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Abstract: We considered the generalized anti-periodic boundary value problem for a class of nonlinear
Caputo fractional g-difference equations, gave the existence and uniqueness results of solutions for the
generalized anti-periodic boundary value problem by using the Banach fixed point theorem, and gave
an application example.

Keywords: Caputo fractional g-derivative; fractional g-difference equation; generalized anti-periodic

boundary value problem; Banach fixed point theorem

0 31 &

IIEBY q- 22 0 BB R A B 25 - AR R P i — R R SROE X B B A B BIORR S R IO
TARPLA, A TR e B SO A E. BET, B ¢ = AR EEME T
Caputo 73 BB ¢-FHUM Riemann-Liouville 70 B ¢80P 7 1. SCHRL3 0 HI#E B A 3l s s RIS 1
B q-2E 4y 5 R B R) R OE R R A AEPE s STk C4-5] 0% F Banach A3 5 € BLAT Krasnoselskii A3l 5 E
A THE JE RS Riemann-Liouville 50808 ¢-FR 0 1 {H &4 i) Riemann-Liouville 23 5By ¢-22 /038
{17 8 i B AE AR PR S 2R s SCBRL6-7 10 ] Banach A3l 550 #R AN Covitz-Nadler ANl 5 FRBFSE T 3 1H 5%
PF 5 B AR LM Caputo 438U -25 53 7 R LA K q-22 43 A0 SO A8 0] A B A7 AE k. FR T B BT 30 ) R 7
VI 29 85 R B A A v iy F 0z, B DA I S0 ) A — S E A ) . D¢ TR 2tk 41 4K
Wi q-22 43 5 i s 8]I00 300 {10 R0 %) i 50 ) BIOASE 1 — BB 0k g, SCRHR[8-10 IR FH ZEAS 1 A 3l i e B 5% T
— A R R AR 2tk Caputo 5388 My ¢-22 43 5 B i A [m) 8, A5 38 1 3 i [m) 80 A7 %) A7 76 1 R Ak — 1k 1Y

i HHEE . 2023-05-19.
FE—IEEEN. & FA980), F, DK, W, RIEE, NEMS RS SRSENIIS, E-mail: mengxin0419@126. com.
EE£TH.: EFARFBEES S . 10971084).



238 oMK A R (B 2R RO %62 %

FoorEAt s SCHR[11-12 8 ] Banach A3l &S E AN Leary-Schauder AR P PERF R T — 287 A I B
TR 5 1 I AR e Pk o0 BB Ik v q- 25 93 5 B R S IPD R0 &% 7 32 00 {1 T R 18) A A 1 R M — P &5
A NN AR MR SR AR Caputo 730 8UBY - U AR 0 BB ¢ Z TR UR

Jei 310 3141 )

D) (1) = fout), CDiu) (1)), 0<t<1,

u(0) +au(1) =0, (DZu)(0) +b(Dju)(1) =2
R ME — P, Hh Dy /R o By Caputo 8B ¢ 2%k, ¢€ (0,1, 1<<a<<2, 0B, y=<1;
FECUHOMNIXRXR.R), asb>0, AER. Fa=b=1, A=0, WIIH A8 (1) 1% 5 3 (8 5] S

1 &R
PREL g 1Y g~ T HUE U
(D,g) () =8 =8 (o) (0) =lim(Dg) ()

(1—¢px
g TEL0, 1] LR ¢ BlareE Uh

@Y

(I,g)(x) —J‘ (t)dt—l(l—q)Zg,(lq )q" x € [0,1].

n=0

FEXDig) (x)=g(x), (Dig)(x)=D, (D 'g)(x), n€ N; (Ilg)(x)=g(x), (Iig)(x)=
I g (), nE€ N,
WRE g & XTEL0,1] F . a=0, MEE ¢ 1Y Riemann-Liouville 23 5By ¢ o0& XL H

‘)(rl)

(I'g) () =g, (I'g) (x) =J %
P& ¢ 19 Caputo 73 BB ¢ T HUE LN
(‘Dyg)(x) =g(x), (Dig)(x)=UDrg)(x), a>0,
Horbom AARNT o E/NEEL SCERLI3IZE T T 20 BB o BN R g S B0 AR M A8 B AH G 45
5131 WK e CL0,1], R, WA E R &
(D)) =h(t), 0<<r<<l1l, 1<<a<2,
{ u(0) +au(l) =0, (DJu)(0) +bCDlu)(1)=2

g(Hds, a>0, € [0,1];

A ME—fif

u(r) = (t—qgs)“Vh(s)d,s — (1 —=gs)“ Ph(s)d,;s —

I, (a )J (1+a)I‘ (a)J

aAl, (2 — ) al’,(2—7)
(14+a)bd (lJra)l" (a—7)

L . 1_‘ (2 J (a—y—1) . .
Z}:b r,2—y — 71_‘(1(0(7)/) (1—gs) h(.s)d,,‘s].

J (1—g)“ 7" "hs)d,s +

EW . A

- t (t*qs)wﬂ) ) ) ny _J/ ([ q\)< —r—1) C]I(liy)
u(e) —Jo T h(s)d,s +co +cits Do) () = S Toa—1 h(S)dstiI‘q(Z—y)’
B AR w(0)+au(1) =0, (‘D) (0)+bCDiu)(1)=2A, 11§
B N\ (D) . a2 =7 al’',(2—9) J.l NGerD . .
co (1+a)f‘ (a)J (1 —gs)“ Vh(s)d,s L ab A+l (a—7) 0(1 gs) h(s)d,s s

r,2—yi{

7i _ _ N arD - -
b r,2—uy Fq(a*)’)Jo(l qs) h(s)d,s s

B HACNA w (o) IS 4548,
2 FEHFER
MFU={u: «u€ C0,1],R), D €CLO0,1], R}, BMEWE | o || = max lu() | +



%2 W W #F. . RO ¢- 220 D5 R SCRR I fE R 239

max | D) (o) |, W U, | « [|)J&—4 Banach =5 [0, WAE®EM v €U, t€[0,1], & X

tefo,1

%i?@: U_’Uj‘ff
(@u) (1) = 1, %aJ' (1= g fsruls) s DI () dys —
a NGeD) op ] g ) o al,2—p
7(1—0—a)f‘ (Q)Jo(l qs) SGuCs) s CDPu) () d,s CEAY +
(]f;)(??a y)J (1— )7 F(s2uls) CDi) ())dys -
— 1
t[%Fq(Z - —%J (1 —qs><ﬂ*“f<s,u<s>,<L‘D§>u<s>>dq.\-] :
I
Di(Du)) (1) = ﬁj (t—g) PV f(syuls), Dl ())d,s +
t(l B - Fq(zi’y)Jl o Na—rD . . ¢ B . j|
7F (27/3)[ r,2—y — 7fﬂ,(a*)’) 0(1 qs) FCuls) s CD5u) (s))d,s |.

FHGI B 157 @ A9 A 3l a5 RIS 10 {8 1) (1) B9
EE 1 WAEFEK>0, i3

| fGoxay) — fUaza ) | < K(z—2x|+ |y—y]), t€[0,1], z.y,x.y € R. (2)
P
B 1424 (14 20T, (2 — ) 1 (2 — )
P*K[<1+a>rq<a+1>+<1+a>11,(a—y+1> Pq(a—ﬁ+1>+n,<2—/3)n,<a—y+1>}<1’

DU 32 {8 [m R (1) A A ME — fift
WM. SHEER t€ o, 1]» w,veU, A

| (Du) (1) — (Do) (1) | < J (t—g) V| fsauls) s D) () — f(ss0(s), (Df0) () | d,s +

F()

mjou — )] fCGau(s) s (DR () — f(sy0(s) s (D) () | dys +
al,(2— )
A+, (a—7)

r,2—
L,(a—7

J (1 —g) 7| fCouls), D2 () — f(s,0(s) s (CDE) () | d,s +

J (t—g)“ 7| FGouls) s (Diu) (D) — f(s,0(s), Div) () [ dys <

J (t—gs)“ VK(|uls) —o(s) [+ [ Diu) (s) — Div) (s) [ Dd,s +
r, (a)

1
mj (1 —g)“ VK (uls) —o(s) [+ | (D) (s) — (D) (s) [ )d,s +

al’,(2—7)
A+l (a—7Y

)J (1 —g)“ " PK(uls) —o(s) |+ | Diu) (s) — “Div) () [Ddys +

J— 1
MJ (1= )TV K| uls) — v(s) [+ | (D2 () — Do) () [ dys <

Fq(a—)’) 0
A+ aol,G+1D ' Ad+al,a—7+1D v
A
g g 1
| D2 (Pu)) (1) (D(,@u))(r)\gin(a_ﬁ)x

J! (t—g) PV | fCGauls) s CDEu) () — f(sy0(s) s DE) () | dys +

F,,(Z 7)
—Pr,a—P)

J A—g) 7" | fGouls), (DB () — f(s,0(s), ((DEv) () | dys <



240 oMK A R (B 2R RO %62 %

1 r,e—uy B
K[Fq(“_18+1)+1—‘(,(2—B)I‘q(a—y+1)} lu—vl,

BT L

1+ 2a (14 2a)T,(2—7) 1
A+ Tl,c+1 A+, (a—ry+1) T (a—p+ 1D

r,2—7 }

r,2—pRT,(a—7y+ D

MK o<1, Frid @ 254 Mst, 48 Banach A 3h 8 E BA, RE5(D)FETEME—fi#.

EI 2 WAEFEL.R>0, i3
| fazsy) — [z ) | < Lx—x |+ |y—yD.t € [0,1], |z]+ |y|<R, |z]+ |y|<R. (D
P

0:[ 1+ 2a (14 20)T,(2— ) 1 r,Q2—7 ]X

AFtal,iD  Ofal,a—7+D T piD 1,2 @ph—rLD

0 —au | <K| n

X Nu—vl =plu—=ol.

1 Lane—y ANe—@+10e—p
[1‘+R max | f(,0, O”} A+ R BRT,(2— B

WU 30 (L 1P) R D) FEAEME— i w: || w ] <R.
R . %

<1,

Ug ={u: u € C(L0,1],R), Dy € CL0,1].R), [[ul <R},
DI\IJXT.[‘{I%%E/‘J te[OvljvueURv ﬁ

(D) () | < e )J (t—g) " | fCsyu(s) s DR () | dys +

1) | £l (Dl () | dys + ALLEZD)

1
a
(lJra)F(,(a)Jo( A+ ab

al'y(2—)
A+, (a—P

J A —g) 7V | fGauls), D) (s)) | dys +

J— 1
;Fq(z — 7+ L;;J (=g 7| flsauls), D) () [ dys <
0

r,(a—
1+ 2a (1+2a)T,(2
|:(1+a)F(,(a+1)+(l+a)F(a—7+1):|ELR+max‘f(t 0.0 ]+
al,2—7y) A _
(1+a)b +b L,@E=n.
iS5 3)
| (DECDu)) (D) | < B)J (t—g)“ PV | fGauls), DB () [ dys +
1 - I‘(,(Z—}’)J1 L NGeD N reng ] ]
(2= B)[ r, y)Jrin(a—y) 0(1 qs) | fCsauls) s DR () | dys | <
1 L,(2—7 o AL, (2 — )
[F,,(a*ﬁvtl)JrR,(Z*ﬂ)I‘q(af)'Jrl)}[LR+ngod.ﬁ‘f(t’o’O)H+b1",,(2—,8)’

XTJ‘,EE/J%::E/‘J [6[0,1]5 u,'UeUR’ ﬁ

| (Qu) (1) — (Do) () | <

T, (a )J (t—g) V| fsauls) s D) (5)) — f(s,0(s), (‘Dfv)(s)) [ dys +

mhu —g) V| FGau(s) D) () — f(s0(s) s (Do) () | d,s +

al’,(2—7y)
A+l (a—P

MJ (1 — g | fCsauls)» (DI ()) — f(sa0(s) s (D
Fq(a*)’) 0

J (1—g)“ 7V | fGouls), Diu) () — f(sy0(s), (DEv)(5)) | dys +




%2 W W #F. . RO ¢- 220 D5 R SCRR I fE R 241

1 J (L —g)“ VL uls) —v(s) |+ |“ (D) (s) — (D) () | Ddys +
I',(a)Jo

- = ) (a—1) N ‘B N ] )
(1+a>r<a>J (1 =g V" Luls) —v(s) |+ [ D) (s) — CDiv) () | Ddys +

al',(2—7) J N D) N g N reE ! !
A+, (a7 (1—gs) L(|u(s) —o(s) [+ | (D) () — Div) (s) [ )d,s +
F (2 (a—y—1) c c B
7J A —g) 7 VLuls) — o) |+ | D) (s) — (Do) (5) | Dd,s <
L,(a—7)
14 2a (1+20)T,(2—77)
L + — lu—vll
AQ+aTl,(e+1D A+l (a—7+ 1D
[
| “DE(Du)) (1) — DE(Do)) (1) | <
;J (=g PV | fCGauls), Diu) () — f(s,0(s), (\DEv) (s)) | dys +
L,a—p
S | Q=g G DGO (60 — fs o) €D
— AT, <a—y> ’ ! ’
1 r,2—uy -
L[Fq<a—ﬁ+1>+n,<2—ﬁ>1“q<a—y+1>] lu=wl
I LA
14 2a 42T, (2—p) 1
_ < . q
I 2w =20l <1 [(1+a>f‘q(a+1)+(1+a)Fq(a—)’+1)+Fq(a—ﬁ+1)+
L= }uu—vu
re—pr,a—y+1 ’

AT @ 2 AWt A4 Banach /8 85 a8 BT, 255 (D) AR 76 ME— it
3 A

Bl 1 5 & {E R
(‘DY2w) (1) =K{sin ¢t + arctan[ u(¢) + CDSPw) ()]}, 0<<t<<1,

(4)
u(0) +2u(1) =0, (DY?uw(0) +/r(D}? u)(l)—m
/H\:Equ:().& a=1.5, 320.753 7:0.25, a=2, b= \/7 A= 9Kj‘:’l%§&
W f(tyx,y)=K[sin t+arctan(x+y) ], M=) W7, &
K<[ 1+ 2a (14 20T, (2 — 7 1 n r,(2—7 r:
I+, e+ A+, e—7y+D T,a—p+D T,2—RT,(a—7r+1D
5 5T, s (1.75) 1 T, (1.75) !
[SI‘(.,S(Z.S)+3I‘(.,5(2.25)+I‘(.,5(1.75)+I‘(.,5(1.25)I‘0,5(2.25)} ’
AR P8 B 1 0, 308 [R]85 C4) 77 78 ME— fift.
Bl 2 2R s R (E ) S
. 1 L) — (CD2w (] 1
A — - - 1 S ’ ’
Doz () (tant+5)z{1+[u(t)jzJr[("Dgﬁgu)(t)]Z+ g (17 cos ‘)} 0<e<<1,

w(0) +u(l) =0, (D:Zuw(0)+ Ds¥uw) (1) =0,
Hrg=0.5, a=1.5, B=0.5, y=0.25, a=1, b=1, A=0.

(tan t+5)% [ 1+2*+y°
R=1#1, XKW, TE
1 r,2—y

- 14 2a (1+420T,(2—7)
6_[<1+a>n,<a+1>+<1+a>n,<a y+1>+ ;9+1)7L —ﬂ>rq<a—y+1)}

W f(texsy) = 1 [t(l — )—F*(l—Fcos z‘)], ) maX | £(£,0,0) | f%. ML=

X



242

WOMRR A R G O %62 &
1 al,(2—y) AT, 2—pR +1]T,(2—7)
[L+ng§3ﬁ\f<r,0,0>\]+ A+ bR BRT,(2— ) -
l 3 31_‘05(1.75) 1 F(),5(1.75)
25[21“&5(2.5) 2I‘0A5(2.25)+I‘0A5(2)+F0‘5(1.5)Fo_5(2.25)]<1’

FRAE 7 B 2 0, S E P D AEAEME— % . || [l <<1.

(1]

(2]

£3]

[4]

[5]

L6]

[7]

[8]

L9]

[10]

[11]

[12]

[13]

2 % X W

AL-SALAM W A. Some Fractional ¢g-Integrals and ¢-Derivatives []J]. Proceedings of the Edinburgh Mathematical
Society, 1966, 15(2): 135-140.

AGARWAL R P. Certain Fractional ¢-Integrals and g-Derivatives [J]. Proceedings of Cambridge Philosophical
Society, 1969, 66: 365-370.

EL-SHAHED M, HASSAN H A. Positive Solutions of g-Difference Equation [J]. Proceedings of the American
Mathematical Society, 2010, 138(5): 1733-1738.

WANG ] F, YU C L, GUO Y P. Solvability for Nonlinear Fractional g-Difference Equations with Nonlocal
Conditions [J]. International Journal of Modelling, Identification and Control, 2018, 30(4): 303-309.

AHMAD B, NIETO ] J, ALSAEDI A, et al. Existence of Solutions for Nonlinear Fractional ¢g-Difference Integral
Equations with Two Fractional Orders and Nonlocal Four-Point Boundary Conditions [J]. Journal of the Franklin
Institute, 2014, 351(5): 2890-2909.

YANG W G. Existence Results for Nonlinear Fractional ¢-Difference Equations with Nonlocal Riemann-Liouville
g-Integral Boundary Conditions [J]. Filomat, 2016, 30(9): 2521-2533.

SAMEI M E, RANJBAR G K, HEDAYATI V. Existence of Solutions for a Class of Caputo Fractional
g-Difference Inclusion on Multifunctions by Computational Results [J]. Kragujevac Journal of Mathematics, 2021,
45(4) : 543-570.

YANG W G. Anti-periodic Boundary Value Problems in Volving Nonlinear Fractional g-Difference Equations [J].
Malaya Journal of Matematik, 2013, 4(1): 107-114.

INUIAT, . — 2 A A BB o-22 4 W ME IR B R A AE P [T S ARR 222 R (2R D L 2014, 52(6):
1215-1218. (SUN M Z, HOU C M. Existence of Solutions for a Class of Anti-periodic Boundary Value Problems
with Fractional g¢-Difference Equations [ J ]. Journal of Jilin University ( Science Edition), 2014,
52(6): 1215-1218.)

LI X H, HAN Z L., SUN S R. Anti-periodic Boundary Value Problems for Fractional ¢-Difference Equations [J].
Journal of Applied Mathematics and Computing, 2016, 50(1/2): 243-257.

PATHAK R P, SOMVANSHI P S. On Existence Result of Impulsive Antiperiodic Boundary Value Problem of
Fractional Order ¢€ (1,2) [J]. Acta Ciencia Indica, 2015, 41(4): 331-346.

ZUO M Y, HAO X A. Existence Results for Impulsive Fractional ¢-Difference Equation with Antiperiodic
Boundary Conditions [ J/OL]. Journal of Function Spaces. (2018-10-09)[2023-03-28]. https://doi. org/10. 1155/
2018/3798342/.

KAC V, CHEUNG P. Quantum Calculus [M]. New York: Springer, 2002: 1-112.

(T, REH)



