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Abstract: To analyze the band gap characteristics of pho-
nonic crystals, a two-dimensional phononic crystal plate
model with an elastic foundation was first established. The
plane wave expansion method was used to compute the dis-
persion curves of this phononic crystal model, and the re-
sults were compared with those from the finite element
method to verify their accuracy. Subsequently, a parameter
study explored the effects of the elastic foundation coeffi-
cient and coverage ratio on the band gap. The results indi-
cate that as the coverage ratio of the elastic foundation in-
creases, the band gap significantly expands, reaching its
maximum value at 100% coverage. Additionally, as the
elastic foundation stiffness increases, the band gap gradu-
ally widens and converges toward fixed boundary condi-
tions. The study also investigated the band gap of phononic
crystal plates with defects, finding that the vibrational en-
ergy concentrates at the defect unit cell. Furthermore, the
defect band frequency can be effectively modulated by ad-
justing the coefficient of the elastic foundation, providing a
theoretical basis for achieving efficient energy conversion.
Key words: phononic crystals; elastic foundation; band
gap; plane wave expansion method; defect band

DOI: 10. 3969/j. issn. 1003-7985. 2025. 02. 005

In traditional phononic crystal research, the focus has
primarily been on analyzing the vibrational characteris-
tics of solid materials and innovative control methods,
such as magnetic field, temperature, and electric bound-
ary '), These studies have provided new insights into
band gap modulation. Additionally, research on defect
bands has often concentrated on energy harvesting and
waveguides ®®’ , whereas the potential advantages of
combining defect bands with modulation mechanisms
have been insufficiently explored.

Recently, elastic foundations'>'"! have garnered in-
creasing attention. They can be used for phononic crys-
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tals. By adjusting the elastic foundation coefficient and
foundation coverage, elastic foundations can effectively
achieve band gap modulation, demonstrating significant
advantages in low-frequency vibration control. They can
be used in many areas, such as low-frequency vibration
isolation systems like building isolation, which is ap-
plied in high-rise buildings to mitigate low-frequency vi-
brations caused by earthquakes or traffic, or noise reduc-
tion in structural elements, such as vibration isolation for
precision instruments to prevent damage caused by
low-frequency vibrations. However, systematic studies
on the influence of elastic foundations on the band gap
characteristics of phononic crystals remain limited.

Therefore, the exploration of the possibilities of com-
bining elastic foundations with defect bands offers a
broader perspective for the design and application of pho-
nonic crystals. This paper, based on a two-dimensional
phononic crystal plate model, employs a combination of
the plane wave expansion method (PWEM) and the fi-
nite element method (FEM) to analyze the effects of the
elastic foundation coefficient and foundation coverage on
the band gap of phononic crystals. Additionally, this
study investigates the vibrational characteristics and fre-
quency tunability of defect bands introduced by defects,
providing a foundation for research in the field of energy
harvesting.

1 Band Gap Analysis

[12-13]

Band gaps
crystals, serving as the foundation for vibration reduction
and isolation and as the premise for energy harvesting in
defect states. Therefore, a two-dimensional phononic
crystal plate model with an elastic foundation is first es-
tablished. On the basis of this model, PWEM is used to
solve the dispersion curves of the phononic crystal for
band gap analysis, which is then compared with FEM to
verify their accuracy. Subsequently, a parametric study
is conducted to investigate the influence of elastic founda-
tions’ elastic foundation coefficient and foundation cov-

are crucial characteristics of phononic

erage on the tuning of band gaps, laying the groundwork
for subsequent defect band research.

1.1 Modeling

Consider a phononic crystal plate composed of square
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unit cells, as shown in Fig. 1, with each unit cell having
a length of a and the plate a thickness of 4. The bottom
of the central region with side length d is covered with an
elastic foundation (Fig. 1(b) ). By extending this unit
cell infinitely in the x and y directions, a phononic crys-
tal is formed.

y
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Fig. 1
tion. (a) Top view of phononic crystal; (b) Side view of pho-

(a) (b)
Unit cell of a phononic crystal with elastic founda-

nonic crystal

According to Ref. [14] and classical theory, by set-
ting the body force to zero, a differential equation of mo-
tion for a homogeneous isotropic Kirchhoff plate that in-
cludes the effect of the elastic foundation can be derived
as follows:

[ o*w *w | w *w
T2 >t 2|7 2 T C |-
0x ox dy Jdy dy ox
K *w o
B -k, =— (P,w) -
0xdy ( dxdy ) Yoot (Pyw)
9 ( 82w) [ Pw
—|P -—|P (1)
a*\" Pax? ) e\ oyl

where w = w(x, y, t) represents the displacement (deflec-
tion) in the z-direction at the point (x, y, 0) at the instant
of time ¢, k, is the Winkler foundation modulus, and
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where A and u are the Lamé constants, and p is the den-
sity.

1.2 PWEM

For a two-dimensional phononic crystal plate, the
band gap characteristics were obtained using PWEM.
PWEM is the most commonly used technique for calcu-
lating band gaps in phononic crystals and plays a signifi-
cant role in this field. It has been proven to be reliable in
solving dispersion curves''>'”". For a square, centrosym-
metric phononic crystal, the first irreducible Brillouin
zone is shown in Fig. 2. e, represents the basis vector of
the coordinate axis in real space, and correspondingly,
e; denotes the basis vector of the coordinate axis in recip-
rocal space. Note that although the entire plate is made
from the same material (Material 1 ), the central region
is connected to an elastic foundation. This entire area
connected to the elastic foundation can be considered as a
different material (Material Il ) with a different stiffness.

Using the Bloch theorem and PWEM, w can be ex-

e, T %
M

P

X

a
d
|
£
2nla
-

a 2n/a
(a) (b)

Fig. 2 Trreducible first Brillouin zone of a unit cell. (a) Unit
cell of phononic crystal; (b) Brillouin zone of phononic crystal

panded into a Fourier series as follows''*'*;

W(r, [) — efiwIEWG’ei(G' +k)r (3)
el
where W, represents Fourier coefficients, given by
1 e
W, = ffJ' we (@ kg (4)
R/ Jg

and k = (k,, k) represents the Bloch wave vector, r =
(x,y) denotes the position vector, R represents the inte-
gration domain, and G’ = (G!, G!) = (2mwma, 2wna)
represents the reciprocal lattice vector, where m and n
range from —o to +%. w is the angular frequency, and i
is the imaginary unit, satisfying i*=—1.

Next, the material parameters are also expanded into a
Fourier series:

a(r)=zaaei6" (5)

where a can represent material parameters such as D, C,
B, P, Py, and k,. G=(G,, G,) = (2wMa, 2wNa) rep-
resents the reciprocal lattice Vector, where M and N
range from —o to +% and are distinct from the reciprocal
lattice vector G'. «, denotes the Fourier coefficients and
can be expressed as

W[ e

where A is the area of the integration domain. For
two-phase composite materials, «, can be given by the
following equation:
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where V" represents the volume fraction of Material [

and o, and a are the material parameters correspond-

) )
ing to each material, which can be obtained from Egs.
(2a-¢). F(G) is the shape function'®’; for a square scat-
terer, it is given by the following formula:
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By substituting Egs. (3) and (5) into Eq. (1), the fol-
lowing relationship is obtained:
(M)G—G’WG’ :wz(R)G—G’WG’ (9)
where
(M)g_g=Dg_g(k,+ G )V(k,+G.)+ Cq_g(k, +
GV (k,+ G, +Dg_g(k,+ G )V(k, +G.)+
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and it must be emphasized that, to obtain the equation
corresponding to Eq. (9), Laurent’ s rule®'’ must be ap-
plied to find the product of two periodic functions.

To ensure that Eq. (9) has a nontrivial solution, that
is, the Fourier coefficient vector W, # 0, the determi-
nant of the coefficient matrix must be zero. This trans-
forms the problem into an eigenvalue problem:

IT-oIl=0 (13)
where T=[(R),_,]"'(M),_, and I is an identity ma-
trix.

By taking m, n, M, and N from - L to L, the
infinite-dimensional problem is approximated for a nu-
merical solution. The problem now becomes an eigen-
value problem of the order (2L + 1) The values of the
Bloch vector were obtained by scanning the boundary of
the irreducible Brillouin zone (Fig. 2 (b) ). Then, by
plotting the relationship between the eigenfrequency w
and the wave vector k, the dispersion curves of the unit
cell can be obtained.

1.3 Validation

FEM can efficiently and conveniently calculate the
band gaps of phononic crystals with various complex
shapes'?’ , and its results exhibit good convergence.
FEM has become an important method for phononic crys-
tal calculations. In this respect, COMSOL Multiphysics
is a widely used FEM tool, and it performs well in ana-
lyzing band gaps and energy harvesting in defect states in
phononic crystals. First, the results from both PWEM
and FEM are compared to verify their accuracy. The
FEM settings for the model simplified to two dimensions
are first presented. The Solid Mechanics module in
COMSOL was used to establish the model. The “Elastic
foundation” feature was employed to connect an elastic
foundation to the middle region of the plate. Two pairs
of Floquet periodic boundary condition (BC) were ap-
plied on the left and right and on the top and bottom
boundaries of the plate, thereby creating a finite element

plate model with a periodic elastic foundation. The mesh
was then generated as shown in Fig. 3 using COMSOL’s
Free Quad Mesh tool with a sweeping method.

Fig. 3 Mesh generation in FEM

For the substrate material settings, we added a blank
material and defined the required properties as follows:
Young’s modulus is 200 GPa, the density is 7 870 kg/m?,
and Poisson’s ratio is 0.29. The geometric parameters
are h = 1.5 mm, a = 20h, and d = 0. 3a. The elastic
stiffness coefficient k; of the elastic foundation is set to
350 N/mm’.

In boundary condition settings, the Solid Mechanics
interface is used as the physics interface. The simulation
of the elastic foundation is primarily achieved using the
elastic foundation in the Solid Mechanics interface, ap-
plied to the square region at the bottom of the unit cell.
Periodic boundary conditions are set on the four sides of
the unit cell in pairs to simulate the periodic structure,
with the wave vector values obtained by scanning the irre-
ducible Brillouin zone.

Next, the dispersion curves of the same structure are
calculated using both FEM and PWEM. After data pro-
cessing, a comparison of the dispersion curves obtained
by the two methods is shown in Fig. 4. It can be seen
that the results of the finite element simulation and the
analytical solution are quite consistent, with a good
match at low frequencies. At higher frequencies, the nu-
merical method results are slightly higher than those of
FEM, which may be due to the limited accuracy of the fi-
nite element calculations. Meanwhile, as the mesh is re-
fined, the finite element solution becomes closer to the
numerical solution. However, the overall shape and nu-

01 pwEM

FEM

h=1.5 mm
. a=20h

0-5323 Hz
r X M r

Fig. 4 Validation by comparing FEM and the numerical solu-

tion results
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merical values are essentially the same, demonstrating
the reliability of both methods.

The dispersion curve of the phononic crystal under the
settings described in this section is obtained using both
methods. The resulting band gaps (highlighted in light
blue) are primarily local resonance band gaps caused by
the Winkler foundation effect. PWEM, as an analytical
approach, ensures computational accuracy; however, its
process is relatively complex and not well-suited for cal-
culating more complicated models. In comparison, FEM
offers a more intuitive modeling process and yields accu-
rate results, making it the primary method for subsequent
research on phononic crystal band gaps.

Additionally, the results indicate that the local reso-
nance band gaps induced by the elastic foundation have a
low frequency and cover a wide range, which are very
useful in practical engineering applications and warrant
further study.

1.4 Effect of the elastic foundation

Elastic foundations play a crucial role in band gaps of
phononic crystals, primarily through their coverage area
and stiffness coefficient. Therefore, we must first study
how the various parameters of elastic foundations affect
the band gaps in a perfect unit cell. This research lays the
groundwork for subsequent integrated vibration reduction
and energy harvesting studies. The structural parameters
remain the same as previously described.

Fig. 5 primarily illustrates the impact of the coverage
ratio of the elastic foundation on the band gaps (shaded
areas in the figure). Overall, as the coverage ratio in-
creases, the spring band gap expands significantly.
When the coverage ratio is 0%, there are no resonant
units and no periodic property differences, resulting in
the absence of any band gap. Conversely, when the cov-
erage ratio reaches 100%, the band gap in this structure
does not disappear, unlike in Bragg-type phononic crys-
tals; instead, it reaches its maximum. This is because
the local resonance band gap does not depend on the ma-
terial property differences between the substrate and the

scatterers.
30r
h=1.5 mm
241 k=350 N/m’
N 18}
T
<
12t
6 B \
020 40 60 80 100

Ratio/%

Fig. 5 Effect of elastic foundation coverage ratio on band gaps

Fig. 6 illustrates the effect of varying the elastic foun-
dation stiffness on band gaps. As the elastic foundation
stiffness increases, the band gaps also increase and
gradually converge to the fixed boundary condition. This
means that when the elastic foundation stiffness is suffi-
ciently high, it can be considered as a fixed constraint in
the coverage area. Conversely, as the elastic foundation
stiffness decreases, the band gaps also decrease and even-
tually converge to zero. This indicates that when the elas-
tic foundation stiffness is low enough, the coverage area
can be treated as a free boundary. These results demon-
strate that the frequency of the band gaps can be adjusted
by tuning the elastic foundation stiffness.
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Fig. 6 Effect of elastic foundation stiffness on band gaps

2 Band Gap Analysis of a Phononic Crystal
with Defect

The introduction of defects into phononic crystals can
localize elastic waves, allowing for the collection of elas-
tic wave energy, which is an important research direction
in phononic crystals. This chapter is based on a 5 X 5 su-
percell phononic crystal plate, where the elastic founda-
tion is intentionally removed from the central unit cell,
and a piezoelectric layer is attached (to facilitate subse-
quent energy harvesting studies). The reason for choos-
ing a 5 X 5 supercell is that it exhibits better energy trap-
ping efficiency'®*. This forms a defect phononic crystal,
and an analysis of the band gaps and defect states of this
phononic crystal is conducted to better utilize phononic

crystals for engineering practice.

2.1 Model

Consider 5 X 5 unit cells composing a supercell, as
shown in Fig. 7, where the geometric parameters of each
unit cell are the same as those in Section 1. The central
unit cell is modified to introduce defects by removing the
elastic foundation. The irreducible Brillouin zone of the
supercell is similar to that of the unit cell, with the lattice
length being five times that of the unit cell. To apply the
boundary conditions, the entire supercell is treated as a
square. A pair of Floquet periodic boundary conditions is
applied to the left-right and top-bottom boundaries of the
square.
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Fig.7 Supercell with defect

2.2 Effect of defect on band gap

First, a band gap analysis is conducted on the defec-
tive supercell. The dimensions and material selection for
each unit cell are the same as in Section 1.

The dispersion curves of the supercell structure are
compared under two different scenarios: a perfect super-
cell with no changes to the defect cell and a pure elastic
defect supercell with the elastic foundation removed from
the defect cell. This comparison is conducted to study
the impact of defects on band gaps. During modeling,
the software’ s built-in multiphysics coupling interface
for piezoelectric effects is used to simulate the piezoelec-
tric material.

As shown in Fig. 8 (a), the band gaps obtained from
the perfect supercell (shaded in gray) are roughly the
same as those obtained from the unit cell. The slight dif-
ferences are due to accuracy variations caused by the fi-
nite element mesh. In Fig. 8(b), after introducing a de-
fect, the band gap decreases slightly, and a smooth pass-
band appears at 2 873.3 Hz (marked in red) , which is

6.0

0-4967.1 Hz

| Defect

N 4 Bandgap: 0-4 900.9 Hz
jan)
x 3
-~ 5 Defective mode: 2 873.3 Hz
1 L
0 1 1 1
r X M r

(b)

Fig. 8 Dispersion curves of supercells. (a) A perfect super-
cell; (b) A supercell with defect

the defect band. The wave vibrations at the defect band
are concentrated around the defect.
The mode shape at the defect band frequency is plotted

in Fig. 9.
& Max
Min

Fig. 9 Mode shape of defect band

Apparently, the vibration is concentrated in the defect
unit cell, confirming that the introduction of a defect in-
deed leads to energy localization. Installing an energy
harvester at the defect site results in the highest collection
efficiency.

2.3 Effect of k; on the defect band

The elastic foundation not only plays a role in tuning
the band gaps of phononic crystals but also affects the de-
fect band frequency as k; changes. This means that the
elastic foundation also has a regulatory effect on the de-
fect frequency of the phononic crystal.

To explore this effect, the influence of various elastic
foundation stiffnesses on the defect band frequency is
studied. The FEM settings are consistent with those in
the previous section, with the foundation coverage ratio
remaining at 9%. During the calculations, a parametric
scan of the elastic foundation stiffness is conducted, al-
lowing the band gaps and defect frequencies of the pho-
nonic crystal corresponding to different k; values to be ob-
tained, as shown in Fig. 10.
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Fig. 10 Effect of k; of the elastic foundation on the defect band
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In Fig. 10, the shaded area represents the variation of
the band gaps of the defect supercell with the elastic foun-
dation stiffness. The red line indicates the corresponding
defect band frequency values. As the elastic foundation
stiffness increases, the band gaps gradually widen while
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the lower bound remains at zero, and the defect band fre-
quency increases. Additionally, the trend shows that as
the elastic foundation stiffness increases, the rate of in-
crease for both the band gaps and defect band frequency
gradually slows down, eventually converging to the
fixed constraint condition. Meanwhile, the band gaps
and defect bands are adjustable and vary continuously,
covering a wide range of low frequencies. This implies
that the defect band can be regulated via the elastic foun-
dation, ensuring that the device maintains maximum en-
ergy harvesting efficiency. This has huge implications
for the field of energy harvesting.

3 Conclusions

(1) This study established a two-dimensional pho-
nonic crystal plate model with an elastic foundation and
utilized PWEM to compute its dispersion curves, con-
firming the consistency of its results with those of FEM.

(2) Through parameter studies, it was found that the
coverage ratio of the elastic foundation and the elastic
foundation coefficient significantly influence the band gap
modulation: as the coverage ratio increased, the band gap
notably expanded, reaching its maximum at 100% cover-
age; an increase in elastic foundation stiffness also con-
tributed to the gradual widening of the band gap, ap-
proaching characteristics of fixed boundary conditions.

(3) After introducing defects, the vibration of the de-
fect band concentrated at the defect unit, and both the de-
fect band frequency and the band gap frequency varied
with changes in the elastic foundation stiffness coeffi-
cient. This indicates that adjusting the elastic foundation
coefficient of the elastic foundation can effectively con-
trol the defect frequency, providing an important basis
for achieving efficient energy harvesting in energy collec-
tion applications.
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