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We consider a multiple item Economic Lot Sizing problem where the demands
for items depend on their stock quantities. The objective is to find a production
plan such that the resulting stock levels (and hence demands) maximize total
profit over a finite planning horizon. The single item version of this problem
has been studied in the literature, and a polynomial time algorithm has been
proposed when there are no bounds on production. It has also been proven
that the single item version is NP-hard even when there are constant (i.e.,
time-invariant) finite capacities on production. We extend this single item
model by considering multiple items and production capacities. We propose
a Lagrangian relaxation method to find an initial solution to the problem.
This solution is a hybrid solution obtained by combining two distinct solutions
generated in the process of solving the Lagrangian dual problem. Starting with
this initial solution, we then implement a Tabu Search algorithm to find better
solutions. The performance of the proposed solution method is compared with
the performance of a standard commercial software that works on a mixed
integer programming formulation of the problem. We show that our solution
approach finds better solutions within a predetermined time limit in general.
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1. Introduction

In order to increase sales and revenues, retailers
may follow various strategies. For instance, intel-
ligent pricing decisions or advertising campaigns
may increase retailers’ sales and revenues. It is
observed in many cases that increasing the vis-
ible stock levels may also increase customer de-
mand (and hence revenues) for some product cat-
egories. This is sometimes called the “Stack them
high, let them fly” phenomenon.1 shows empiri-
cal evidence from magazine retailing, and2 pro-
vides evidence from automotive dealerships that
high stock levels stimulate sales.3 proposes that
increasing the stock level of a product can increase
sales for a variety of reasons, such as indicating
freshness (for food products), stimulating hidden

demand, pointing out a popular product, reassur-
ing customers about high service standards, and
availability in the future.

In this paper, we consider the production
planning problem of a manufacturer who pro-
duces multiple items, where we assume that the
demands of items depend on their stock quan-
tities. We model this problem as an Economic
Lot Sizing (ELS) problem. Throughout this pa-
per, we will refer to our problem as multiple item
ELSIDD (Economic Lot Sizing problem with In-
ventory Dependent Demand), where we assume
that demand for each item is a non-decreasing
and convex function of the available amount of
that particular item in the stocks. We also as-
sume that there are finite production capacities.
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We aim to find a production plan to maximize
total profit over a finite planning horizon.

This is an extension of the single item version
of the same problem that has been analyzed in.4

In particular, we propose the following approach.
We find an initial solution using a Lagrangian re-
laxation method. This solution is, in fact, a hy-
brid solution obtained by combining two distinct
solutions generated in the process of solving the
Lagrangian dual problem. Starting with this ini-
tial solution, we then implement a Tabu Search
algorithm to find improved solutions.

The remainder of this paper is organized as
follows. In Section 2, we present a review of the
related literature. In Section 3, we describe and
formulate the multiple item ELSIDD problem. In
Section 4, we explain the details of our solution
approach. In Section 5, we show the effectiveness
of our solution method by comparing its perfor-
mance with the performance of a standard com-
mercial solver. Finally, we conclude our paper
and discuss possible future research subjects in
Section 6.

2. Literature review

The related literature can be considered in two
categories. In one, there are the Economic Order
Quantity (EOQ) type models, where the stocks
change continuously over time (due to demand
and/or deterioration), and the planning horizon
is (usually) infinite. Structure of optimal solu-
tions to this type of models usually consists of
repeating cycles of stocks. In the other one, there
are the ELS models where demand can occur in
discrete time periods, and the planning horizon is
(usually) finite.

EOQ literature is very rich in studies that con-
sider models where the demand is not a given pa-
rameter but is a function of other decision vari-
ables. Since the relation between price and de-
mand is obvious, many of these models natu-
rally consider the effect of pricing decisions on
demand (see e.g.,5–7 and.8) There is extensive lit-
erature on EOQ models with stock-dependent de-
mand as well.9,10 presented EOQ models where
the demand rate is a function of the inventory
on hand such that the demand rate decreases
as the stock level decreases.11 considers an EOQ
model where demand rate is a concave function
of the inventory level and holding cost is non-
linear on both the quantity and the time the
items are stored. To this stock-dependent de-
mand model, researchers incorporated some com-
bination of several other factors that might con-
tribute to the depletion rate of the stocks, such

as pricing, deterioration and perceived freshness
of the items. For instance,12–15 incorporate per-
ishability such that items deteriorate continuously
over time (i.e. deteriorate non-instantaneously),
whereas16,17 incorporate the effect of pricing on
demand rate.18–22 incorporate both pricing and
perishability. They assume non-instantaneous de-
terioration, too. Some researchers incorporate
freshness to account for cases where items do
not deteriorate continuously but deteriorate in-
stantaneously when they reach their expiration
date.23–27 present examples of such models that
incorporate pricing and freshness.

The economic lot sizing problems have been
studied in the literature since the 1950s when they
were first introduced by.28 In the single item ELS
model of,28 there are demands for an item over
a discrete and finite planning horizon. There are
production, setup, and inventory carrying costs.
The aim is to find a minimum cost production
plan to satisfy demands in each discrete time pe-
riod. To this day, this basic model has been ex-
tended in several ways. For instance,29-31 ana-
lyze ELS problems with finite production capac-
ities. In particular,29 proves that the ELS with
time-invariant (i.e. constant) production capac-
ities can be solved in polynomial time when all
the cost functions are concave.31 proposes an al-
gorithm with an improved complexity for the case
where holding cost is a linear function of inven-
tory.

On the other hand,30 proves that several cases
of the ELS with production capacities are NP-
hard. In the literature, usually, an ELS problem
is said to be capacitated if there are finite produc-
tion capacities, and uncapacitated if there are no
production capacity restrictions or production ca-
pacities are infinite. In this paper, we also adhere
to this choice of words. For more recent work on
ELS problem, see.32–36

The majority of ELS problems in the litera-
ture assume that demand is given as a parameter
and known in advance. However, as stated previ-
ously, there are factors such as pricing and stock
level that might affect the demand. By controlling
such factors, demand can be manipulated. As a
result, demand might become a decision variable
rather than a given parameter. Nonetheless, there
is limited research on ELS models where demand
is a decision variable that depends on other deci-
sion variables. The work we present in this paper
can be counted within this group of research.

For instance,37 and38 work on single item un-
capacitated ELS problems where demand is a
function of price. They propose algorithms that
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can be implemented in polynomial time.39 and40

work on capacitated single item lot sizing prob-
lems where demand is a function of price. They
assume production capacities are time-invariant
and develop polynomial time algorithms.41 con-
siders a multi-product lot sizing and pricing prob-
lem under a finite production capacity constraint,
where the demands for each product is a linear
function of the price and is also affected by the
complementarity or substitution characteristics of
other products.

42proposes a polynomial time dynamic pro-
gramming algorithm to solve a single item un-
capacitated lot sizing problem in a two-echelon
structure, under the assumption that demand is
a function of price. In addition to these studies,43

develops a branch-and-price algorithm for a mul-
tiple item capacitated ELS problem with setup
times where demand is affected by the pricing
decisions.44 and45 can be mentioned for more re-
cent work on ELS models where demand can be
controlled by pricing decisions.

The first paper that incorporates stock depen-
dent demand in an ELS framework is,4 which as-
sumes that the demand in each period is a concave
function of the amount of inventory available in
that period (after production). To the best of our
knowledge, their study is the only published work
in the ELS literature where available inventory
stimulates demand. They propose a polynomial
time dynamic programming algorithm for the un-
capacitated version of the problem. They also
prove that the problem is NP-hard even under
time-invariant production capacities. As we men-
tioned earlier, the work we present in this paper
is an extension of the work in,4 which we will fre-
quently refer to as single item ELSIDD. Needless
to say, since the single item capacitated ELSIDD
problem is NP-hard, the multiple item capaci-
tated ELSIDD problem is also NP-hard. Indeed,
it is well known that (see30) even with two items,
ELS with production capacities is NP-hard un-
der conditions similar to those where the single
item problem can be solved in polynomial time.
This justifies the use of heuristic solution methods
to capacitated multiple item ELS problems. This
paper proposes a Lagrangian relaxation method
to find an initial solution to the multiple item EL-
SIDD. Then, starting with this solution, we im-
plement a Tabu Search algorithm to find better
solutions.

The Lagrangian relaxation method has been
utilized for decomposing problems since the
1970s. It is a well-known technique for finding
good lower or upper bounds in some problem
classes.46 comprehensively reviews the work done

on the Lagrangian relaxation method. Briefly,
in the Lagrangian relaxation method, the con-
straints that make the problem complicated are
removed from the constraint set and added to the
objective function with a vector of penalty mul-
tipliers, which are also called Langrangian mul-
tipliers. This process of replacing a constraint is
sometimes called the dualization of the constraint.
The problem obtained this way is called the La-
grangian relaxation of the original problem.

Some problems consist of polynomially solv-
able sub-problems that are combined (or tied)
with some constraints, making them complicated
to solve. When these tying constraints are du-
alized, the resulting problem is decomposed into
several easy-to-solve independent sub-problems.
For instance, in the capacitated multiple item
ELS problems, capacity constraints are usually
the only tying constraints. If these capacity con-
straints are dualized, the resulting problem is just
a group of independent single item ELS prob-
lems. This special structure of multiple item ELS
problems inspired many researchers to apply the
Lagrangian relaxation method to such problems
(see,47–50 and 51).

Most of the time, combinatorial optimization
problems can not be solved efficiently by exact al-
gorithms. As a result, people often utilize meta-
heuristic methods, which can be tailored to search
the solution set of those problems with the hope
of finding a good enough solution in a reason-
able amount of time. Metaheuristics like Tabu
Search Algorithm (TSA), Simulated Annealing
(SA), and Genetic Algorithms (GA) have gained
popularity in recent years for handling complex
combinatorial problems in various fields.52–68 Ar-
tificial Bee Colony Optimization is another meta-
heuristic that is gaining popularity.69 Multiple
item capacitated ELS problems are also among
those problems where the application of meta-
heuristic methods has proven useful. Numerous
examples of applications of all these metaheuris-
tic methods to the capacitated ELS problem can
be found in the literature.70 works on multiple
item capacitated ELS problems considering back
orders and develop two hybrid heuristics: the
GA/SA algorithm and Lagrangian relaxation/SA
algorithm. They conclude that Lagrangian relax-
ation provides tight upper bounds and promis-
ing initial solutions, and note that a hybrid La-
grangian relaxation/SA algorithm provides bet-
ter results. Also,71 has a comprehensive review
of applications of Genetic algorithms for various
economic lot-sizing problems.72 utilizes the TSA
in capacitated economic lot sizing problems.73 de-
velop TSA for economic lot sizing problem with
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re-manufacturing. See74–80 for other examples of
successful application of TSA to lot sizing prob-
lems.

3. Mathematical modelling

The multiple item ELSIDD is an extension of the

multiple item ELS problem where the demand for

each item is a function of the amount of available

stock of that item. The problem is defined for N

items over a discrete and finite planning horizon

of T periods. At the beginning of each period t,

t = 1, . . . , T , if there is production for an item,

the produced amount in that period is added to

the stocks. For each item i, i = 1, . . . , N , we

let xit be the production quantity of item i in

period t for t = 1, . . . , T , and let Iit be the left

over items in the inventory at the end of period

t (i.e., after demand is satisfied in period t), for

t = 0, . . . , T . The demand for each item i in a

period t is a piecewise linear concave function of

Uit, amount of item i in the stocks at the begin-

ning of period t right after production. In that

regard, Uit = Ii,t−1 + xit, i.e., it is equal to the

stock quantity carried from period t− 1 plus pro-

duction quantity of that item in period t. We call

Uit the available stock after production (but be-

fore demand is realized). After the demands for

items are realized (as a function of Uit), leftover

products are carried over to the following period.

There are item and period dependent unit pro-

duction (pit) and holding costs (hit), and fixed

setup costs (Sit). The total amount that can be

produced in period t is limited by the production

capacity Ct. The problem is planning production

for each item to satisfy the resulting demands

and maximize profit. The parameters and de-

cision variables are summarized below, followed

by a formulation of the multiple item ELSIDD

problem:

Parameters:
Ct = production capacity in period t

Sit = fixed setup cost of production of item

i in period t

pit = unit selling price of item i in period t

cit = unit production cost of item

i in period t

hit = unit inventory holding cost of item i

in period t

git(.) = demand function for item i in period t

Decision variables:
Dit = demand of item i in period t

xit = quantity of item i produced in period t

yit = binary variable that indicates production

setup for item i in period t

Iit = amount of item i left over at the end of

period t (after demand is satisfied)

and carried in inventory to period t+ 1

Uit = amount of item i available in inventory

at the beginning of period t, right after

production but before demand is satisfied

Mathematical Model :

max
N∑
i=1

T∑
t=1

pitDit −
N∑
i=1

T∑
t=1

(Sityit + citxit + hitIit)

(1)

subject to

Ii,t-1 + xit = Dit + Iit, i=1,...,N, t=1,...,T (2)

Ui,t = Ii,t-1 + xit, i=1,...,N, t=1,...,T (3)

Dit = git(Uit), i=1,...,N, t=1,...,T (4)

N∑
i=1

xit ≤ Ct, t=1,...,T (5)

xit ≤ Ctyit, i=1,...,N, t=1,...,T (6)

yit ∈ {0, 1}, i=1,...,N, t=1,...,T (7)

Iit, Uit, Dit ≥ 0, i=1,...,N, t=1,...,T (8)

Ii0 = 0, i=1,...,N (9)

The first summation term of the objective
function (1) stands for the total revenues, and the
second summation stands for total setup, produc-
tion, and holding costs. Constraint (2) guarantees
the balance between inventory, production, and
demand in each period. Constraint (3) is the def-
inition of Uit, the total amount of item i available
after production in period t. Constraint (4) states
that Dit, the demand of item i in period t, is a
function of Uit, available stock of that item in pe-
riod t. Constraint (5) states the capacity restric-
tions for production. Constraint (6) is the setup
enforcing constraint. Constraints (7) & (8) state
the domains of decision variables. Constraint (9)
states that there are no initial inventories.

Functions git(.), i = 1, . . . , N , t = 1, . . . , T ,
which are also called as Demand Functions, posses
exactly the same properties as in.4 To summa-
rize, they are piecewise linear and concave in Uit,
and after Uit reaches a certain point, the func-
tions flatten out (i.e., their slopes become zero).
This implies that after some point, increasing the
stocks, i.e. Uit values, does not cause any further
increase in demand, i.e., Dit. A demand function
git(.) consists of J

max
it segments. The jth segment

of this function is defined in the interval [uj-1it ,u
j
it)
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and is assumed to have a slope of ajit. To be
precise, this is how functions git(), i = 1, . . . , N ,
t = 1, . . . , T , are defined:

git(U) ={
d0it, U=u0

it=0,

dj−1it + ajit(U − uj−1it ), uj−1
it ≤U≤u

j
it, j=1,...,Jmax

it .

An illustration of a three-segment piecewise
linear function, which is extracted from4 and
modified for the multiple item case, is given in
Figure 1. In particular, note that at point ubit,
we have that Dit = Uit, i.e., demand is equal to
the available stock after production of that item.
This implies that, in order to have Iit ≥ 0, in
any feasible solution, we should have Uit ≥ ubit,
i = 1, . . . , N , t = 1, . . . , T . Otherwise, if Uit < ubit
for some i and t, we have Dit > Uit, which implies
that available inventory is not sufficient to satisfy
some of the demand on time. Subsequently, as
pointed out in4 as well, we can safely assume that
parts of the demand function below point ubit are
not needed in any of our calculations. So, for
convenience, we carry u0it to the place of ubit, and
re-index the remaining end points from that point
on. In other words, throughout the rest of this pa-
per, when we say u0it, we will be referring to the
point where ubit resides in Figure 1, and the other
end points are re-indexed as u1it, u2it and so on
starting from ubit. The same holds for the indices

of djit values as well.

Figure 1. Piecewise linear demand function

With this detailed definition of the demand
functions, we replace constraint (4) with con-
straints (10)-(18):

Dit =

Jmax
it∑
j=0

αj
itd

j
it, i=1,...,N t=1,...,T, (10)

Uit =

Jmax
it∑
j=0

αj
itu

j
it, i=1,...,N t=1,...,T, (11)

αj
it ≤ vjit + vj+1

it , i=1,...,N t=1,...,T j=1,...,Jmax
it −1
(12)

Jmax
it∑
j=1

vjit = 1, i=1,...,N t=1,...,T, (13)

Jmax
it∑
j=0

αj
it = 1, i=1,...,N t=1,...,T, (14)

α0
it ≤ v1it, i=1,...,N, (15)

α
Jmax
it

it ≤ v
Jmax
it

it , i=1,...,N (16)

αj
it ≥ 0, i=1,...,N t=1,...,T j=0,...,Jmax

it

(17)

vjit ∈ {0, 1} , i=1,...,N t=1,...,T j=1,...,Jmax
it

(18)

Constraints (10)–(18), are standard constraints
used to model piecewise linear functions. In par-

ticular, vjit is a binary decision variable that indi-

cates whether Uit falls into the jth segment of the

function git(.). If uj-1it ≤ Uit ≤ ujit, then vjit = 1;

otherwise vjit = 0. In that regard, Constraint (13)
indicate that Uit can be exactly in one such inter-

val. If vjit = 1, then, exact value of Uit is deter-

mined by a convex combination of uj−1it and ujit.
Since git(.) is linear in a segment, Dit can also be

determined as a convex combination of dj−1it and

djit with the same weights. Constraint (14) guar-
antees that the sum of the weights should be equal
to 1 so that weighted sum corresponds to a convex
combination. Given the weights denoted by the

αj
it values, Constraint (11) determines the value

of Uit and Constraint (10) determines the corre-
sponding value ofDit. Note that Constraints (12),
(15), (16) force that only the convex combination
of two endpoints of the segment where Uit resides

could be positive. Therefore, if uj-1it ≤ Uit ≤ ujit,

only αj−1
it and αj

it could be positive. Constraints
(17) and (18) are nonnegativity and binary re-
striction constraints, respectively.

4. Solution approach

For the multiple item ELSIDD problem, we pro-
pose using the Tabu Search algorithm (TSA).
This local guided search algorithm forbids re-
execution of recently performed moves to avoid
getting stuck in a local optimal solution. Roughly,
TSA works as follows (see81 and82 for details). It
starts with an initial solution, which is also iden-
tified as the current solution. Then, the solutions
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in the neighborhood of this current solution are
evaluated. The best solution in the current solu-
tion’s neighborhood is selected and becomes the
new current solution. This process of evaluating
the neighborhood is repeated with the new cur-
rent solution, and the process continues. Here,
the neighborhood of a solution is a set of solutions
that can be obtained by making small changes in
the current solution. Throughout this procedure,
the best solution is stored and updated whenever
a better solution is found. With the operations
defined in this manner, the process might get eas-
ily stuck in a local optimal solution. TSA avoids
such a detriment by creating a memory structure
that forbids moves which lead back to local opti-
mal solutions. When a predetermined criterion is
met, or if it is not possible to improve the solution
found in a predetermined number of iterations,
the process is terminated, and the best solution
is presented.

Initial solutions significantly influence the
performance of the TSA. Therefore, before start-
ing the TSA, we implement a Lagrangian Relax-
ation procedure for the multiple item ELSIDD to
find a good initial solution for the TSA, the de-
tails of which we describe below.

4.1. Initial solution from the Lagrangian
Relaxation Method

As we stated previously, the Lagrangian relax-
ation (LR) of a problem is obtained by removing
a set of constraints and adding them to the ob-
jective function by multiplying them with a set of
Lagrange multipliers. Treating constraints in this
manner is also called dualizing those constraints.
For any set of non-negative Lagrange multipliers,
the solution to the LR of the problem provides a
bound for the original problem. Then, the aim is
to find optimal values of the Lagrange multipliers
that provide the tightest bound. The problem of
finding optimal Lagrange multipliers is called the
Lagrangian Dual Problem (LDP). LDP is a con-
vex optimization problem, hence, a sub-gradient
method can be utilized to determine the optimal
values of the Lagrange multipliers.

We note that even with the optimal Lagrange
multipliers, the solution to the LR might not be
feasible for the original problem. However, it
could be close to a good feasible solution, and a
search in the neighborhood of this solution might
be fruitful. Therefore, it is a good initial solu-
tion for local-guided search algorithms. In ad-
dition, if the LR of a problem is easy to solve,
then applying the Lagrangian relaxation method
becomes appropriate. As a matter of fact, mul-
tiple item ELS problems have a special structure

that makes them a good fit for applying the La-
grangian relaxation method. In such problems,
capacity constraints usually tie a set of single item
(uncapacitated) ELS problems. Hence, if those
tying capacity constraints are dualized, the cor-
responding LR solves a set of independent single
item ELS sub-problems. Most of the time, these
subproblems can be solved in polynomial time,
implying that the LR of multiple item ELS prob-
lems can be solved easily.

In the multiple item ELSIDD problem, these
tying constraints are Constraints (5), i.e., produc-
tion capacity constraints. It is easy to see that if
these constraints are removed, the problem de-
composes into N independent single item unca-
pacitated ELSIDD problems, for which4 propose
a polynomial time dynamic programming algo-
rithm. In our Lagrangian relaxation method, we
utilize the algorithm of4 to solve the single item
sub-problems, hence the LR.

Algorithm 1. Summary of Lagrangian relaxation method.

1: procedure Lagrangian Relaxation Method

2: k ← 1
3: Λk ← 0 ▷ Initial Lagrange multiplier vector set to 0

4: βk ← 2 ▷ Initial β param. of the Subg. Opt. Meth.
5: yLagBest ← null ▷ Initially, yLagBest is set to null.

6: zBest ← −∞
7: while k ≤ max. iteration number do ▷ 400 iter.
8: Solve z(Λk) and obtain x∗(Λk), y

∗(Λk)
9: if y∗(Λk) is feasible then
10: if z(y∗(Λk)) > zBest then
11: yLagBest ← y∗(Λk)
12: end if
13: end if
14: procedure Subgradient Optimization(x∗(Λk))

15: Determine step length µk using (28)

16: Determine Λk+1 using (27)
17: Set βk+1 = βk/2 if (Z∗ − Z(Λk)) ≤ threshold

18: end procedure
19: Increment k

20: end while

21: if yLagBest not null then
22: Return yLagBest, y

∗(Λ400)

23: Else Return y∗(Λ100), y∗(Λ400)

24: end if
25: end procedure

In order to solve the LDP, we use the sub-
gradient method, which iteratively improves the
Lagrange multiplier vector Λ and finally reaches
the optimal vector Λ. At each iteration, LDP
solves LR for a different vector Λ. We pick two
solutions obtained in these iterations, and using
these two solutions, we create a hybrid solution.
We then use this hybrid solution as an initial so-
lution for the TSA. We explain the details of ob-
taining such a hybrid solution together with the
details of our LR method in Sections 4.1.1, 4.1.2
and 4.1.3, which we also summarize in Algorithm
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1. In the pseudocodes of Algorithm 1, z(.) re-
turns the objective function value of either the
LR or the original problem for some given input.
It can be discriminated easily from the context:
if the input is Λ, then it returns the objective
function value of LR for that choice of Lagrange
multipliers; whereas, if the input is y, then it re-
turns the objective function value of the multiple
item ELSIDD for the given y.

4.1.1. Lagrangian Relaxation of the multiple
item ELSIDD

Consider formulation (2) –(9) of the multiple item
ELSIDD problem. There, capacity constraint (5)
ties N single item ELSIDD problems. As a mat-
ter of fact, for i = 1, . . . , N , if we let Si be the set
of feasible solutions for the single item ELSIDD
problem of item i, then we can equivalently write
formulation (2) –(9) as follows:

z = max
N∑
i=1

T∑
t=1

pitDit

−
N∑
i=1

T∑
t=1

(Sityit + citxit + hitIit) (19)

subject to

N∑
i=1

xit ≤ Ct t = 1, . . . , T (20)

(xi,yi, Ii,Di,Ui) ∈ Si i = 1, . . . , N, (21)

where xi, yi, Ii, Di and Ui are vectors that hold
values of xit, yit, Iit, Dit, and Uit for i = 1, . . . , N ,
t = 1, . . . , T . If we dualize the capacity con-
straints (20) with some vector Λ= (λ1, . . . , λT )
≥ 0, we get the LR of the multiple item ELSIDD
problem:

z(Λ) = max

N∑
i=1

T∑
t=1

pitDit

−
N∑
i=1

T∑
t=1

(Sityit + citxit + hitIit)

+
T∑
t=1

λt(Ct −
N∑
i=1

xit) (22)

subject to

(xi,yi, Ii,Di,Ui) ∈ Si i = 1, . . . , N. (23)

Then, if we refer to (cit + λt) as c′it, we can
rewrite the objective function and obtain the fol-
lowing final form of the LR of the multiple item
ELSIDD problem:

z(Λ) =
T∑
t=1

λtCt +max
N∑
i=1

T∑
t=1

pitDit

−
N∑
i=1

T∑
t=1

(Sityit + c′itxit + hitIit) (24)

subject to (LR)

(xi,yi, Ii,Di,Ui) ∈ Si i = 1, . . . , N. (25)

Note that the problem LR is decomposed into
N independent single item ELSIDD problems.
These single item problems can be solved by using
the O(T 4J2) algorithm of,4 where J = max

i,t
Jmax
it .

That is, LR can be solved in O(NT 4J2) time.
Furthermore, one can show that for any Λ ≥ 0,
z(Λ) ≥ z, which means that the objective func-
tion of the LR is greater than the objective func-
tion value of the original problem. In other words,
z(Λ) is an upper bound for z. Therefore, we try
to find the smallest upper bound by solving the
following LDP:

min {z(Λ) : Λ ≥ 0} . (LDP)

The objective function of the LDP, z(Λ), is a
convex function of Λ. The sub-gradient optimiza-
tion method can be used to determine the optimal
vector Λ. Below we describe how we implement
the sub-gradient method.

4.1.2. Sub-gradient optimization method

Our sub-gradient method starts with vector Λ1 =

0, i.e., the initial Lagrangian multiplier vector is a

0 vector of dimension T . Then the method moves

to vectors (points) Λ1, Λ2, and so on. When the

method is at Λ = Λk, we solve the LR of the mul-

tiple item ELSIDD problem for Λk (i.e. determine

z(Λk)) and find optimal values of vectors xi, yi,

Ii, Di Ui, which we denote by x∗i (Λk), y
∗
i (Λk),

I∗i (Λk), D
∗
i (Λk) and U∗i (Λk) for i = 1, . . . , N , re-

spectively. Substituting these optimal values, we

compute the gradient vector of the objective func-

tion z(Λ) at Λ = Λk. This gradient vector is equal

to ∇z(Λ)
∣∣
Λ=Λk

=
[
∂z(Λ)
∂λ1

, ∂z(Λ)∂λ2
, . . . , ∂z(Λ)∂λT

] ∣∣∣∣
Λ=Λk

,
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where one can easily see that

∂z(Λk)

∂λt
= Ct −

N∑
i=1

x∗it(Λk) for t = 1, ..., T. (26)

We then move some number of steps in the
direction of this gradient vector and arrive at vec-
tor Λk+1. We repeat the same process for some
predetermined number of iterations. Determining
the step length, i.e., the number of steps to move
in the direction of the gradient vector, is one of
the most important decisions in the sub-gradient
method. In our algorithm, we utilize the formu-
lations suggested in83 in order to determine step
length. In particular, for any given Lagrangian
multiplier vector Λk = (λk

1, λ
k
2, . . . , λ

k
T ), we obtain

Λk+1 = (λk+1
1 , λk+1

2 , . . . , λk+1
T ) using formulation

λk+1
t = max

{
0, λk

t + µk

(
Ct −

N∑
i=1

x∗it(Λk)

)}
for t = 1, . . . , T, (27)

where, µk is a positive scalar that represents step
length, which is computed via the formula below:

µk = βk(Z
∗−z(Λk))

∥(C1−
∑N

i=1 x
∗
i1(Λk)),(C2−

∑N
i=1 x

∗
i2(Λk)),...,(CT−

∑N
i=1 x

∗
iT (Λk))∥2 .

(28)

In (28), βk is a scalar chosen from the interval
[0, 2]. Z∗ is an upper bound for LDP and is equal
to the minimum LDP value found so far. Our
algorithm starts with β1=2. If (Z∗−z(Λk)) is be-
low a certain threshold value, we set βk+1 = βk/2.
According to,46 by dynamically adjusting βk in
this manner, the algorithm becomes more con-
servative when it senses that the optimization is
nearing a solution. This adaptability helps pre-
vent overshooting and fine-tunes the convergence
process, making it more robust and suitable for
different scenarios.

Step length plays an important role in the con-
vergence speed of the sub-gradient method. There
are alternative ways to determine step lengths in
the literature. We did extensive preliminary ex-
periments to determine the step length for our
algorithm. In our experiments, we observed that
choosing a constant step length does not decrease
z(Λ) fast, and the algorithm converges slowly.

Similarly, some variable step lengths (e.g. ξ/
√
k,

1/ξk where ξ is a constant) have a lower conver-
gence speed as well. In our preliminary experi-
ments, the step size determined through formula
(28) (with an initial value of β1 = 2) resulted in
the fastest decrease in z(Λ) and the fastest con-
vergence compared to other formulations.

With this choice of step size, our sub-gradient
algorithm converges as shown in Figure 2, which
illustrates three graphs that represent the change
in the value of z(Λk) for increasing values of k for
three different synthetic test instances. As illus-
trated in Figure 2, the sub-gradient method con-
verges in 400 iterations in most of the instances.
So in our computational tests, we set the itera-
tion limit to 400 for the sub-gradient optimization
method with the step size calculated as in (28).

(a) An instance with T=40

(b) An instance with T=60

(c) An instance with T=80

Figure 2. The change in objective function value of
(LR) as the subgradient method progresses
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4.1.3. Obtaining the Initial Hybrid Solution

Clearly, it is best to run the sub-gradient algo-
rithm as many iterations as possible to obtain
the tightest bound (i.e. the lowest possible ob-
jective function value of the LR). Note that at
each iteration of the sub-gradient method, LR is
solved for a different vector Λ. It is possible that
in none of the iterations, solution to LR gives a
feasible to the original problem. However, it is
also possible that in many of iterations, for some
Λ vectors, solutions to LR will be feasible to the
original problem (i.e., multiple item ELSIDD).
First, we come across feasible solutions during the
sub-gradient method. Then we take the y vector
(i.e., setup vectors) of the best feasible solution
obtained, in addition to the y vector of the so-
lution obtained at the end of the 400th iteration
of the sub-gradient method. Let’s refer to the
first vector as yLag,Best, and the latter as y400.
Taking these two vectors, we run (on commercial
software) the formulation for the multiple item
ELSIDD problem where we fix the common yit
entries of yLag,Best and y400. In other words, we
run the formulation for the multiple item ELSIDD
where yit values are fixed to the corresponding val-
ues in the vector y400 (or yLag,Best) only if those
values are the same in both yLag,Best and y400.
For instance, assume yLag,Best = (1, 0, 0, 1, 1) and
y400 = (1, 1, 0, 1, 0), then common entries in both
vectors are the 1st, 3rd and the 4th entries. We
fix the yit variables in the 1st, 3rd and the 4th

entries to 1, 0, and 1 respectively, and solve the
MIP formulation of the multiple item ELSIDD
(i.e., formulation (1)–(9)) to determine the rest of
the variables, i.e., variables in the 2nd and 5th en-
tries. The setup vector y400 might not be feasible,
but (since yLag,Best is feasible) their intersection
is guaranteed to be feasible. Now, suppose that
in none of the iterations, solution to LR gives a
feasible solution to the original problem. In that
case, to hybridize with y400, we pick a y vector
of a solution to LR obtained early in the sub-
gradient method, i.e. at the 100th iteration, which
is much before the method converges. We note
that even if no feasible solution is obtained in the
sub-gradient method, the solution to LR obtained
at the end of the sub-gradient method has a high
chance of being close to the feasible region since
Lagrange multipliers behave like penalty costs on
the amount of production that exceeds capacity.

We then use the resulting solution as an ini-
tial solution in our TSA. As described in Section
4.2, we define neighborhood with regard to the
setup vector. In other words, our TSA searches
for the best setup vector. So, when we say we use

a solution as an initial solution, we mean that we
use the setup vector of that solution as an initial
setup vector to fix in the MIP formulation for the
multiple item ELSIDD problem. Similarly, when
we say we evaluate a solution, we mean that we
solve the MIP formulation for a multiple item EL-
SIDD problem with the values in the correspond-
ing setup vector fixed. In the following section,
we describe the details of the TSA, which we also
summarize in Algorithm 3. Algorithm 4 summa-
rizes the overall procedure.

4.2. Details of the implementation of the
TSA

4.2.1. Solution representation

In metaheuristic algorithms, the solution repre-
sentation is a key component of the overall al-
gorithm design. It not only determines how the
solution is represented, but also determines how
the algorithm will search for improved solutions.
A good solution representation should encode the
problem being solved effectively and should allow
the algorithm to search for and evaluate poten-
tial solutions efficiently. In our TSA, we repre-
sent the solution by the binary setup vector y.
This vector holds binary setup variables yit for
i = 1, . . . , N , t = 1, . . . , T . So, it is a vector
of dimension N × T . We determine the value of
such a solution by solving the MIP formulation of
the corresponding multiple item ELSIDD prob-
lem where the binary setup variables are fixed to
the values in the binary setup vector y that rep-
resents that particular solution. Recall that the
initial solution is obtained at the end of the sub-
gradient optimization method in our TSA. As a
matter of fact, we only use the setup vector y of
that solution. We then reevaluate the objective
function value of that solution by solving the MIP
formulation of the multiple item ELSIDD where
we fix yit values to the ones in y.

We want to remark that the mathematical
model of the multiple item ELSIDD problem has
two sets of binary decision variables: yit, i =

1, . . . , N , t = 1, . . . , T ; and vjit, i = 1, . . . , N ,
t = 1, . . . , T , j = 1, . . . , Jmax

it . Due to these
binary variables, it is not easy for commercial
solvers to find a solution to the multiple item EL-
SIDD problem in a reasonable time. However,
when yit variables are fixed, commercial solvers
can solve multiple-item ELSIDD problems in sec-
onds due to the decreasing number of binary vari-
ables in the problem. Therefore, given its repre-
senting y vector, the evaluation of a solution is
relatively fast.
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4.2.2. Local search evaluation procedure and
moves

Once the solution representation is defined, the
neighborhood of a solution should be defined.
The neighborhood of a solution is the set of
all solutions that can be reached by some small
changes in the representation of the current solu-
tion. These small changes to the current solution
are also called moves or movements. Consider a
current solution represented by vector y. Every
single move results in a change in y and creates a
vector y′, which is a representation of one of the
neighboring solutions. For instance, changing a
0 entry (in the setup vector y) to 1 can be con-
sidered as a move. It creates a representation y′

of a neighboring solution. The objective function
value corresponding to such a representation is
computed by solving the formulation of the multi-
ple item ELSIDD problem by a commercial solver
where the yit variables are fixed to the values in
vector y′ obtained by such moves that correspond
to that particular neighboring solution. Below,
we list and describe the moves we implement to
explore the neighborhood of the current solution:

• Removing/Inserting a production period:
For i = 1, . . . , N , t = 1, . . . , T , we check
elements yit of representing vector y of the
current solution. For some given i and t,
if yit = 1 (yit = 0), we evaluate the neigh-
boring solution y′, which is exactly equal
to y in all indexes except that y′it = 0
(y′it = 1).

• Delaying production to the following pe-
riod: If the element yit of vector y of the
current solution is equal to 1, we create a
neighboring solution with vector y′, which
is exactly equal to y in all indexes except
that y′it = 0 and y′i,t+1 = 1.

• Taking production to the preceding period:
If the element yit of vector y of the current
solution is equal to 1, we create a neigh-
boring solution with vector y′, which is
exactly equal to y in all indexes except
that y′it = 0 and y′i,t−1 = 1.

Algorithm 2. Neighborhood Search Algorithm.

1: procedure Search Neighborhood (ycurrent, Tabu List)

2: Make moves that are not in Tabu List, create neighbors
3: if All neighbors are infeasible then

4: implement Infeasibility Procedure

5: end if
6: Determine the best neighbor

7: Update Tabu List
8: Return the best neighbor

9: end procedure

As we will state in Section 4.2.3, we perform
the move and create the corresponding neighbor
only if the move is allowed (i.e. if it is not in the
tabu list). Out of the neighboring solutions ob-
tained with allowable moves, our algorithm picks
the solution with the highest objective function
value and moves to this solution (i.e., makes this
solution the current solution) even if the neigh-
boring solution has a lower objective function
value than the current solution. Suppose none of
the neighboring solutions obtained with allowable
moves is feasible. In that case, the algorithm exe-
cutes the following procedure, which is referred to
as Infeasibility Procedure in Algorithm (2).
It modifies the multiple item ELSIDD problem as
follows:

• introduces excess variables, et ≥ 0, for
t = 1, . . . , T ,

• modifies the capacity constraints (5) to
measure the excess in each period as in
(29) below:

N∑
i=1

xit ≤ Ct + et, t = 1, . . . , T, (29)

• changes the objective to min
∑T

t=1 et.

We are going to call this modified problem
as ELSIDD-FEAS. Note that ELSIDD-FEAS has
an optimal objective function value of zero if
and only if multiple item ELSIDD is feasible.
If all neighbors that can be reached by allow-
able moves are infeasible, the algorithm evaluates
these neighbors by solving ELSIDD-FEAS given
their y vectors. If there are multiple neighbors
that have 0 total excess, it means that feasible so-
lutions have been reached. The algorithm reevalu-
ates these neighbors by solving the original formu-
lation for the multiple item ELSIDD problem, and
picks the one with the highest profit. Otherwise
(i.e. if still no feasible solutions are in reach), it
picks the neighboring solution with the lowest to-
tal excess and makes it the current solution. The
algorithm then proceeds by evaluating the neigh-
bors of this infeasible solution with the hope of
finally detecting a feasible solution. In case the
Infeasibility Procedure needs to be carried
out in the first iteration of the TSA, i.e. if the
hybrid solution obtained from the LR turns out
to be infeasible, the above neighborhood evalua-
tions are performed for up to five iterations (i.e.,
for five distinct current solutions). If feasibility
is still not achieved, the ELSIDD-FEAS is then
solved by CPLEX where the setup vector (y) is
not given, but is defined as a decision variable.
This step either yields a feasible solution to multi-
ple item ELSIDD, or confirms that the problem is
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inherently infeasible, in which case the algorithm
terminates before proceeding to the TSA. It takes
usually much longer than the LR method to solve
the ELSIDD-FEAS, and the profits of the solu-
tions found by solving ELSIDD-FEAS are quite
poor compared to the solutions returned by the
LR method. Nevertheless, we need this step to
ensure that TSA starts with a feasible solution,
and to save time by avoiding unnecessary execu-
tion of TSA if the problem is infeasible.

4.2.3. Tabu list and tabu tenure

The tabu list is a key feature of the Tabu Search
Algorithm (TSA) that prevents the algorithm
from getting stuck in local optima and revisit-
ing previously explored solutions. It is a mem-
ory structure that stores information about recent
moves. When the current solution is updated, the
move leading to the new solution is added to the
tabu list. For instance, if the algorithm stops pro-
duction for item i in period t by changing yit = 1
to yit = 0, this move is added to the tabu list.
During this period, if a neighboring solution sug-
gests reversing the move (yit = 0 → yit = 1), it is
recognized as tabu and skipped, avoiding redun-
dant exploration. This mechanism avoids cycling
and encourages diversification, enabling the algo-
rithm to identify higher-quality solutions.

The tabu tenure (or tabu list size), which de-
fines how long moves remain restricted, plays a
critical role in TSA performance. A longer tenure
allows broader exploration but can skip good so-
lutions, increasing computational complexity due
to higher memory requirements. Conversely, a
shorter tenure risks getting stuck in local optima.
We experimented with various tabu list sizes on
representative problem instances to balance per-
formance and complexity. A tabu list size of 20
moves (i.e., iterations) provided the best trade-
off, offering effective exploration and manageable
computational requirements.

Algorithm 3. Summary of the Tabu Search Algorithm.

1: procedure Tabu Search Algorithm(yinitial)

2: t← End time of the LR method
3: Tabu List← {}
4: Obtain Initial Solution corresponding to yinitial

5: Current Solution ← Initial Solution
6: Best Solution ← Current Solution

7: while t ≤ Time Limit do
8: Best Neighbor ← Search Neighborhood(ycurrent,

Tabu List) ▷ See Algorithm 2

9: Current Solution ← Best Neighbor

10: if z(Current Solution) > z(Best Solution) then
11: Best Solution ← Current Solution

12: end if
13: t← get time
14: end while

15: Return Best Solution
16: end procedure

Algorithm 4. Summary of the overall solution procedure.

1: procedure Main Algorithm(Dataset)
2: (y1,y2)← LR Method ▷ See Algorithm 1

3: yinitial ← Create Hybrid Solution (y1,y2)
4: Best Solution ← TSA (yinitial) ▷ See Algorithm 3

5: Return Best Solution

6: end procedure

5. Computational results

To test the performance of our solution approach,
we generated a total of 90 test instances. These
instances have planning horizons of 40, 60, and 80
periods. Each group of instances with the same
planning horizon has subgroups with N = 10,
N = 15, and N = 20 items. These subgroups are
further divided into subgroups that have J = 5
and J = 10 segments in their demand functions.
To summarize, we created 3× 3× 2 = 18 groups,
each containing 5 random test instances, that
share the same T , N , and J values. To gener-
ate these random instances, we derived the values
of the parameters of these instances using the dis-
tributions stated in.4 We refer the reader to the
Appendix of the cited paper.

We solved these 90 test instances on a com-
puter with 64 GB RAM using our proposed so-
lution approach. We also let CPLEX (version
20.1.0) solve the same instances using the MIP
formulation of the multiple item ELSIDD. We
set a total time limit of 15 minutes for both our
solution approach and the CPLEX. A compar-
ison of the results has been given in Tables 3,
4, and 5. The tables list the objective function
values of the initial hybrid solution obtained af-
ter the Lagrangian relaxation method, the final
solution obtained after our Tabu Search Algo-
rithm, and the solution obtained by CPLEX. It
also lists the lowest upper bound obtained by the
Lagrangian Relaxation method and the lowest up-
per bound obtained by CPLEX. The upper bound
obtained by the Lagrangian Relaxation method
is much lower than the upper bound suggested
by CPLEX. Therefore, it gives a better idea of
the quality of the solutions obtained for both ap-
proaches.

As we can see from the tables, the initial hy-
brid solution is infeasible in none of the instances.
In all the instances, this initial solution was found
by hybridizing the best feasible solution observed
during the sub-gradient method and the solution
to the LR at the end of the sub-gradient method.
We observed that this initial solution obtained by
hybridizing these two solutions resulted in a fea-
sible solution that is, on average, 2.5% better (in
terms of the objective function value) than the
best feasible solution observed during the sub-
gradient method. Although this initial solution
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is, on average, 14% worse than the solution found
by CPLEX in terms of objective function value, in
11 out of 90 instances, it is better than the final
solution of the CPLEX. Noting that it takes at
most 15 seconds to execute, these results indicate
the efficacy of the Lagrangian relaxation method
in feeding good initial solutions to the TSA. We
would like to also remark that merely solving
ELSIDD-FEAS to find an initial solution for our
instances result in solutions that have incompa-
rably low profits. Furthermore, running time of
ELSIDD-FEAS is considerably affected by prob-
lem parameters: although it takes around 4 sec-
onds for the smallest instances (T = 40, N = 10,
J = 5), it takes more than 160 seconds for the
largest instances ( T = 80, N = 20, J = 10).

The results of Tables 3, 4, and 5 are sum-
marized in Table 6, which illustrates the average
gap rates. These gap rates were calculated using
the upper bounds of the Lagrangian relaxation
method listed in Tables 3, 4, and 5. In particular,
we used the following formula to calculate the gap
rates:

Gap Rate =
LR Upper Bound− Best Solution

LR Upper Bound

As the table suggests, our solution approach
finds solutions with much lower average gap rates
in all groups of instances. As we can see in detail
in Tables 3, 4, and 5, our approach significantly
outperforms CPLEX in all but one instance: in
only 1 instance, CPLEX found a better solution
than our approach.

As we can see from the tables, the upper
bounds found by CPLEX are incredibly high.
As a result, when solving this class of problems,
the branch and bound tree of CPLEX grows ex-
tremely large, which impairs the effectiveness of
evaluating the nodes of the branch and bound
tree and, hence, the search for a better solution.
On the other hand, our TSA is tailored for ELS
problems such that, given any solution, it cre-
ates neighbors by moving/removing/adding se-
tups. Given that solutions are represented by the
y vector (setup vector), these changes correspond
to planned changes in the y vector. So, the TSA
has a more systematic way to search for the op-
timal y vector and, hence, the optimal solution.
Furthermore, TSA possesses a tabu list, which
not only avoids cycling but also encourages di-
versification by guiding the search to unexplored
regions. This enables the algorithm to move to
potentially better neighborhoods and obtain bet-
ter solutions than CPLEX.

We can see from Table 6 that both CPLEX
and our approach are affected by problem size,
which can be defined by three key factors: T ,
N and J . Although the gap results of both ap-
proaches increase by problem size, the dominance
of our approach on CPLEX is maintained. In or-
der to determine the effects of these factors on the
gap values, we performed a 3-factor ANOVA (See
chapter 14 in84). The results of ANOVA for both
our approach and CPLEX are presented in Ta-
bles 1 and 2 respectively. Before performing the
analysis in both approaches, we conducted the
Shapiro-Wilk test and concluded that the nor-
mality assumption of residuals is satisfied. Sub-
sequently, the homogeneity assumption is also
satisfied by the Levene test for homogeneity of
variance across all groups.

Table 1. Three-Factor ANOVA Results for Our
Approach

Factor/Interaction Sum Sq. df F p-value
T 0.042 2 43.01 5.13× 10−13

J 0.001 1 2.17 0.145
N 0.091 2 93.57 9.48× 10−21

T:J 0.001 2 1.12 0.333
T:N 0.018 4 9.38 3.69× 10−6

J:N 0.001 2 1.15 0.323
T:J:N 0.007 4 3.68 8.74× 10−3

Residual 0.035 72 −− −−

Table 2. Three-Factor ANOVA Results for CPLEX

Factor/Interaction Sum Sq. df F p-value
T 0.106 2 41.12 1.23× 10−12

J 0.018 1 14.15 3.41× 10−4

N 0.435 2 168.69 6.72× 10−28

T:J 0.002 2 0.92 0.401
T:N 0.008 4 1.65 0.172
J:N 0.007 2 3.01 0.0556
T:J:N 0.022 4 4.35 3.29× 10−3

Residual 0.092 72 −− −−

According to ANOVA results presented in Table
1, the effects of T and N are significant (with
low p-values emphasized in bold), whereas the ef-
fect of J is insignificant on the gap values of our
approach. The significance of T and N on the re-
sults of our approach are reasonable because the
dimension of y vector, with which we represent
solutions in the TSA, is N × T . As a result, the
number of moves to evaluate (or equivalently, the
number of neighboring solutions to evaluate) in-
creases with N and T . In addition, the interac-
tion between T and N also turns out to be signif-
icant in the resulting gap values of our approach.
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Table 3. Comparison of results when T = 40

T N J Initial Solution LR Time (Sec) TSA Results CPLEX Results LR Upper Bound CPLEX Upper Bound

40

10

5

5139.82 7.15 6362.08 6225.62 6442.98 7496.50
5331.32 7.51 6337.56 6283.5 6494.98 7956.87
6043.58 7.86 6980.07 6862.21 7076.65 8246.84
5461.68 8.37 6816.88 6611.43 6955.08 7879.19
4978.45 7.47 5956.36 5890.75 6050.4 7255.09

10

15294.57 6.79 14654.9 14142.3 15204.03 17396.48
15172.82 7.15 15410.96 14895.76 15577.32 17540.04
15492.9 7.19 14323.8 13973.52 14895.48 17699.24
16027.23 7.30 15930.88 15530.49 15987.62 17121.79
14151.24 7.73 15789.94 15468.53 15973.16 16888.76

15

5

1578.65 8.89 2356.79 2258.67 2456.3 4223.81
1696.42 8.40 2940.48 2828.12 3068.01 4412.58
785.25 8.53 1050.75 1014.7 1101.58 4546.59
1812.35 9.24 2533.81 2499.92 2693.51 4502.69
1964.53 8.70 3071.77 2940.8 3208.55 4488.78

10

23128.05 7.72 33309.92 31512.28 36469.74 38190.80
26444.86 9.28 29306.8 26985.05 31075.45 34330.91
25771.95 8.27 29279.28 28464.85 31542.47 34586.79
23559.4 8.89 26305.59 26498.71 28500.25 29149.74
23277.15 8.09 22139.4 20226.74 23066.84 26614.11

20

5

813.59 9.41 1721.79 1546.95 1882.06 3796.23
735.78 9.56 1451.27 1266.4 1535.58 3566.73
1599.66 10.25 2880.82 2425.28 3092.27 4609.04
1916.75 9.16 3153.56 2797.03 3451.09 5492.35
1543.48 9.62 2266.6 2030.87 2412.56 4949.15

10

27837.89 9.51 36527.75 29784.44 39973.33 40980.03
25967.44 10.13 34714.11 27972.91 38075.58 40929.94
20535.98 10.59 26802.87 24004.86 29086.27 34265.89
25288.67 8.74 32603.13 29874.59 37011.77 39501.68
23576.23 10.25 32170.79 26205.53 35911.98 37484.82

Table 4. Comparison of results when T = 60

T N J Initial Solution LR Time (Sec) TSA Results CPLEX Results LR Upper Bound CPLEX Upper Bound

60

10

5

2075.14 10.54 3011.95 2907.06 3097.11 4269.93
1878.70 11.93 2414.45 2372.06 2478.12 4853.94
87.44 10.68 213.26 209.42 220.97 1392.29
208.14 11.66 497.32 481.05 520.13 1080.22
2171.43 11.49 2394.49 2388.3 2600.81 3999.30

10

20982.59 10.21 20,798.24 19517.21 21466.91 23825.20
20060.19 11.40 22036.58 20096.05 22500.35 24721.87
22993.53 11.13 24071.27 22088.19 24365.03 27171.66
22646.42 10.28 24102.16 23260.34 24359.76 27756.96
23561.94 10.81 22608.63 21740.46 23150.69 26928.03

15

5

2193.54 12.13 3088.99 2843.91 3188.34 5662.60
3566.45 10.90 6049.05 5785.64 6680.24 8110.60
2899.75 12.04 6156.93 5408.69 6508.01 9745.11
4108.55 11.88 6939.21 6141.47 7267.78 9481.01
5534.17 11.87 7178.78 6372.63 7705.07 9342.36

10

30597.92 11.46 31587.47 29949.04 33917.82 36867.09
28372.47 12.33 30862.21 29138.04 33629.87 35012.83
29214.63 11.38 32828.61 28536.9 35847.02 37677.43
27720.38 12.47 30750.87 28827.43 32967.1 34311.67
28637.28 11.60 31674.29 29470.42 33767.69 35184.99

20

5

4499.5 12.51 5023.04 4020.14 5241.56 9504.37
4387.13 12.20 5138.25 4692.27 5540.94 9158.78
5343.69 12.69 6065.52 5256.24 6568.52 10821.34
4408.65 12.55 4932.5 4471.54 5653.53 9650.22
5334.02 12.82 6232.57 5090.22 6587.71 9250.87

10

33616.4 12.50 42218.41 35717.22 46744.11 50981.53
30996.63 12.86 39655.99 32911.69 44026.65 52724.34
33098.54 12.60 43484.11 35259.4 48876.87 53579.29
34889.21 13.43 42226.32 35581.27 47198.56 51398.90
40731.85 12.36 45320.66 41039.49 49865.12 53043.48

Indeed, this interaction effect can be seen more
clearly in Figure 3a, which shows the average gap
values for changing values of T and N for our
approach. Note that the effect of N is amplified

when T = 80. This interaction effect does not ex-
ist in CPLEX (see Figure 3b). On the other hand,
according to ANOVA results presented in Table
2, in addition to T and N , J is also a significant
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Table 5. Comparison of results when T = 80

T N J Initial Solution LR time (Sec) TSA Results CPLEX Results LR Upper Bound CPLEX Upper Bound

80

10

5

819.12 12.78 1010.16 993.8 1048.38 2777.68
1642.23 13.01 2084.26 2035.3 2112.34 3316.08
735.78 11.89 1018.76 989.34 1078.65 1880.43
1034.25 14.32 1091.56 1141.42 1203.3 2035.70
1234.11 12.20 2031.84 1992.64 2104.67 3076.16

10

26498.15 13.07 33639.67 30153.63 35651.56 38967.31
27473.41 12.44 33069.59 30233.37 35682.73 40100.85
28876.53 13.47 33293.17 31920.03 36873.13 39354.74
21734.28 12.70 32572.25 26637.57 34951.16 38915.22
25478.36 13.19 31672.33 27057.26 34351.53 38228.97

15

5

1172.39 13.21 1744.89 1554.73 1849.42 3301.53
1323.57 13.62 1980.03 1777.82 2082.32 4257.50
1318.64 13.08 2118.02 1902.42 2333.39 4098.88
3956.34 14.09 5690.55 4921.44 6240.32 8125.20
3219.45 14.20 3846.01 3767.85 4619.89 7906.47

10

39523.89 12.91 50779.37 43574.82 51911.18 61730.09
39412.76 14.05 50864.98 44165.53 54123.73 64802.89
43498.12 14.73 50570.26 42715.58 54349.32 61091.39
28713.56 14.10 41338.57 37862.23 45519.83 59219.32
28129.65 14.34 42138.97 39779.69 44474.12 58930.81

20

5

-2927.87 14.39 -1927.39 -2128.24 -1691.61 2355.64
-12481.45 14.01 -8021.15 -8622.02 -6942.91 1786.21
-31419.38 14.77 -18080.72 -20758.34 -15125.14 812.12
-39128.72 14.88 -29685.11 -35360.29 -25792.65 838.29
-1998.32 14.86 -7968.17 -8289.68 -6556.89 1281.12

10

31419.67 15.15 45894.62 37203.52 55792.45 70930.48
35619.45 14.95 48550.68 41945.42 57417.46 76482.46
43792.65 14.21 58246.39 53871.44 68778.69 73528.32
31413.28 14.07 47582.00 34103.6 58582.56 67999.34
39591.87 14.50 56978.06 48918.77 69834.19 85060.56

Table 6. Comparison of algorithms’ average gap results

T N J Average TSA Gaps (%) Average CPLEX Gaps (%)

40

10
5 1.76 3.45
10 2.09 4.71

15
5 3.98 7.86
10 6.71 11.17

20
5 6.70 18.34
10 8.65 23.16

Average: 4.98 11.45

60

10
5 4.23 6.27
10 1.96 7.94

15
5 5.86 14.78
10 7.29 14.15

20
5 7.45 20.45
10 10.06 23.80

Average: 6.14 14.56

80

10
5 4.65 5.52
10 7.46 17.83

15
5 9.07 17.72
10 5.92 20.46

20
5 17.12 30.15
10 17.15 30.73

Average: 10.23 20.40
Total Average: 7.12 15.47

factor in the results of CPLEX. So for higher J
values, our solution approach might outperform
CPLEX even more. A significant three-way in-
teraction effect also exists in the results of both
approaches.

We also performed a Feature Importance
Analysis (FIA) using a decision tree model to see

relative contributions of T , N and J in predicting
gap values. FIA is a heuristic measure used in
machine learning to evaluate the relative contri-
bution of features to a predictive model (see85).
In FIA, the relative weights of the factors indi-
cate the relative strength of association of each
factor with the value of the target variable. In
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our analysis, the relative weights of T , N and J in
predicting the gap results of our approach turned
out to be 37%, 56% and 6%, respectively, whereas
corresponding weights for CPLEX turned out to
be 19%, 72% and 8%, respectively (see Figure 4).
As the scores suggest, for both CPLEX and our
approach, the most contributing factor in pre-
dicting gaps is N ; the second contributing factor
is T ; and the least contributing factor is J . For
our approach, the findings of the FIA agree with
the results of ANOVA, which concludes that the
gap results of our approach are mainly affected
by T and N , while the effect of J is minimal. The
findings of FIA agree with the results of ANOVA
for CPLEX gap values. However, we would like
to remark that a factor might have a low weight
in FIA but might still be statistically significant.
This difference may be because the factor has a
statistically significant, yet small, effect on the
outcome. For instance, for the gap values of
CPLEX, the relative weight of J is low in FIA,
whereas the effect of J on gap results is signifi-
cant, as indicated by ANOVA. See86,87 for other
example studies who use FIA in the analysis of
computational experiments.

(a) Gap values of our approach

(b) Gap values of CPLEX

Figure 3. Effect of T and N on average gap values

Figure 4. Relative weights of Feature Importance
Analysis on the gap values of our approach and
CPLEX

6. Conclusion

This study analyzed the multiple-item ELSIDD
problem, an extension of the ELS problem, where
item demands depend on stock quantities. We
proposed a Tabu Search Algorithm, starting with
an initial solution obtained through the La-
grangian relaxation method.

We tested the performance of our solution
procedure on a group of synthetic test instances.
For these instances, we compared the quality of
the solutions obtained by our algorithm with the
solutions obtained by CPLEX (a commercial soft-
ware), which solves the MIP formulations cor-
responding to these instances. As the test re-
sults suggest, our solution approach significantly
outperforms CPLEX. In particular, good solu-
tions can be found via the Lagrangian relaxation
method extremely quickly. Then, a Tabu Search
Algorithm creates much better solutions.

While the computational experiments demon-
strate the effectiveness of the proposed approach,
we acknowledge its limitations. As the problem
size increases, the computational effort required
by the Tabu Search escalates. Besides, for larger
problems, the parameters of our TSA may need
re-tuning, while commercial software like CPLEX
does not need such tuning. Furthermore, if the
solution returned by the Lagrangian relaxation
method is not good (in terms of objective function
value) or is infeasible, convergence of our TSA to a
high-quality solution will require more iterations,
which will undermine TSA’s performance. How-
ever, our experiments show enough evidence that
there is a high chance that the Lagrangian relax-
ation stage returns a good, feasible solution. Fur-
thermore, the Lagrangian relaxation stage is not
affected significantly by problem size. So, it can
quickly find an acceptable initial solution even for
large problem instances.

Since the Lagrangian relaxation method re-
sults in a high-quality initial solution, an obvious
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future research direction could be to develop other
efficient search algorithms that use this solution
as the initial solution. Other methods to obtain
the initial solution could also be investigated. One
can also consider testing the performance of other
metaheuristic approaches, such as genetic algo-
rithms, simulated annealing, etc. Furthermore, a
Dantzig-Wolfe decomposition method integrated
into a Branch and Bound algorithm (i.e., a Branch
and Price algorithm) can also be studied. In that
case, the pricing problem would again be the sin-
gle item ELSIDD problem. It would be interest-
ing to see how the algorithm of4 would be modi-
fied in the nodes of the branch and bound tree. As
another future research, transportation decisions
can be incorporated into the multiple item EL-
SIDD model, which makes the problem a multi-
level problem.
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50. Süral H, Denizel M, Wassenhove LN V. La-
grangean relaxation based heuristics for lot
sizing with setup times. Eur J Oper Res.
2009;194(1):51-63.

51. Ali S, Gupta O K. Lagrangian relaxation proce-
dure for the capacitated dynamic lot sizing prob-
lem. In 13th AIMS Int J Manag. 2005;9:51–63.

52. Cai J, Huang Y, Diao C, Jin Z. Joint opti-
mization of empty container repositioning and
inventory control applying dynamic program-
ming and simulated annealing. Appl Soft Com-
put. 2024;167:112452.

53. Xie J, Gao L, Li X, Gui L. A hybrid ge-
netic tabu search algorithm for distributed job-
shop scheduling problems. Swarm Evol Comput.
2024;90:101670.

54. Yao Y, Gui L, Li X, Gao L. Tabu search based
on novel neighborhood structures for solving
job shop scheduling problem integrating finite
transportation resources. Robot Comput-Integr
Manuf. 2024;89:102782.

55. Qian L, Melachrinoudis E. An integrated neural
combinatorial tabu search for optimizing school
bus scheduling with bell time. Transp Res Part
C Emerg. 2024;164:104662.

56. Xiao D, Li J, Zhang Z, Gu Z, Fu Y, Niu J. Opti-
mization of personnel evacuation routes for sud-
den nuclear accidents based on hybrid genetic-
grey wolf optimizer algorithm. Nucl Eng Tech-
nol. 2024;103223.

57. Rosati R M, Schaerf A. Multi-neighborhood sim-
ulated annealing for the capacitated dispersion
problem. Expert Syst Appl. 2024;255:124484.

58. Niroumandrad N, Lahrichi N, Lodi A. Learning
tabu search algorithms: A scheduling applica-
tion. Comput Oper Res. 2024;170:106751.

59. Ban H-B, Pham D-H. A multi-population multi-
tasking tabu search with variable neighborhood
search algorithm to solve post-disaster clustered
repairman problem with priorities. Appl Soft
Comput. 2025;170:112655.

60. Hao L, Zou Z, Liang X. Solving multi-objective
energy-saving flexible job shop scheduling prob-
lem by hybrid search genetic algorithm. Comput
Ind Eng. 2025;110829.

61. Shi K, Yang L, Wu Z, Jiang B, Gao Q.
Multi-robot dynamic path planning with pri-
ority based on simulated annealing. J Franklin
Inst. 2025;362(1):107396.

62. Chen X, Li J, Wang Z, Li J, Gao K. A genetic
programming based cooperative evolutionary al-
gorithm for flexible job shop with crane trans-
portation and setup times. Appl Soft Comput.
2025;169:112614.

63. Dong X, Ma L, Zhao X, Shan Y, Wang J, Xu Z.
Hybrid genetic algorithm with wiener process for
multi-scale colored balanced traveling salesman
problem. Expert Syst Appl. 2025;262:125610.

64. Wang H-K, Yang T-Y, Wang Y-H, Wu C-L.
Hybrid dispatching and genetic algorithm for
the surface mount technology scheduling prob-
lem in semiconductor factories. Int J Prod Econ.
2025;280:109500.

65. Zhang H, Lv S, Xin D, Jin H. A genetic algo-
rithm enhanced with neighborhood structure for
general flexible job shop scheduling with paral-
lel batch processing machine. Expert Syst Appl.
2025;265:125888.

66. Moreno F, Forcael E, Orozco F, Baesler F, Ag-
das D. Fixed start method for repetitive project
scheduling with simulated annealing. Heliyon.
2025;11(2):41741.

67. Sharma H, Galván E, Mooney P. A parallel ge-
netic algorithm for multi-criteria path routing
on complex real-world road networks. Appl Soft
Comput. 2025;170:112559.

68. Chandrashekhar M, Dhal P. Multi-objective eco-
nomic and emission dispatch problems using hy-
brid honey bee simulated annealing.Meas: Sens.
2024;32:101065.

69. Bektur G, Aslan H K. Artificial bee colony al-
gorithm for operating room scheduling problem
with dedicated/flexible resources and coopera-
tive operations. Int J Optim Control: Theor
Appl (IJOCTA). 2024;14(3):193–207.
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Mehmet Önal obtained his bachelor’s degree in In-
dustrial Engineering from the Middle East technical
University in 2003. He received his master’s degree
from the University of Central Florida in 2005, and his
Ph.D. from the University of Florida in 2009. He is
currently working as an Assistant Professor in Özyeğin
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