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Russell’s Paradox of Predicates 
 
Abstract  Russell’s letter to Frege of June 16, 1902 contains the famous 
paradox of the class of all classes which are not members of themselves as well 
as a second paradox of the predicates that cannot be predicated of themselves. 
The latter paradox arises out of Russell’s theory of classes and class concepts in 
Principles of Mathematics. 
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1  Russell’s Letter to Frege 

Bertrand Russell wrote a short letter to Gottlob Frege on June 16, 1902, in which 
he praised Frege’s writings, but added that he had found one point where he had 
encountered a “difficulty”: 

 
Let w be the predicate: to be a predicate that cannot be predicated of itself. 
Can w be predicated of itself? From each answer its opposite follows. 
Therefore we conclude that w is not a predicate.1 

 
Russell follows this with the familiar paradox of the class of all classes which do 
not belong to themselves, although he presents this paradox as just another 
expression of the same difficulty: 
 

Likewise there is no class (as a totality) of those classes which, each taken as a 

                                                               
1 The original, which Russell wrote in German (with an old vocabulary and spelling), reads: 
“Sei w das Prädicat, ein Prädicat zu sein welches von sich selbst nicht prädicirt warden kann. 
Kann man w von sich selbst prädiceren? Aus jeder Antwort folgt das Gegentheil. Deshalb 
muss man schliessen dass w kein Prädicat ist.” 
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totality, do not belong to themselves. From this I conclude that under certain 
circumstances a definable collection [Menge] does not form a totality. 

 
In a postscript Russell adds: 

 
The above contradiction, when expressed in Peano’s ideography, reads as 
follows: 

 
w = cls∩x∋ (x~εx).⊃: wεw. =.w~εw 

 
I have written to Peano about this, but he still owes me an answer. 
 

The story of the paradox as told in contemporary set theory courses goes as 
follows: Russell and Frege were “logicists,” who held that sets are derivative 
from propositional functions (or concepts for Frege). For them, every meaningful 
propositional function will be true or false of each thing, and the things of which 
the predicate are true form its extension, which is a set. These sets get their nature 
and very being as the extensions of propositional functions, and that is what 
makes the view logicist. However, and this was Russell’s discovery, it is not true 
that every propositional function has a set as its extension. Consider the function 
“is not a member of itself.” There is no set which is the extension of that function, 
for the assumption that there is such a set leads to contradiction. Looking back, 
we can see that Russell’s problem arose from having a naive belief about sets.2 
The naive logicist accepts an “unrestricted comprehension principle”:  
 
∃y∀x(x∈y ≡…x…) [where y does not appear free in “…x…”] 

 
which asserts that for any predicate “…x…” there is some set y of all the things 
which satisfy that predicate. If, however, one considers the simple predicate 
~ (x∈x), then the unrestricted comprehension principle will yield: 
 
∃y∀ x(x∈y ≡~ (x ∈x)) 

 
But this leads to a contradiction. Put simply, there is no set denoted by the 

expression “{x: ~(x∈x)}.” 
The standard account holds that “naive set theory” is thus properly so called.3 

                                                               
2 See, for example, Kreisel (1967, 219), who attributes it to an “idealistic interpretation of 
set.” 
3 This is the source of the name “Naive Set Theory” for set theory used by mathematicians 
which is not based on axioms. Thus the title of Halmos (1960). 
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The logicists naively thought that the theory of sets, which are in fact 
distinctively mathematical objects, was, rather, derivative from logical principles 
and not the subject matter of a distinct branch of mathematics. Logic in the late 
nineteenth century, so the story goes, was divided between “extensional” and 
“intensional” logicians.4 Extensional logicians thought that all logical inference 
could be captured in terms of the extensions of the concepts involved, as is seen 
in the treatment of the syllogism with Venn diagrams. It is of what things a 
predicate is true which determines the validity of inferences−−not meanings or 
“intensions.” 

In fact, the story continues, well before 1902 mathematicians had been 
working with a notion of set which was more sophisticated than that of either the 
intensional or extensional logicians.5  Mathematicians realized that sets are 
mathematical objects, which must be studied like other mathematical objects 
such as numbers, and that we should theorize about them using the axiomatic 
method. The mathematicians’ view is that we have no privileged access to classes 
via logic, nor are classes essentially the extensions of predicates. This 
“mathematician’s conception of set,” it is said, originated with Cantor, and his 
famous account of a set as “a collection into a whole of definite, well-distinguished 
objects”6: 
 

For a multiplicity can be such that the assumption that all of its elements “are 
together” leads to a contradiction, so that it is impossible to conceive of the 
multiplicity as a unity, as“one finished thing.” Such multiplicities I call 
absolutely infinite or inconsistent multiplicities. 

As we can see, the “totally of everything thinkable,” for example, is such a 
multiplicity; later still other examples will turn up. 

If on the other hand the totality of elements of a multiplicity can be thought 
of without contradiction as “being together,” so that they can be gathered 
together into “one thing,” I call it a consistent multiplicity or a “set.” (Cantor 
1899, 114) 

 
                                                               
4 See the discussion of the debate and Frege’s place in it in Simons (1992). 
5 This idea comes from Gödel, in his essay “What is Cantor’s Continuum Problem?” where 
Gödel says: “It might seem at first that the set-theoretical paradoxes would doom to failure 
such an undertaking, but closer examination shows that they cause no trouble at all. They are a 
very serious problem, not for mathematics, however, but rather for logic and epistemology” 
(Benacerraf 1964, 267). It is Wang, Hao, in From Mathematics to Philosophy (Wang 1974, 
188), who says, of Cantor’s thinking, that “the concept of set implicit in this context is closer 
to the logical concept rather than the mathematical one,” thereby identifying the two “concepts 
of set” with “logic” and “mathematics.” It should be noted, however, that Gödel continued to 
think about this problem “for logic” which involved “concepts” (Wang 1996, 273–79). 
6 Quoted here from Kamke (1950, 136). 
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If a set must be a collection of definite objects and a set is determined by its 
members, it cannot be “definite” before it is collected; thus, no set can be a 
member of itself. But then “the sets that are not members of themselves” would 
be all sets, and this is clearly not a definite “collection,” able itself to be formed 
into a set.” Thus, the putative “Russell set” is not a consistent multiplicity, and no 
one should be surprised that there simply is no such set. This mathematician’s 
conception was later refined by Zermelo, as the “iterative conception of set.” On 
this account the (pure) sets are all derived from the empty set and repeated 
operations or stages, such that the sets at a given stage are made up from the 
power set of the set of sets at the preceding stage, with stages indexed by ordinals. 
Every set is picked out by separating it from the sets of some stage, or “rank.” 
Some putative sets do not exist, as they would require collecting objects made at 
every stage, through all the ranks measured by ordinals. Such collections are “too 
large” to be sets, and so remain as “proper classes.” On this refined view, then, 
the set of all sets which are not members of themselves would have to be carved 
out by “separating” the sets which are not members of themselves from a larger 
set of all sets but that does not exist. On this “mathematician’s” conception, then, 
what we have are predicates with extensions that are really “proper classes” and 
too large, in some sense, to be sets. 

This is the story of Russell’s Paradox that is naturally told by those who think 
that axiomatic set theory, in particular Zermelo-Fraenkel set theory, is the right 
foundation for mathematics, and that the logicist attempt to reduce set theory to 
logic was misguided from the beginning—that it was not a problem for set theory, 
because the problem that was a paradox for logicists was merely a routine 
theorem of axiomatic set theory, proving that there is no set of a certain sort. 

I think that it is important to separate the first contradiction of “the predicate 
that cannot be predicated of itself” from the second, more familiar, paradox of 
naive set theory in Russell’s letter. In what follows I will argue that the paradox 
of naive set theory is distinct from the first paradox of predicates, and that, in fact, 
the first paradox was an internal difficulty for his own theory of classes in The 
Principles of Mathematics. In another paper I have traced the history of 
Zermelo’s anticipation of Russell’s second paradox of sets.7 This paper is an 
attempt to tell a different story about the paradox in Russell’s letter to Frege, 
which is more faithful to the historical background of the letter, and which finds 
Russell to have been focused on a difficulty with his own theory in Principles of 
Mathematics wherein “class concepts” are a species of “denoting concepts.” 
                                                               
7 That paper has been published in Chinese in the journal World Philosophy (Linsky 2013, 
136–44). It is forthcoming in English in the Philosophy student journal Ithaque, published by 
the Université de Montreál. 
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2  The Paradox for Frege 

Frege responded to Russell’s letter on June 22, just six days after he had received 
it. Frege’s conclusion is as follows: 

 
It seems, then, that transforming the generalization of an equality into an 
equality of courses-of-values (§9 of my Grundgesetze) is not always 
permitted, that my Rule V (1902, §20 36) is false, and that my explanations 
in §31 are not sufficient to ensure that my combinations of signs have a 
meaning in all cases. 

 
Frege’s §9 is an explanation of his Basic Law (or “Rule”) V, which in notation 
approximating Frege’s reads as follows: 

 
├ (έf(ε)=ά ɡ(α)) = (∀α f(α) =ɡ(α)). 

 
Rule V says that the course of values of the function f, i.e. έ f (ε), is identical with 
the course of values of ɡ, namely ἀɡ(α), in the case when f and  ɡ have the same 
values of all arguments. For the special case where f and  ɡ are concepts, i.e. 
functions from objects to the truth values “The True” and “The False,” Rule V 
says that the two concepts have the same course of values just in the case when 
they are true of the same objects. Since every concept is coextensive with itself 
in that sense, for every concept there will be a course of values which contains 
just those objects to which the concept applies. If there always is such a course of 
values, that is, a course of values in conjunction with a second-order 
comprehension principle for concepts, this yields an “unrestricted comprehension 
principle” for courses of values (Boolos 1998, 337).8 Frege’s reference to §31 is 
to a controversial proof that “Our simple names denote something.” Frege’s term 
is “bedeuten etwas” [mean something]; he means that every expression, 
including those of the form “έ f (ε),” has a reference or “Bedeutung.” The class 
that Russell discusses yields a counter-example to this claim. 

Frege’s analysis of the import of Russell’s “difficulty” is very close to what I 
described as the conventional wisdom about the paradox, namely, that it is a 
proof, by contradiction, that not every predicate has an extension which is a set. 
More precisely, Frege saw the paradox as a proof that not every predicate has a 
set which contains just the things that satisfy the predicate. For the term 
“extension of the concept is not a member of itself” there is no corresponding 

                                                               
8 It has been determined that Law V does not by itself lead to inconsistency. Parsons (1987) 
proved that the first-order fragment of the Grundgesetze is consistent and Heck (1996) that a 
predicative fragment is also consistent, thus one which restricts the comprehension principle. 
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extension (course of values). The contradiction that Frege found in his own work 
was really that not every term for a course of values had a reference or 
Bedeutung, which is close to the standard interpretation of the consequence as a 
proof that there is not a set as the extension of every predicate. Frege’s reading of 
the problem is very close to our current understanding of “Russell’s Paradox.” 
But what was Russell’s understanding of his argument? 

3  The Paradox for Russell 

That Russell did not see his argument as a proof that some class expressions do 
not refer can be seen from his wording of the difficulty. The first version deals 
with a “predicate” and the second concludes that “under certain circumstances a 
definable collection does not form a totality.” Frege wrote that this second 
problem “caused me the greatest surprise and, I would almost say, consternation, 
since it has shaken the basis on which I intended to build arithmetic.” The first 
version, however, when understood as about a (Fregean) concept which does not 
apply to itself, was simply a blunder. Frege adds a remark about the first 
formulation of the contradiction in terms of “predicates”: 

 
Incidentally, the expression “A predicate is predicated of itself” does not 
seem exact to me. A predicate is as a rule a first-order function which 
requires an object as argument and which cannot therefore have itself as 
argument (subject). Therefore I would rather say “A concept is predicated of 
its own extension.”If the function Φ(ξ) is a concept, I designate it extension 
(or the pertinent class) by “ἐΦ(ε)” (though I now have doubts about the 
justification for this). In “Φ(ἐΦ(ε))” or “ἐΦ(ε)∩ἐΦ(ε)”we have the case 
wherein the concept Φ(ξ) is predicated of its own extension. 

 
Frege responds that talk of a predicate being or not being predicable of itself is 
in violation of the sharp distinction between concept and object upon which he 
so firmly insisted. A concept can only apply—or not—to an object, such as its 
own course of values or extension, and not a concept, and so certainly not to 
itself. This would violate the theory of levels (“Stufe”) to which concepts are 
assigned.9 

Russell knew of Frege’s views on the concept/object distinction, as he had just 

                                                               
9 Remember that for Frege, quantifiers are concepts of the second level, thus “everything is F” 
asserts that the second level concept of being true of all objects applies to F. Michael Beaney 
says that “… Frege’s own theory is not open to the specific formulation in the first half of this 
passage, as Frege himself notes in the reply he wrote to Russell six days later” (Beaney 1996, 
193). 
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been occupied with studying the works in which that very distinction is made. 
Yet still he presented the paradox as involving, equivalently, predicates or classes 
which are not members of themselves. It appears then that Russell was not 
presenting a paradox of propositional functions which do not apply to themselves. 
For one thing, he knew that Frege would interpret the talk of predicates in that 
way, and does not anticipate his response about “concepts,” or even put it in 
Frege’s terms.  

Russell did not mean “predicate” in the linguistic sense which it now has in 
logic. For one thing, at this time all of Russell’s notions—“assertion,” 
“propositional function,” “concept,” as well as “proposition” and “term” —refer 
to objects; none of them are linguistic entities. But further, how could Russell 
conclude that “w is not a predicate” when he had just defined it: “Let w be the 
predicate: to be a predicate that cannot be predicated of itself.” There surely is 
such a predicate as a linguistic entity, for he has just written it out. The question 
is whether there is some entity that corresponds with it. That is the “predicate” in 
question. 

Russell had in fact discovered his problem over a year before, and had even 
written about it in a late chapter of Principles of Mathematics prior to writing 
to Frege.10 The difference between the wording of Russell’s letter, with its two 
statements of one difficulty and Frege’s reading of the paradox, should lead us 
to look into what Russell himself thought was the problem. In his response of 
June 22, Frege identifies exactly how the paradox of classes arises in his 
Grundgesetze. Russell, however, had not noticed exactly how the problem 
arose in Frege’s system. As he read Frege’s works in June of 1902, Russell was 
not particularly interested in sorting out which part of the system involved 
Frege in the paradox.11 Russell just saw, on reading Frege’s works, that Frege 
was facing the same contradiction that Russell had been thinking about, in his 
own terms, for over a year. He put the problem in two ways, hoping Frege 
would recognize it.12 

Russell had indeed shaken the “basis” on which Frege intended to build 
arithmetic, i.e. Rule V. But he had not shown that Frege could not carry out his 
project on a different “basis,” say, with Hume’s Principle directly introducing 
numbers as objects, as the Neo-Fregeans propose, rather than constructing 
numbers as sets with Rule V. Perhaps Frege should not have seen the result as a 
deep paradox involving the very notion of numbers as objects, but rather just as a 
                                                               
10 Griffin (2004) and Byrd (1994) have written about Russell’s slow discovery of the paradox 
and of his late alterations to Principles. 
11 See Linsky (2004a, 8) for an account of Russell’s earliest response to Frege and of his 
curious lack of interest in the exact source of the contradiction in Frege’s system. 
12 Presumably he wrote to Peano in the same manner, although his letter to Peano has not 
survived. 
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problem affecting his proposal to construct numbers out of courses of values. 
Russell, however, saw his paradox as a deep problem in the very notion of set or 
class. Russell’s commitment to the connection between a class as extension and a 
concept was not a commitment to the unrestricted comprehension principle 
which he might have as an “extensional” logician. His paradox was a deeper 
problem with the very notion of class with which he himself had been working. 

The distinctive nature of Russell’s conception of classes around 1902 can be 
seen even in the language of his letter to Frege, both in the use of the notion of a 
class “as a totality,” which survived into much later statements of the vicious 
circle principle in Principia Mathematica, and also in the details of “Peano’s 
ideography” in the footnote to the letter. Although Peano clearly distinguished 
between classes and propositions, he used the same symbols for both. Thus “σ ⊃ 
τ” could indicate both that a class τ is a subset of the class σ and that the 
proposition σ (materially) implies the proposition τ. Russell, around this time, 
reversed the sign for subset, so as to distinguish it from the implication relation, 
giving us the now standard “τ ⊂ σ.” Peano had also used “∩” for both 
conjunction and intersection and “∪” for both disjunction and union. At the time 
of the letter, Russell was using “∩” for conjunction and “∧” for intersection. By 
1903 he had reversed these to follow the now standard usage.13 Thus there was a 
close conceptual connection between propositional functions and classes, despite 
the distinction between them. This can be seen strikingly in Russell’s use of the 
“inverted epsilon” symbol, “∋” which was seen as the converse of the relation 
indicated with the ordinary epsilon, “ε.”14 The opening part of the symbolic 
expression of the paradox in the footnote: “w=cls ∩ x ∋ x ~ є x…” indicates that 
w is to be something which is a class and which contains all the xs such that x is 
not a member of x. The “such that” symbol, “∋” indicates that what follows is a 
definition of the class under consideration, so that x ∋…x… in Peano’s notation 
would be expressed as “{x: …x…}” in contemporary notation. Now it might 
seem that є and ∋ express very different relations. The former relates an object to 
a class to which it belongs, while the latter is followed by a formula indicating 
what things are to be collected into the set. It is now merely punctuation in a 
larger construction: “the set of x such that…x….” What follows “∋” is a formula 
or concept expression, and what follows “ε” is a class term. In Peano’s notation, 
also used by Russell in his first papers with Whitehead, the inverted epsilon also 
is a logical notion which occurs just where someone might say “such that,” as in 
“there exists an x such that …x….” Indeed the expression ∃α∋… in fact slowly 
                                                               
13 See Gregory Moore’s section on “The Evolution of Russell’s Logical Symbolism” in the 
introductory material for Collected Papers of Bertrand Russell, Vol. 3, xlv. 
14 Throughout Russell’s Peano- inspired notation the converse of a relation is indicated by 
inverting it, as in the inverted iota notation, which is the inverse of the relation expressed by 
iota, namely the relation of x to{x}. 
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shifted from expressing such a claim as “there exists an α such that …” to what 
we express as “the class of αs such that … is not empty.” Later Russell used∃ 
with an ! for this: ∃!α.15 Similarly, the “ε” symbol had originated as a symbol for 
the “is” in a proposition, short for the Greek ἐστι or esti. 

But just as Peano’s notation for connectives did not distinguish classes and 
propositions, Russell’s thinking about classes did not so sharply distinguish 
concepts from classes. In this he followed the approach of the “algebraic logicians” 
such as Schröder, who interpreted their formal systems of logic as equally about 
propositions or predications, and about classes. Indeed, Peano presents his axioms 
for propositional logic and then asserts that they also hold when interpreted as 
about classes.16 In Principles of Mathematics Russell makes a clear distinction 
between a “class as one” or “as a totality” and a “class as many.”17 

 
We took it as axiomatic that the class as one is to be found wherever there is 
a class as many; but this axiom need not be universally admitted, and 
appears to have been the source of the contradiction. (Russell 1903, PoM, 
§104) 

 
Russell’s account of “Classes” in Chapter VI of Principles makes use of the 
earlier notion of an “assertion,” which is the part of a proposition other than the 
“terms,” and which is responsible for the unity of the proposition. Although the 
theory of classes in Chapter VI is tentative, and recognizes that the contradiction 
challenges the very notion of a class, the basic elements of this unique theory are 
discernible. 

Russell distinguishes between a concept, such as men—which is the 
contribution of a predicate to a proposition such as Socrates is  manɑ —a class 
Concept, man, and the class, men. He says that a concept which denotes a unique 
object is a concept of that object. The concept, men, is a denoting concept, which 
denotes men, and is distinct from the denoting concepts all men and a man which 
denote in a way later replaced by quantification in the theory of “On Denoting,” 
in 1905. But a class concept is not the concept of a unique object, the class; 

                                                               
15 Defined at Principia Mathematica,∗24·03. 
16 He observes, however, that the notion of membership, for which he introduced the modern 
symbol, introduces asymmetries between the logic of propositions and classes. 
17 Russell’s account of “such that” in Principles (§23) is as follows: “This brings me to the 
notion of such that. The values of x which render a propositional function φ x true are like the 
roots of an equation … In general, these values form a class, and in fact a class may be defined 
as all the terms satisfying some propositional function. There is, however, some imitation 
required in this statement, though I have not been able to discover precisely what the limitation 
is. This results from a certain contradiction which I shall discuss at length at a later stage 
(Chap. X).” 



Bernard Linsky 158

rather, it is the concept of the class, namely, the men, a plurality of objects. 
Unlike, for example, denoting concepts, which denote objects, class concepts do 
not denote an object, but rather denote the “members of” the class. 

If Russell treated classes in the same way as other denoted objects, then he 
would have to distinguish between the class which is determined by its members 
and the class concept, which can differ, as “featherless biped,” which, can be 
both the same class of humans, and a different concept. Russell describes two 
“standpoints” in works on logic, “that of extension and that of intension.” 
Presumably the first would have extensions as objects and distinguish them from 
the concepts of the second. But Russell proposes, instead: 

 
But as a matter of fact, there are positions intermediate between pure 
intension and pure extension, and it is in these intermediate regions that 
Symbolic Logic has its lair. (Russell 1903, PoM, §66) 

 
Russell introduced the notion of propositional function into his manuscript of 
Principles, though this was late in the composition, and was thus able to describe 
the contradiction in Chapter X as showing that not every propositional function 
has a class as its extension. But still, the notion of class had arisen in his thinking 
as a way of taking a concept “in extension.” This later was expressed as taking 
the class “as one” or “as many.” For us a “class as many” is what we would call a 
“proper class,” and the “class as one” is simply a “set.” However, in Russell’s 
thinking, they were even more closely identified with predicates or 
concepts—they were the result of different ways of taking the concept. 

Russell’s initial reaction to Frege’s response to his letter is described in 
Appendix A to Principles: 

 
We shall maintain, on account of the contradiction, that there is not always a 
class-concept for a given propositional function φ x, i.e. that there is not 
always, for every φ, some class-concept ɑ such that x є ɑ is equivalent to φ x 
for all values of x; and the cases where there is no such class-concept will be 
the cases in which φ is a quadratic form. (Russell 1903, PoM, §488) 

 
It was the structure of the predicate, x∉x, with its “quadratic form” so evident in 
the diagonal argument of Cantor’s theorem and the paradox, which led Russell to 
conclude that there will be predicates φ which will not correspond to a class 
concept, and not, as Frege responded, that there will be predicates which do not 
have an extension. There will also not be a class whether it is as a class “as 
many” or a class “as one,” but that is simply because there is no class concept to 
begin with. Russell takes the paradox to show that it is not true that for every 
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predicate there is a class concept of his sort, and he conveyed this paradox in his 
conception of class to Frege. It was clear that a similar problem must infect 
Frege’s system. 

It was because of this that Russell’s first formulation of his “difficulty” is in 
terms of a “predicate which cannot be predicated of itself.” A predicate F as one 
could be the subject of a predication by F, and so it is not a violation of a type 
distinction to wonder whether “the Fs as one” have the property of being F. His 
conclusion is that there “is no such predicate,” that there could not be a class as 
one for the predicate “is not a member of itself.”18 It was a paradox for him 
because this double aspect view of classes as one and as many was deeply 
embedded in his thinking. It was not a naive view that for every bit of language 
of a certain sort (a predicate), there is an entity or set in the world to which it 
corresponds. Rather, Russell had the idea that every concept had two faces, as a 
predicate (as many) or as an object (as one). This double aspect view of classes is 
not the naive “logicist” view of classes described above. An argument forcing us 
to reject this view would indeed be a paradox. 

Notice that Russell formulates his first version of the paradox in terms of “a 
predicate that cannot be predicated of itself.” He does not speak of an“assertion” 
or propositional function as he does in Principles of Mathematics, nor of 
concepts, as Frege might, but uses the common German logical term “Prädikat,” 
which is quite properly translated into English as “predicate.” Russell certainly 
saw “predicate” as a logical notion, and not as a linguistic item, a fragment of a 
sentence, as it is now used. But he does conclude, after offering a purported 
definition of w as “to be a predicate that cannot be predicated of itself” that 
indeed “w is not a predicate.” 

The first appearance of the paradox in Principles of Mathematics is in §77 and 
§78, and it is formulated in terms of predicates and classes: 

 
Finally, we must remember that classes are to be derived, by means of the 
notion of such that, from other sources than subject-predicate propositions 
and their equivalents. Any propositional function in which a fixed assertion 
is made of a variable term is to be regarded, as was explained in Chapter II, 
as giving rise toa class of values satisfying it. This topic requires a 
discussion of assertions; but one strange contradiction, which necessitates 
the care in discrimination aimed at in the present chapter, may be mentioned 
at once. (Russell 1903, PoM, §77) 

 
The contradiction is thus from the beginning a problem about classes and the 
notion of “such that,” and not a problem with propositional functions in general. 
                                                               
18 “Deshalb muss man schliessen dass w kein Prädicat ist.” Literally, that w is no predicate. 
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The first statement of the paradox is in the next section: 
 

Among predicates, most of the ordinary instances cannot be predicated of 
themselves, though, by introducing negative predicates, it will be found that 
there are just as many instances of predicates which are predicable of 
themselves. One at least of these, namely predicability, or the property of 
being a predicate, is not negative: predicability, as is evident, is predicable, 
i.e. it is a predicate of itself. But the most common instances are negative: 
thus non-humanity is non-human, and so on. The predicates which are not 
predicable of themselves are, therefore, only a selection from among 
predicates, and it is natural to suppose that they form a class having a 
defining predicate. But if so, let us examine whether this defining predicate 
belongs to the class or not. If it belongs to the class, it is not predicable of 
itself, for that is the characteristic property of the class. But if it is not 
predicable of itself, then it does not belong to the class whose defining 
predicate it is, which is contrary to the hypothesis. On the other hand, if it 
does not belong to the class whose defining predicate it is, then it is not 
predicable of itself, i.e. it is one of those predicates that are not predicable of 
themselves, and therefore it does not belong to the class whose defining 
predicate it is—again contrary to the hypothesis. Hence from either 
hypothesis we can deduce its contradictory. I shall return to this 
contradiction in Chapter X ; for the present, I have introduced it merely as 
showing that no subtlety in distinguishing is likely to be excessive. (Russell 
1903, PoM, §78) 

 
The “predicates” which concern Russell are clearly those that express class 
concepts−that define classes. When Russell returns to the contradiction in 
Chapter X, it is described in §100 first in terms of class concepts; in section 101 
we get the version for “predicates.” Finally, in §102 we get this: 

 
Any method by which we attempt to establish a one-one or many-one 
correlation of all terms and all propositional functions must omit at least one 
propositional function. Such a method would exist if all propositional 
functions could be expressed in the form …є u, since this form correlates u 
with …є u. But the impossibility of such a correlation is proved as follows. … 
It follows that there are more propositional functions than terms—a result 
which seems plainly impossible, although the proof is as convincing as any in 
Mathematics. We shall shortly see how the impossibility is removed by the 
doctrine of types. (Russell 1903, PoM, §102) 

 
Now the contradiction is taken as showing that there are more propositional 
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functions than “terms,” or individuals, to which they might apply. Classes are 
individuals such as u above, which may be correlated with propositional 
functions, expressed by …є u, and so would be included among such terms. The 
explanation in terms of types comes in this form: 
 

A class as one, we shall say, is an object of the same type as its terms; i.e. 
any propositional function φ (x) which is significant when one of the terms 
is substituted for x is also significant when the class as one is substituted. 
But the class as one does not always exist, and the class as many is of a 
different type from the terms of the class, even when the class has only one 
term, i.e. there are propositional functions φ (u) in which u may be the class 
as many, which are meaningless if, for u, we substitute one of the terms of 
the class. And so “x is one among x’s” is not a proposition at all if the 
relation involved is that of a term to its class as many; and this is the only 
relation of whose presence a propositional function always assures us. In 
this view, a class as many may be a logical subject, but in propositions of a 
different kind from those in which its terms are subjects; of any other object 
other than a single term, the question whether it is one or many will have 
different answers according to the proposition in which it occurs. Thus we 
have “Socrates is one among men,” in which men are plural; but “men are 
one among species of animals,” in which men are singular. It is the 
distinction of logical types that is the key to the whole mystery. (Russell 
1903, PoM, §104) 

 
Thus, when Russell wrote to Frege with a puzzle about “predicates,” clearly he 
had in mind predicates that express class concepts. It is not a paradox of 
predicates in the same way as we would think of such paradoxes as Grelling’s 
paradox of the predicate “heterological”—the predicate which applies to 
predicates not true of their own names (or of themselves as syntactic objects). 
Russell already considered a theory of types as the lesson of the paradox, even 
before he wrote to Frege, so he was not expressing a puzzle to which Frege could 
respond by pointing out the concept/object distinction to Russell. Russell was 
expressing a paradox about predicates or propositional functions which might 
seem to express class concepts. 

4  Russell’s Solution to His Paradox 

Russell’s solution to the paradox was to abandon classes and class concepts, and 
not include them in his ontology. The paradox showed that the notion of class is 
fundamentally flawed. Instead of a new, sophisticated (i.e., non-naive) set theory, 
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we get a reconstruction of classes using the so-called “no-classes” theory of 
classes in Principia Mathematica. The expressions for classes are given a 
contextual definition; they are “incomplete symbols” and so do not have “meaning 
on their own.” Russell was thus able to avoid the “extensionalist” postulation of 
extensions as entities—the classes that are determined solely by their members, 
and so common to co-extensive predicates. He avoids postulating extensions by 
eliminating them using the contextual definition which replaces talk of the class of 
φ s with an existential sentence quantifying over propositional functions. 

The principal definition achieves this by saying that a function will be true of a 
class, if and only if it is true of some function coextensive with the defining 
function of that class. In the notation of PM this is: 

 
∗ 20·01f{ ẑ (ψz)}. = : (∃φ) : φ!x .≡x.ψx : f{φ !  ẑ} Df 
 
To be more precise, the function f is true of the class of ψs if and only if some 

predicative function φ (as indicated by the “!”), which is coextensive with ψ, has 
f.19 The “no-classes” theory accomplishes what Russell had looked for from the 
beginning: a way of avoiding the postulation of classes as separate entities which 
would serve as the extensions of concepts, but also a way of avoiding any sort of 
class concept corresponding to the propositional function. Earlier he tried to find 
the class “as one” through a particular way of taking certain denoting “class 
concepts” or propositional functions. Later he avoided them altogether, just as 
the theory of “On Denoting” avoided the need for denoting concepts altogether. 

Russell returns to the controversy between “intensionalist” and “extension- 
alist” accounts of logic in Principia Mathematica where the mature “no-classes” 
theory provides the official resolution of the paradox: 
 

It is an old debate whether formal logic should concern itself mainly with 
intensions or extensions. In general, logicians whose training was mainly 
philosophical have decided for intensions, while those whose training was 
mainly mathematical have decided for extensions. The facts seem to be that, 
while mathematical logic requires extensions, philosophical logic refuses to 
supply anything except intensions. Our theory of classes recognizes and 
reconciles these two apparently opposite facts, by showing that an extension 
(which is the same thing as a class) is an incomplete symbol, whose use 
always acquires its meaning through a reference to an intension. (Russell 
1910, 72) 

                                                               
19 The notion of a “predicative function” introduces issues around the ramified theory of types 
involving the axiom of reducibility that are not relevant here. What is important is that 
predicative functions are (some of the) propositional functions. 
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5  What Was the Paradox of Predicates in Russell’s Letter to 
Frege? 

So, what was the paradox of predicates in the letter to Frege? For Russell there 
were just two formulations of one difficulty. What was that difficulty? The 
second statement in the letter is clearly the familiar paradox of the set of all sets 
that are not members of themselves, and Russell did see that this paradox shows 
that something was wrong with Frege’s system of sets. The first statement of the 
paradox in the letter, however, the contradiction of the predicate “can not be 
predicated of itself,” is not the result of refusing to acknowledge that there are 
types of concepts, as Frege thought. That would indeed be a problem for an 
“intensionalist” who thought that sets are just the “extensions” of predicates. 
Russell’s theory of “class concepts” was part of a way of avoiding that 
dichotomy. A class concept expresses a class, which itself can be the subject of 
some other concept, or even of itself. But it is only a class as one which would 
have the property expressed by the class concept. It is the class as one that is the 
subject of propositions, that is, the class as one has the property expressed by a 
concept, that falls among the class as many. The paradox of predicates showed 
Russell that there was something seriously wrong with this notion of class 
concepts. He concluded that there is not a class-concept for every propositional 
function. That differs from the standard story of “naive set theory” which holds 
that there is not some set for every propositional function. So, Russell’s paradox 
of predicates is not what Frege made of it, nor is it what we now think is the 
lesson of Russell’s paradox for naive set theory, the paradox of the set of all sets 
which are not members of themselves. It is instead a problem for his own theory 
of class concepts. A few years later (in 1905) Russell found problems in his 
theory of another sort of concept, namely, denoting concepts. The contextual 
definitions of his theory of descriptions, which allowed a way to eliminate 
apparent denoting concepts from contexts in which they occur, was, as Russell 
says, a model for his later elimination of class concepts, via his “no-classes” 
theory of classes in Principia Mathematica. For Russell, then, the paradox was 
the first of two very important problems with his theory of concepts in Principles 
of Mathematics, a theory that he later changed by replacing the problematic 
concepts with his theory of descriptions and his no-classes theory of classes. 

6  Conclusion 

What has happened to Russell’s paradox of predicates? Russell’s own response 
was to invoke a distinction of types among predicates and use his “no-classes 
theory” to reconstruct a limited set theory. Others saw the solution in simply 
abandoning predicates and types in favor of a first-order theory ofsets, using an 
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axiom schema of separation and explicit existence axioms to replace the naive 
comprehension principle. Recently, so-called “Neo-Fregeans” have returned to 
the theory of concepts in Frege to revive the logicist project without either type 
theory or axiomatic set theory as their foundation. As described by John Burgess 
(2005, 86), this revival follows Michael Dummett’s assertion that Frege’s error 
came from his unrestricted comprehension principle for concepts. In particular, 
Dummett identified the impredicative nature of the comprehension principle in 
Frege’s system as the source of the paradox. An impredicative comprehension 
principle allows quantifiers ranging over concepts to appear in the defining 
formula on the “right side” of the comprehension principle. The theory of types 
automatically bans impredicative definitions by forcing the defined concept to be 
of a higher type than any of the concepts involved in its definition. As Burgess 
presents the program there are more limited ways of banning the use of 
impredicative definitions. The resulting theories of arithmetic, called “predicative 
arithmetic,” will allow the derivation of different amounts of classical arithmetic, 
thus accomplishing the neo-logicist program of “fixing Frege.” In a word, then, 
Russell’s paradox of predicates has returned to being a focus of attention 
inpredicative logic and consequently, in the attempts to complete the logicist 
project for predicative arithmetic.20 
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