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Using the null geodesic method, Hawking radiation from the horizon of a Schwarzschild black hole is

calculated. The thermodynamics can be built successfully on the horizon where the apparent horizon

and event horizon are coincident with each other. When a relativistic perturbation is given to the

horizon, the first law of thermodynamics can also be constructed at a new supersurface near the

horizon successfully. The expressions of the characteristic position and temperature are consistent with

the previous result while the thermodynamics was built on the event horizon in a Vaidya black hole.

Therefore, the thermodynamics of a dynamical black hole should be constructed on the apparent horizon

exactly, and the event horizon thermodynamics is just one of the perturbations near the apparent

horizon.
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1 Introduction

Hawking [1] found that black holes radiate a thermal
spectrum of particles, and the temperature of radiation
depends on the surface gravity κ. However, it remained
mysterious yet how the radiation come out. A physical
picture suggested by Hartle and Hawking [2] is the vac-
cum fluctuation’s tunneling through the horizon. This
picture is similar to an electron-positron pair creation
in a constant electric field. The energy of the particle
changes sign as it crosses the horizon, so that a pair
created just inside or outside the horizon can material-
ize with zero total energy after one member of the pair
tunneled to the opposite side. This arises from the com-
bination of quantum mechanics and general relativity.
It originates upon the quantization of matter in a back-
ground spacetime that contains a horizon. There are
three types of the particles created in such a background
spacetime: two particles with positive energy and nega-
tive energy, which are both created outside or inside the
black hole can not exist for a long enough time because
they annihilate at once after they generate by the vaccum
fluctuation; the pair particles with positive energy and
negative energy that only one stays inside the black hole
and the other outside the balck hole can exist. Because

the negative particle cannot exist outside the black hole,
so the positive energy particle stays outside the black
hole, while the negative energy particle goes inside the
black hole. In the last situation, the particles are allowed
to follow classically forbidden trajectories [3, 4], starting
just behind the horizon onward to infinity. The classical
action should be complex, and the tunneling amplitude
is governed by the imaginary part of this action for the
outgoing particle. The imaginary part of action for the
process of s-wave emission across the horizon is related
to Boltzmann factor of Hawking temperature. There are
two typical methods to calculate the imaginary part of
action: one is the radial null geodesic method suggested
by Parikh and Wilczek [3], and the other is Hamilton–
Jacobi method proposed by Srinivasam et al. [4]. When
the back reaction of the radiating particle is considered,
the corrected Hawking radiation can be obtained [5]. Af-
ter that, many people [6–11] applied these methods to
find out Hawking temperature for different metrics.

Based on Hawking radiation, the thermodynamics re-
lation was believed and successfully constructed on the
relation of surface gravity κ, effective area A, and black
hole mass M at event horizon of a static or stationary
black hole, while the apparent horizon and event horizon
are coincident with each other [12–14]. However, when
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a dynamical black hole is considered, another disturbing
problem appeared: where should the thermodynamics be
constructed successfully, event horizon or apparent hori-
zon? There are two contrary viewpoints in the previous
works. Balbinot [15], Zhao et al. [16], and Vagenas et al.
[17] investigated black hole entropy and Hawking radia-
tion at the event horizon of a dynamical black hole and
constructed the thermodynamics on the event horizon.
They had gained the radiation temperature expression
on the event horizon. Some of them even thought that
the radiation is not a perfect black body spectrum, be-
cause the thermal equilibrium does not exist on the event
horizon. On the other hand, Refs. [18–21] pointed out
that Hawking radiation and the thermodynamics should
be constructed on the apparent horizon. Hiscock [20]
proposed to identify one-quarter of the area of the ap-
parent horizon as the Bekenstein–Hawking area-entropy
of a Schwarzschild black hole by considering the collapse
of a spherical shell. Collins [21] derived a formula for
the area change of the apparent horizon, which can be
interpreted as a generalized first law of thermodynamics.

Hayward [22–24], Ashtekar & Krishman [25], and
Nielsen [26] have investigated again the relation of sur-
face gravity, black hole entropy, and the total black hole
mass. They believed that the thermodynamics should be
built on trapped horizons, where apparent horizon can
be seen as one kind of the trapped horizons, named as
marginally outer trapped surface [27]. Therefore, these
conclusions should be also applicable to the apparent
horizon of a dynamical black hole.

In this paper, we will apply the radial null geodesic
method to calculate Hawking radiation from the hori-
zon of a Schwarzschild black hole. We will find that
Hawking radiation, black hole entropy can be perfectly
defined, and the first thermodynamics law can be con-
structed successfully at the horizon. However, consider-
ing a relativistic perturbation near the horizon, we can
also construct the first thermodynamics law successfully,
and Hawking radiation is very similar, as the conclusions
in Refs. [15, 16].

In Section 2, we will calculate the characteristic su-
persurface using the strict definition and then use the
radial null geodesic method to calculate Hawking radia-
tion from the horizon of a Schwarzschild black hole. In
Section 3, considering a perturbation near the horizon,
we will investigate Hawking radiation from the super-
surfaces near the horizon. In Section 4, some discussions
and conclusions will be given. We will use units in which
c = G = � = kB = 1 throughout this paper.

2 Hawking radiation from the horizon

The line element of a Schwarzschild black hole is

ds2 =−
(

1− 2m

r

)
dt2+

(
1− 2m

r

)−1

dr2+r2dΩ2 (1)

where m is the mass of the black hole.
The metric has a coordinate singularity rh = 2m,

which can be removed by transformation to the advanced
Eddington coordinates

r∗ = r +
1
2κ

ln
r − 2m

2m

v = t + r∗

so the metric can be rewritten as:

ds2 = −
(

1 − 2m

r

)
dv2 + 2dvdr + r2dΩ2 (2)

where v is the advanced Eddington time coordinate.
According to the geometry, there are three characteris-

tic supersurfaces of a black hole: event horizon, apparent
horizon, and time-like limit surface. Due to the defini-
tion of time-like limit surface (g00 = 0) and event horizon(

gμν ∂f

∂xμ

∂f

∂xν
= 0

)
, it is easy to obtain that

rEH = 2m, rTLS = 2m (3)

The apparent horizon rAH that is also called as the
outermost marginally trapped surface is defined by the
expansion:

Θ = lμ;μ − κ = 0 (4)

where κ = nμlν lμ;ν = nμlν
(
lμ,ν − Γσ

μν lσ
)

is surface grav-
ity of the horizon.

In order to calculate the apparent horizon, we need to
choose a null tetrad frame as:

nμ = (1, 0, 0, 0) , lμ =
(

1
2

(
1 − 2m

r

)
,−1, 0, 0

)

mμ =

√
1
2

(0, 0, r, ir sin θ)

mμ =

√
1
2

(0, 0, r,−ir sin θ) (5)

Therefore, the contravariant forms of the basis vectors
are

nμ = (0,−1, 0, 0) , lμ =
(

1,
1
2

(
1 − 2m

r

)
, 0, 0

)

mμ =
√

1
2
r−1

(
0, 0, 1,

i
sin θ

)

mμ =
√

1
2
r−1

(
0, 0, 1,− i

sin θ

)
(6)

It is obvious that they satisfy the condition of null
tetrad frame
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nμnμ = lμlμ = mμmμ = mμmμ = 0

nμlμ = −mμmμ = 1

nμmμ = nμmμ = lμmμ = lμmμ = 0

Putting Eq. (5) and Eq. (6) into Eq. (4), we can obtain

rAH = 2m (7)

In the meantime, the surface gravity at the apparent
horizon is

κ =
m

r2
|rAH =

1
4m

(8)

which is the same as Ref. [18].
Apparently, for a Schwarzschild black hole, we have

the relation rh = rAH = rEH = rTLS .

According to Eq. (2), the null geodesics can be given:

dr

dv
= ṙ =

1
2

(
1 − 2m

r

)
(9)

Because the infinite gravitational blueshift near the hori-
zon ensures the radiation to have a characteristic arbi-
trarily small wave-length for any particles, so the geomet-
rical optics limit becomes an espically reliable approxi-
mation. The geometrical limit allows us to obtain rig-
orous results directly in the language of particles, rather
than the second-quantized Bogolubov method. In the
semiclassical limit, we can apply the WKB formula. This
relates the tunneling amplitude to the imaginary part
of the particle action at stationary phase. The emis-
sion rate Γ , is the square of the tunneling amplitude:
Γ ∼ exp(−2 Im S) ≈ exp(−βE). The imaginary part of
action for a s-wave outgoing positive energy-ω particle,
which crosses the horizon outwards from rin to rout can
be expressed as:

Im S = Im
∫ rout

rin

prdr = Im
∫ rout

rin

∫ pr

0

dp′rdr (10)

Using Hamilton’s equation ṙ =
dH

dpr
, changing the vari-

able from momentum to energy, and switching the order
of integration, we have

Im S = Im
∫ m−ω

m

∫ rout

rin

dr

ṙ
dH

= Im
∫ +ω

0

∫ rout

rin

dr

1
2

(
1 − 2m

r

)d(−ω
′
)

= −Im
∫ rout

rin

2ωr

(r − 2m)
dr

= −Im
∫ rout

rin

2ωr

(r − rh)
dr (11)

where the minus sign appears because H = m − ω′. For
a small path from rin to rout containing rh, we obtain

Im
∫ rout

rin

f(r)
r − rh

dr = −πf(rh) (12)

Therefore, the imaginary part of the action is

ImS = −Im
∫ rout

rin

2ωr

r − rh
dr = 2πωrh = 4πωm (13)

the semiclassical emission rate is [15]

Γ ∼ e−2Im S = e−8πωm = e−βω (14)

Subsequently, Hawking temperature is

Th =
κ

2π
=

1
8πm

(15)

According to the thermodynamical analogy in black
hole physics, the entropy of a black hole is defined as

S =
A

4
, where A is the area of black hole characteristic

supersurface. Therefore, the entropy can be written as:

SBH = πr2
h = 4πm2 (16)

which satisfies the first law of the thermodynamics

dm =
κ

2π
dSBH = ThdSBH (17)

where κ is just the surface gravity of the horizon [18].

3 Hawking radiation from the supersurfaces
near horizon

In this section, we will investigate Hawking radiation
from the supersurfaces near horizon r′ = rh (1 + δ),
where δ is an infinitesimal parameter. First, we define a
coordinate transformation as:

R = r − 1
2
δ · v (18)

so the line element Eq. (2) can be written as:

ds2 = −
(

1 − 2m

r
− δ

)
dv2 + 2dvdR + r2dΩ2 (19)

It is obvious that r = r′ = 2m (1 + δ) = rh (1 + δ) can
be regarded as a new horizon, which satisfies

1 − 2m

r′
− δ = 0

Using the radial null method, after similar calcula-
tion, we can obtain the imaginary part of the action from
r′ = rh (1 + δ) as:

Γ ∼ e−2Im S = e−8πωm(1+δ)2 = e−βω (20)

In the meantime, we have the surface gravity and ther-
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modynamical temperature expressions on the new super-
surface as:

κ′ =
1

4m(1 + δ)2
, T ′ =

1
8πm(1 + δ)2

(21)

The area of the supersurface r′ = rh (1 + δ) that can
be regarded as the entropy of the black hole will natu-
rally be

S′ =
1
4
A′ = πr′2 = π[2m(1 + δ)]2 (22)

and the first law of thermodynamics can be written as:

dm = T ′dS′ =
1

8πm(1 + δ)2
· 8πm(1 + δ)2dm (23)

Apparently, we can also construct thermodynamics on
the new supersurface, which is a relativistic perturba-
tion near the horizon.

4 Discussion and conclusions

It is obvious that the first law of thermodynamics can
be constructed on the horizon in a Schwarzschild black
hole. Moreover, considering a relativistic perturbation
near the horizon, we can also construct successfully black
hole thermodynamics on the new supersurface. The con-
clusions from Eq. (21) to Eq. (23) are similar to the
event horizon results in a Vaidya black hole. Recently,
Hawking radiation from the apparent horizon of a Vaidya
black hole is calculated by using the gravitional anomaly
method proposed by Robinson and Wilczek, where it has
been found that the thermodynamics can be built suc-
cessfully on the apparent horizon [28]. Hawking-like radi-
ation as tunneling from the apparent horizon in an FRW
Universe is also investigated. The correct temperature
can also be obtained [29]. Now, a Schwarzschild black
hole is stationary, even static; however, we can also get
the similar results of a dynamical black hole. This means
that the results we got after perturbation are not really
physical and only have mathematical meaning, and the
real Hawking radiation and thermodynamics should be
on the apparent horizon for a dynamical black hole. The
event horizon can be regarded as one of the many new
supersurfaces after a relativistic perturbation around the
apparent horizon for the black hole thermodynamics.

Our conclusions should be applicable to other non-
stationary black holes, at least for the spherical dynam-
ical black holes. Therefore, we can conclude that the
thermodynamics should be constructed on the apparent
horizon exactly, while the event horizon thermodynam-
ics is just one of the perturbations near the apparent

horizon at least for the mathematical meaning.

Acknowledgements We would like to give great thanks for the
helpful discussions with Prof. Zheng Zhao. This research was
supported by the National Natural Science Foundation of China
(Grant No. 10773002 and 10875012) and the National Basic Re-
search Program of China (Grant No. 2003CB716302).

References

1. S. W. Hawking, Commun. Math. Phys., 1975, 43(3):

199

2. J. B. Hartle and S. W. Hawking, Phys. Rev. D, 1975, 13:

2188

3. M. K. Parikh and F. Wilczek, Phys. Rev. Lett., 2000, 85:

5042

4. K. Srinivasam and T. Padmanabhan, Phys. Rev. D, 1999,

60: 024001

5. W. B. Liu, Acta Physica. Sinica, 2007, 56(10): 6164

6. Q. Q. Jiang, S. Q. Wu, and X. Cai, Phys. Rev. D, 2006,

73: 064003

7. Y. P. Hu, J. Y. Zhang, and Z. Zhao, Mod. Phys. Lett. A,

2006, 21: 2143

8. Z. B. Xu and B. Chen, Phys. Rev. D, 2007, 75: 024041

9. R. Kerner and R. B. Mann, Class. Quantum Grav., 2008,

25: 195014

10. R. D. Criscienzo and L. Vanzo, Europhys. Lett., 2008, 82:

60001

11. D. Y. Chen, Q. Q. Jiang, S. Z. Yang, and X. T. Zu, Class.

Quantum Grav., 2008, 25: 205022

12. J. M. Bardeen and S. W. Hawking, Commun. Math. Phys.,

1973, 31: 161

13. J. D. Beekenstein, Phys. Rev. D, 1973, 7: 2233

14. R. M. Wald, Phys. Rev. D, 1979, 20: 1271

15. R. Balbinot, Phys. Rev. D, 1986, 33: 1611

16. J. Ren, J. Y. Zhang, and Z. Zhao, Chin. Phys. Lett., 2006,

23: 2019

17. E. C. Vagenas and S. Das, JHEP, 2006, 0610: 025

18. G. Fodor, K. Nakamura, Y. Oshiro, and A. Tomimatsu,

Phys. Rev. D, 1996, 54: 3882

19. P. Hajicek, Phys. Rev. D, 1987, 36: 1065

20. W. A. Hiscock, Phys. Rev. D, 1989, 40: 1336

21. W. Collins, Phys. Rev. D, 1992, 45: 495

22. S. A. Hayward, Phys. Rev. D, 1994, 49: 6467

23. S. A. Hayward, Phys. Rev. Lett., 2004, 93: 251101

24. S. A. Hayward, Phys. Rev. D, 2004, 70: 104027

25. A. Ashtekar and B. Krishman, Phys. Rev. D, 2003, 68:

104030

26. A. B. Nielsen, arXiv: hep-th/0809.3850, 2008

27. E. Gourgoulhon and J. L. Jaramillo, New Astronomy Re-

views, 2008, 51: 791

28. X. M. Liu and W. B. Liu, Where does Hawking radiation

of a dynamical black hole come from? (to be published)

29. T. Zhu, J. R. Ren, and D. Singleton, arXiv: hep-

th/0902.2542v1, 2009



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


