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Shale gas is a key transitional low-carbon energy source, offering a cleaner-burning alternative to coal,
reducing greenhouse gas emissions, and supporting energy security during the transition to renewable
energy systems. However, its efficient production is challenged by issues such as fracturing fluid
retention, which adversely affects gas flow. During well shut-in and flowback following hydraulic
fracturing, fracturing fluid imbibes into the formation, redistributing within its complex pore structure
and altering gas-water flow dynamics. This study develops a comprehensive gas-water relative
permeability model for shale reservoirs, using fractal theory and porous media mechanics. The model
incorporates key factors, including pore size distribution, fractal geometry, tortuosity, pore connectivity,
and fluid-phase interactions within distinct fractal regions of the shale. The analysis shows that in-
creases in fractal tortuosity, critical water saturation, fractal dimension in the large-pore fractal region,
displacement probability in the small-pore fractal region, and imbibition time reduce water relative
permeability. In contrast, increasing displacement probabilities in both fractal regions, pore coordina-
tion number, and imbibition time enhance gas relative permeability. These findings highlight the
importance of mitigating aqueous phase trapping and optimizing fracturing fluid flowback to minimize
formation damage and improve production rates. By advancing our understanding of fluid behavior
under complex reservoir conditions, this study provides a theoretical framework for designing opera-
tional strategies that enhance shale gas recovery, supporting its role in meeting energy demands while

reducing greenhouse gas emissions.
© 2026 Southwest Petroleum University. Publishing services by Elsevier B.V. on behalf of KeAi
Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction regions [3,4]. The recovery rate of fracturing fluid in shale gas

reservoirs is usually quite low, often remaining below 10%. As a

Shale reservoirs exhibit complex pore structures and seepage
mechanisms, characterized by low natural productivity and rapid
production decline [1,2]. Horizontal well volume fracturing has
become a fundamental technology for developing shale gas res-
ervoirs, demonstrating successful applications across various
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result, a considerable volume of fracturing fluid remains trapped
within the shale reservoir, causing aqueous phase trapping. This
phenomenon significantly reduces the relative permeability of gas,
which in turn lowers the production rate of wells [5,6]. The
retained fluid penetrates deeper into the formation, driven by
capillary forces and osmotic pressure differences (resulting from
salinity variations). This process initiates a series of complex
physical and chemical interactions with the shale rock [7,8]. The
interactions between the fracturing fluid and the reservoir are
critical in influencing gas flow and recovery. To mitigate the
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retention of aqueous fracturing fluid, a common practice is to shut
in the well for a period before starting production, a process
known as “well soaking.” This allows time for natural equilibra-
tion, reducing the damage caused by fracturing fluid retention and
potentially enhancing well performance [9,10]. However, labora-
tory and field evidence demonstrates that once the fracturing fluid
infiltrates the reservoir, persistent aqueous phase trapping can
occur, presenting significant challenges for its removal. Conse-
quently, the efficiency of “well soaking” in mitigating trapping
effects and enhancing production rates remains a topic of ongoing
investigation and debate [11].

To evaluate the effectiveness of the well-soaking process,
relative permeability serves as a key parameter, reflecting how gas
and water flow simultaneously through porous media during two-
phase flow. Odumabo et al. [12] observed that as more fracturing
fluid leaks into the formation, the effective permeability of gas
decreases. They also noted that increasing the duration of the well
shut-in period can enhance gas permeability. However, if the
relative permeability curve of the shale gas reservoir is concave,
longer shut-in times may not significantly improve gas perme-
ability after fluid flowback. Elputranto and Akkutlu [13] explained
that water can accumulate near the fracture area due to the
capillary end effect. This phenomenon is caused by differences in
capillary pressure and water saturation between the matrix and
fracture zones. To address this, the bottom-hole flow pressure can
be carefully controlled, and the wettability of the system can be
adjusted to a more water-wet state, facilitating better gas flow.
Peng et al. [14] present a different viewpoint, suggesting that the
increase in shale gas production rates after a well shut-in is pri-
marily influenced by water imbibition from fractures into the
matrix. This process triggers gas desorption from the matrix,
boosting gas flow. Concurrently, the reduction in water volume
within the fractures increases both fracture permeability and
overall reservoir permeability. Moreover, clay swelling, dispersion,
and migration within shale formations are among the key factors
contributing to reservoir damage and can have a significant impact
on gas production [15,16].

Bennion and Bachu [17] performed displacement and imbibi-
tion experiments on ultra-low permeability shale cores from
Alberta, using saltwater and CO, under reservoir conditions. By
applying history matching, they determined relative permeability
and observed a delayed response in relative permeability during
the saltwater imbibition process, attributed to gas being trapped
within the shale matrix. Dacy [18] further investigated this phe-
nomenon by analyzing relative permeability endpoints, non-
wetting phase saturation endpoints, critical gas saturation, and
gas effective permeability under both drainage and imbibition
injection schemes. The study derived relative permeability func-
tions for sub-milliDarcy shale cores, emphasizing the complex
interplay between permeability and fluid migration. Peng et al.
[14] assessed shale matrix permeability using a modified gas
expansion method and derived relative permeability functions
under imbibition conditions. Their findings indicated that the
water-blocking effect is more pronounced at low water saturation
levels than at higher ones. As water saturation increases, gas
relative permeability initially decreases sharply and then stabi-
lizes. Tan et al. [19] validated these findings through experimental
studies, revealing that the reduction in gas relative permeability
with increasing water saturation is more pronounced in lower-
permeability shale cores than in higher-permeability ones. This
demonstrates that water saturation has a greater impact on gas
flow in tighter shale formations. Yao et al. [20] found that the
presence of fracturing fluid reduces the diffusion coefficient of
shale gas, whereas increasing pore size exponentially enhances it.
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Due to the complexity of pore structures within shale reser-
voirs, various methods are commonly employed to model their
physical properties and seepage behavior. Ghanbarian-Alavijeh
and Hunt [21] used critical path analysis to model hydraulic con-
ductivity at different saturation levels. This study highlighs the
impact of shale’s pore network on two-phase flow. Cantisano et al.
[22] simulated multiphase fluid flow within a 3D digital shale core
network using a lattice Boltzmann model based on detailed
scanning electron microscopy (SEM) images, providing insights
into fluid flow within the porous media. Daigle et al. [23] and Ojha
et al. [24] proposed a method to derive relative permeability
functions for both wetting and non-wetting phases in shale. This
approach combines low-pressure nitrogen adsorption/desorption
with percolation theory and critical path analysis. Wang and Sheng
[25] applied pore network modeling and digital core analysis
techniques to investigate multiphase flow mechanisms in shale
reservoirs. Their findings demonstrated that the fraction and
spatial distribution of organic matter-filled pores significantly
affect gas-water flow behavior, emphasizing the critical role of
pore type and distribution in governing multi-phase flow within
shale formations.

Traditional methods often fail to accurately characterize the
multiscale pore systems in shale reservoirs, which are heteroge-
neous with complex pore structures, including pore and throat
sizes ranging from nanometers to micrometers. Fractal theory
provides a way to quantify pore roughness and heterogeneity
[26-30]. It allows researchers to describe pore distribution more
effectively and develop gas-water permeability models that reflect
real reservoir conditions. These models incorporate fractal char-
acteristics, enabling flexible descriptions of gas and water flow
patterns across different pore scales. Li et al. [31] developed a gas-
water relative permeability model based on fractal theory to
examine the impact of water film properties on the flow capacities
of gas and water. Their findings highlight the importance of un-
derstanding gas-water interactions and pore structure for accu-
rately predicting shale gas production.

For better modeling of fluid flow in shale reservoirs, dual-
fractal theory is preferred over traditional fractal theory. The
dual-fractal theory provides a more accurate representation of
pore structures by assigning two fractal dimensions to capture
pore characteristics at different scales. This approach quantifies
the multi-scale distribution of pores, providing a novel method for
describing the heterogeneity and complexity of reservoirs [32-34].
It also allows the relative permeability model to better match the
pore structure characteristics of actual reservoirs. In porous media,
pores of different scales introduce varying resistances to gas and
water flow. By incorporating a dual-fractal model, the fractal
properties of large pores (micron-scale) and small pores (nano-
scale) are addressed separately, leading to a more accurate relative
permeability model that realistically represents the flow behavior
of gas and water. Hunt et al. [35] applied a pore-solid fractal
approach to develop unsaturated hydraulic conductivity models
for porous media with two distinct fractal regimes. This method
provides a deeper understanding of how pore structures influence
fluid flow under unsaturated conditions, especially in formations
like shale that display a broad range of pore sizes and complexities.
These models are crucial for predicting fluid flow in unconven-
tional reservoirs.

Although fractal theory has established important links be-
tween rock pore structure and relative permeability [36-38],
existing methods for characterizing gas-water relative perme-
ability curves in shale reservoirs still have significant shortcom-
ings as they fail to account for some critical influencing
parameters. Porous media have different fractal dimensions at
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various scales, and fluids exhibit different saturation patterns and
flow behaviors. Existing relative permeability models based on
single fractal theory often fail to fully capture the complexity of
shale reservoirs, especially when it comes to fluid distribution,
occurrence, and migration. This study takes a more comprehensive
approach by incorporating several key factors, such as the fractal
characteristics of shale pores with dual fractal regions, tortuosity,
coordination number, critical water phase content, and water
imbibition capacity (Fig. 1). By including these factors, a more
accurate model for calculating gas-water relative permeability in
shale reservoirs is developed. This model provides better insight
into how gas-water relative permeability changes under different
conditions, helping to understand how gas and water flow behave
after shale reservoir fracturing. Understanding these changes is
essential for improving fracturing techniques, which can enhance
the economic and operational efficiency of shale gas development.
The improved model also helps predict gas and water flow
behavior more accurately, supporting the efficient development of
shale gas and contributing to increased production and economic
growth.

2. Porosity and permeability using fractal theory

Fractal theory offers a robust framework for describing the
geometric structure of complex porous media and their influ-
ence on fluid flow characteristics. By understanding the re-
lationships between porosity, pore radius, tortuosity, and fractal
dimension, a quantitative permeability calculation model can be
developed.

2.1. Relationship between porosity and fractal dimension

In fractal porous media, the probability density distribution
function of the pore radius can be expressed by the following
equation [39]:
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W(r) = Ar-Dr1 (1

where A is the normalization constant, whose value is A =
(3 - Df) /r?n;lif . r represents the pore radius, m; D is the fractal
dimension of the pores, dimensionless (usually 2 <Dy <3 here).
The fractal dimension Df quantifies the complexity and irregularity
of pore distribution within porous media.

Porosity (¢) can be expressed using the concept of fractal
dimension as follows [39]:

_ Tmax . 3-Dy
p=> D0 Mgy 1 (—rmm) (2)
Tmax Imin 'max

where rmin and rpax denote the minimum and maximum pore
radius, m.

Porosity is determined by the geometric characteristics of the
medium. For example, in the classical Sierpinski gasket, the fractal
structure of rocks is modeled by interpreting pores as the sections
removed according to specific fractal rules, while the remaining
structure represents the solid matrix. This approach conceptual-
izes pores as void spaces formed by removing parts of a fractal
object.

When the removed sections are considered as solid particles
and the remaining areas as pores, the porosity can be expressed
using the following equation:

. (rm—)” 3)

'max

This distinction in equations highlights how fractal porous
media are modeled, depending on whether the focus is on the
spatial distribution of pores or the solid matrix within the fractal
framework. The choice between Eq. (1) and Eq. (2) depends on
how the subdomain spaces—pores or solid particles—are defined
within the fractal structure.

Gas-water relative permeability K, K.,

Y

Gas relative permeability K.,

»  Transitional gas content 6, ——

v

Water relative permeability K.,

> Porosity ¢ Tortuosity fractal dimension D7 <
> Porosity @, @¢,, ¢» «

> Total gas content 0,
Fractal theory > Pore radius 7 min, Fmax» 7x -

withtwo  —
fractal regions » Displacement probability £ f>

A

> Critical water content 6, < >  Fractal dimension Dy Dy, <
o > Total water content 6, «
» Imbibition water content 6, <
Water phase > Critical water content 6, «
> Coordination number Z < dlsm'butlc?n and o
migration » Imbibition water content 0, <«
> Imbibition time 7 « > Imbibition time ¢ «

Fig. 1. The factors considered for characterizing gas-water relative permeability.
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By analyzing the positioning of these subdomains and their
relationship with the fractal dimension, the complex interaction
between porosity and the structural characteristics of the medium
can be more accurately described.

2.2. Relationship between pore cross-sectional area, tortuosity,
permeability and fractal dimension

In the model shown in Fig. 2, the cumulative number (N) of pore
radii on the seepage cross-section (A) follows the exponential
relationship with the pore radius, as shown in Eq. (4). This rela-
tionship is crucial for understanding the complexity and irregu-
larity of the pore network, which significantly impacts fluid flow
behavior in shale reservoirs.

N(= 1) = (rmax/T)”, Tmin <T < T'max (4)
where N is the cumulative number of pore radii larger than r; D
represents the fractal dimension on the cross-section A, which is
dimensionless (usually 1 < D < 2 here). It should be noted that D here
is different from the spatial fractal dimension Ds(2< Df< 3) in Eq. (3).

From Eq. (4), it can be seen that the relationship curve between
lIg N and Ig r is a straight line with a constant slope, which reflects
the scale invariance of fractal structures.

Taking the derivative of r at both ends of Eq. (4) yields:

—dN = DrP . r~®+Vdr (5)

In the model shown in Fig. 2, the cross-sectional area of the
pores with radius smaller than r is given by:

Ar) = —%/r adN (6)

Tmin

where A represents the cross-sectional area of the core, m?.

By substituting Eq. (5) into Eq. (4), the following equation is
obtained:

_ DRy (2D 2D
A(r) =520 D) [r - rmin] (7)
For all pores, when r = rpgx:
:% {1 _ (@)27[)] (8)
$(2—-D) 'max

Considering the tortuosity of the capillary, its length can be
expressed as:

le=1" ()P (9
where [y is the length of a straight capillary, m; and Dy is the fractal
dimension of tortuosity, dimensionless.

The permeability of water through the rock pores under a fully
saturated condition can be expressed as:

$(2 — D)o 1y

K=220:b; +3)3 1 Dy - D)

(10)

where K is core permeability, m?. The derivation of Eq. (10) is
provided in Appendix A.

When a bound water film is present on the pore surface, the
maximum capillary radius for flowable water under fully saturated
conditions is denoted as max rcmax. Under partially saturated
conditions, the maximum capillary radius for flowable water is
represented as r.. Consequently, the relative permeability of the
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Fig. 2. Schematic diagram for capillary tortuosity of different sizes.

water phase under partially saturated conditions can be expressed
as a function of the ratio between these two radii. This relationship
illustrates how bound water and varying saturation levels affect
water flow through the reservoir’s pore spaces. Understanding this
connection is essential for accurately modeling water flow in
partially saturated shale reservoirs.

7( . )DT+1
T'cmax

3. Characterization of porosity and water relative
permeability with two fractal regions

K(rc)

Koy = ——
™ K(remax)

(11)

3.1. Characterization of pore volume in different fractal regions

Based on the pore-solid fractal (PSF) model proposed by Perrier
et al. [40], the distribution of pore radii can be expressed as
follows.

3- Dfr—l—Df

3-D
max'

W) =p » Tmin <T <Tmax (12)

where g = p/(p + s); p and s represent the proportions of pores
and solid skeleton, respectively; Dr is the fractal dimension of
pore-solid interface.

In the case p = 0, only solid skeleton exists and the total
porosity ¢ = 0. In the case s = 0, only pores exist and the total
porosity ¢ = 1. In the case p#£0 and s#£0, pores and solid skeletons
coexist, with total porosity ¢ = p. The model in Eq. (12) provides
insight into how pore sizes vary within the rock structure. It rep-
resents the fractal nature of the pore network, illustrating the
interconnection of pore sizes across different scales. In fact, Eq.
(12) directly influences porosity within the shale. Because
Tmin<Tmax, We can know that [ r3.W(r)dr = g, which actually

represents total porosity.

If the porous medium comprises two fractal regions, with the
fractal dimensions of the pore-solid interface in each region rep-
resented as Df; and Dy, respectively (Fig. 3), the total porosity can
be calculated by accounting for the contributions from both re-
gions. Each fractal region represents distinct characteristics of the
pore structure, and their combined contributions determine the
overall porosity of the medium. This approach captures the
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Pe

Fig. 3. Pore distribution curve with two fractal regions.

complexity of the pore system by accounting for variations in pore
size and distribution across different regions.

b =1+ ¢
3 —Dg [Tmax 3-1-D 3-Dpp (™ 3 1D
=pr1—= r ndr + 7/ rrr 2dr
ﬁ] r?n;g] " ﬁZ rﬁ,Dz -
3-Dp 3-Dp,
Tx Tmin
P [ (rmax> P2 Tx
(13)
The cumulative porosity ¢ (r) at any pore radius is:
02(T), T'min <T' <Tx
o(r) = 14
= o T o < (4)

3-Dpy 3-Dp
$ Krr) - (r:fax> }where 1y is the transitional pore

radius, marking the changefrom fractal region 2 (smaller r) to
fractal region 1 (larger r), measured in m. Df, g1, Dp, and p;
represent the fractal dimension and displacement probability in
respective fractal regions. rpi, and rmgx are the minimum and
maximum pore radii, respectively, also measured in m.

If the moisture content is 6y = (r), i.e. 6w = Vi / V), the water
saturation is defined as: Sy, = 6w /¢ where V,, is the volume of the
water phase in the pore, m>; V; is the total volume of rock

including pore and solid, also in m>.

3-Dp,
where  6,(r) =  fpy [(ﬁ) —

3.2. Characterization of water relative permeability K, in different
fractal regions

In the capillary system of a porous medium in shale reservoirs,
the distribution patterns of gas and water phases vary depending
on the system’s wettability. The water phase often forms a thin
film along the pore surfaces, flowing near the walls, while the gas
predominantly occupies the central regions of the pores as
Fig. 4(a). Alternatively, the water phase may completely occupy
the larger pores, while the gas is confined to the smaller pores as
Fig. 4(b). Additionally, the water phase can migrate from larger
to smaller pores over time. Even with a constant total volume of
the water phase, its relative permeability can change due to vari-
ations in how it is distributed across pores of different sizes, see
Fig. 4(b) and (c). These variations influence the flow behavior of
both water and gas, altering overall permeability and fluid dy-
namics within the reservoir.
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(a)

00O

(b)

oY X |
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B [ ]

Water Gas

Fig. 4. Schematic diagram of gas/water distribution in capillary system of porous
media.

3.2.1. The proportion of critical water phase

In capillary pores, the critical water phase is typically present as
a thin film coating the pore surfaces. The thickness of this film can
be quantitatively estimated using DLVO theory [41-43]. This the-
ory explores the relationship between disjoining pressure and
relative humidity in the thermodynamic system governing water
film adsorption on flat surfaces. However, determining the exact
thickness of the water film is challenging due to various uncertain
parameters. These uncertainties make it difficult to assess the
water film’s effect on relative permeability, further complicating
the analysis of fluid flow in shale reservoirs. As shown in Fig. 5, the
capillary force pc1, generated by the spherical surface of the water
film, causes the film to thin, while the capillary force pc,, arising
from the cylindrical surface, works to thicken the film. These
opposing forces determine the overall thickness of the water film,
which directly impacts fluid movement within the capillary pores.
Understanding the interplay between these forces is crucial for
accurately modeling the influence of the water film on fluid flow
and permeability in shale reservoirs.

The thickness of the water film can be calculated using the
following equarion [44]:

water film

Fig. 5. Schematic diagram of water film and force analysis in capillaries.
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1/3
5:4.908><10’7[p 1 } (15)

c1 — Pc2

where § is the thickness of water film, m; p.; and pe are the
capillary forces generated by the spherical surface and the cylin-
drical surface of water film, respectively, Pa.

26C0s 6 _

Pl =——— P2 =7

r r (16)

where, ¢ is interfacial tension, measured in N/m; @ is contact angle,
measured in radian.

Substituting Eq. (16) into Eq. (15) gives:
r /3 4.908 x 107
5=4.908 x 1077 = 1/3
o(2 cose—l)} [6(2 cos 0 —1))'/3
(17)

T éigle%]l 5, we can drive § = Crl/3.

According to Eq. (7), the cross-sectional area of pores excluding
water film is given by:

Suppose C =

0 if s>rorr<C3?

D
zrDrmax

$2-D)

A(r—6)=

[(r—é)z’D —rrzn‘ir?] if s<r orr>(C3/?

(18)

The cross-sectional area of water film is given by:

A A(r) if 6>r1 orr<(C3/?
r) =
w7 A(C2) +3 A ~A(r =) if s<r orr>C/?

(19)

When the pores are fully saturated with water, the total cross-

sectional area of the water film is denoted as Awf(rmax). Under

partially saturated conditions, the cross-sectional area of the water

film in the water-filled region is expressed as Awfr). Thus, the

proportion of the critical water phase (water film) in the water-
filled region can be represented as:

Awt (1)
Awt ('max)

(20)

3.2.2. Characterization of K, when seepage can occur in both
fractal regions

Initially, the connate water in shale reservoirs occupies the
smaller pores. After the fracturing process, however, the introduced
water may first fill the larger pores before gradually migrating to the
smaller pores due to imbibition. Before imbibition begins, the vol-
ume content of small pores unfilled by the water phase is denoted
as 6p, while the critical water phase content is represented as 6; . If
0 — 0y < ¢1, seepage can occur in both fractal regions.

3.2.2.1. Fully saturated condition. Using the pore-solid fractal
model, the volume content of the critical water phase under fully
saturated condition is defined as:

3—-D Tmax T 37Df1
=h 3 Dfl Pr1Prdr 409 = p; {1 - (—C max) ]
I Jre max T'max
Tmax
+ 6p

(21)
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where remax is the maximum capillary radius of flowable water
under fully saturated conditions, m. ¢;in Eq. (21) contains gy which
represents the volume that can be filled by the water phase but has
not yet been filled, i.e.

3-D 3-D
/° Pr1-Dedr—p, K"o) 7 (rmin) fz]
T'min T'x T'x

(22)

3-Dp,
3 Dy

00 =p>

where rg is the maximum capillary radius in the area unfilled by
water phase, m.
It can be determined that

1
p1— 0 + 90) 3-Dp
/1

T'c max = I'max (

3.2.2.2. Partially saturated condition. There are two possible
scenarios:

(1) Volume content of flowable water after imbibition 8y, — ; +
0o > ¢, and total volume content of water phase 0y, > ¢,

in this case, the volume content of critical water phase (water
film) in the partially water-saturated region accounts for a pro-
portion of () of critical water phase content under fully saturated
conditions.

Therefore, according to Eq. (20), we can express the following:

3- D“/ r3r-1-Pndr

A D
r?nax f
r T

N

where r¢ is the maximum capillary radius of flowing water under
partial saturation conditions, measured in meters (m).

Eq(24) differs from the approach taken by Hunt et al. [35], who
did not account for the proportion 5. Hunt assumed that the vol-
ume content of the critical water phase (water film) in the partially
saturated region is the same as in the fully saturated condition,
meaning 5 is always equal to 1. This assumption leads to a lower
the relative permeability of, as a larger portion of the water in the
partially saturated region does not flow, reducing the overall water
movement in that region. Because r and rpyax are related to 6,y and
¢, Eq. (24) can also be written as:

Awf (T)
wi(Tmax)

(gt - HO)A

AwiOw) . 3-Dyy [T 5 1
O — 00) P = /rrlDfldr
(6t = 6o) Awe(9) b ra-be

max

r T

3-Dg ; 3-Dg
h |:(rmax) B (rmax) :|

Due to 6w > ¢, we can infer that r>ry, and the total volume
content of the water phase is:
rX
/ r3r-1-Pedr
T'min
T r

3-Dp ("5 1D 3-
W:ﬂl r3*Df1 /r rr fldr+ﬂ2ﬁ
max X X
r \3-Dn -\ 3D 3-Djy
=+ p _ — ) — 1-—
2t/ KrmaX> <rmaX> } e { (TmaX) }
(26)

(25)
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In Eq. (26), 6 also includes g that can be filled with water but has
not yet been filled.
Combining Eq. (25) and Eq. (26) yields:

1=+ 0w =50 (0 —09) | 1

3=Dp, 27
5 (27)

T'c = 'max

Based on Eq. (11), the relative permeability of the water phase
can be expressed as:

wf(5w>

b1 *9t+90

ﬁ] (9( — 90) 3DT+1

—Dp

Krw =

(2) Volume content of flowable water after imbibition 6y, — 0; +
0o < ¢, and total volume content of water phase 6y, > ¢,in
this case, the volume content of critical water can be expressed as:

.
Awe(Ow) £1 / 3r-1-Dngr
rX

(6 = %) Awt(9) =h r‘?”Dfl
/ r3r-1-Dedy

max

+ﬁ2 3 Dr,

F o\ 3Dn re \3Dn
i |:(rmax) B (rmax) ] +h|1
re\ 3D
(%)

Combine Eq. (26) and Eq. (29):

(29)

B2 —

<¢) (at ) 3—1D

Te=Tx (30)

ﬁz

1
where rxy = rmax (ﬂlﬂ ¢1> 3-Ds,

Based on Eq. (11), water relative permeability can be expressed
as:

Dr+1
Dr+1 3-Dp,
il Awr (0w
Kiw = (M)BTDH P2~ + 0w — G5 (00— 00)
v $1— 0+ 069 $o
(31)

(3) Volume content of flowable water after imbibition 6,, — 6; +
0o < ¢, and total volume content of water phase 9y < ¢,in
this case, the volume content of critical water is:

Petroleum 12 (2026) 279-293

wf(GW)
Awt(9)

3 — Dy,
ﬁZ 3 Dr,

i #\ 3-De2 1o\ 370
- TI'x T'x
Due to Oy < ¢, we can infer that r <ry, and the total volume
content of the water phase can be expressed as:

(6 — 60) /rrﬁr—l—f’fzdr

(32)

3-D r
f2 -1-D
Ow = P2 P rmmr3r 2 dr
3-Dp, 3-Dp, 3-Dr,
_ I _ (Tmin =y — (T
=/ {(rx) ( Tx ) } 2=/ {1 (rx> }
(33)
Combine Eq. (32) and Eq. (33):
Aut (6w)
— py + O — %) (9, — g, 1
Te=Tx P22 v 7 Awi(9) (© 0) 3-Dp, (34)
2

Under the condition 6; — 69 < ¢4, if there is enough water
content 6y, seepage can occur in both fractal regions. If actual
saturated water content 6,, is low, there may be no enough
flowable water in fractal region 1 with larger pores. For Eq. (34)
with the condition 6y < ¢,, the total water content is insufficient
to fully fill fractal region 2, let alone fractal region 1, thus water
only flows in fractal region 2. For Eq. (30) with the condition
0w > ¢, although the total water content can fully fill fractal re-
gion 2 and patially fill fractal region 1, due to the limitation of
condition 9y — 6; + 6y < ¢,, after deducting the space occupied by
critical water, the effective spatial scale for flowable water is still
in fractal region 2. Therefore, Eq. (34) is identical to Eq. (30),
meaning that the water relative permeability K, is the same as
Eq. (31).

3.2.3. Characterization of K, when seepage only occurs in fractal
region 2

If 9; —
2.

6o > ¢1, water phase seepage only occurs in fractal region

3.2.3.1. Fully saturated condition. The volume content of the crit-
ical water phase under fully saturated conditions is:

—D.
=¢1+6 +ﬁ2 s foz rr-1-Dudr
rC max
T'c max 3-Dr2
=¢1+6+p|1- e (35)
It can be derived that:
— 0,
Te max = T'x (W) 3-D, (36)
2
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3.2.3.2. Partially saturated condition

(1) Volume content of flowable water after imbibition 6y — 6; +
0p < ¢, and total volume content of water phase 0y > ¢,

In this case, the volume content of critical water 6 is exactly the
same as Eq. (29), and the maximum capillary radius r. of flowable
water under partially saturated conditions is the same as Eq. (30).

Based on Eq. (11), the relative permeability of the water phase is
expressed as:

Pa — 2+ 0w — ﬁ"ﬁffj,"f (0r — 6o)

P2 — 0+ 00+ ¢

Dr+1
3-Dy,

Krw =

(37)

(2) Volume content of flowable water after imbibition 6y, — 6; <
@20w — 0r + 6y < ¢, and total volume content of water phase
Ow <

in this case, the volume content of critical water g, is exactly the same
as Eq. (32), and the maximum capillary radius r. of flowable water
under partially saturated conditions is the same as Eq. (34) and Eq.
(30). Therefore, water relative permeability Ky is the same as Eq. (37).

4. Comprehensive characterization of gas-water relative
permeability

In this section, the gas and water relative permeabilities are
measured under different conditions and scenarios.

4.1. Small pores partially filled by the water phase

4.1.1. Water relative permeability

Building on the previous discussion, when small pores are only
partially filled by the water phase, the relative permeability of the
water phase under varying conditions can be expressed as:
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where K, is water relative permeability.

Based on the total volume content of the water phase 6, the
water saturation (Syw = 0w /¢) can be calculated, and water relative
permeability K, can be obtained according to Eq. (49). Conse-
quently, the Ky ~ Sy relationship curve can be obtained.

4.1.2. Gas relative permeability

For shale gas flow, the relationship between its relative
permeability Kz and gas saturation Sy cannot be directly derived
from Eq. (38). In shale reservoirs, gas primarily flows through
natural fractures or fractures created during hydraulic fracturing.
Because fractures are relatively large, their capillary pressure is
usually negligible, resulting in a nearly linear relationship between
Kig and Sg . In regions with a volume content 6o where small pores
are not filled by the water phase, the gas phase becomes trapped
and cannot flow. The gas will only begin to flow once the water
phase moves into these regions through imbibition, allowing the
gas to escape and migrate.

Therefore, gas relative permeability is:

2
(g — 0t — 6o)
O + 09 <05 < Ox
Krg - (6x — 0t — 69)(¢p — O — 6p) (39)
g — 6t — 0
pp— Ox<0g<¢

where K¢ is gas relative permeability; 6 is gas volume content
under any saturation condition; 6 is the transitional gas volume
content in the pores changing from microscopic percolation
scaling to macroscopic effective medium scaling.

Ox =0t + 0 + /2 (40)

where ¢ is the porosity of samples, and Z is the coordination
number of pores.

Awt(0w)
£ *¢+6w*Af7(6t*60) Dr+1
5 —etvi(?o 3D 0 — 0g < 1. 0w — Or + 0> by
By — 1 Drt1 |y — ¢py + O — 'j‘c\Wff((gg)) (6r — 6p) 3DTB]
Koy = (m) 3Dy = Dz G — Oy <y, 0w — Or + O < (38)
1= 2
Aur(00)
- O — Bt @) (g gy | Dri1
P2 ¢;+ ';’ +1;wf(i)q§ t o) BIsz 60 — 6p > Py
2 — Ut 0 1
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4.2. Small pores fully filled by the water phase

Once the capillaries in the small pores, within the radius range
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Based on the total volume of rock V}, the volume content of
imbibition amount is described as:

of ryin ~ 1o, are fully saturated with water phase, the water rela- o . Vo A [2pcKpSyyet (45)
tive permeability can be expressed as: m — “im b= V_b Hw
Awt (0w)
P1—d+6 — 2wl | Dril
w Awt (@) 3-Dgy gt < ¢] , HW _ 0[ > ¢2
1 — 6
_ D11 | By — by + 6 _’Mgt Dr+1
Kiw = (ﬁ] ¢1) 3-Dn Y AT 3D g < gy O — Or < (41)
p1— 0 1))
Awr (0w)
— Ow — FL220; | Dr+1
ﬂ2 (/72 + 0w At ($) t 3zEf2 0> ¢]
Y e
According to Eq. (45), the imbibition volume increases contin-
uously over time. However, experimentally, the imbibition rate
Gas relative permeability is: initially accelerates and then progressively slows, eventually
) reaching a steady state. This behavior is well described by the
(0g — 6r) 00 <00 <0 Aranofsky imbibition curve [47,48], which provides a reliable
Krg = (Ox—0)(p—0r) BT (42) representation of the temporal evolution of the imbibition process.
O — O Ox <Oy < Oim = 0o (1 — ae™) (46)
¢ — 06t
where « and 1 are fitting parameters related to the imbibition
where process, which can be determined experimentally.
Ox =0 + /7 (43) The volume content of water in small pores before imbibition is

4.3. During water phase imbibition into small pores

After fracturing a shale reservoir, the water phase imbibes into
the small pores, displacing the gas phase. As shown in Egs. (49)
and (50), during the imbibition process, both 6y and r. decrease.
This leads to a gradual reduction in the relative permeability of
water (K ), while the relative permeability of gas (K;¢) increases,
slowly recovering over time. This process reflects how gas flow
improves as the water phase occupies more of the small pores,
allowing for enhanced gas movement.

Generally, the relationship between imbibition volume and
time is [45,46].

2pcKpSyst
Hw

Vin=A (44)

where Vjp, is dynamic imbibition amount, m?>; A is imbibition area,
m?; pc is capillary pressure, Pa; Syr is frontal water saturation,
decimal; py is the viscosity of water phase, Pa.s; t is the imbibition
time, s.

287

6p. After imbibition, the volume content of water in these pores
increases and becomes:

Table 1

Basic parameters of a shale gas reservoir.
Parameter Value
T'min, NM 0.1
Tmax, NIM 1000
Ty, NM 10
Dn 2
Dy 2.8
i 0.08
2 0.08
0c 0.03
6o 0.028
¢ 0.1274
V4 5
Ox 0.05547
Dr 1.5
1 0.0792
b2 0.0482
o, mN/m 63
0,° 30
t, hr 60
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At

90/ =60y — Oy = abpe™ (47)

By Substituting g in Egs. (38) and (39) with ¢y, we can obtain
water relative permeability during the imbibition process as:
And the gas relative permeability as:

1 — b+ 0w — 510 (0 — atipe )

p1 — O + abpe—*t

Dr+1
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The basic parameters of the shale gas reservoir are summarized
in Table 1. The porosity ¢, ¢1, ¢ are correlated with other param-
eters through Eq. (13). The transitional gas volume content 6y is
correlated with the parameters appearing in Eq. (40). The basic
relative permeability curves corresponding to the parameters in

3-Dii 6 — 6y <q,0w — Ot + 60 > o

Dr+1 ’ ’
3*Df2,9t —0g <P1,0w — 0t + 6y <y

Awt (O _
W VA S LA R
= _— —Un
w P1 — 0 + afpge fa
By = by + 0w — I (6 — abpe™) | Drut oo
—Dr — >
Py — O + 1 + afge—t :0c =00 >
2
(05 — O — afpe™) /
0, Oy <Os<06
K (Ox — Or — aBoe—75)(§p — O — abge76) Ot 00 <Ce<tx
rg —
Oy — 0 — afpe™
¢ — Ht — aeoe*“ QX < 9g < ¢
(49)
where
Ox=0; + atpe ™ + ¢ /Z (50)

5. Sensitivity analysis

In this section, the water and gas relative permeability func-
tions are evaluated under different fractal conditions. First, the
relative permeability functions are determined across these con-
ditions, followed by a sensitivity analysis to assess the impact and
importance of each factor.

—— Water Relateive permeability k_

Gas Relateive permeability k

0.61
041

02F

Relateive permeability/decimal

N\
0.4 0.6
Water saturation S, /decimal

0.0 0.2 0.8

Fig. 6. The basic relative permeability curves corresponding to the parameters in
Table 1.

Table 1 are shown in Fig. 6. For two-phase flow of gas and water
in shale gas reservoir, water imbibes into the matrix and displaces
natural gas into the fractures. The model describes water flow in
the matrix and shale gas flow in the fractures. As shown in Fig. 6,
when gas saturation exceeds 6y, there is a nearly linear relation-
ship between Kig and Sg, which represents the flow characteristics
in the fracture system. By changing one parameter while keeping
other parameters unchanged, the influence of the changing
parameter on relative permeability curves can be obtained, and
the results are presented in Figs. 7-22.

Fig. 7 illustrates the comparison between the water relative
permeability at different fractal dimensions D, and Fig. 8 shows
the gas relative permeability changes as a result of a change if
fractal dimension Df;, The results indicate that as the fractal
dimension Df; increases, the pore structure in the large-pore
fractal region becomes more complex, leading to water migra-
tion into the smaller pores. This results in a decrease in water
relative permeability, shifting it to the right (Fig. 7). At the same
time, the gas phase volume content 0 decreases, causing a
reduction in gas relative permeability, which shifts to the left

(Fig. 8).

T 10,

3 D,=2.0

=

= 08} D=2

~=

Z D,=2.4

2 06/ D26

g _

£ o4l D,=2.8

o

2

2 02t

)

B . . : LA
£ 00 0.2 0.4 0.6 0.8 1.0

Water saturation S, /decimal

Fig. 7. The changes of water relative permeability under different fractal dimension
Dgy.
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Fig. 8. The changes of gas relative permeability under different fractal dimension Ds;.
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Fig. 9.
Dr,.

The changes of water relative permeability under different fractal dimension
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Fig. 10. The changes of gas relative permeability under different fractal dimension Dy,.

Figs. 9 and 10 show the changes in water and gas relative
permeability functions resulting from variations in Dg As
observed, a decrease in water relative permeability and an increase
in gas relative permeability occur as Dy, decreases, which is
evident from the shift of both graphs to the left as Dy, decreases.
This behavior can be attributed to the fact that when Dy, increases,
water tends to migrate into the larger pores, leading to a decrease
in the volume content of the gas phase 6.

Figs.11 and 12 illustrate the water and gas relative permeability
graphs at different values of porous medium tortuosity. As
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Fig. 11. The changes of water relative permeability under different tortuosity fractal

dimension Dr.

ERRU D~1.0
B B
< 08 D1
F D,=2.0
= _
2 o6} D25
3

£

5 04F

{7

o

2z

2 02}

ki

2

© 00 0.2 04 0.6 0.8 1.0

Water saturation S, /decimal

Fig. 12. The changes of gas relative permeability under different tortuosity fractal
dimension Dr.
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Fig. 13. The influence of coordination number Z on water relative permeability.

observed in both graphs, as the fractal dimension Dt of tortuosity
increases, the migration path of the water phase becomes more
winding and complex, resulting in higher resistance to flow.
However, since gas primarily flows through large fractures, it is
largely unaffected by pore tortuosity. As a result, water relative
permeability decreases and shifts to the right, while gas relative
permeability remains almost unchanged. In Fig. 12, the influences
of Dron gas relative permeability are very subtle, and all the curves
almost overlap together, therefore it seems that there is only one
curve in this figure.
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Fig. 14. The influence of coordination number Z on gas relative permeability.
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Fig. 15. The influence of displacement probability p; on water relative permeability.

Figs. 13 and 14 show the determined water and gas relative
permeability values at different coordination number Z values,
respectively. As illustrated, as the coordination number Z in-
creases, the number of connected pores also increases, leading to a
decrease in the value of 6x. This results in near-linear gas flow
within the fracture system occurring earlier as saturation changes.
Consequently, gas relative permeability increases and shifts to the
right, while water relative permeability remains almost un-
changed. In Fig. 13, the influences of coordination number Z on

S 107
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Fig. 16. The influence of displacement probability 4 on gas relative permeability.
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Fig. 17. The influence of displacement probability g, on water relative permeability.
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Fig. 18. The influence of displacement probability s, on gas relative permeability.

water relative permeability are very subtle, and all the curves
almost overlap together, therefore it seems that there is only one
curve in this figure.

Figs. 15-18 show the changes in water and gas relative
permeability at different displacement probabilities (51 and ;). As
observed, as the displacement probability p; increases in the
fractal region, water tends to migrate into larger pores, leading to
an increase in water relative permeability (Fig. 15). In contrast, as
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Fig. 19. The changes of water relative permeability under different water phase
content 0.
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Fig. 20. The changes of gas relative permeability under different critical water phase
content 6;.
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Fig. 21. The changes of water relative permeability under different imbibition time t.
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Fig. 22. The changes of gas relative permeability under different imbibition time.

Table 2
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B> increases in the fractal region, water tends to migrate into
smaller pores, causing a decrease in water relative permeability
(Fig. 17). For gas, increases in 1 and f; lead to higher values of ¢4
and ¢, both of which contribute to an increase in total porosity ¢
and gas volume content (6g). As a result, gas relative permeability
increases and shifts to the right (Figs. 16 and 18).

Figs. 19 and 20 illustrate the changes in water and gas relative
permeability functions resulting from variations in the critical
water phase content (6¢). As observed, as the critical water phase
content (6;) increases, the effective flow spaces for both water and
gas phases decrease, leading to a reduction in their relative per-
meabilities. The water relative permeability curve shifts to the
right, while the gas relative permeability curve shifts to the left.

Figs. 21 and 22 show the changes in the water and gas relative
permeability functions at different imbibition times. As observed,
as imbibition time (t) increases, water moves from larger pores or
fractures into smaller pores, displacing the gas in those pores. As a
result, water relative permeability decreases and shifts to the right,
while gas relative permeability increases and also shifts to the
right.

Table 2 summarizes the impact of each parameter, specifically
showing how an increase in the corresponding parameter affects
the shifts in the relative permeability curves for both water and gas
phases. A shift to the right for water relative permeability indicates
a decrease in its value, while a shift to the right for gas relative
permeability indicates an increase. For example, as the fractal
dimension Dgjincreases, the water relative permeability shifts to
the right, indicating a decrease, while the gas relative permeability
shifts to the left, indicating a decrease as well.

Testing gas-water relative permeability curves in shale reser-
voirs presents significant challenges due to the complex micro-
structure of these reservoirs, which complicates the acquisition of
precise data using conventional methods. Furthermore, existing
experimental data on gas-water relative permeability curves in the
literatures are not enough to fully capture the diversity of shale
reservoir characteristics [49,50]. To address this limitation, this
study introduces a model-based approach for calculating gas-
water relative permeability curves in shale reservoirs. The model
incorporates key parameters, such as pore structure characteris-
tics and fractal dimensions, which can be experimentally deter-
mined and integrated into the model to indirectly derive the
relative permeability curves. This method provides a promising
alternative to direct testing by leveraging theoretical calculations.
Although direct comparisons with experimentally measured
relative permeability curves are necessary to validate the model’s
reliability, this study establishes a foundation for advancing our
understanding of gas-water flow behavior in shale reservoirs.
Validating the model through extensive experimental testing is
expected to be completed as independent research in the future.

Changes and shifts of relative permeability curves with the increase of different parameters.

The increase of parameters

Water relative permeability Ky

Gas relative permeability K¢

Fractal dimension Dg; Right
Fractal dimension Dg, Left

Fractal dimension of tortuosity Dr Right
Coordination number Z Unchanged
Displacement probability s, Left
Displacement probability 4, Right
Critical water phase content 6; Right

Imbibition time t Right

Left

Left
Unchanged
Right

Right

Right

Left

Right
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6. Conclusions

In this study, a model-based approach is used to derive the
relative permeability functions for water and gas in shale reservoirs,
utilizing fractal theory and dimensions. The model incorporates
critical parameters such as pore structure characteristics and fractal
dimensions, which can be experimentally determined and inte-
grated to calculate the gas-water relative permeability curves.
Sensitivity analysis is performed to assess the impact of various
parameters on the relative permeability functions.

The following key findings emerge:

(1) Dual Fractal Region Model: Treating the shale reservoir as a
porous medium with dual fractal regions, theoretical models
for gas-water relative permeability were developed. These
models account for factors such as pore size, fractal structure,
tortuosity, fluid distribution, and imbibition, providing in-
sights into the effects of each on fluid flow behavior.

(2) Water Relative Permeability: As parameters such as tortu-
osity fractal dimension (Dr), critical water phase content
(0y), fractal dimension in the large-pore fractal region (Dsy),
displacement probability (5;) in the small-pore fractal re-
gion, and imbibition time (t) increase, the water relative
permeability decreases, shifting to the right. Conversely,
increases in the fractal dimension of the small-pore region
(Dgp) and displacement probability (1) in the large-pore
region cause water relative permeability to increase and
shift to the left.

(3) Gas Relative Permeability: Increasing fractal dimensions
(Dg1, Dgp) and critical water phase content (6;) lead to a
decrease in gas relative permeability, shifting it to the left.
On the other hand, increases in displacement probabilities
(B1, p2), pore coordination number (Z), and imbibition time
(t) result in an increase in gas relative permeability, shifting
it to the right.
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