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In  a  recent  paper  [Jiang,  et  al., Science 370, 1447 (2020)],  it  was  reported
that zero reflection or Klein tunneling can be observed for normally inci-
dent quasiparticles upon a potential barrier constructed by two phononic
crystals  (PCs)  with  Dirac  cone  band  structures.  Here,  we  develop  a  first-
principles approach for accurate computation of the reflection of quasipar-
ticles by a potential step with two PCs at normal incidence. Strikingly, it is
found  that  minimal  reflection  of  quasiparticles  (  = 0.8%)  occurs  at  an
energy  below  the  potential  step,  while  moderate  reflection  (  = 17%)
remains  at  the  center  energy  of  the  potential  step,  even  with  the  PCs
adopted by Jiang et  al.  A physical  model  is  presented to understand such
phenomena,  where  the  zigzag  interface  in  the  step  serves  as  a  graded
antireflection  layer  and  reflection  increases  dramatically  near  the  band
gap  of  PCs.  Two  solutions  are  also  shown  for  realizing  lower  or  even
ideal Klein tunneling in PCs, with reducing the difference between the two
PCs  or  enhancing  the  antireflection  effect  of  the  interface.  Our  work
reveals the effects of the zigzag interface and band gap on Klein tunneling
in PCs, which will be inspiring for exploring more fascinating phenomena
of quasiparticles in classical wave systems.
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1   Introduction

One  of  the  most  fascinating  phenomena  in  quantum
mechanics  is  that  under  normal  incidence,  relativistic
Dirac particles are not reflected by a potential step with
any height, and they can thus completely pass through a
potential barrier with any height and width. This effect
was first  predicted by Oscar Klein in 1929 and became
known as Klein tunneling [1].  However,  due to extreme
difficulties  in  experiments,  this  intriguing  phenomenon
has not been verified for high-energy particles [2].

Recently,  it  was  found  that  a  graphene  monolayer
contains quasiparticles with massless relativistic dispersion
known as Dirac cone band structures [3–7]. Measurement
of electrical resistance showed some indirect features for

Klein  tunneling  of  quasiparticles  in  graphene  systems
[8–10], though its direct evidence remains absent due to
the experimental difficulties in obtaining an ideal sample
and highly-collimated electron beam [11]. To circumvent
such  problems,  ones  began  to  search  for  alternative
systems  with  Dirac  quasiparticles  that  were  convenient
for experimentation [12–24].  A major breakthrough was
achieved  by  Jiang et  al.  [25],  demonstrating  that  Klein
tunneling of  quasiparticles  can be observed in phononic
crystals  (PCs)  with  Dirac  cone  band  structures.
However,  since  quasiparticles  in  PCs  manifest  as  Bloch
waves with complex mode profiles [13], the transmission
data  were  acquired  in  an  indirect  way  [25].  Moreover,
the fundamental process in Klein tunneling, namely zero
reflection of quasiparticles by a potential step with two
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PCs  at  normal  incidence,  has  not  been  verified  yet  by
either  first-principles  simulations  or  experimental
measurements.  Therefore,  it  remains  unknown  whether
ideal Klein tunneling (  = 0) can occur for quasiparticles
in the PCs adopted by Jiang et al. [25].
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In  this  paper,  we  develop  a  first-principles  approach
to accurately compute the reflection of quasiparticles by
a  potential  step  with  two  PCs  at  normal  incidence.
Strikingly,  it  is  found  that  minimal  reflection  of  quasi-
particles  (  =  0.8%)  occurs  at  an  energy  below  the
potential  step,  while  moderate  reflection  (  =  17%)
remains at the center energy of  the potential  step even
with  the  PCs  adopted  by  Jiang et  al.  [25].  We  will
provide a physical model to understand such phenomena
and show solutions to realize lower reflection Rd or even
ideal Klein tunneling in PC steps. 

2   Results
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P (x, y, z)e−iωt

]

Our potential step is constructed by a triangular lattice
of rigid cylinders in air, with a lattice constant of a,  as
shown  in Fig.  1(a).  The  cylinders  have  a  height h and
are  placed  between  two  parallel  rigid  boards  with  a
distance of .  The cylinders are mounted on the lower
board at  = 0, and they have a radius of  ( ) on the
left  (right)  side  of  the  dashed  line,  constituting  PC1
(PC2).  For  harmonic  acoustic  waves  with  angular
frequency ω,  the  sound  pressure  in  the  system  can  be
written  as  Re  with P satisfying  three-
dimensional Helmholtz equation [25, 26]: 

∇2P + k2P = 0, (1)

subjected to boundary condition 

∂P

∂n
= 0 on the surfaces of cylinders and boards. (2)

k = ω/c

n

Here,  wavenumber , c is  the sound speed in air,
and  is the unit vector normal to the surfaces of cylinders
and boards. In the following, we will adopt a commercial
finite-element-method  (FEM)  software  COMSOL
MULTIPHYSICS to solve Eqs. (1) and (2).

a = 28 r1 = 12

r2 = 7 h = 15 hb = 18

K ′

fd1 = 0.523c/a

fd2 = 0.574c/a

|P |

We first consider a potential step constructed by PC1
and  PC2  with  parameters  of  mm,  mm,

 mm,  mm, and  mm, which are the
same  as  those  in  recent  research  [25].  By  employing
primitive  unit  cells  [i.e.,  rhombuses  in Fig.  1(a)],
phononic  band  structures  are  calculated  for  PC1  and
PC2,  as  shown  in Fig.  1(b).  Linearly  dispersed  Dirac
cones  occur  near K and  points  at  the  Brillouin
corners.  Since  PC1  and  PC2  possess  the  same  lattice
constant but different cylinder radii, they exhibit different
Dirac point frequencies, with  for PC1 and

 for  PC2.  Such  results  agree  well  with
previous  ones  [25].  Moreover,  we  calculate  the  field
distribution of  for eigenmodes in band structures [see

hb = h ≪ a

Fig.  S1(b)  in  the  Electronic  Supplementary  Materials
(ESM)].  It  is  found  that  the  field  strongly  (slightly)
depends  on z for  modes  in  blue  (red/black)  curves  in
band  structures.  Hence,  the  blue  (red/black)  curves
disappear (remain) in pure 2D PCs with .

20a

80a

k = nω/c

n = 1 + i0.004|x− xj |/a j = 1

|x− xj |

Reflection  is  then  computed  for  the  potential  step
impinged  by  normally  incident  quasiparticles.  If  ideal
Klein  tunneling  effect  occurs,  the  reflection  of  the  step
will be zero for frequencies between the Dirac point ones
of  PC1  and  PC2  [25].  To  verify  the  existence  of  the
effect,  we  consider  a  structure  with  four  regions,  as
shown  in Fig.  2(a).  Here,  region  II  (III)  is  PC1  (PC2)
with a width of  in the x direction, and region I (IV)
is  absorptive  PC1  (PC2)  with  a  width  of .  For  the
air  in  region  I  (IV),  the  wavenumber ,  where

 with  (3) introduces a graded
absorption  in  the x direction.  We  note  that  in  experi-
ments, such graded absorption could be realized by placing
appropriate  amounts  of  porous  media  (such  as  cotton,
with a filling ratio increasing with increasing ) in
the air of regions I and IV [27].

 

2r1 2r2

a a
ayx

x

z

y

PC1

PC1

PC2

PC2

h hb

fa
/c

f (
kH

z)

0.0

0.2

0.4

0.6

0

2

4

6

8

Γ

Γ Γ

M

M

K

K Γ ΓMK

fd1

fd2

(a)

(b)

 

hb

r1 r2

ay =
√
3a

a r1

r2 h hb fd1 fd2

Fig. 1  A potential step constructed by a triangular lattice
of rigid cylinders in air. The cylinders have a height of h and
are placed between two parallel rigid boards with a distance
of . The cylinders on the left (right) side of the dashed line
have  a  radius  of  ( ),  constituting  PC1  (PC2).  The  two
PCs have a common lattice constant a. (a) Top (top panel)
and  side  (bottom  panel)  views  of  the  system,  which  has  a
period  length  of  in  the y direction. (b) Phononic
band structures of PC1 and PC2, where = 28 mm,  = 12
mm,  = 7 mm,  = 15 mm,  = 18 mm, and  ( ) is
the Dirac point frequency of PC1 (PC2).
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x1 + a/2,m
√
3a, 0

r2 ̸= r1
r2 = r1 = 12

|P |

The  whole  structure  in Fig.  2(a)  is  periodic  in  the y
direction, with a periodic length of . A periodic
array  of  harmonic  point  sources  is  placed  at
( )  with m being  integers.  When  the
point  sources  have  the  same  values  in  both  amplitudes
and  phases,  right-going  Bloch  waves  (or  quasiparticles)
can be generated in PC1. The excited quasiparticles will
be  partially  reflected  by  PC2  when .  However,
when  mm, such reflection disappears so that
we  can  observe  the  field  profile  of  for  the  excited
quasiparticles in PC1.

To  identify  the  type  of  excited  quasiparticles,  we

|kx| < π/a ky = kz = 0

|P |

|P | = 0

fb = 0.583c/a

calculate the phononic band structures in the x direction
for  PC1,  as  shown in  the  left  panel  of Fig.  2(b).  Here,
the band structures  are  obtained by using the unit  cell
in the insets to Fig. 2(b) under Bloch boundary conditions
( , ) [13], which can also be obtained
by  folding  the  Γ–K–M dispersion  in  the  left  panel  of
Fig.  1(b).  The  corresponding  field  distributions  of 
are  also  computed  for  the  eigenmodes  in  band  struc-
tures, as shown in Fig. S1 in the ESM. We can see that
at particular points in unit cells, the field reaches maximum
for the modes in red/blue curves in band structures, but
it  is  zero  for  those  in  black  curves.  For  the  case  in
Fig.  2(a),  the  point  sources  are  placed  at  such  field
nodes ( ) for black curves. Therefore, the modes in
black curves cannot be excited, while the excited quasi-
particles  follow  dispersion  described  by  the  red/blue
curves. In the following, we will focus on Dirac quasipar-
ticles  with  dispersion  described  by  the  red  curves.
Hence,  such  quasiparticles  exhibit  an  upper  bound  of
frequency ( ), above which exists a phononic
band gap.

Pt Pi

r1 = r2 = 12

T = Pt/Pi R = 1− T

fm = 0.44c/a

Rm

Rd

fd = (fd1 + fd2)/2

The generated quasiparticles are then normally incident
from the left onto the above potential step, and they are
partially  reflected  into  PC1  and  partially  enter  PC2.
Such  reflected  (transmitted)  quasiparticles  are  then
gradually  annihilated  in  region  I  (IV).  By  integrating
the x-direction component of the energy flow density in
the y–z plane in region III, we can obtain the transmitted
energy flow . The incident energy flow  can also be
computed  by  considering  a  control  case  with  identical
cylinders (  mm). Consequently, the transmis-
sion  and reflection  can be obtained
for  the  quasiparticles.  The  reflection  can  also  be
obtained  by  analyzing  the  field  distribution  in  PC1.
Figure 2(c) illustrates the calculated reflection for quasi-
particles  with  different  frequencies.  Strikingly,  the
frequency  ( )  where  minimal  reflection
(  = 0.8%) occurs is below the Dirac point frequencies
of PC1 and PC2. The reflection is moderate (  = 17%)
at the center frequency [ ] of the potential
step.

z = hb

z = 0 fm fd

fm
fd fd

Rm fm

Figure  2(d)  and  Fig.  S2  in  the  ESM  illustrate  the
amplitude distribution of P-field at the top ( ) and
bottom ( )  of  the  structure  at  and .  Periodic
patterns  can  be  seen  in  PC2,  showing  that  only  right-
going  quasiparticles  (Bloch  waves)  occur  in  PC2  and
region IV does not excite left-going (i.e., reflected) quasi-
particles.  In  contrast,  left-going  quasiparticles  exist  in
PC1  due  to  the  reflection  of  the  step.  Such  reflected
quasiparticles  interfere  with  incident  ones,  so  that
nonperiodic  patterns  are  observed  in  PC1.  Compared
with the case at , the interference is more obvious at

, confirming larger reflection at . Since the reflection
of the step is very low (  = 0.8%) at , the pattern
in PC1 is approximately periodic. 
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Fig. 2  Normal incidence of quasiparticles upon a potential
step with two PCs. The system has the same parameters as
those  in Fig.  1(b). (a) Top  (top  panel)  and  side  (bottom
panel)  views  of  the  system,  which  has  a  period  length  of

 in  the y direction,  with  quasiparticles  normally
entering PC2 from PC1. There exists a graded absorption in
air in region I (IV) which does not reflect quasiparticles from
PC1 (PC2). (b) Band structures in the x direction for PC1
and PC2. (c) Reflection spectrum of the quasiparticles. The
reflection  reaches  minimum  at  and  is  at

. (d) Distribution  of  at  the  upper  (top
panels)  and  lower  (bottom  panels)  surfaces  of  the  system.
Left and right panels are at  and , respectively.
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3   Mechanism and discussion

λ ≫ w

fm

The  reflection  property  of  the  potential  step  can  be
understood by the physical model shown in Fig. 3(a). A
zigzag interface with thickness w exists between the two
PC1 and PC2. For long wavelengths ( ), the interface
can  be  considered  flat  and  the  reflection  is  nearly  a
constant  dependent  on  the  bulk  geometries  of  the  two
PCs.  For  wavelengths  comparable  with w,  the  zigzag
interface  constitutes  a  graded  layer  that  can  reduce
reflection. On the other hand, Bragg resonances in PC1
induce  phononic  band  gaps,  near  which  the  reflection
dramatically increases. As a result, the reflection of the
potential  step  first  decreases  and  then  increases  with
increasing frequencies.  The minimal  reflection occurs  at
a frequency ( ) lower than the band gap of PC1. Since
the center frequency of the potential step is very close to

Rdthe band gap, its reflection is moderate (  = 17%).

fd

a, r1, r2, h, hb

Rd

0.5a

Our physical model suggests that if a straight interface
exists  between  PC1  and  PC2,  the  reflection  dip  at 
will disappear in Fig. 2(c). To verify this viewpoint, we
simulate  two  potential  steps  with  straight  interfaces
between  PC1  and  PC2  [Fig.  3(b)],  where  parameters
( ) are the same as those in Fig. 1(b). We
can  see  that  since  straight  interfaces  cannot  reduce
reflection,  the  reflection  increases  with  increasing
frequencies. The lineshape of reflection spectrum is only
influenced  by  the  band  gap  of  PC1.  When  a  straight
interface is adopted, the reflection  will be 32% at the
center frequency of the potential step, much higher than
that  (17%)  in Fig.  2(c).  We  note  that  antireflection
effects  have  been  discovered  in  other  types  of  graded
structures  (with  periodic  cone  arrays  at  surfaces)  [28].
However,  the  thickness  of  the  zigzag  interface  in
Fig. 2(a) is only , much lower than those of conven-
tional structures [28]. Hence, its antireflection effect [see
Fig. 2(c) and Fig. 3(a)] has not been discovered in previous
studies on Klein tunneling in PCs [25].

fd
Rd

Rd

r2 r1
Rd Rd

r2/r1 = 11/12

wg

r1 r2
Rd

wg = 3.5a fd2 − fd1

wg Rd

The above studies manifest that the unique reflection
spectrum in Fig. 2(c) arises from the competition of the
effects of the zigzag interface and band gap in the potential
step. Quasiparticles can really pass through the potential
step. However, since its center frequency  is very close
to  the  band  gap,  moderate  reflection  (  =  17%)
remains  even for  the  case  in  recent  research [25].  Here,
we present  two approaches  to  reduce  the  reflection ,
as  shown in Fig.  4.  First,  we  can  reduce  the  difference
between  PC2  and  PC1.  When  is  closer  to ,  a
smaller  value  of  can  be  obtained.  For  instance, 
becomes  2%  at  [Fig.  4(a)].  Secondly,  we
can enhance the antireflection effect of the zigzag interface
by changing it  into a zone with a width ,  where the
radii  of the cylinders gradually change from  to  in
the x direction [Fig. 4(b)]. The reflection  becomes 2%
when .  The  energy  width  ( )  of  the
potential  step  decreases  in  the  first  scheme,  whereas  it
does not change in the second one. Using a larger width
( )  of  the  zigzag  zone,  lower  reflection  and  even
ideal  Klein  tunneling  can  be  realized.  Such  results  can
also  be  directly  observed  from  the  field  distribution
[Fig.  4(c)  and  Fig.  S4  in  the  ESM].  More  results  are
illustrated in Fig. S5 and Fig. S6 in the ESM [29]. 

4   Conclusion

In  summary,  we  have  developed  a  first-principles
method  to  accurately  calculate  the  reflection  for  quasi-
particles  normally  incident  upon  a  potential  step
constructed  by  two  PCs  with  Dirac  cone  band  struc-
tures. It is found that the zigzag interface in the potential
step serves as a graded layer that can reduce reflection,
whereas  the  reflection  dramatically  increases  near  the
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Fig. 3  Mechanism  for  reflection  of  quasiparticles  by  a
potential  step  with  two  PCs. (a) The  zigzag  interface
between  PC1  and  PC2  constitutes  a  graded  layer  that  can
reduce reflection (top panel). Reflection increases dramatically
near  the  phononic  bandgap  of  PC1  (bottom  panel).  Hence,
the reflection first decreases and then increases with increasing
frequencies.  The  data  in  the  bottom  panel  are  the  same  as
those  in Fig.  2(c). (b) When  a  straight  interface  exists
between PC1 and PC2, the reflection increases with increasing
frequencies.  Parameters  ( )  are  the  same  as
those in Fig. 1(b).
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phononic band gap of PC1 due to Bragg resonance. As a
result, minimal reflection of quasiparticles (  = 0.8%)
occurs  at  an  energy  below  the  potential  step,  while
moderate  reflection  (  =  17%)  remains  at  the  center
energy of  the potential  step even for  the case in recent
research  [25].  To  achieve  lower  reflection  or  even
ideal  Klein  tunneling  in  PCs,  ones  must  either  reduce
the  difference  between  the  two  PCs  or  enhance  the
antireflection  effect  of  the  interface  (Fig.  4).  Our  work
has revealed the effects of the zigzag interface and Bragg
band  gap  on  Klein  tunneling  in  PCs,  which  will  be
inspiring  for  exploring  more  fascinating  phenomena  of
quasiparticles in classical wave systems. 
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