

sumptions should be satisfied to make these low

SNR  DOA  estimation  methods  effective:  1)

There  are  enough  DOA  related  information  in

the raw array  output  data,  and it  can be  meas-

ured  by  specific  methods;  2)  Different  methods

proposed from different views can reveal this  in-

formation in different depth and breadth; 3) The

information revealed by different methods is com-

plementary.  Obviously,  data-level  methods  are

conducted  to  improve  the  representation  ability

or mining difficulty of the DOA related informa-

tion.  However,  in  the  data-level  methods,  while

suppressing noise information through filtering or

transformation  operation  (especially with   inap-

propriate  hyper-parameters,  such  as  the

threshold  used  in  Wavelet  analysis)  to  the  raw

array data, the target DOAs related information

will inevitably  be  interfered.  Model-level   meth-

ods are conducted to enhance the mining capabil-

ity  of  the  hidden  DOA  related  information.

However, in the model-level methods, in order to

address the  weak  information  extraction   prob-

lem under  low  SNR conditions,  complex  decom-

position or optimization models should be elabor-

ately  constructed.  Therefore,  the  corresponding

computational  complexity  is  always  too  high  to

be  practically  applied.  Furthermore,  data-level

methods and  model-level  methods  are  both   pro-

posed  in  a  winner-takes-all  manner.  Therefore,

they cannot  make  full  use  of  complementary   in-

formation  from  different  DOA  estimators.  For

the  decision-level  method,  the  performance  of

JES  based  methods  have  shown  that  the  DOA

related information can indeed be revealed more

thoroughly by exploiting complementary informa-

tion  from  different  DOA  estimators.  However,

there  are  two  shortcomings  existing  in  the  JES

based  decision-level  methods:  1)  The basic   as-

sumption used in JES is that the responds for in-

formation about all  the target DOAs can be de-

tected from the peaks (or peak regions) of basic
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spatial  spectrum.  This  assumption  may  not  be

satisfied, especially  under  the  low  SNR   condi-

tions. It will be seen in the experimental section.

2) The employed DOA estimator banks are com-

posed of  estimators  of  a  given  model  with   ran-

domly  generated  different  parameters.  In  this

way, the  complementary  DOA  related   informa-

tion  in  the  estimators  of  different  mathematical

models cannot be used. Based on the above con-

siderations, in this paper, a multi-source informa-

tion meta fusion based decision-level DOA estim-

ation method was proposed.  Specifically,  Minim-

um  Variance  Distortionless  Response  (MVDR)

[14], Stochastic Maximum Likelihood (SML) [40],

Deterministic Maximum Likelihood (DML) [41] ,

MUSIC[17],  Signal  Subspace  scaled  MUSIC(SS-

MUSIC)[19], and G-MUSIC[42] methods are em-

ployed as  information  sources  to  provide   suffi-

cient  DOA  related  complementary  information.

Then,  NN,  SVM,  and  RF  are  used  as  meta

learners  to  construct  three  different  meta-spec-

trums.  Finally,  the  obtained meta-spectrums are

fused to make a final decision on the spatial spec-

trum  for  DOA  estimation.  In  general,  the  main

contributions of this paper are summarized as fol-

lows.

1)  Similar  to  the  JES  based  decision  level

methods, the fact  that  there  is  enough DOA re-

lated information in different spatial spectrums is

verified again.  But  it  is  found  that  this   comple-

mentary information does not certainly appear in

the  peaks  (or  peak  regions)  of  a  certain  spatial

spectrum, it is actually reflected in the interrela-

tionship between the obtained spatial spectrums.

2)  A meta-learning  based  multi-source   in-

formation fusion module is proposed to mine the

complementary  DOA  related  information  in  the

obtained  spatial  spectrums.  The  employed  three

classical  meta  learners  can  further  reveal  the

DOA related information from different perspect-

ives.  And  the  corresponding  learned  meta-spec-

trums can finally be used to the target DOAs ro-

bustly.

The diagram of the proposed method is illus-

trated in Fig. 1.  Specifically,  the first  layer is  to

employ multiple  basic  DOA  estimators  to   ac-

quire  spatial  spectra  with  complementary  DOA

related  information.  Then,  in  the  second  layer,

the obtained spatial spectra of training data were

used as the training data of the subsequent meta-

learners (e.g.,  NN, SVM, and RF). And the ob-

tained  spatial  spectra  of  testing  data  were  used

as the inputs of the learned meta-learners to ob-

tain  meta-knowledge  that  is  easier  to  reveal  the

DOA related  information.  Finally,  the  DOA   re-

lated information can be finally obtained by per-

forming  the  decision  making  and  peak  searching

(DOA extraction) process.
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Fig. 1    Diagram of the proposed DOA estimation method
 

The rest of this paper is organized as follows.

The problem of DOA estimation with array out-

puts were  formulated  in  Section  2.  The   imple-

mentation details  of  the  proposed  DOA   estima-

tion method/framework based on multi-source in-

formation  meta  fusion  is  given  in  Section  3.  In

Section  4,  several  experiments  were  conducted,

and the performance of the proposed method was

Yun Wu et al.  /  Effective DOA Estimation Under Low Signal-to-Noise Ratio Based on Multi-Source Information ...

—  379  —



compared  with  several  state-of-the-art  methods.

Finally, some remarkable conclusions were drawn

in Section 5. 

2    DOA Estimation Problem Formu-

lation

θ = {θ1, θ2, · · · , θK}
M (M > K)

Ns

Without loss of generality, we assume that there

are K  narrowband  far-field  signals  from  distinct

directions    with  equal  power

impinge  onto  an  array  with    omni-

directional sensors.   snapshots of the array out-

put were collected, and they are corrupted by ad-

ditive  circular  complex  white  Gaussian  noise.

Therefore, the array output can be formulated as

y (t) =

K∑
i=1

a (θi) sk (t)+n (t) , t = 1, 2, · · · , Ns（1）

y (t) = [y1 (t) ,y2 (t) , · · · ,yM (t)]
T

s (t) = [s1 (t) , s2 (t) , · · · ,
sK (t)]

T

n (t)

σ2I a (θi)

where   is the array

output  vector  at  time  t; 

  is  the  amplitude  vector  of  the  impinging

signals;    is  the  corresponding  independent

white Gaussian  noise  with  zero  mean  and   vari-

ance  matrix  ,    is  the  steering  vector  of

the ith DOA for the given array geometry, which

can be formulated as

a (θi) = [ejωcτi,1 , ejωcτi,2 , · · · , ejωcτi,M ]
T

（2）

ωc

τi,j

where    is  the  center  angular  frequency  of  the

impinging  signals;    is the  time  delay   associ-

ated with the jth sensor and ith impinging signal.

With the above definitions, the matrix form

of (1) is

Y = A (θ)S +N （3）

where

A (θ) = [a (θ1) ,a (θ2) , · · · ,a (θK)]

Y = [y1, · · · ,yM ]
T
∣∣
yi={yi(t)}

t=1,2,··· ,Ns
,i=1,2,··· ,M

S = [s1, · · · , sK ]
T
∣∣
si={si(t)}

t=1,2,··· ,Ns
,i=1,2,··· ,K

N = [n1, · · · ,nM ]
T
∣∣
ni={ni(t)}

t=1,2,··· ,Ns
,i=1,2,··· ,M

Using the formulated array model of (3), the

DOA estimation method can therefore be formu-

lated as the following inverse problem

θ∗ = f (Y ,A (θ) ,S,N) （4）

θ = {θ| θ ∈ [−π/2, π/2]}
or the following optimization problem with solu-

tion space being 

θ∗ = argmin
θ={θi∈[−π/2,π/2]}K

i=1

(Y −A (θ)S) ∼ N (0, σ2I)

（5）
 

3    DOA Estimation Method Based on

Multi-Source  Information  Meta

Fusion
 

3.1    Multi-Source  Information  Meta  Fusion
Framework

In human cognition system, for a complex envir-

onment, the final cognition is always achieved by

multi-level information fusion or integration of ac-

tively  perceived  multi-source  information[43−45].

And the perceived information includes low level

information  such  as  visual,  auditory,  olfactory,

and  tactile,  as  well  as  high  level  experience,

knowledges,  beliefs,  rules,  etc.  Under  the  low

SNR conditions, the DOA estimation task is ob-

viously a complex problem. Therefore, in order to

address this problem, the best way to conform to

human  cognitive  process  is  to  fuse  or  integrate

the information acquired by multiple basic “per-

ception” methods. Therefore, the low SNR DOA

estimation problem  can  be  implemented   accord-

ing  to  the  multi-source  information  meta  fusion

framework illustrated in Fig. 2.

In Fig. 2, the first layer of the framework is

to select effective representation agents to trans-

form  the  raw  array  outputs  into  forms  that  is

easier to reveal the DOA related information us-

ing the  subsequent  DOA  estimation  agents.  Us-

ing these  effective  representations,  the   corres-

ponding DOA  estimation  techniques  were   em-

ployed  in  the  second  layer  to  obtain  multiple

complementary  spatial  spectra.  Then,  in  the

third layer, the obtained spatial spectra were en-
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hanced or encoded to improve the representation

ability  of  the  DOA related  information.  Finally,

the  enhanced  spatial  spectra  were  analyzed  by

the  meta  learners  in  the  fourth  layer  to  extract

the  corresponding  meta  knowledge  for  making

the final decision about the desired DOA related

spatial  spectrum.  Specifically,  in  this  paper,  the

third layer were not included. It means that the

obtained  spatial  spectra  were  directly  employed

as inputs of the meta learners of the fourth layer.
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Spatial spectrum
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Experiences, kowledges, beliefs, rules, expectations, and etc.

Environments

Meta-data
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Representation
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Representation
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DOA estimation

agent q

Meta-data

agent 1

Meta-data

agent 2

Meta-data

agent 3

Meta-data

agent p

Meta-learning

agent 1

Meta-learning

agent 2

Meta-learning

agent 3

Meta-learning

agent n

Decision

making

Meta-data
representation

Bottom-up processing

Top-down processing

Fig. 2    Multi-source information meta fusion framework for DOA estimation under low SNR conditions
 

For  the  representation  layer,  the  consensus

knowledge in  the  literatures  is  that  the   covari-

ance matrix  of  the array output is  an ideal   rep-

resentation for mining the DOAs related informa-

tion. Therefore, the covariance matrix is selected

to be  the  unique  representation  agent.   Specific-

ally, the covariance matrix of the array output is

given by

R = E {y (t)yH (t)} = A (θ)PAH (θ) +Q （6）

E {·}
{·}H

K ×K P = diag {λ2
1, λ

2
2, · · · , λ2

K}

M ×M Q = σ2I

where    is the  statistical  expectation  operat-

or;   denotes the  Hermitian  transpose  operat-

or.   matrix    is  the

diagonal covariance matrix of  the impinging sig-

nals;    matrix    is  the  covariance

matrixes  of  the  corresponding  white  Gaussian

noise. In practice, the snapshot number of the ar-

ray output is finite, and the following sample co-

variance  matrix  is  usually  used  to  represent  the

DOAs related information

R̂ =
1

Ns

Ns∑
t=1

y (t)yH (t) （7）

After  determining  the  sample  covariance

matrix to  represent  the  DOAs  related   informa-

tion, the next task is to confirm the DOA estima-

tion agents  to mine the hidden DOA related  in-

formation. 

3.2    DOA Estimation Agents
In  this  section,  DOA  estimation  agents  will  be

briefly  introduced.  Specifically,  there  are  two

rules for  choosing  the  appropriate  DOA   estima-

tion agents. Firstly, there must be enough diver-

gence between agents to meet the requirement of

the divergency rule in information fusion theory.

Secondly,  the  selected  agents  should  be  easy  to

implement  in  practical  applications.  Based  on

these  two  rules,  6  DOA  estimation  agents  were

selected:  MVDR,  SML,  DML,  MUSIC,  SS-MU-

SIC, and G-MUSIC. 

3.2.1    Principle of MVDR
The mathematic model of the first agent MVDR

is derived based on the minimum variance distor-

tion  criterion  to  optimize  the  weighted  linear

combination of the array output. Specifically, the

optimal weight vector should be the one that can

pass or enhance power from the impinging direc-

tions, and can block or suppress the power from

other  directions.  Therefore,  the  following  linear

constrained  quadratic  minimization  problem  is

formulated
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min (P (ω)) s.t. ωHa (θ) = 1 （8）

Therefore, the Lagrange multiplier method is

used  to  calculate  the  optimum weight  vector  as

follows:

ω∗ =
R̂−1a (θ)

aH (θ) R̂−1a (θ)
（9）

Then, the spatial spectrum of MVDR or Ca-

pon method is

P (θ) =
1

aH (θ) R̂−1a (θ)
（10）

 

3.2.2    Principle of SML and DML
The MVDR method is  based on directly analyz-

ing the  power  of  the  weighted  linear   combina-

tion  of  array  outputs.  On  the  other  hand,  the

statistical  characteristics  of  the  signal  and  noise

in  the  spatial  space  can  be  explored  by  the  ML

method for spatial spectrum estimation. Specific-

ally, the  SML  method  obtain  the  spatial   spec-

trum of the array output by minimizing the neg-

ative log-likelihood function of the joint probabil-

ity density function of the sampled array output

data

f (Y ) =

Ns∏
t=1

1

det (πσ2I)
exp

(
− 1

σ2
|y (t)−A (θ) s (t)|

)
（11）

det(·)where   denote the determinant of  the oper-

ator.

The SML  model  for  DOA  estimation  is   fi-

nally  formulated  as  the  following  optimization

problem

θ̂SML = argmin
θ

log det

(
PA (θ) R̂PA (θ)+

1

M −K
tr
(
P⊥

A (θ) R̂
)
P⊥

A (θ)

) （12）

where{
PA (θ) = A (θ) (AH (θ)A (θ))

−1
AH (θ)

P⊥
A (θ) = I − PA (θ)

（13）

The  corresponding  model  of  DML for  DOA

estimation is

θ̂DML = argmin
θ

{
tr
(
P⊥

A (θ) R̂
)}

（14）
 

3.2.3    Principle  of  Eigen-Space  Based  Methods:
MUSIC, SS-MUSIC, and G-MUSIC

Rλ2
1 + σ2, · · · , λ2

K + σ2, σ2, · · · , σ2︸ ︷︷ ︸
M−K



Unlike the MVDR, SML, and DML methods that

indirectly use the covariance matrix of array out-

put, the eigen-space based methods directly per-

form Singular Value Decomposition (SVD) on the

covariance  matrix  . Therefore,  the   correspond-

ing  eigenvalues 

in descending order can be obtained. As a result,

the subspace spanned by the eigenvectors of  the

first K largest eigenvalues can be regarded as the

signal subspace, and the subspace spanned by the

rest eigenvectors denote the noise subspace. Con-

sequently, the  eigenspace  version  of  the   covari-

ance matrix can be written as

R̂ =
[
ÛA ÛO

] [
Λ̂

2

0
0 Σ̂

2

] [
Û H

A

Û H
O

]
=

K∑
i=1

λiuiu
H
i +

M∑
i=K+1

λiviv
H
i （15）

{ui}i=1,2,··· ,K {vi}i=K+1,··· ,M

{λi}i=1,2,··· ,M σ̂2 =
1

N −K
tr
(
Σ̂

2
)

where   and   are the cor-

responding  eigenvectors  for  eigenvalues

.    is  the  power  of

the white Gaussian noise. Then, the spatial spec-

trum of MUSIC can be formulated as

PMUSIC (θ) =
1

aH (θ) ÛOÛ H
Oa (θ)

（16）

The SS-MUSIC model is proposed to build a

linear  algebraic  connection  between  the  MUSIC

model and a special signal-plus-interference mod-

el. The corresponding spatial spectrum is

PSSMUSIC (θ) =
aH (θ) R̂+

Aa (θ)

aH (θ) ÛOÛ H
Oa (θ)

（17）

R̂+
A = ÛA

(
Λ̂

2

− σ̂2I
)−1

Û H
Awhere  .

The  GMUSIC  model  is  proposed  to  use  a

new generalized asymptotic  paradigm to analyze

the  subspace-based  DOA  estimation  methods.

The spatial spectrum of G-MUSIC is
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PM, Ns
GMUSIC (θ) =

1

aH (θ)

(
K∑

i=1

ωiuiu
H
i +

M∑
i=K+1

ωiviv
H
i

)
a (θ)

（18）

where

ωi|i=1,2,··· ,M =
1 +

M−K∑
m=1

(
λm

λi − λm

− µ̂m

λi − µ̂m

)
, i > K

−
M∑

m=M−K+1

(
λm

λi − λm

− µ̂m

λi − µ̂m

)
, i ⩽ K

（19）

µ̂1 ⩾ µ̂2 ⩾ · · · ⩾ µ̂Mand    is the  real-valued   solu-

tions to the following equation

1

M

M∑
i=1

λk

λk − µ̂
=

1

c
（20）

c > 0where   is a constant.

From the description of the principles of the

employed  DOA  estimation  agents,  we  can  see

that  the  mathematical  backgrounds  of  these

agents  are  very  different.  In  other  words,  these

methods are divergency, and they can reveal the

DOA related information from different and com-

plementary views.  Therefore,  the  acquired   spa-

tial  spectra  of  these  DOA estimation  agents  are

directly used as the inputs of the following meta-

learning module. 

3.3    Meta-Learning Module
As discussed  above,  the  DOA-related   informa-

tion  is  hidden  in  the  obtained  complementary

spatial spectrums. The direct way to use them is

to simply perform a linear combination on them

to generate a more informative spatial spectrum.

However,  it  is  difficult  to  obtain  an  optimal

weight setting for the linear combination of these

spatial spectrums  under  different  SNR   condi-

tions.  Another  method is  to  fuse  them based on

their  measured local  performance.  However,  it  is

also  a  challenging  task  to  quantitative  measure

the local  performance  of  a  given  spatial   spec-

trum, especially under low SNR conditions (there

will be unavoidable false or loss peaks in the spa-

tial  spectrum). Therefore, in order to deeply ex-

ploit  the  hidden  information  from  the  obtained

spatial spectrums with different uncertainties, by

using  machine  learning  technique  to  learn  more

reliable knowledge from the initial information in

the  obtained  multiple  spatial  spectrums,  the

meta-learning technique[46−48] is a suitable solu-

tion.  In the literatures,  NN (Neural  Networks—

perceptron-based  machine),  SVM (Support Vec-

tor  Machine —kernel-based  machine),  and  RF

(Random  Forest—logic-based  machine)  are  the

most  successful  heterogeneous  shallow  machines

for  data  mining  or  pattern  recognition  [49−53].

And  the  application  by  ensemble  them  together

has been successfully proven in many fields, such

as meteorology,  remote  sensing  geography,   bio-

medical  science,  etc.  [54−63].  Therefore,  these

three  machines  were  selected  as  the  meta-learn-

ing agents of the proposed framework. 

3.3.1    Artificial Neural Networks
Inspired by biological nervous systems, NN tech-

nique have been extensively used in different ma-

chine learning tasks. Just like the complex biolo-

gical  nervous  systems,  NN is  composed  of  many

highly interconnected neurons. Generally, for the

classical NN architecture illustrated in Fig. 3(a),

there are always three layers composed of differ-

ent number of neurons: input layer, hidden layer,

and output layer. Specifically, each neuron in the

NN  receives  multiple  inputs,  and  an  activation

function is applied to these inputs to form the ac-

tivation  level  of  the  neuron  (i.e.,  the  output

value of the neuron). The mathematical model of

the  neuron  is  shown  in  Fig. 3(b), and  the   for-

mula is as follows

yi

h = φ

(
m∑

i=1

ωixi + bi

)
= φ (Wx+ b) （21）

yi
h

φ(·)
where    is  the  output  of  the  ith  neuron  in  the

hidden  layer;  is  the  corresponding  activation

function,  which  is  usually  set  as  the  following

Sigmoid function

φ (x) =
1

1 + e−x
（22）
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For a specific data mining or pattern recog-

nition  problem,  the  optimal  parameters  of  the

NN  can  be  obtained  by  iteratively  performing

back-propagation  optimization  technique  on

training data,  i.e.  back-propagation  neural   net-

work, BPNN.
 
 

Input

layer

Hidden

layer

Output

layer

Output
Input

feature

(a) (b)

S

xiR

xi3

xi2
y ih

bij

xi1

Inputs Multiple-input neuron

wij,R

w ij,1

y ih=f(Wx+b)

f

Fig. 3    Illustration of the architecture of NN: (a) NN architecture; (b) neuron model
 
 

3.3.2    Support Vector Machine

{(x1, y1) ,

(x2, y2) , . . . , (xn, yn)} yi ∈ {−1, 1}

SVM is one of the most famous non-linear map-

ping  machines  in  the  machine  learning  society.

The  structure  diagram  of  SVM  is  illustrated  in

Fig. 4. Normally, SVM is used as a powerful clas-

sifier  for  binary  classification.  Specifically,  for  a

given  labelled  training  dataset: 

 with  , an   optim-

al  high-dimensional  hyperplane  should  be  found

to separate  them  with  smallest  classification   er-

ror.  In  order  to  achieve  this  objective,  based  on

the principle of  structured risk minimization,  in-

put data is always mapped into an unknown high

dimensional  feature  space.  And  then,  optimal

classification  hyperplane  in  high  dimensional

space can be found by solving the following quad-

ratic programming problem

max W (α) = −1

2

n∑
i=1

n∑
j=1

αiαjyiyjK (xi,xj) +

n∑
i=1

αi

s.t.


n∑

i=1

αiyi = 0, i = 1, 2, . . . , n

0 ⩽ αi ⩽ C

（23）

K (·, ·)

C > 0

αi, i = 1, 2, · · · , n

where   is an inner product kernel function

satisfying Mercer’s theorem. Constant parameter

 is used to determine the trade-off between

the training risk and the model robustness. Tar-

get parameters   are used to con-

struct  the  optimal  hyperplane  in  the  mapped

high  dimensional  space.  By  solving  (23)  using

SV
optimization techniques,  the  final  decision   func-

tion with obtained support vectors   will be

f (x)=sgn {ω · x+b}=sgn

{∑
xi∈SV

αiyiK (x, xi)+b

}
（24）
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Fig. 4    Structural diagram of support vector machine
  

3.3.3    Random Forest

D = {(x1, y1) , (x2, y2) , . . . , (xn, yn)} yi ∈ {1,
2, · · · , R} Ntree

D

Ntree

RF  is  an  ensemble  machine  learning  technique

that  integrates  multiple  decision  trees  which  are

constructed following  the  classification  and   re-

gression  trees  (CART)  model. The  main   struc-

ture of the RF algorithm is shown in Fig. 5. Spe-

cifically,  for  a  given  labelled  training  dataset:

  with 

,  where R  is  the  number  of  class. 

datasets  with  the  same  number  of  the  original

dataset are randomly generated from   using the

bootstrap  resampling  technique.  And  then,  with

these  bootstrap  datasets,    regression  decision
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trees  are  learned.  For  each  bootstrap  datasets,

approximately one-third of the samples which are

called  out-of-bag  (OOB)  data  are  not  selected

for  the  corresponding  decision  tree  training.  In

fact, the  OOB data  is  used to  evaluate  the  per-

formance  of  the  decision  tree.  Obviously,  this

built-in  cross  validation  process  ensure  the  RF

can achieve an unbiased estimation of the gener-

alization  error  without  using  external  data.

Therefore, for a certain decision tree, the corres-

ponding  prediction  error  can  be  obtained  using

the OOB data

E =

NOOB∑
i=1

(ŷi − yi)

NOOB

（25）

NOOBwhere   is the number of samples of the OOB

data.  Finally,  with  the  OOB  error  (25)  as  the

optimization target, RF model can be learned by

gradually increasing the depth of the RF. In gen-

eral, using the bagging strategy,  RF cannot eas-

ily  be  affected  by  noise  and  outliers,  and  the

danger of overfitting can be largely reduced.
 
 

Training data (N samples, M features)

Bootstrap dataset
D_1

Predictor 1

Predictors fusion: average operation

Predicted result output

Test data

T_ntreeT_2T_1

Bootstrap dataset
D_2

Bootstrap dataset
D_ntree

Predictor 2 Predictor 3

Fig. 5    Structural diagram of random forest
  

3.3.4    Meta-Agents Information Fusion
With the  selected  meta-learning  agents   de-

scribed in Section 3.3.3, the next task is to design

the training strategy for them. In the literatures,

attempts to use machine learning methods to ad-

dress  the  DOA  estimation  problem  have  never

stopped.  In  these  machine  learning  based  DOA

estimation  methods,  a  variety  of  training

strategies  are  used,  but  no  consensus  has  been

achieved.  For  example,  for  the  early  NN  based

DOA estimation methods, the output of the em-

ployed  network  was  always  the  target  DOAs

[64−66].  In  the  deep  convolution  network  based

DOA  estimation  method  in  [67],  the  training

data  was  the  so-called  spectrum  proxy  vector,

and the output  was the  refined or  reconstructed

spectrum proxy, which can be used to restore the

spatial  spectrum.  M.  Wajid  et  al.  [68]  proposed

to  employ  the  recurrent  neural  network  (RNN)

to deal with the DOA estimation problem. In the

proposed  RNN  based  DOA  estimation  method,

the  “temporal ”  correlation  information  was   ex-

ploit to obtain the final spatial spectrum. In the

DeepMUSIC  method  proposed  in  [69], the   au-

thors  partitioned  the  spatial  spectrum  to  many

subregions  to  efficiently  estimate  target  DOAs.

Therefore, for each subregion of the spatial spec-

trum, a specific  CNN was employed to mapping

the  input  feature  to  desired  the  subregion  of

spectrum. And the input feature composed of the

real, imaginary and the angular values of the co-

variance matrix of array output. For these men-

tioned training strategies,  all  of  them have their

essential  shortcomings.  Firstly,  if  the  target

DOAs  is  selected  to  be  the  output,  the  source

number  should  be  estimated  first,  which  is  a

challenging  task  under  low  SNR  conditions.

Secondly,  the  randomness  of  the  target  DOAs

makes  the   “temporal ”  correlation  in  the  spatial

spectrum is very poor, especially under low SNR

conditions.  Therefore,  if  using  the  entire  spatial

spectrum as output, there will be a lot of compu-

tational  resources  wasted  on  understanding  the

poor temporal correlation. Lastly, if  the dividing

the entire spatial spectrum into many subregions

to enhance  the  mapping  accuracy,  how  to   de-

termine  the  number  of  subregions  is  always  a

headache problem, and the corresponding compu-

tational complex is often very high.

In  this  paper,  multiple  DOA  estimation

agents were  employed  to  generate  multiple   spa-
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P = [Pi]i=1,2,··· ,6

Pi =

{pi (θj)}|θj∈[−π
2

, π
2

,dθ]

−π

2

π

2
dθ θi

P (θk) =

{pi (θk)}i=1,2,··· ,6

tial spectrums. Compared with the poor “tempor-

al ”  correlation,  the   “spatial ”  correlation  (i.e.,

correlation between different spatial spectrums at

a specific impinging angle) between the obtained

spatial  spectrums  is  more  reliable.  Therefore,  a

novel training strategy was employed in this pa-

per.  Specifically,  let    denote  the

obtained  spatial  spectrums,  where 

  is  the ith  spatial  spectrum

with  angles  from    to  , and  the  angle   inter-

val is  . Then, for a given angle  , the angle re-

sponding  vector  will  be  formed  as 

. Therefore,  the  corresponding   la-

bel can be set to 0 for non DOA angle and 1 for

DOA angle as illustrated in Fig. 6.
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Fig. 6    Illustration  of  the  training  strategy  of  the  proposed

method
 

z (θ) =

{zi (θ)}i=1,2,3

z (θ)

Based on the training strategy illustrated in

Fig. 6,  meta-knowledge  learning  agents  NN,

SVM,  and  RF  can  be  trained  in  a  regression

manner.  Without  loss  of  generality,  let 

  denote  the  learned  meta-spectrums

of NN, SVM, and RF respectively. The final task

is to fuse these meta knowledges to create the fi-

nal estimation  of  the  spatial  spectrum.   Obvi-

ously,  the  simple  solution  is  to  use  the  mean  of

 to be the final spatial spectrum. However, it

is may reduce the final  performance of  DOA es-

timation because  the  peaks  of  the  spatial   spec-

trum will be smoothed. Therefore, in order to en-

hance the contrast  of  the final  spatial  spectrum,

the following min-max fusion rule was employed

zF (θ)|
θ∈[−π

2
, π
2

,dθ] =

{
max (z (θ)) , mean (z (θ)) ⩾ T

min (z (θ)) , mean (z (θ)) < T
（26）

min (z (θ)) max (z (θ)) mean (z (θ))

z (θ) = [z1 (θ) , z2 (θ) ,

z3 (θ)] θ

where  ,  ,  and   are

the  minimum,  maximum,  and  average  value  of

the  meta  knowledge  vector 

 for a given angle  .

zF (θ)

Finally, with  the  obtained  final  meta   spec-

trum  ,  the  final  DOAs  can  be  acquired  by

performing the peak-finding operation. 

4    Experimental Results

In order to evaluate the performance of the pro-

posed  multi-source  information  meta  fusion

(MSIMF) based DOA estimation method, exper-

iments  were  conducted  with  simulated  datasets

generated by the famous DOA-tools  downloaded

from  https://github.com/morriswmz/doa-tools

[70] kindly provided by Dr.Wang Mianzhi, Wash-

ington University. Specifically, the array we con-

sidered  here  is  a  uniform  linear  array  (ULA)

with  8  elements,  whose  element  spacing  is  the

half of  the  wavelength  of  the  impinging  narrow-

band source  signals.  Because  the  scenario   con-

sidered  in  this  paper  is  a  low  SNR  environ-

ment,  simulated  data  with  SNR  belonging  to

[–20 –18 –16 –14 –12 –10 –5 0] dB was generated.

And for each SNR case, under a given number of

sources (3 to 7), 10 000 simulated array outputs

were  generated  with  randomly  selected  DOAs.

Using the generated simulated data, 70% of them

(for every SNR cases) were randomly selected to

form  the  training  data,  so  the  remaining  30%

were used as the testing data.

DOA  estimation  results  of  the  proposed

MSIMF  method,  the  L1-SVD  method  [71],  the

PUMA  [72] method  and  the  JES  method   pro-

posed  in  [38] were  compared.  The  criteria   com-

monly employed in the literature, i.e., root mean

square  error  (RMSE),  were  calculated  for  each
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method.  And  the  mean  CRLB  (stochastic

Cramér-Rao  Lower  Bound)  [73]  was  calculated

for  each  case  simultaneously.  For  the  proposed

MSIMF  method,  the  parameter  setting  of  the

employed  meta-learning  agents  were  given  in

Tab. 1.
 
 

Tab. 1    Parameter settings of the employed meta-learning agents
 

Machine Parameter

NN Hidden layer: 48 neurons; Cost function: Cross-entropy

SVM Kernel: RBF (Gaussian Radial Basis); gamma: 0.05; epsilon: 10–3; 10-fold cross validation; C= 10

RF Tree number: 64; MinLeafSize: 1
 
 

4.1    Experiment  1-DOA  Estimation  for  Scattered
DOAs

In this experiment, simulated data with scattered

DOAs  (i.e.,  the  minimum  angular  distance

between impinging  signals  with  randomly  gener-

ated DOAs is greater than 8°) were used for per-

formance  test  of  the  compared  DOA  estimation

methods.  The  evaluation  results  of  the  average

RMSE  were  given  in  Tab.  2  and  illustrated  in

Fig. 7.  In  Fig. 8,  the  spatial  spectrums  derived

from  DOA  estimation  agents  were  illustrated.

And in Fig. 9, the spatial spectrums of the com-

parison  methods  (i.e.,  MSIMF,  L1-SVD,  and

PUMA) were illustrated.

 
 

Tab. 2    Comparison of the RMSE performance of different DOA estimation methods (scattered case)
 

Method 0 dB –5 dB –10 dB –12 dB –14 dB –16 dB –18 dB –20 dB

K=3

MSIMF 0.181 7 0.207 6 0.344 6 0.401 9 0.511 6 0.835 5 2.537 6 5.132 9

L1-SVD 0.315 6 0.633 3 0.827 4 0.966 4 1.345 1 2.463 7 3.711 1 9.033 4

PUMA 0.531 1 0.974 2 1.832 3 2.818 4 3.267 3 5.793 9 7.355 4 —

JES 0.279 1 0.452 8 0.887 4 1.237 5 2.030 7 4.751 6 6.586 0 —

CRLB 0.101 7 0.152 3 0.246 5 0.320 1 0.395 5 0.469 0 0.542 8 0.616 3

K=4

MSIMF 0.182 3 0.224 4 0.568 7 0.479 3 0.693 4 1.362 4 2.894 6 7.429 3

L1-SVD 0.453 7 0.783 9 1.356 2 1.567 0 1.753 3 3.097 7 4.833 7 —

PUMA 0.637 9 1.371 6 2.119 7 3.025 7 3.655 7 6.212 2 8.467 9 —

JES 0.369 1 0.567 7 1.352 8 1.895 4 2.273 9 5.002 4 7.133 5 —

CRLB 0.108 0 0.168 6 0.244 4 0.348 1 0.454 9 0.536 7 0.640 8 0.753 7

K=5

MSIMF 0.185 6 0.228 3 0.593 3 0.512 8 0.714 3 1.764 5 3.954 2 8.369 7

L1-SVD 0.474 2 0.863 4 1.463 7 1.872 5 2.647 3 3.876 4 5.376 8 —

PUMA 0.682 5 1.476 0 2.357 2 3.390 4 4.152 2 7.531 6 9.461 9 —

JES 0.421 3 0.764 8 1.533 7 2.131 5 3.074 6 5.492 8 7.866 2 —

CRLB 0.113 6 0.172 9 0.262 0 0.364 5 0.482 2 0.590 3 0.687 2 0.779 8

K=6

MSIMF 0.259 1 0.352 3 0.601 0 0.725 5 0.945 6 2.329 6 4.936 6 9.237 5

L1-SVD 0.666 0 1.332 2 1.987 5 2.831 4 3.765 8 4.677 5 7.080 5 —

PUMA 0.878 2 1.963 1 2.836 2 3.942 7 4.685 4 8.872 3 — —

JES 0.593 4 1.061 3 2.041 6 3.256 1 4.531 5 6.753 3 9.067 2 —

CRLB 0.153 7 0.220 5 0.326 4 0.403 9 0.531 1 0.641 8 0.741 6 0.852 5

K=7

MSIMF 0.293 7 0.439 2 1.042 7 1.334 2 1.990 7 2.656 1 5.367 6 —

L1-SVD 0.932 0 1.675 2 2.373 6 2.779 1 3.350 9 4.933 7 8.643 5 —

PUMA 1.020 4 2.261 3 3.511 2 3.989 5 4.962 5 9.123 5 — —

JES 0.824 5 1.265 9 2.471 6 3.662 7 4.759 3 8.337 6 — —

CRLB 0.180 5 0.274 2 0.371 8 0.483 5 0.601 1 0.736 4 0.904 3 1.235 9

— denote that the corresponding RMSE is bigger than 10°.
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4.2    Experiment  2-DOA  Estimation  with  Closely
Spaced Impinging Signals

In  this  experiment,  simulated  data  with  closely

spaced  DOAs  (i.e., the  minimum  angular   dis-

tance  between  impinging  signals  with  randomly

generated  DOAs  is  smaller  than  8°)  were  used

for performance  test  of  the  compared  DOA   es-

timation  methods.  The  evaluation  results  of  the
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average  RMSE  were  given  in  Tab.  3  and  illus-

trated  in  Fig. 10.  In  Fig. 11, the  spatial   spec-

trums derived from DOA estimation agents were

illustrated. And in Fig. 12, the spatial spectrums

of  the  comparison  methods  (i.e.,  ACCSA,  L1-

SVD, and PUMA) were illustrated.
 
 

Tab. 3    Comparison of the RMSE performance of different DOA estimation methods (closely spaced case)
 

Method 0 dB –5 dB –10 dB –12 dB –14 dB –16 dB –18 dB –20 dB

K=3

MSIMF 0.200 3 0.301 8 0.444 8 0.531 9 0.719 4 1.852 8 4.015 2 7.223 6

L1-SVD 0.427 7 0.864 7 1.037 9 1.267 0 1.538 8 4.673 5 6.796 9 —

PUMA 0.592 2 1.579 7 3.654 3 3.880 2 4.783 9 6.331 2 9.034 7 —

JES 0.355 7 0.768 4 1.093 6 2.344 5 3.571 5 5.732 2 7.964 9 —

CRLB 0.113 5 0.160 7 0.265 1 0.342 9 0.419 6 0.498 2 0.562 3 0.640 3

K=4

MSIMF 0.239 4 0.387 7 0.627 6 0.690 6 0.892 2 1.962 7 5.367 9 9.056 8

L1-SVD 0.510 2 0.980 4 1.734 0 1.955 7 2.460 5 4.870 3 7.052 6 —

PUMA 0.697 0 1.903 2 3.990 0 4.267 3 4.971 6 6.799 2 — —

JES 0.463 9 0.795 4 1.936 5 3.547 2 4.733 5 5.394 0 8.253 1 —

CRLB 0.119 4 0.178 3 0.274 6 0.368 5 0.470 2 0.556 9 0.660 3 0.763 9

K=5

MSIMF 0.280 3 0.394 4 0.838 5 0.863 9 0.966 4 2.060 7 5.892 3 9.688 5

L1-SVD 0.572 9 1.445 6 2.556 9 2.654 0 3.006 2 5.356 2 8.090 2 —

PUMA 0.733 5 2.379 0 4.490 1 4.946 1 5.967 7 7.904 4 — —

JES 0.495 0 1.250 9 2.733 7 4.132 6 5.439 5 6.912 5 9.503 7 —

CRLB 0.133 2 0.195 7 0.291 8 0.389 2 0.507 3 0.615 5 0.708 7 0.810 4

K=6

MSIMF 0.356 6 0.553 9 1.034 4 1.390 7 1.577 1 3.266 7 7.035 5 —

L1-SVD 0.690 0 1.630 7 3.280 4 3.568 5 4.629 8 7.003 5 — —

PUMA 0.942 6 2.880 5 5.093 2 5.886 2 6.033 5 9.256 4 — —

JES 0.512 7 1.563 9 3.479 2 4.391 3 5.752 4 8.755 0 — —

CRLB 0.174 2 0.251 6 0.346 0 0.451 7 0.562 5 0.671 9 0.783 6 0.896 1

K=7

MSIMF 0.293 7 0.722 7 1.567 7 2.109 0 2.035 5 2.656 1 8.046 6 —

L1-SVD 0.932 0 2.034 9 3.921 5 4.511 7 5.375 0 7.933 7 — —

PUMA 1.020 4 3.921 7 5.733 3 5.899 2 6.916 6 — — —

JES 0.765 5 1.643 8 3.988 0 5.362 4 6.576 5 8.836 4 — —

CRLB 0.201 0 0.295 6 0.399 4 0.503 7 0.614 8 0.756 2 0.927 1 1.288 7

— denote that the corresponding RMSE is bigger than 10°.
 
 

4.3    Discussion
Based  on  whether  there  are  impinging  signals
close to each other less than 8°, the DOA estima-
tion  experiments  were  divided  into  two  groups.
For  the  case  with  scattered  impinging  signals,
when  the  SNR  is  not  less  than   –16 dB,  all  the
compared  DOA estimation  methods  can  achieve
RMSE  performance  of  less  than  6°.  However,  if
the SNR  is  less  than   –16 dB,  the  DOA  estima-
tion performance  will  decline  sharply.   Specific-
ally,  by taking  full  use  of  the  actively  employed
DOA  estimation  agents,  the  proposed  MSIMF
method  achieves  best  performances  in  all  cases.
Even if the SNR is as low as –20 dB, the corres-

ponding  RMSE is  smaller  than  6°.  For  the  case
with closely  spaced  impinging  signals,  the   ad-
vantage  of  the  proposed  MSIMF method  is  also
obvious,  especially  under  low  SNR  conditions.
From  the  experimental  results  we  can  see  that
there  is  indeed  complementary  information
between  the  spatial  spectrums  obtained  by  the
adopted DOA estimation agents. For example, in
Figs.  13  – 15,  some  visible  evidences  that  verify
the  existence  of  the  complementary  information
between  the  spatial  spectrums  obtained  by  the
adopted  DOA estimation  agents.  In Fig. 13,  the
first  two  DOAs  (–47°  and   –42°)  are  closely
spaced,  all  the  DOA estimation  agents  can  only
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find one shifted peak near these two angles. For-

tunately, the  corresponding  peak  shifts  and   re-

sponding powers  are  different,  and  these   differ-

ences  can be  employed by the  proposed MSIMF

method  to  reveal  the  truth  of  the  target  DOAs

more  accurately  and  robustly.  Similarly,  in  Fig.

14, for the first DOA (–82°), there are no peaks

in  the  spatial  spectra  obtained  by  the  employed

DOA estimation agents, but the relative value of

these  spatial  spectra  with  respect  to  this  angle
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Fig. 10    Illustration of RMSE achieved by different DOA estimation methods with different source number: (a) K=3; (b) K=4; (c)
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hided a  significant  pattern,  which  can  be   re-
vealed  by  the  subsequent  meta-learning  agents.
In Fig. 15,  for  the  middle  three  DOAs,  different
DOA estimation  agents  have  different  peak   re-

sponds in  their  spatial  spectra,  and  the   corres-

ponding peak information was successfully collec-

ted by the subsequent meta learning agents.
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Fig. 13    The  1st  example  of  the  visible  complementary  pattern  between  spatial  spectrums  obtained  by  different  DOA  estimation

agents: (a) spatial spectrums; (b) enlarged spatial spectrums of the black box region in (a); (c) spatial spectrum of the pro-

posed MSIMF method
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Fig. 14    The  2nd  example  of  the  visible  complementary  pattern  between  spatial  spectrums  obtained  by  different  DOA  estimation

agents: (a) spatial spectrums; (b) enlarged spatial spectrums of the black box region in (a); (c) the spatial spectrum of the

proposed MSIMF method
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Fig. 15    The  3rd  example  of  the  visible  complementary  pattern  between  spatial  spectrums  obtained  by  different  DOA  estimation

agents: (a) spatial spectrums; (b) enlarged spatial spectrums of the black box region in (a); (c) spatial spectrum of the pro-

posed MSIMF method
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At last,  the  time  consumptions  of  the   pro-

posed  method  and  the  employed  comparison

methods was discussed here. Specifically, the con-

figuration  of  the  used  computer  is:  1)  CPU:

Inter(R)  Core(TM)  i7-6700@3.4GHz  3.4GHz;

2)  Memory:  4  GB;  3)  Operating System:  Win-

dows  7×64;  4)  Software:  MATLAB  2018a.

Without loss of generality, the average time con-

sumption data for one-time DOA estimation with

SNR= –10 dB was given in Tab.  4. (Note:  The

time  consumption  data  of  the  proposed  MSIMF

method  is  only  the  testing  time  that  use  the

learned models to estimate target DOAs, and the

iteration  number  used  in  the  PUMA  method  is

set to 100.)
 
 

Tab. 4    Comparison of the time consumption data for one-

time DOA estimation                                   s
 

Method K=3 K=4 K=5 K=6 K=7

MSIMF 1.067 4 1.285 4 1.873 3 2.561 7 3.482 6

L1-SVD 5.605 8 7.864 7 9.133 8 11.254 6 15.375 2

PUMA 0.021 6 0.029 8 0.043 7 0.082 4 0.271 0

JES 1.523 7 1.836 9 2.140 8 3.096 4 5.543 3
 

From Tab. 4, we can see that PUMA is the

fastest method. However, its accuracy and reliab-

ility are  the  worst.  In  another  aspect,  the   pro-

posed MSIMF method can achieve the best  per-

formance of  accuracy  and  reliability  with   obvi-

ous  time  saving  compared  with  the  L1-SVD

method.  Obviously,  the  overall  performance  of

the proposed MSIMF is the best. 

5    Conclusions
In  this  paper,  a  novel  DOA  estimation  method

was  proposed  based  on  multi-source  information

meta  fusion.  Inspired  of  the  works  given  in

[36−39] and the information fusion theory,   sever-

al DOA estimation agents with different theoret-

ical  backgrounds were selected to collaboratively

collect the DOA related information. In this way,

complementary  DOA related  information  can  be

fully utilized through the designed meta-learning

module.  Together  with  the  experimental  results

given in Section 4,  the following conclusions can

be  drawn:  1)  The  proposed  hierarchical  multi-

source information meta fusion framework is suit-

able  for  design  robust  method  to  address  DOA

estimation  task  under  low  SNR  conditions.  2)

There is  indeed  enough complementary   informa-

tion among DOA estimation methods with differ-

ent theoretical backgrounds; 3) The complement-

ary DOA related  information  does  not  necessar-

ily occur  at  peaks  of  the  obtained  spatial   spec-

trums; 4) Meta learning technique can indeed re-

veal  the  DOA  related  information  from  spatial

spectrums with  uncertainties  in  them.  In  future,

details of the proposed framework will be further

studied.
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