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Abstract The existence and uniqueness of solutions to a class of fractional-order nonlinear damped problems with time

delay is studied. Several sufficient conditions are established to ensure the existence and uniqueness of solutions. The

proofs depend mainly on Banach’s contraction mapping principle, Krasnoselskii’s fixed-point theorem, and a generalized

Henry-type Gronwall inequality. The obtained results extend those conclusions in the existing literature.
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Fractional-order calculus has garered considerable
attention due to its remarkable applicability in a wide
range of fields'™*. In contrast to integer-order
calculus, fractional-order calculus inherently exhibits
infinite memory and enhanced degrees of freedom.
Therefore, it can more accurately characterize
phenomena in many fields such as physics, economics,
medicine, and biology.

Damping is a ubiquitous physical phenomenon in
oscillatory or vibratory systems. Its effects cannot be
ignored in the analysis of some structures that contain
rubbers, polymers, or viscoelastic materials. Over the

past several decades, various material damping
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models have been formulated using fractional-order
differential or integral equations. For certain damping
materials, fractional calculus offers a particularly
efficient modeling tool, yielding simpler representations
that involve only a small number of parameters. In
recent years, many scholars have established different
types of fractional-order damped equations and have
reported a wealth of interesting results regarding the

properties of their solutions, including existence”” ,

[8-12] [13-14]

uniqueness™®, controllability'*'*', and stability
It is well known that the existence and uniqueness
of solutions are the prerequisite for analyzing the

dynamics of systems. In [6], Boulares et al. studied
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the existence and uniqueness of positive solutions for

1:@7%0) =f(t,h(0)) + EDr g (8, (1)),

the following fractional differential equation:

te[O,T], 1)

h(0)=(0)>0, A'(0)=¢'(0)>0,

where 1 <7y, < 2. The proof depends mainly on the
method of upper and lower solutions, the Schauder

fixed point theorem, and the Banach fi xed point

where 0 < y, <1 <y, < 2. The proofs rely mainly on
the Banach fixed point theorem, the Krasnoselskii

fixed-point theorem, and the Schauder fixed point

EDPR(1) = Qo (1) + Qh(t =) + £ (6. h (1), k(1 = 1)),

h(t) = ¢ (1),
where 0 < y, < 1. The existence and uniqueness of the

solution were proved by using the supremum technique

and a generalized Gronwall inequality.

EDrh(1) = Q¢Drh(e) = f (6. h(1), k(¢ = 7)), te[0,T],
h'(1) = ¢'(1),

h(t) = (1),

where 0 <7y, <1 <vy,<2; ( is a constant matrix in
R, n>0 is the time delay; £[0,T]x R"x
R" — R" is continuous, and ¢ e C'([ = 7,0],R") is
We establish

the given initial function. several
sufficient conditions to ensure the existence and
uniqueness of the solution to Problem (4). The proofs
depend mainly on Banach’ s contraction mapping
principle, Krasnoselskii’s fixed-point theorem, and a
generalized Henry-type Gronwall inequality. It is worth
pointing out that the assumption on f covers those in
[5,6,15]. Our proof methods differ from those in [6,
15]. In particular, Theorems 1-2 in this paper extend
those in [5]. In addition, we also establish an
existence and uniqueness theorem (Theorem 3) using
a generalized Henry-type Gronwall inequality with
delay.

The rest of this paper is organized as follows.
Section 1 recalls some necessary preliminaries. Section
2 establishes several theorems on the existence and
uniqueness of solutions, along with a corollary. In
Section 3, we provide an example to show the

correctness of our results.

EDrh() = QEDrR(1) = £ (1, h (1)),
r(0)=¢(0), h'(0)=¢'(0),

theorem. In [5] , Sheng and Jiang considered the
existence and uniqueness of the solution to the

following damped system :

te[O,T], (2)

theorem. In [15] ,

following nonlinear fractional-order system with delay:

Wang et al. considered the

t e [0, T],

1 e [—77,0],

Motivated by the above-mentioned works, we are

(3)

concerned with the following fractional nonlinear

damped problem with time delay:

(4)
t e [—7], 0},

1 Preliminaries

This section presents some necessary notation and
recalls several definitions as well as auxiliary lemmas.

Let N, denote the set of nonnegative integers and
R, the set of nonnegative real numbers. Let T > 0 be a
constant, and let | x| = max | x; | be the infinite norm in

R". Denote by C([a,b],R”) the Banach space of all

continuous functions mapping [a, b]into R", equipped

with the norm |A| = m[ax]| h(t) ‘ For an arbitrary
¢ telab

. For

i 0= (o) € 27" e Q] = s 3 [,

1 <p<oo, L”([a, b], R") denotes the Lebesgue space

of p-integrable functions, endowed with the norm

v
171, =([ 1707 ) Ac(to]2) denote he
space of absolutely continuous functions on [a, b], and
AC"([a,b],R") denotes the space of functions
feC  ([a,b],R") with Ve AC([a,b],R"),
where m > 2 is an integer.

Definition 1", Let @« € R* and fe L'([0,*),R"),

the Riemann-Liouville fractional integral of order a is
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defined by (ii) P, is continuous and compact;
I f(1) = 1 fr (i - F(2)de, 130, (iii) P, is a contraction with constant k < 1.
I'(a)o Then there exists a point € {2 such that P,w +
where I'( - ) denotes the Gamma function. P,w = w.

Definition 2"'*. Let [a] denote the integer part of
[a]+ 1. For fe AC"([0,),R"),

the Riemann-Liouville fractional derivative of order «

is defined by

aeR. Let m=

L a
oD f (1) = f t-
(0= K
)" lf('r)dr, t>0.
Definition 3. For a € R", let m =[a]+ 1 when

a¢ N, If fe AC"([0,%),R"), then the Caputo
fractional derivative of order « is defined by
C
oDy
r0= poa )

)" ot f"(7)dr,

Based on Definitions 2-3, we have
m = I\
D)= 1) S|
0!

Lemma 1 (Krasnoselskii’s Fixed-Point Theorem "*').

t>0.

In particular, when a € N, we have (D¢ f (1)

Let 2 be a nonempty, bounded, closed, and convex
subset of a Banach space (X, I ) Suppose that two
operators P,, P,: {2 — X satisfy:

(i) P,x + P,y € 2for every x, y € £2;

w(t) <h(e)+ l(t)f;(t]:(sia)_[

B)

w(t) < o(1),
then
w(t) < P"(t)exp{

where

G(t)2q}, e[0,T],

Z(t)=3qil l(t) taillql-“l(t)

pi(s)w(s) + xi(

NPRRAVE
+?§(t)J’0(tF()|:,u2(s)w(s) + Ky(s)w(s - T):|ds,

Lemma 2 (Arzela-Ascoli Theorem " ). Let K be a
compact metric space and let F C C(K,R"). If F is
uniformly bounded and equicontinuous on K, then F

is relatively compact in the Banach

(c(k.r). |-}
Lemma 3 (Banach Fixed-Point Theorem ' ). Let

(X,d) be a complete metric space and let P: X — X

space

be a contraction, i.e., there exists k €[ 0, 1) such that
d(Px, Py) < kd(x,y) forall x,y € X.
Then P admits a unique fixed point in X.
Lemma 4 (Hélder’ s Inequality™' ). Let p,q > 1 be
conjugate  exponents Ip+1/g=1. 1If
NS L”([a, b]) and ¢ € L"([a, b]), then the product
¢ belongs to Ll([a, b] ) and

[ e ||u<[“,b]) <| "L"([u,b])" ¢ "u([a,b])'

Let a,8>0, h,€,J3,u, s K, K, €
c([0,7],R,), and w(t)eC([ -7,0],R,). Let
h(0) =

nondecreasing functions.

satisfying

Lemma 5%

@(0). Suppose that K, €, I, 1,1,y K5 K, are
If we C([ -7, T],RJ

satisfies

(s - 7)]ds

Lef0,7], (5)

e [—T,O],

q

- 1/‘1/-"v2(t)

L S0

') ((a-1)p+1)" I'(B) (B-1)p+ l)w

1(t)

R(1)=3"" (1)

q

L300 ()

G(t)=max{Z(t),R(t)},

p,g>0, 1p+1/g=1 a>1lg, andB > 1/q.

F(a)((a )+ 1)1/;' F(,B)((B_ 1)p + 1)1/;,

P(t)=3""a"(1),
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2 Main results

This

uniqueness of solutions to Problem (4). Let us first

section focuses on the existence and

present some assumptions on the nonlinear function f.
(H1) The function f: [0, T]x R" X R" — R" is
continuous.

(H2) There
NS Lp;([O, T], R+) such that
| f(t )| <8(0),
forall ¢t [0, T] and a,B e R,
where p; > 1 is a given constant.
(H3) There exist two functions 6, € L”‘z([O, T], R+)
and 0, L”:([O, T], ]R+) such that

‘f(tvalvﬁl) _f(t’ azuBz) ‘ < 01(£)|a1 - az’ +

exists a mnon-negative function

for all ¢t e [O,T] and all «,,a,,B8,,8, € R", where
P, p; > 1 are two given constants.

For convenience in the subsequent analysis, let
PisPos be the
corresponding to p;,p,, and p; in (H2) and (H3) ,

and p; conjugate  exponents

respectively. That is,
Pi

Pr= )
' p.— 1

k=1,2,3.

Define C, by
C,={hec([-nT]R):h(:)=

7.0, [k, < of,

where w is a constant such that w > ” o) ”c([ o5
2([-m

(1) forte[ -

By Lemma 3.1 in [7], a function h e C’([ -
7, T], R”) is a solution of Problem (4) if and only if it

satisfies the following Volterra-type integral equation

0:(1)| B, - B. |,
o(1), ZE[—n,O],
, t72_7I 0
8(0) + 19(0) - L "0EO0)
I'(y, -y, +1)
h(t)= ! - 6
(¢) s [ ) ds (©)
F(')’z _')’1) 0
1 ! -1
+ (t=s)"  f s,h(s),h(s—n) ds, te(0,T].
Pl )
Lemma 6. The set C, is a non-empty, closed, and It remains to show that C, is closed. Let

convex subset ofC([ -n, T}, R" )

Proof. 1t is clear that C, is not empty. Indeed, consider
the following function z defined by

z(l)={¢(t)’ te[-n.0],
$(0), 1e(0,7T]

Obviously, it is continuous on [ -, T] since ¢ is

continuous on [ -n, 0:|. Moreover,

$(0)]} < o.

” z "L = max { " ¢ "C([‘TLOD’
Thus, z € C,,.

Next, we prove that C, is convex. For z,,z, € C,
and 6e[0,1], put w=0z +(1-6)z,. For any
13 e[ - n,O], we have

w(t)=0d (1) +(1-0)d()=d(1).
Moreover, the triangle inequality allows us to obtain

<Oz +(1=-0)]z] <bw+(1-0)0=w

[

Consequently, w € C,. This indicates that C, is convex.

{z%} C C, be a sequence such that ) — z in C([ -
n, T], R” ) It is easy to see that
()= Jim (1) = ().

Additionally, the continuity of the norm implies

Vte[ —77,0].

= lim

c k— o

|| z 2 " S w.
c

Therefore, z € C,. We conclude that C, is a closed
subset OfC([ -, T:|, R”).
Theorem 1. Suppose that (H1)-(H3) hold. If

Jefr e (A
F(')’z_'}ﬂ"’ 1) F(')’z)((')’z_ 1),02+ 1)
Tvrl/p;“Hz ”L,,; 1L(7)
F(')’z)(('yz - 1)93 + 1) '

then Problem (4) has a unique solution on [ -7, T}
Proof. Notice that the condition (7) evidently implies
[e]r=
I(y,=y +1)

< 1. This allows us to choose a
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constant @ such that

F(72 -Vt 1)
F(')’z -7t l)_HQ"T%W'

Q=

[9 1oy * 71070+ %M(OH * r'(y,) (T(y2 —“f)"pyl + 1)
Let | is a complete metric space.
C,=theC([ ~n TR ):h(1)=d(t)fort e[ - The operator F: C, — C([ =, T],R") is defined
7.0 ], <@l as
By Lemma 6, C, equipped with the supremum norm
(1), tel-1.0].
, Qb (0
$(0)+ 1/(0) ~ 0 AL
(FR)(e) = +%f’(t ST h(s)ds
(v2=7)70
)" f(sh(s) h(s = m))ds, te(0,T].

First, let us prove F(CQ) CC, Let heC, Q. For1€(0,T], by (H2), Hélder’ s inequality and

I A ”( < o, we derive

Evidently, Fh e C([ - n. T},]R"). For t e[ - n,0],

it is obvious that |(Fh)(t)| |\ "d)”
v—v.Qd)(O) Q ' Ymvi-
Fh)( 1b(0) + 0 + -5 h(s)ds
|( t)’ #(0) + (0) - (72_71"'1) F(yz_yl)f(](t :
1 ! v.- 1
-s)" s;h(s), his - ds!
+m2)j0(t ) (s h(s)oh(s =)
T'V -Y
<\¢(0)I+T\¢'(0>\+M1¢(0)\
(72“71"'1)
|0H O ) |ds + (=) 8 (s)d
Ty ) f(t @ +F(72)f(t oo
, [ [efr
<[ (0)|+ T ' (0)]+ ——"——|d(0)] +
| )| [¢/(0)] F(%_%H)ch( LA
1 ! (v2=1)p, )”pl
-5 ds o .
ol lsl,
(o) lelr P,
<|o(0)]+ T|¢p'(0)]+ —"———(]|9(0
‘d)( )’+ ‘d)( )‘+ F()’z_')’l"'l)(‘d)( )’+Q)+ F('}’z)(()’z_ 1)P1+ 1)1/9\
<o.
This indicates || Fh ||L < 0. Hence, F maps C, into C,. evident that ‘(Fh.)(t) - (Fh2)(t) ‘ =0. Fort €(0,T],

Now, let us show that F is a contraction mapping. we apply (H3) to get

Suppose that h,, h, € C,. When te[ - 77,0:|, it is



%o

T, 45 - — 2 I A4 3 BB 2 P BELJE [ i A 77 A P 5 fE— 1P 839

‘(Fh,)(t) - (th)(t)‘

f;(t - s)yr]‘f(s,hl(s),hl(s - 7])) —f(s, hz(s),hz(s - n))‘ds

2(3)’0[3

SR (2 I _
\]—'(yz—y])fo(t s) ‘hl(s) hz(s)|ds
L]

F(Vz)

el _
\F(%_%)fo(t 7 h(s) = ho(s)|ds
+r(1y2)f;(t =) 0,(5)| hi(s) - h
+F(1yz)f;(t—s)yz_IHZ(s)‘hl(s—n)—hz(s—n)’ds.

Applying Holder’ s inequality to the integrals involving

‘(Fhl)(t) - (th)(t)‘

0, and 6,, we obtain

[ellA = .|, e
< =)
F(')’Z_VI) fo g s
hl —h2 ! -1 ! -1
+w(f°(t ~s)" 0,(s)ds + fo(t -s)" 02(3)(15)
N |
F(Vz “Y t 1)

1 [ ( ) . t ( ) Up,
e 2=,
+F(y2)((f0(t_5)7 p dS) ||01 ||]/,;+(J'O(t—s)7 P (ls) "02 ||L“;)]

o] o, P,
<||hl_h " 1 oy |
F(’)/, -7t 1) F(')’z)((')’z - I)Pz + 1) F(')’z)((?’z - 1)P3 + 1)
Therefore ,
H(Fhl) - (th) ”l
—_— T~ 1p, 0 ) T~ lp; 2] )
<fh-n] | ol Bl )
‘ F('}’z — Y. T 1) F(Yz)((72 - 1)P2 + 1) F(Vz)((?’z - 1)P3 + 1)
Combining this with the condition (7) , we conclude and
that F is a contraction mapping on the complete metric T2~ Ves || 0, ”1/'2
space C,. According to Banach’s contraction mapping [‘(,),2) ((,},2 —1)p, + 1)
principle, F has a unique fixed point h" € C,, which is - ” 0, ” ) (9)

the unique solution to Problem (4) on [ -, T]. This

completes the proof.

Remark 1. When the time delay 7 is absent in

Problem (4) , Theorem 1 reduces to Theorem 4.1

in[5].

Theorem 2. Suppose that (H1)-(H3) hold. If
[e]r

<1, 8
I'(y,-vy +1) (®)

F(’)’z) ((72 - 1)93 + l)up1

then Problem (4) admits at least one solution on [ -

n, T].
Proof. By (8), we can choose a constant @ such that
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I(y,=v, +1)
Ly, =y +1)-|o|r=

Q=

Q )8,
(o Tl Lo "
Yom" F F('Yz)(('yz - 1)P1 + 1)
Let By Lemma 6, C, is a nonempty, bounded, closed,
C,= {h € C([ n, T] ) h(t)= ¢ (t)fort e[ - and convex subset of C([ - n,T],R"). Define the
7, 0], In] < Q}- operators I\, F,: C, — C([ -, T],R")by
o (1), te[—n,O],
(F.h)(1) = "Qp(0) 0 ' -
$(0) +1$'(0) - + (t=s)"" h(s)ds, te(0,T],
Iy, =7 +1) F(vz—v.)jf)
and
0, te[—’r],O],
(Fah)(e h(s —n))ds, te(0,T].

We first verify F1x+theCQ for all x,h € C,. ‘(le+Fh ’—’d) \”d)" <o. For
Clearly, Fx+ F,h is continuous. For any te[ B t€(0,T], the use of (H2) and Holder s inequality
n,O}, (le + th)(t) = ¢ (t). Moreover, we get that yield

|(F,x)(2) + (F,h) (1))
’ non d)(o) Q ' Y2~ -1
_16(0) + 1 (0) - — "€ . (t=5)" " " a(s)ds
Iy, =y +1) F(vz-%)f‘)
1 ! iy
+ (t=3)"" fls,h(s),h(s-m))dsl
P 077 (b0 bl =)
T'V Y
<|¢(0)I+T|¢'(0)|+M|¢(O)| lo] 0
(')’z Yt ) ('yz -7 t 1)
+ ! Jﬁ(t—s)yzflﬁ(s)ds
I(y,)7o
e (|4(0)]+ o)
<|d(0)]+ T|d'(0)] +
O T O )
| , ( : oy ) p!
+ (t-s) 1/’_lp'als) ( 5(s)p’ds)
]"(72)(4[0 fo
] ef([#(0)]+ o) sl
<|d(0)|+ T|d'(0)]+ + L
| | | | F(')’z -Vt 1) F('Vz)((')’z - 1),01 + 1)
<o
This implies ||le + F,h ”L < 0. Hence, F\x + F,h e C, mapping. Let b, h, € C,. Fort e [ -, 0:|, (thl)(l) -
forall x, h € C, (thQ)(t) =0.Fort € (0, T], using (H3), we obtain

Next, we demonstrate that F, is a contraction
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1 ! 1 ! -1
= -s) s, h(s), h(s— ds — -5 s, hy(s), hyls — ds
Tyt S lshs)s = m)ds = s f =9 (sshals). s = )
<o) B = ) 0 s = m) = s = ) s
Applying Holder’s inequality, we get
hy, = h,
’(thl)(t)—(thz)(t)‘su

F()’ ) [f;(t - S)yz_lal(s)ds + f;(l _ S)%_IGQ(S)ds:'

|1 = ha | [( ’ e N[ "
<—F—¢ (t-s)" pzds) ( Gl(s)p“ds)
F('}’z) fo J’0

Afge-oreea) (foora)|

Tl e ]
F(‘YZ) ((‘Y2 - 1)p2 + 1) F('Yz) ((')’2 - 1)P3 + 1) '

<[ =k,

Therefore,

T 1p; 2] . 77" lp; 2] p
"(thl)_(thz)"_s ” 1"1, - + ” 2||/, - j|"hl —h2
¢ F(Vz)((yz_ 1)p2+ 1) : F(Vz)((yz_ 1)p3+ 1) :
With the condition (9), F, is a contraction mapping. that {h,}7_, CC, is a sequence such that h, = h

In what follows, we will prove that the operator F| uniformly on [ -, T]. For any ¢ e [ -, 0]’ (F\h, -

is continuous and compact. Flh)(t) = 0. Foranyt e [O, T], we obtain

Let us first discuss the continuity of F,. Suppose

[(Fih,)(0) = (F i) (1)
:‘¢(0)+t¢’(0)— POy [ ()

F'(y,=v,+1) I'(y,-7)

oy 006(0) 0 [
‘("5(0)”‘“0) Flymp o) P70 ”)

S -5)" 7" (h(s) - h(s))ds
P KEEMN CORIO)

2
w f Nl _
) F(’YZ_'}/I)J-O(t S) |hn(s) h(s)‘ds
ol
F(72 -v, t 1) ¢
Hence, .
|| F.h, - F.h ||{ < ” Q H T " h - h "( In order to prove the compactness of FI(CQ)’ we
Iy, =y +1) first consider the uniform boundedness of F](CQ)_ Let

Therefore, we obtain that " F.h,—Fh ”C converges 1o heC. Forie [ o 0]
Q' b 9’

(F.R) ()| <o ||c([-n,o1) se

0 in C([ -, T:|, R”). This implies the continuity Fort € (0, T ], we obtain
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— ! _ t%_%Qd)(O) Q ! - Yamvi -1 s s

[(F )0 = |80+ 1/(0) = o B s (1= T ()
< o) 4 — T IOH o]
<|o(0)][+ T|d'(0)] + Tyt 1)HQ|||¢(0)\ f(t h(s)|ds
< ol T Lol
<[#(0)] = T4 (0)]+ Iy, =7+ 1)HQ"|¢(O)‘+ Fy,-y,+1)°

Thus,
< (s — T ol

el <loo)+ ool 1 T allaoe LT

This gives that, F, (CQ) is uniformly bounded.

) 1s equicontinuous on

Now we prove that F,(C

Q

‘(Flh)(tz) - (Flh)(tl)‘

e 0)l]e]
<[¢'(0)[(z, Flyuy, s
|0]
+T(72-7)
, 0)lJe]
4(0) Pyt 1)

Jid

+

Consequently,

[(FR)(12) = (Fik) (1)

e f:(tz—s)%-%-lh(s)ds —f:(tl _S)yz-y._lh(s)ds

Iy, - %)Uz:(tz - e ]|

[ -, T]. On one hand, for 0 <, <t, < T, we have

"o tﬂly;-%)

(=)

(t2 - s)yz_%_l - (t1 - s)%_y'_l‘ds]

(0
<ol =0) O
2 1
QHQ" _ LI V2=V _ V2N
Tr(vz—vﬁl)[z(tz W)l -]

Obviously, the term on the right hand side of this

inequality is irrelevant to h. As ¢, tends to t,, we have

‘(F,h)(t ) (F h ‘H 0. As a result, l(CQ) is
equicontinuous on [O, T]
On the other hand, for ¢ [ - 77,0], (F]h)(t) =

¢ (). It is evident that F,(CQ) is equicontinuous on |: -
n, O:|. Moreover, F,(Cg) 1s equicontinuous on |: -n, T].
Combining this with the uniform boundedness of
F](CQ), we use the Arzela-Ascoli theorem to show that
F| is a compact operator.

With the help of Krasnoselskii’ s fixed point

theorem , we conclude that there exists h" € CQ such

that F\h" + F,h" = h". Consequently, A" is

a solution

to Problem (4) on[ = m, T'] The proof is complete.
Remark 2. When the time delay 7 is absent in
Problem (4) ,
in [5].

Theorem 2 reduces to Theorem 4.2

To further investigate the uniqueness of the
solution to Problem (4) , we introduce the following
assumption, which is stronger than (H3).

(H4) There exist two nondecreasing functions
0,,0,¢c C([O, T], R+) such that
| f(tnB) = f(tasB,) | < 6,(1)
+92(t)|,31 _,82|’
forallt e [O, T]and all ¢, a,,B,,8, € R".

‘a,—aﬂ
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Theorem 3. Suppose that (H1), (H2) and (H4) hold. If
” 0 ” Tr "

Flya=ye)) "
and
pow ol
I(y.) ((y2=1)p, + 1)
pov el
I'(y,) (y,-1)p,+ D"
_ , "1Q$(0)
h(t)=¢(0)+1'(0) - m

+‘{)ﬂu-g%”‘m9¢+

wherei =1, 2.

I'(y, -y,
1

I(y,)7o
[o]

F(')’z“')ﬁ) 0
1

+F(y2)
|o]

F(72_71) 0
1

+
I'(v,)

+

<

<

t
0

The condition 0 <7y, <1<y, <2 implies vy, -

v, > 0andy, > 0. Applying Lemma 5, we get
|&(1)|<0, tel0,T].

|§(t)|=0 for any te[—’r],T}.

Hence,

where 0 <y, <1<y, <2.
In this case, (H1), (H2) and (H4) reduce to

the following assumptions.
(H1)’ The function £2[ 0, T] x R" — R" is continuous.
(H2) ' There exists a
de Lp;([O, T], R+) such that

|f(l,ot) | <8(t), forallte[0,T] and a € R",
where p; > 1 is a given constant.

(H4)' There exists 6 € C([O, T], R+) such that
‘f(t,al) - f(ta,)

non-negative function

<0(t)|a, - a,|

F('Yz)

EDrh(1) = QEDrh(1) = £ (1, h(1)),
h(0)=¢(0),h'(0) = ¢'(0),

then Problem (4) has a unique solution on[ -, T}
Proof. According to Theorem 2, there exists at least
one solution to Problem (4). Let h, and h, be two
solutions to Problem (4) , and let f(t)=|hl(t)—
hy(2) |

Forte[ —=m,0], b, =h, = (1). Fort €[0,T],
it is obvious that h, and h, satisfy the equivalent

integral equation (6). Namely,

! f;(t—s)yz?lf(s,hi(s),hi(s—n))ds,

Clearly, E(1)=0,1 E[ - 77,0}. Fort e [0, T:|,

] KD R CIORYAOIE

[ =) [ (sebis)o bl = m)) = f (5o als) s hols = )]s
[ =9y 7 hs) = (o) s
ﬂu—ﬂ”ﬂf@muxm@—nn<ﬂ&m6ym@-nmﬁ
=y e(s)as

[ (= [o.0)] ()] + 0:(5)[E(s = m)[] s

Moreover,

hi(t)=hy(t) for te[ -n,T] This
completes the proof of Theorem 3. []
In the absence of time delay, Problem (4)

reduces to the following form

velo7] (10)
forallz € [0, T]and all &, @, € R".
Corollary 1. Suppose that (H1)’, (H2)' and (H4)"
hold. If
2 lef.r
F(y, =y +1) Iy, +1)
then Problem (10) has a unique solution on [0, T ]

<1 and <1, (11)

3 Application

Example 1. For Problem (4), the parameters are
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given as follows: y, = 1/2, v, =32, 0 =02, T =1, 1+ i, d'(t) = l The corresponding form is written
11 1. 2 2
1]:0.2,f(t,x,y)=ﬁ+%smx+%smy, o(t) = as:
CDPR(1) = 02 Dh(1) = 4 S sinh(1) + —sinh(t-02),  O0<i<I,
10 50 50
t 1 (12)
h()=1+5, W)= -02<1<0.

Obviously, f'is continuous on [0, 1] X R X R and

satisfies the following conditions :

7
,lf(t’ Xy y)l < %’

and
f(tx,y) = f(tx,,y,) < i|7€1 - x|+ L|y1 - 5l
50 50
Let 8(t) = 7/50and 6,(t) = 6,(¢) = 1/50, and let
p.=p,=p;=p,=p; =2 Obviously, § e Lz([O, T], R*),
0, € L*([0, T],R*), and 6, € L*([0, T], R").

(1) With the above parameters,, we derive

QI
F()’?—% 1) 02<l
and
e,
I(y.) (v, - 1)p, + 1)
6., o150
I(y.)((yo-Dp+ D™ 7 r3nyJ2
0.0319 < 1.

According to Theorem 2, Problem (12) has at least
one solution on [-0.2, 1].

(2) On the basis of the above parameters, we

obtain
HQ"Tn—v. Ty;—l/p?"g] P
F(72 -y, t 1) F(')’Z)((')’z - 1),02 + 1)1//;2
T7- Vpi” 02 .
~ (0.2319 < 1.

() ((ya = 1)ps+ D™
By Theorem 1, Problem (12) has a unique solution on
[-0.2, 1]

(3) Tt is easy to see that 6,(z) and 6,(t) are
continuous and nondecreasing on [0, 1]. Based on the
above data, the conditions of Theorem 3 are satisfied.

Therefore, by Theorem 3, there exists a unique

solution to Problem (12) on[-0.2, 1].

References

(1] Podlubny 1. Fractional differential

equations: an

(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]

[10]

[11]

[12]

introduction to fractional derivatives, fractional differential
equations, to methods of their solution and some of their
app]ications[M]. Amsterdam: Elsevier, 1999.

Bagley R L, Torvik P J. A theoretical basis for the
application of fractional calculus to viscoelasticity [J].
Journal of Rheology, 1983, 27(3): 201-210.

Mainardi F. Fractional calculus and waves in linear
mathematical

introduction  to

World Scientific

viscoelasticity:  an
models [M]. 2nd Ed. Singapore :
Publishing (EUROPE), 2013.
AT 3, 5 PR B, X RS T L A L LCL B O ) A8 25 43 B
Lotk B B s LA R SO0 ik ] s R
REF2EAR CHIRBEEAM) ,2026,45(4) :523-531.
Sheng J, Jiang W. Existence and uniqueness of the
solution of fractional damped dynamical systems [J].
Advances in Difference Equations, 2017, 2017(1): 16.
Boulares H, Ardjouni A, Laskri Y. Positive solutions for
nonlinear fractional differential equations [J]. Positivity,
2017, 21(3): 1201-1212.
Agarwal R P, Zhou Y, He Y. Existence of fractional
neutral functional differential equations (7. Computers &
Mathematics with Applications, 2010, 59 (3) : 1095-
1100.
Arthi G, Park J H, Suganya K. Controllability of
fractional order damped dynamical systems with distributed
delays [J]. Mathematics and Computers in Simulation,
2019, 165: 74-91.
Arthi G, Suganya K. Controllability of non-linear
fractional-order systems with damping behaviour and
multiple delays [J]. IMA Journal of Mathematical Control
and Information, 2021, 38(3): 794-821.
Sathiyaraj T, Balasubramaniam P. The controllability of
fractional damped stochastic integrodifferential systems [ ] ].
Asian Journal of Control, 2017, 19(4): 1455-1464.
He B B, Zhou H C, Kou C H. The controllability of
fractional damped dynamical systems with control
delay [J]. Communications in Nonlinear Science and

Numerical Simulation, 2016, 32: 190-198.
Balachandran K, Govindaraj V, Rivero M, et al.



%o

T, 45 - — 2 I A4 3 BB 2 P BELJE [ i A 77 A P 5 fE— 1P

845

[13]

[14]

[15]

[16]

[17]

Controllability of fractional damped dynamical systems [J ].
Applied Mathematics and Computation, 2015, 257:
66-73.

Arthi G, Brindha N, Baleanu D. Finite-time stability
results for fractional damped dynamical systems with
time delays [1].
Control, 2022, 27(2): 221-233.

Kumar V, Malik M, Debbouche A. Stability and

Nonlinear Analysis: Modelling and

controllability analysis of fractional damped differential
system with non-instantaneous impulses [J]. Applied
Mathematics and Computation, 2021, 391: 125633.
Wang F F, Chen D Y, Zhang X G, et al. The existence
and uniqueness theorem of the solution to a class of
nonlinear fractional order system with time delay [J].
Applied Mathematics Letters, 2016, 53: 45-51.

Kilbas A A, Srivastava H M, Trujillo J J. Theory and
applications of fractional differential equations [M].
Amsterdam: Elsevier Science, 2006.

Zhou Y. Basic theory of fractional differential equations[ M ].

[18]

[19]

[20]

[21]

[22]

3rd Ed. Singapore: World Scientific Publishing, 2022.
Krasnosel'skii M A, Armstrong A H B T. Topological
Methods in the Theory of Nonlinear Integral Equations [ M ].
Oxford; London; New York; Paris: Pergamon Press,
1964.
Arzela C. Un’ osservazione intorno Alle serie di
funzioni[J]. Rendiconto Dell” Accademia Delle Scienze
Dell’ Istituto Di Bologna, 1883: 142-159.

Smart D R. Fixed points theorems (M]. Cambridge :
Cambridge University Press, 1980.

Holder O. Ueber einen Mittelwerthssatz[ ] ]. Nachrichten
von der Konigl. Gesellschaft der Wissenschaften und der
Georg-Augusts-Universitit zu Gottingen, 1889, 1889:
38-47.

Du F, Lu J G. New approach to finite-time stability for
fractional-order BAM neural networks with discrete and

distributed delays [J]. Chaos, Solitons & Fractals,
2021, 151: 111225.

(RH&RF FEZR)



