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This paper presents a multi-dimensional vector variational control problem
wherein constraints are comprised of first order partial derivatives. As the
optimization problems may contain uncertainties driven by measurement and
manufacturing errors, erroneous information, irregularities, or perturbations,
so the parameter’s randomness is assumed to be in the form of an uncertainty
set. Firstly, the sufficient efficiency conditions are demonstrated for the prob-
lem under consideration. Then, the Wolfe type and Mond Weir type duals
of the primal problem have been formulated. As in multi objective optimiza-
tion models, attainment of efficient or weak efficient is the primary aim, thus
the important robust duality theorems viz. weak, strong and strict converse
duality theorems have been established under invexity conditions for Wolfe
type dual. An example is also provided to illustrate the weak duality theorem.
Thereafter, the duality results for Mond Weir type duals have been obtained
under weaker invexity assumptions on involved functionals. This work extends
the previously studied results on control problems and hence seeks application

in diverse fields. & e |

1. Introduction

Multi-objective

programming  problems

data ambiguity. This phenomenon inspired re-
searchers to investigate several mathematical pro-
gramming problems in context of ambiguous data.

are
Beck and Ben-Tal® demonstrated that the primal

utilised to address and solve a variety of real-
world issues, such as those in engineering, pro-
duction planning, queueing and finance. For in-
stance, in! the optimal cost and waiting time is
obtained by solving a bi-objective optimization
problem for a queueing model. Significant ad-
vancements in this field using the efficiency idea
can be seen in.2 4

Uncertainty in the data is caused by lack of knowl-
edge, out-of-date sources, large volume of data,
sample inconsistency, etc., which creates a barrier
in pinpointing the precise solution to the prob-
lem. As a result, the robust technique is expand-
ing quickly for solving problems where there is
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worst is equivalent to the dual best and arrived
at the robust optimization solution via duality.
Jeyakumar et al.® established the robust dual-
ity results under data uncertainty for generalized
convex problems. Treantd and Das’ examined
curvilinear integral-based optimization problems
with robustness that have implications in mechan-
ical work. In,® a new modified robust control
problem involving mixed constraints and second-
order PDEs is explored.

In many branches of mathematics, economics, and
engineering sciences, multi-dimensional (multi-
time) control problems have been discovered as
in.%19 Several authors have investigated control
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problems with nonlinear constraints and estab-
lished the optimality conditions. Recent develop-
ments in control theory can be seen in.'" 12 With
the aid of a multi-time notion using partial deriva-
tives of higher order, Mititelu and Trean ta'® de-
veloped efficiency conditions for multi-objective
fractional control problem. In,'* multi-time con-
trol issues of various functionals regulated by
higher order Lagrangians are investigated. Re-
cently, Jayswal et al.!> established robust dual-
ity for uncertain multi-dimensional vector control
problem involving convex integrals. Further, the
efficiency conditions for multi-objective fractional
control problem in the face of data uncertainty
has been developed by Ritu et al.'® The second or-
der subdifferentials have been introduced in'” and
the significant robust duality results for multi-
objective control problem are demonstrated.

The conceptual framework of invexity introduced
by Hanson'® holds immense importance in mathe-
matical programming problems. Its development
is crucial as it eases the theory of convexity per-
taining to duality results since each stationary
point for an invex function is a global minimum.
Mond et al.'? established duality results for vari-
ational problem using invexity, which were then
extended for multi-objective problem by Nahak
and Nanda.?’ Thereafter, Mititelu?! formulated
Wolfe type dual for multi-time control problem
and discussed duality results based on invexity
hypotheses.

The articles cited above served as motivation
and source of inspiration to present a multi-
dimensional vector variational control problem in-
corporating data uncertainty. To the author’s
best knowledge, this work is new and extends the
earlier studied model. Table 1 highlights the re-
search gap and novelty of this study. Sectionwise,
the paper is arranged as follows : Section 2 in-
cludes preliminaries, fundamental notations and
the model to be discussed in the article is in-
troduced. In addition, the sufficient conditions
are demonstrated. Section 3 presents Wolfe type
dual of the variational problem under considera-
tion. In order to relate the robust solutions of the
primal and dual, important robust duality results
viz. weak, strong and strict converse duality the-
orems are established. These duality results have
been developed under invexity assumptions of in-
volved functionals. Moreover, a pertinent case is
also procured to validate the weak duality theo-
rem. In Section 4, the Mond Weir type dual is
provided and the corresponding significant dual-
ity results are derived under generalized invex-
ity assumptions. Eventually, Section 5 draws the
work to a conclusion.
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2. Preliminaries

Consider the following notations in developing the
results :

R? R? R", R® and R™ to be finite dimen-
sional standard Euclidean spaces;

e () is a compact subset in R?;

o t=(tx), k=1, s, where t € is the multi-
ple time argument;

o=(0;) :QCR®* —R? are the state func-
tions in the space K CRY, having contin-
uous first order partial derivatives;
w=(wj) :QCR*—=R" are control func-
tions which are continuous in T C R";
A=(t, o(t), w(t), A= (&, o(1), (1)), A=
(t, 5(1), (1))

L4 dl/:dtldtg...dts, toz(tol,tog, .‘.,tos),tl
(t11, t12, --.(, W)fls);
do(t 0
t)= =—.
* onll) =5 Dr=

Take the following convention of vectors «, v € R"

(1) a<vyeap<vy,Vk=1,n

(ZZ) a§’y<:>ak§7k,‘v’k:1,n

(1i1) a<ysap <y, Vk=1,n and o<
for some k.

Defining continuously differentiable functions

U:OxKxTx A RP, 0:j1(Q,R‘1)><T><
BoR™,  B:7! (Q Rq) X Tx M =R, where

NG (Q,Rq) is the jet bundle of first order re-

lated with Q and R?; a€c ACRP, be BCR™ and
peEMCR" are parameters of uncertainty. The
uncertain vector variational control problem in-
corporating multiple integrals is formulated as

( [wn, o=
[wtan, [ w0 apmy)

subject to
O(A, 04(t),b)=0,b€B
BN, ox(t), 0) =0, ueM
tEQ, U(to)zéo,d(tl)zdl,

where [, (A, a)dv is a functional on the domain
of set of functions W.

(ur'p)

min
(o,w)

The robust counterpart to the variational control
problem (U1P) is framed as :

(

(RuVP)

min
(o,w)

max ¥ (A, a)dv
Q e€A
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Table 1. Author’s contribution in this field of study

Author(s) Variational Robustness Multiobjective Multi-Dimensional
Mititelu?! X X X v
Gulati and v X v X
Mehndiratta??
Sachdev et al.?
Singh et al.2
Dubey et al.?®
Jayswal et al.26
Baranwal et al.2”
Antczak and

SR SRNENEN
NN X X X
SR SRNENEN
NN X X X

Treanta?® v X X v
Pokharna and v X v X
Tripathi??
Nguyen et al.° X v X v
Saeed and X v v v
Treanta3!
Bagri et al.32 v v X v
Jayswal et al.?3 v v X v
This paper v v v v
and folllowing holds
/ max \III A lll)d ceey maX\II (A ap)d ) /¢(A7 Umr)d’/_/l/’(j\, &H7r)dy(>)z
QueAL Q@EAp Q Q
subject to / n(t, 0,6, 05, 6w, 0o (A, 6, r)dv
Q
O(A, o4(t),b)=0,beB A X . <
BA, 0i(t), 1) =0, peM +/QD”77(t’ 78 T Grs 0,6} (B, Bnr)i

e, o(te) =0, o(ty) =01, S
o(to) =00, o(fr) =01 + [ €00.0,6,00 0,0, @A, )
0

V(o,w) e KxT.
Thus, the set of feasible solutions for (RUMP) will
be Definition 3. A functional /w(A, Ok, T)dV is
Q
defined as (strictly) pseudo-invex at (6,0) € K x
T={(o,w)e KxY: O(A, 0(t),b) =0, Y if there exist n and £ with n=0 if o(t)=05(t)
B(A, 74(t), 1) =0, o (to) =60, o(t1) =y, teQ, ~ Such that
beB, pear). [ 100,600 600,810 (A 6 )
Q

Definition 1. A feasible point (5,0) €T is de- A X X -
fined as the robust weak efficient solution for +/9D,.m(t, 0,0, 0k On, W, W) g, (A, G )dv

(RuvP) iff # any (o, w) €T such that .
+ [ €06.0.6, 00,610, D)0 (R, 5 ) (>) 20,
Q

:>/91/;(A, amr)dy—/gw(/&, G, 7)d (>) 20,
V(o,w)e K xT.

max ¥ (A, a)dv < [ maxV (A, a)dv.
Q a€A Q €A

For YER,N(t,0,6,04, 04, w,w)ER? and
&(t,o,0,04, 0k, w,w) ER", some definitions are
presented which are extended on the lines of?°
over uncertain parameter r:

Definition 4. A functional /w(A, Ok, T)dV s
Q

. ‘ ~ defined as quasi-inver at (6,0) € K xY if there
Definition 2. A functional /Q@/J(A, O, T)AV iS  exists 1 and € with n=0 for o(t)=6(t) and
defined as (strictly) inver at (6,0)e KXY if ~L <
there exist n and & such that n=0 if o(t)=6(t) V(A o, r)dy = | G(A, Gy, T)dv 20,
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:>/77(t, 0,0, an,ﬁn,w,d})wg(f\, O, T)dV
0

—l—/ Dyn(t,o,6,0, 6k, w, 0)s, (A, G 1r)dy
Q

+/ E(t, 0,6, 00, 0, w, @) u(A, 6, 7)dv L0,
Q

V(o,w)e K xT.

Theorem 1. 6 [Necessary conditions for

(Ruvp)] Consider (7, w) €T as a robust weak ef-
ficient solution for the problem (RUVP). Then,
there exist X €RP as the scalars, \(t) ERT, 7(t) €
R", ac ACRP,be BCR™ and ic M CR"™ as un-
certain parameters satisfying

X Wo (A, 3)+ A0 (A, 54(t), )+ 7" By (A, 5x(t), 1)
D[N0, (R, 4(0), B) + 77 B, (A, 5(8), 71)] =0,
(1)

T, (A, @)+ 2T 0,(A, 4(1), b)+
%Tﬁw(ﬁa 5,@(15), la) =0, (2)
MO(A, 5,(t),b) =0, (3)
xgo,zp:xizljzo,wesz (4)

Theorem 2. [Sufficient efficiency conditions
for (Ruvp)] Consider a robust feasible so-
lution (o,w)e€T for the robust wvector varia-
tional control problem (RUVP) and there ex-
ists XERP as the scalars, \(t)€RT,7(t)eR™,
GEACRP,beBCR™ and peMCR" as un-
certain parameters, fulfilling the conditions

(1)—(4). Further, assume that if | V(. a)dv,

/)\TH(., L, b)dv and /TTB(., L p)dv are in-
Q Q

ver w.r.t. n(t,0,0,0k, 0k, w,w) ERT  and
&(t,0,0,04,0k,0,0) ER" at (7,w). Then, (7,w)
18 a robust weak efficient solution for the problem
(RUVP).

Proof. Suppose, on the contrary that (7, @)

is not a robust weak efficient solution for the prob-

lem (RUVP). Consequently, 3 (6, w) € T such that
max ¥ (A, a) dv

(A ) dv <
Q e€A
Since max,e 4V (A, a) =V (A, a), we obtain

/Q\I;(]\, 3) du</Q\II(A, Qdv. (5

Additionally, multiplying equations (1) and (2) by
n and &, respectively and integrating,

max WV
Q e€A
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+ | Dai(t, 3,6, 0,65, 3, 0) (XTHUK (A, 5, b)
77 By (R, 0 ) ) d
+ Qg(t, GG, Gy Oy @, Q) (;zT\I/w (A, a)+
M0,(A, G, b)+7T Bu(A, 54, ﬁ))duzo. (6)
As U(.,a)dv is invex at (o,w), there-
fore gtlhere exist n(t,d,0,04,0x,w,w) and

g(ta 6) 5—7 5-,‘{) 6/@, (D, C:)) such that

/Q T\If(]\, a)du—/QXT\IJ([\, a))dug

/ Nt &, 6, 5n, 61y @, 0)X Yo (A, a)dv
Q

X

£(t,5,6, 0k, 0x, @, @)X" Vo (A, 3) dv,
Q
which along with (5) gives

_l’_

+ [ ett.o

Also, invexity of / 2o, ., b)dv implies
Q

J

/n(t G,0,G, 0, @, A (A, 5, b)dr

pates

/ E(t,5,6,0., 6, @, )N O, (A, 5, b)dr
Q

Now by robust feasibility of (6,w)€T and (3),
the above inequality yields

NO(A, 6y, B)dv— / MR, 5y, B)dv >

Q

@, 0)AT0,, (A, 5., b)dv+

0,0k Ok, W

0 g/ 0t 5, 6, G Gy @ G)N O (R, G, D)
Q
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+/ Dun(t,G,6, 6., 64, @, &)A 04, (A, 5, b)dv+

e

w0, @, ATO,(A, 5, b)dv
Further, invexity of /

(8)

.y - i1)dv and robust
feasibility of (6, 0) €T gives

ﬁw(A Oy i1)dv.  (9)

Adding inequalities (7), (8) and (9), we have

0> / 0(t.5.5.55,60.5.2) (Y, (8.
Q

+ [ Dun(t,0,6,04, 0k, 0, w)
Q

MNO,(A, G, b) + 7T Bu(A, 74, [L))du
which is a contradiction to (6). Hence, (7,@) is

a robust weak efficient solution for the problem
(RuvP).

3. Wolfe type dual and duality
theorems

Taking mzi)‘(\IJ(H, a)=V(Il,a), where II=
ac
(t,¢(t), o(t)), the Wolfe-type dual for the problem

(Ruvp) is formulated as follows :

_ T
(WD) (C()g())/ (\IJ(H, 2) + ATO(IL, G, b)+
B Gy, ) ) o=
(/Q (Wl (H’ a)+>‘T0(H7 Cm b)+TTB(H7 Cm M))dy,
. / (\pr(n, a) + ATO(IL, ¢, b)+
Q

T B(I, ¢, u)) dy)

subject to

XTW (T, @)+ AT O (TL, G, b) + 77 Be (11, Gy 1)
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— Dy | NT0¢, (IL, Co, b) +77 B¢, (L, G 1) | =0,
(10)
X0, (IL, @) + AT 0, (IL, G, b) + 77 Bo(TL, iy 1) =0,
(11)
C(to) =0, C(t1) =01, (12)
p
=1

for ac A, beB, peM.

Denote Ty, ={(¢,0,x,A,7,a,b,11) satisfying (10)—
(13)} as the set of feasible solutions of (WD).

Theorem 3.
(o,w) and

[Weak Duality Theorem/]  Let

(¢, 0,x, A\, T,a,b,u) be the Tro-
bust  feasible  solutions of (RUVP) and
(WD), respectively.  Further, if /\P(.,E)dy,

Q

/)\TG(.,.,b)du and /TTﬁ(.,.,M)dV are in-
Q Q

vex w.r.t. n(t, o, ¢, ok, Cuyw, 0) €RY
g(t7 O—? C’ 0—K/7 CK/? w? Q) ERT at (C? Q)? then

and

/pr(A, a)dl/</9<\IJ(H, a)+\TO(IL, ¢, b) +
TTB(H, Cr, u))du

cannot hold.

Proof. Suppose, on the contrary

/qu(m a)du</ﬂ(\l’(ﬂ, a) + ATO(IL, ¢, b)
—i—TT,B(H, Crs u))dy.

P
As (o,w) €T, XEO,Z)@:l and A >0,
i=1

/Q <\IJ(A, a) +)\T9(A’ Ors b)—i-TTﬁ(A’ o u))dy
</Q<\I/(H, )+ ATO(IT, ¢, b) + 77 B(1, Cmu))du

(14)
Since /\II(.,&)du, /)\TG(.,.,b)du and
Q Q

/TT,B(.,.,M)dV are invex at ((, o), there-
Q

fore there exist n(t,o,(, ok, (s, w, 0)
g(ta g, Ca Ok, Cm w, Q) such that

/XT\I/(A, a)dy—/xT\IJ(H, a))dz@
Q Q

[ 0.0 G X1, 0
Q

and

+ / E(t, 0, Coon, Conios XV, (I, @), (15)
Q
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7 B, (L, G, 1))
/Q)\TG(A, O, b)dv —/Q)\TQ(H, G, b)dv 2 Further, applying integration by parts,

ta y Sy YKy Sk ) )\Ta H7 Iivbd
/Qn( 7, G5 Ty Gy W, ©)A" Oc (T, G, D) dv /(XT\IJ(A, 2) +ATO(A, o, b) + 77 B(A, %u))dv
Q

~ N

+/D,.m(t, 0, ¢, Oy Gy w0y 0N Oc, (11, G, b)d+ —/ xTW (11, a) + AN O(TL, ¢, b) + 77 B(I, gﬁ,u))du
Q Q

/Qg(u g, C’ Ok C"W W, Q))‘TQQ(I_L CR? b)dl/ (16) 2 U(t, g, Ca Ok, gﬁa W, Q) (ATGCK (H7 CH? b)

and

t1
dv
to

+TT6CK (H7 Cl-”w M))
/ T, o, 1) — / BT, Gy 1)
Q Q

~ [ Dt €., G, ) (N0, (I, o B
Q
/977@7 g, Ca Ok, Clm w, Q)TTBC(Ha CH) ,U)dl/

7 B (1L, M))dVJr
+ [ Danft,0,¢, 00 G 07 B (L G [ Dt €. oo 0) (AT, (11 G D
[ €6t.0.¢.00 G, 17T B0 G (17 T8 (IL, G 1))

Adding inequalities (15), (16) and (17), we obtain which on using boundary conditions of Definition
2, give

T - T T
/ (X (A, @)+ ATO(N, 0 b) + 7T B(A, s, 1) ) d— /QX U (A, 8)+ AT 0N, 0w, b)+77 B(A, 0, p)dv
Q

/Q (xTwH, @)+ ATO(IL, G, b) + 77 BT, G, m)du, g /QXT\P (11, @)+ ATO(IL, G, b) +7" B(IL, G, p)d,

- T - a contradiction to inequality (14). Hence, the re-
= /977<t7 g, Cu Ok, CH; W, Q) (X \IIC (H7 ll) sult is derived.
+)\T0<(H, Cus D) +TT,8<(H, Crs u))dl/ Pertinent Case : Consider the following bi-
objective multi-dimensional variational control
+/ Dn(t, 0,¢, 0, (e, w, 0) </\T9<H (IL, ¢k, b)dv+  problem with data uncertainty
Q
TTBCK(Hv G ﬂ))dl/ (‘U’I/TI) (mln) </ \Ifl(A, al), / \IJQ(A, a2)> =
o,w Q Q
+ [ €0, 0 G o) (WL 0)
@ min /(02+a1w)d1/, / (ag —w?)dv
NT6,(TL, G, b) + 77 By(IL, G, 1) ) v (@) \ Jo 0
Using (10) and (11), the above inequality implies subject to
the following O(A, 0x(t),b)=2b+0—7<0,be(L,2] (1%)
ﬁ(Aa Um(t)»ﬂ):#ffn—@):(),ﬂe [07 1] (2*)
_ 1
/Q (X (A, @)+ ATO(N, 0 b) + 77 B(A, 0, 1) ) 2(0,0)= 3, o(1, 1):; (34)

1
_/ <XT\I/<H, ﬁ)—i—)\TH(H, Ce,s b)—i—TTﬁ(H, Ces /j,))dl/, a € [0, 5} , a9 € [0, 3], [tl, tg] S [0, 0} X [1, 1]
Q
The robust counterpart to the variational control
> / n(t, o, ¢, o, Cay W, 0) (DH {)\TQCN (IL, ¢, b)+  problem (Uur1) is written as :
Q

(RUY'P1) min max (02 +ajw)dy,
TTIBCm (H7 CH: :U’)i| dv+ (o,w) Qa1€[0, %]
+/ Dﬁn(t> g, C? Ok Clw W, Q) <)\T0< (H, Cna b)dl/—|— max <a2 _w2)dl/
Q " Qa2€[0,3]
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subject to
%+o-T7<0,be[L, 2]
oy, —5w=0, pe |0, 1]
3
0(07 O)_iva(lal) 57
1
ar € [o, 5} Laz €0, 3], [t1, ta] €]0, 0] x 1, 1].

Thus, the set of feasible solutions for (RU1/P1) will
be

Ti={(o,w) e K xY: ¢ <3, poy, —5w=0,
1 3
(0, 0):5, o(1, 1):5, 2], ue[o,1]}.

To obtain a feasible point (o, w), sufficiency con-
dition (2) gives

teQ,bell,

X1 5T
dxa  2x2
Solving (2*), we get
5
=5(£—i)t1 +dy, dq €RT.
dx2  2x2
Taking X1=%7 X2 % (3*) gives d1:§ and 7=
%. Thus,
3ty 1 3
@) =(F 3 3)

is obtained as the robust feasible solution to

(Ruvr1), which is shown graphically in figure 1.

Now the Wolfe type dual to the problem (RU1P1)
is given by :

(WD1) I(Iga;)c/g (CQ+%Q+/\(2IH—§—7)+

(1t —50), 3— 0>+ A(2b+( —T7)+
(ke — 59))611/
subject to
X1(2C+A) +x2A+ A= (7)¢, =0 (4*)
1
X1(§—5T)+X2(—2Q—57')—57‘:0 (5%)
1 3
=2,¢(1,1)==2 *
€(0,0)= 5,0, 1) =5, (6°)
2
X20,> xi=1,A20. (7*)
i=1
Solving dual constraints, using X=
(X17X2): %7% 77—_507)\_1 we  get (CHQ)_
(_%7 %) HGHCG (C? 0 X )\7 T, ‘_17 b’ :u) =
(—%, %, %, é, ,50, ;,3 2, ) is a robust feasible

solution to (WD1).
To validate Theorem 3, the invexity of function-

als is to be explored at (¢, 0)= (—%, %) w.r.t.

n and ¢. Taking n(t, 0, (, ok, (s, w, 0) =4w and

&(t, o, ¢, 04, (s, w, 0) =1, the invexity of function-
als follows as below :

(i) To show that [,U1(., a)dv=[,(c*+
ajw)dv is invex w.r.t. n and £ at ((, o).
Consider

A1:/Q‘I’1(A7 Umal)dl/—/Q‘I’l(H, i, @1)dv
—/QU(t; g, Cu Ok, Cm w, Q)(\III)O'(H7 Cm al)dy
_/QDKU((ta g, C? Ok, Cli? w, Q))(\IJI)UN(Ha Ch: C_Ll)dl/

_/£(t7 g, C7 UH?CH?"U) Q)(llll)w(ﬂa Cﬁvél)dy
Q
(7 +5
= o +7w>d1/— 2.35dv — | 8wodyr
Q 2 Q Q
1
— [ Zdv
IR
B 3t1 1\2
_/Q(( : +§) 4O>dt1dt2 /235dt1dt2
1
—/Swddtldtg—/ dtldtg
Q
=0.0875=0

and

AQZ/Q\IJQ(A? Ok, aZ)dV_/(;\II2(H7 Cfiv C_LQ)dV
= [ 900,60 G D) (W)L, G a0)
_/Q-Dfﬁn(t) g, Ca Ok, Cfﬂa w, Q)(\IJQ)O'N (H) Cﬁ) d?)dy
— [ €00, C o G ) (a)o (1. i)

/ 3 w? d1/ /du+/2£wdy

:/2.9775dt1dt2—/2.96dt1dt2+/0.4dt1dt2
Q Q Q

—0.4175>0
Therefore, the invexity of [, ¥;
1,2 at (¢,0)= (—5, 5) holds.
(ii) To show that Mo(., ., b)dr is invex
Q
w.r.t. 7 and £ at (¢, o).

Agz/)\TG(A, amb)du—/)\TG(H, C, b)dv
Q Q

751)dya/i:

- / 0t 3, C. O oy 05 0)NT 0 (IT, G )
Q
_ / Dont(t, 0,y 0y G w0, )N 8y, (IL, G )
Q
- / £(t, 0, C, s o w03 )N O (IL, G, )
Q
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(b)

Figure 1. Graphical illustrations of o and w in (a) and (b), respectively.

-,

(0—3)du+/

4.5d1/—/3d1/
Qd

Q
t 1
_ / (i+——3>dt1dt2+ / 4.5dt,dty—
ol d 2
/ 0.6ty dt
Q
=1.77520

(iii) To show that [ 714(.,., p)dv is invex

0
w.r.t. n and € at (¢, o),

A4:/QTTﬁ(A, aﬁ,u)du—/QTTﬁ(H, Cor p1)dv

= [ 00,0, C. 0 G B 1. o )

- / Dun(t, 0, ¢, s Gy s 077 B (IL, Gy o)l
- [ 600, G0, 977 811 G )

—/5O(at1 du—l—/dy /
| 550

50
therefore, / TB(., ., p)dv is invex.
Q

= g
950"

=0.028 >0

In order to validate Theorem 3, taking e =\({ —
3)+7({, —30), consider

[(2)w) ([ (@rgee)a)
/1(3—&)@ - Z(3—92+e)dy
1.1375

T (—2a87\"
2.9775 ~1.552

12 ()

4.53 0

X
X
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Hence, the robust weak duality theorem is veri-
fied.

The aforementioned pertinent case exhibits an ap-
plication of the robust multi-dimensional vector
variational control problem. If the terms involved
in the objective and constraint function of (UP1)
represents physical quantities, the problem may
closely relate with the real life scenario. For in-
stance, in power generation models if the state
function o denotes power flow in a grid, while the
control function w indicates the power demands in
different regions, the objectives of (UP1) can be
interpreted as the minimization of overall grid en-
ergy loss and the deviation from the intended en-
ergy capacity. With data uncertainty taken into
account, the uncertain parameter a; can be en-
visioned as uncertainty in renewable energy gen-
eration, which is dependent on the unpredictabil-
ity of solar or wind power and ao as conventional
power sources relying on coal or gas.

Theorem 4. [Strong Duality] Consider
(o,w) €T to be a robust weak efficient solution
o (RUVP). Then, 3 multipliers Y ERP, \(t)€
R7, 7(t)eR", a€ A, beB and LM such that
(G,@,X, \, T, a, b, i) is feasible solution to (WD).
In addition, zf involved functionals are invexr as in
Theorem 3, then (&,&, X, \, T, a, b, ji) is a robust
weak efficient solution to (‘WQ)) and the optimal
values of (RUVP) and (WD) are equal.

Proof. As (7,w) is a robust weak efficient solu-
tion to (RUP), hence, using Theorem 1, 3 y € R?,
A(t) eRT, 7(t) €R™, and beB, ieM, aGA such
that conditions (1)—(4) are satisfied at (o,w).
Hence, in view of constraints (10)—(13) it fol-
lows that (7, @, X, A, 7, a, b, fi) is a robust feasible
solution to (WD).

Suppose (7,&,X,\,T,a,b,
cient solution to (WD).

@) is not a weak effi-
Thus, 3 another point
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(¢,0,X, A\, T, 8,b, ) € Ty, such that

/Q (‘I’ (IL, @) + ATO(IL, (o, b) +77 B(IL, i, 1) )dy

/ (A, a)dv+ATO(A, G, b) +71 B(A, &, ) )du
Q

From (3), A(t) €R}" and feasibility of (7,) to
(RUVP), we obtain

>

/Q (‘I’ (IL, @) + ATO(IL, (o, b) +77 B(IL, Gy ) ) dv

/Q\I/(A,

contradicting Theorem 3.

a

)dl/

Hence, (7,0,%,\, 7,4,
cient solution to (WD
Further, from (3) it follows that the objective
function values of (RuU1P) and (WD) are equal
at (7, @, X, A\, 7, @, b, f1). O

b,ji) is a robust weak effi-
).

Theorem 5. [Strict Converse Duality Theorem/
Assume (7,0) and (C, 0, X, A\, T, a, b, i) to be ro-
bust weak efficient solutions of (RUVP) and (WD)
respectively, such that

J

\IJ(A,a)du§/

<\IJ (I1, &) + ATO(IL, ., b)+
Q

(18

~—

7' B(IL, G, u)) dv
Further,  if /\I/(.,ﬁ)dy is  strictly in-
Q

vexr, //\TH(., Lb)dv  and /TT,B<., . p)dv
Q Q

n(t7 6;7 67 657 ém (Dy @) an
at (¢, 0), then (7,0)

U

are iqvea: w. r.t.
g(tv 6’, C7 6/‘67 CH) (IJ, é)

(¢, 0).

Proof. Suppose to the contrary that (o,w)#
(¢,0). Since (¢,0,X, A\, 7,a,b, i) is a robust
weak efficient solution of (WD), therefore by us-
ing equation (10), (11) and multiplying them by
77(757 o, Cv Oks Cm w, @) and é(t, o, C’ Oks Cm W, @)7
respectively, adding them and thereafter integrat-
ing, we obtain

/Qn(t7 67 57 6/67 Elﬁa (Da @) (XT\IIC (1:.[, L_l)
+5\T0<(ﬁ7 E’i’ I;) +77-T/8<(1:[7 EH? /j/)

D, [XTGCH (1, G, b) + 77 Be, (1T, Cs, ﬁ)] ) dv

>
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+/ &(t, 7, ¢, Tx, Gy @, 0) (xT\yQ (1, 3) +
Q

S\TGQ(I:L gm B) +77_T/89(1:[7 Em M)) dv=0

which is equivalent to the following, using the fact
that n=0 when a(t)=((?) ,

/ 0(t, 7, ¢, 0, Ge 0, 0) (X (1T, a)
Q
AT (I, G, )+ 77 Be (1L, o 1) ) do

+ [ Dt .60 G0, 2) (W, (11, G )

Q

+77 B, (11, Gy ) ) o

+/Q§(t, 7, €. s Cus @, 0) (X0, (11, ) +

NCB,(I1, G, )+ 77 By(I1, G, 1) ) dv =0 (19)

As / U (., a)dv is strictly invex w.r.t. n and £ at
_JQ
(¢; @) and x>0,

/QXT\II (A, 3) du—/

Q
/ Nt &, C, Grs Gy @, 0)X Ve (I, a) dv
Q

X7 (T, 3) ) dv >

+ / £(t, 5, Gny Gy @, 0)X" o (T, 3) dv,  (20)
Q
Similarly, as/XTe(.,.,E)du and/%Tﬁ(.,.,ﬂ)dV
Q _ Q
are invex w.r.t. n and £ at ((, 9),
/ NTO(R, 5, B) v — / NTO(TL, o, B >
Q Q
/ n(t, &, Gy G @, 0)AT 0¢ (1L, {yo, b)dv
Q
+ / Dn(t, 5, 0, Gy @, 0)A 0, (1, {ys, b)dr+
Q
/Qf(t, 7, C, Ty Gy @, )N O,(T0, e, b)dv (21)
and
/ T B(R, 6, fi)d — / (L, o, )y >
Q Q
/Q 0t 3., G, Cor @, 877 B (I, Co, )
+ / Dn(t, &, ¢, 0x, Gy @, 0)7° Be, (T, G, ) dr+
Q

/Q £(t, 5, C, G, Cuy @, 0)T" Bo(IL, &, i)dv. (22)

Adding the inequalities (20)—(22),
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[ e gy [ 3w
Q Q
+ / NTO(R, 6, B — / O, G, B)du+
Q Q
/ 7TB(A, 6, 1) dv — / 7B, (., fi)dv
Q Q
> /Qn(t, 7,C, 0rs Cry @, 0) ()ZT\I’C (IT, a) +
S\TGC(I:L 5/17 B) +7_-TBC(1:[7 C_m Ia)
+Dn(t, 7, , G, G @, 8) (N0, (IT, G, D)
+7_—TBCH (ﬁa 5/47 ﬂ))dy
+/Q§(t, 6) Ea 6Ha C_Ha (I), @) ()_(T\Ijg (ﬁa L_l) +
N O,(T1, Gy )+ 77 B,(TL, G, 1)) v,

Using (3), (18) and x =0, ¥, x; =1, the above
inequality gives

0> [ 0(t,2.¢. 50, Cn . 0) (Ve (11.3)
+5‘T0<(ﬁ7 Elia B) +77-T/8<(1:[7 éﬁ? /j/)
+Dn(t, 7, s Cor 0, 0) (N0, (11, G B)
77 B (I, G ) ) o
+/Q£(t, 7,C, 0, G 0, 0) (X7, (T, ) +

NFO,(IL, G B) 477 By(L, G, i) ) v,
which conflicts with equation (19). Thus, (7, )
(¢, @)-

o

4. Mond-Weir type dual and duality
theorems

In this section, the Mond Weir type dual is pre-
sented. For this dual, the duality results under
weaker conditions are derived which extend its
application to vast area. The robust Mond-Weir
type dual associated with the multi-time vector
variational control problem (RUP) is defined as
below :

(MWD)  max / U(IL, a)dv =
€()e) \ Jo

/prl(n, al)dy,...,/gxpp(n, ﬁp)du>

subject to

X U (I1,3) + N0 (11, Cu(t), b) + 77 Be (1, (t), 1)
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—Dy |:>‘T0Cn (Hv Cs (t), b) +TT/BCn (Ha Ef@(t)a M)] =0,

23)

X" W (I, @) + AT O(I1, Gi(t), b)+
%Tﬁg(na Cn(t)v :“) =0,

ATO(TL, (i, b) 20, (25)
B, G, 1) =0, (26)
((to) = 0o, ((t1) =41, (27)
)\EO,X>07T>O7 ( )
for ac A, beB, peM.

Denote Tyw = {(C, 0, X5 A, 7, a, b, 1) satisfying
conditions (23)—(28)} as the set of feasible so-
lutions to (MWD).

Theorem 6. [Weak Duality Theorem] Assume
that (o,w) €T and (C, 0, X, A\, Ty a,b, ) € Tayw.
Further, if

@) [ (WO bt B )
Q
quasi-invex w.r.t. n and & at (¢, 0);

(i)

U (., a)dv is strictly pseudo-inver w.r.1.

Q
n and & at (¢, 0);
then, the following inequality cannot hold

/Q\I/(A, a)du</‘11(ﬂ, a)dv.

Q

Proof. Let (o,w) and (¢, 0, X, A\, T, a, b, pt) be ro-
bust feasible solutions of (RUMP) and (MWD), re-
spectively. As A=>0,

/ATG(A, 0w, b)dy < O§/)\T0(H, (e, b)dy
Q Q

and

/ B, oy )= 0= / (L, G, )i,
Q Q

Hence,

A

| (V08 00 8) 47BN o))
Q
[ (YTOL G, b+ 7B, G ) )
Q
Thus, hypothesis (i) gives
[ 06,0,¢.00 G ) (0611 G )+

7 Be(IL, Gy ) ) o

+ [ Dt 00, G 0) (W8, (1L, G D)+
Q
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7" B, (I, G, M))d’/
+ [ 606,060 Gurws ) (WML G, D)+
Q

TTBQ(I_L Cfm M)) dy é 0
Using dual constraints (23) and (24) in the above

inequality, we get
/n(t, 0,¢, 0k, Gy W, 0) (—XT‘I’c(Ha a)+
Q
Dy (AT0, (IL, G, b) 77 B, (IL, G, 1)) )l
+ [ Dt 0.6, 0. G 0) (X8, (1L o )+
Q
TTﬁCm (Hv Cm ,u,))dlj
+/ g(ta g, Ca Ok, Cﬁa w, Q)(i
Q

Further, integrating by parts and using boundary
conditions, we get

X7, (10, a))dz/§0.

/Q;_ (n(t7 a, C? Ok, Cli? W, AQ)XT\IIC(Ha ZI)—F
§(t,0,C, 0, G0, XTI, @) Jdv 20, (29)

On the contrary, suppose / U (A, a)dv <
Q

_))
a)dv at (¢, o) and for x >0 imply

/Q (n(t, 7. C. 0 Gt X V(I )+

/ U(II dv which by strict pseudo-invexity

of fQ

g(t7 g, C7 Ok, Cm w, Q)XT\IIQ(H, a))dV < 0,

a contradiction to (29). Hence, the result fol-
lows. O

Theorem 7. [Strong Duality Theorem]/ Con-
sider (o,w)€T to be a robust weak efficient
solution to (RUWVP). Then, 3 multipliers Y€
RP, \(t)eRT, 7(t)€R", and ac A, beB, peM
such that (5,0, %, \, 7, a,b, i) € Tarw. Further,
if assumptions of Theorem 6 holds true, then
(G,@,X, \, T, @, b, i) is a robust weak efficient so-
lution to the problem (MWD) and the optimal val-
ues of (RUVP) and (RMWD) are equal.

Proof. As (6,w) is a robust weak efficient solu-
tion to (RUMP), hence, using Theorem 1, 3 Y € RP,
At)eRT, 7(t) eR™, and bEB, i€ M, uE.A such
that the condltlons (1) — (4) are satisfied at (7,w).
Hence, in view of constraints (23) — (28) it follows
that (a @, X, A\, T, a, b, [i) is a robust feasible so-
lution to (M‘WQJ)
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Suppose (7,0, X, \,7,a,b,fi) is not a weak efficient
solution to (MWD). Therefore, 3 another point
(Ca 0, X, )‘7 T, Z17 b7 /’L) € 7d]WVV such that

/Q\p(n, a)dug/Q\I/(A,

contradicting Theorem 6.

Hence, (7,0,%,\,7,a,0,fi) is a robust weak ef-
ficient solution to (M‘WQ)) Further, it follows
that the objective function values of (RUP) and
(MWD) are equal at (7, @, X, A, 7, @, b, fi). O

ﬁ) dv

Theorem 8. [Strict Converse Duality Theo-
rem] Assume (7,@) and (C, 0, X, A\, T, a, b, [i) to
be robust weak efficient solutions of (RUVP) and
(MWD) respectively, such that

/Q\I/(I\,Zz)du:/gxll(ﬁ,a)du

Further, if /

and /()\TH(.,., b)+T7 B(.,.,ﬂ))du are quasi-
Q

(30)

a)dv is strictly pseudo-invez

inver w.r.t n and & at (¢, 0), then (7,0)=((, 0).
Proof. Suppose to the contrary that (c‘r_ w)#
(¢, 0). Since (7, @) €T and (C_, 0, X, \, T, a,b, i) €

Tuw , respectively, then for A >0,

/ NO(R, 7, B)dv < 0< / NTO(ML, C., )y
Q Q

and

J

Hence,

PO, 0 v = 0= [ FB G

Q

/Q(/_\TQ(A, Oks B)+7_'Tﬁ(]\’ o ﬂ))du§
L (K001 G By 7 5001 G )

By quasi-invexity of / (S\TH (.., b)+
Q

718(., ., ﬂ))du, the above inequality implies

/Qn(t, 7,C, 0, Cry @, D) (XTGC(I_I, Ty D)+
7L Be(10, Gy, ﬂ))du
+/QD,«J7(75, 5,¢, rs Crr @, 0) (XTecm(ﬁ, Trs b)+
7B, (T, 5 ﬂ))du

/gt g, CaUmme Q /\T9 H Um_+
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71 B,(11, Gy, ;1)) dv<0.
Using dual constraints (23) and (24), we obtain

/ 77(757 67 67 655 gﬁa (Dv é)(_XT\IJC(I:-[’ ﬁ)-f—
Q
D, (S\Tecn(ﬁ, i, D)+ 771 B, (1, 5, ﬂ)))dzx
+ / Dyn(t, 5, ¢, 6w, Gy @, 0) (XT% (I1, 5, b)+
Q
71 B¢, (10, Gy, p,))du
+/£(t, 7,¢, 0r, Cuy @, @)(—XT\Ifg(ﬁ, a))duéo.
Q

Further, integrating by parts and using boundary
conditions

/Q_ (n(ta g, C_a Ok, g_fi’ w, g)XT\I/C(ﬁa a)+

E(t,5,C, ny Gy @, )X (I, a))du

A

0,

or
/ (1(t, 3, €. 3 G @, )XW (11, )+
Q

E(t,5,C, Tny Gy @, 8) X (1, a))du> 0.

Thus, by strict pseudo-invexity of [, ¥(.,a)dv
w.r.t n and ¢ at (C, 0),

J

which is a contradiction to (30) for y>0.
Hence, (7, @)= ((, 0)-

LU (A, a)dv > / (I, a))dy

Q

5. Conclusion

In this work, a multi-dimensional vector varia-
tional control problem incorporating data uncer-
tainty is considered. The sufficient efficiency con-
ditions are developed, followed by the formulation
of the Wolfe type and Mond Weir type duals for
the above said problem. Moreover, the signifi-
cant robust duality theorems viz. weak, strong
and strict converse theorems are established. The
duality results for Wolfe type dual have been pro-
cured under invexity assumptions of the involved
functionals, while for Mond Weir type, these re-
sults are derived under generalized invexity as-
sumptions. Additionally, an illustration is also
provided to corroborate the result obtained. This
work provides potential paths for future studies.
For example, this work can be extended to multi-
objective fractional variational problem. The con-
cept of semi-infiniteness or non-smoothness can
be introduced in this model.

134

Acknowledgments

The authors would like to extend our gratitude to
Dr. Vishakha Jadaun for her invaluable contribu-
tion which helped in enhancing the quality of the

paper.

Funding

None.

Conflict of interest

The authors declare that they have no conflict of
interest regarding the publication of this article.

Author contributions

Conceptualization: All authors

Formal analysis: All authors
Methodology: All authors

Writing — original draft: All authors
Writing — review & editing: All authors

Availability of data

Not applicable.

References

[1] Agarwal, R., Agarwal, D., Upadhyaya, S., &
Ahmad, I. (2023). Optimization of a Stochastic
Model having Erratic Server with Immediate or
Delayed Repair. Annals of Operations Research,
331, 605-628. https://doi.org/10.1007/s104
79-022-04804-2

Egudo, R. R. (1989). Efficiency and generalized
convex duality for multiobjective programs. Jour-
nal of Mathematical Analysis and Applications,
138, 84-94. https://doi.org/10.1016/0022-2
47X(89)90321-1

[3] Yadav, R., Pareek, S., & Mittal, M. (2018). Sup-
ply chain models with imperfect quality items
when end demand is sensitive to price and market-
ing expenditure. RAIRO - Operations Research,
52, 725-742. https://doi.org/10.1051/ro/201
8011

Agarwal, D., Agarwal, R., & Upadhyaya, S.
(2024). Detection of optimal working vacation ser-
vice rate for retrial priority G-queue with imme-
diate Bernoulli feedback. Results in Control and
Optimization, 100397. https://doi.org/10.101
6/j.rico.2024.100397

Beck, A., & Ben-Tal, A. (2009). Duality in ro-
bust optimization: Primal worst equals dual best.
Operations Research Letters, 37, 1-6. https:
//doi.org/10.1016/j.0r1.2008.09.010


https://doi.org/10.1007/s10479-022-04804-2
https://doi.org/10.1007/s10479-022-04804-2
https://doi.org/10.1016/0022-247X(89)90321-1
https://doi.org/10.1016/0022-247X(89)90321-1
https://doi.org/10.1051/ro/2018011
https://doi.org/10.1051/ro/2018011
https://doi.org/10.1016/j.rico.2024.100397
https://doi.org/10.1016/j.rico.2024.100397
https://doi.org/10.1016/j.orl.2008.09.010
https://doi.org/10.1016/j.orl.2008.09.010

[6]

[11]

[16]

Duality for robust multi-dimensional vector variational control problem under invexity

Jeyakumar, V., Li, G., & Lee, G. M. (2012). Ro-
bust duality for generalized convex programming
problems under data uncertainty. Nonlinear Anal-
ysis, Theory, Methods and Applications, 75, 1362-
1373. https://doi.org/10.1016/j.na.2011.
04.006

Treantd, S., & Das, K. (2021). On robust saddle-
point criterion in optimization problems with
curvilinear integral functionals. Mathematics, 9,
1790. https://doi.org/10.3390/math9151790
Treantd, S. (2021). Robust saddle-point criterion
in second-order partial differential equation and
partial differential inequation constrained con-
trol problems. International Journal of Robust
and Nonlinear Control, 31, 9282-9293. https:
//doi.org/10.1002/rnc.5767

Elhia, M., Balatif, O., Boujallal, L., & Rachik, M.
(2021). Optimal control problem for a tuberculo-
sis model with multiple infectious compartments
and time delays. An International Journal of Op-
timization and Control: Theories & Applications
(IJOCTA), 11, 75-91. https://doi.org/10.111
21/ijocta.01.2021.00885

Singh, H. P., Bhatia, S. K., Bahri, Y., & Jain,
R. (2022). Optimal control strategies to combat
COVID-19 transmission: A mathematical model
with incubation time delay. Results in Control
and Optimization, 9, 100176. https://doi.or
g/10.1016/j.rico.2022.100176

Aksoy, N. Y., Celik, E., & Dadas, M. E. (2023).
The solvability of the optimal control problem
for a nonlinear Schrodinger equation. An Interna-
tional Journal of Optimization and Control: The-
ories & Applications (IJOCTA), 13, 269-276. ht
tps://doi.org/10.11121/ijocta.2023.1371
Kostyukova, O., & Tchemisova, T. (2024). Ex-
ploring constraint qualification-free optimality
conditions for linear second-order cone program-
ming. An International Journal of Optimization
and Control: Theories & Applications (IJOCTA),
14, 168-182. https://doi.org/10.11121/ijoct
a.1421

Mititelu, S., & Treanta, S. (2016). Multiobjective
fractional variational problem on higher-order jet
bundles. Communications in Mathematics and
Statistics, 4 , 323-340. https://doi.org/10.1
007/s40304-016-0087-0

Treantd, S. (2020). Constrained variational prob-
lems governed by second-order Lagrangians. Ap-
plicable Analysis, 99, 1467-1484. https://doi.
org/10.1080/00036811.2018.1538501

Jayswal, A., Preeti, & Treanta, S. (2022). Ro-
bust Duality for Multi-dimensional Variational
Control Problem with Data Uncertainty. Multi-
dimensional Control Problems: Robust Approach,
145-165. https://doi.org/10.1007/978-981-1
9-6561-6_7

Ritu, Treanta, S., Agarwal, D., & Sachdev, G.
(2023). Robust efficiency conditions in multiple-
objective fractional variational control problems.

[17]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

Fractal and Fractional , 7, 18. https://doi.or
g/10.3390/fractalfract7010018

Zhai, Y., Wang, Q., & Tang, T. (2023). Robust
duality for robust efficient solutions in uncertain
vector optimization problems. Japan Journal of
Industrial and Applied Mathematics, 40, 907-928.
https://doi.org/10.1007/s13160-022-00562
-7

Hanson, M. A. (1981). On sufficiency of the Kuhn-
Tucker conditions. Journal of Mathematical Anal-
ysis and Applications, 80, 545-550. https://doi.
org/10.1016/0022-247X(81)90123-2

Mond, B., Chandra, S., & Husain, I. (1988) Dual-
ity for variational problems with invexity. Journal
of Mathematical Analysis and Applications, 134,
322-328. https://doi.org/10.1016/0022-247
X(88)90026-1

Nahak, C., & Nanda, S. (1996). Duality for multi-
objective variational problems with invexity. Op-
timization, 36, 235-248. https://doi.org/10.1
080/02331939608844181

Mititelu, S. (2009). Optimality and duality for in-
vex multi-time control problems with mixed con-
straints. Journal of Advanced Mathematical Stud-
1es, 2, 25-34.

Gulati, T. R., & Mehndiratta, G. (2010). Opti-
mality and duality for second-order multiobjec-
tive variational problems. Furopean Journal of
Pure and Applied Mathematics, 3, 786-805.
Sachdev, G., Verma, K., & Gulati, T. R. (2019).
Second-order symmetric duality in multiobjective
variational problems. Yugoslav Journal of Opera-
tions Research, 29, 295-308. https://doi.org/
10.2298/YJOR180715019S

Singh, V., Ahmad, I., Gupta, S. K., & Al-
Homidan, S. (2021). Duality for multiobjective
variational problems under second-order (¢, p)-
invexity. Filomat, 35, 605-615. https://doi.or
g/10.2298/FIL2102605S

Dubey, V. P., Kumar, D.; Alshehri, H. M., Singh,
J., & Baleanu, D. (2022). Generalized invexity
and duality in multiobjective variational prob-
lems involving non-singular fractional derivative.
Open Physics, 20, 939-962. https://doi.org/10
.1515/phys-2022-0195

Jayswal, A., & Arana-Jiménez, M. (2022). Ro-
bust penalty function method for an uncertain
multi-time control optimization problems. Jour-
nal of Mathematical Analysis and Applications,
505, 125453. https://doi.org/10.1016/j. jmaa
.2021.125453

Baranwal, A., Jayswal, A., & Preeti. (2022). Ro-
bust duality for the uncertain multitime control
optimization problems. International Journal of
Robust and Nonlinear Control, 32, 5837-5847.
https://doi.org/10.1002/rnc.6113

Antczak, T., & Treanti, S. (2023). Solving invex
multitime control problems with first-order PDE
constraints via the absolute value exact penalty


https://doi.org/10.1016/j.na.2011.04.006
https://doi.org/10.1016/j.na.2011.04.006
https://doi.org/10.3390/math9151790
https://doi.org/10.1002/rnc.5767
https://doi.org/10.1002/rnc.5767
https://doi.org/10.11121/ijocta.01.2021.00885
https://doi.org/10.11121/ijocta.01.2021.00885
https://doi.org/10.1016/j.rico.2022.100176
https://doi.org/10.1016/j.rico.2022.100176
https://doi.org/10.11121/ijocta.2023.1371
https://doi.org/10.11121/ijocta.2023.1371
https://doi.org/10.11121/ijocta.1421
https://doi.org/10.11121/ijocta.1421
https://doi.org/10.1007/s40304-016-0087-0
https://doi.org/10.1007/s40304-016-0087-0
https://doi.org/10.1080/00036811.2018.1538501
https://doi.org/10.1080/00036811.2018.1538501
https://doi.org/10.1007/978-981-19-6561-6_7
https://doi.org/10.1007/978-981-19-6561-6_7
https://doi.org/10.3390/fractalfract7010018
https://doi.org/10.3390/fractalfract7010018
https://doi.org/10.1007/s13160-022-00562-7
https://doi.org/10.1007/s13160-022-00562-7
https://doi.org/10.1016/0022-247X(81)90123-2
https://doi.org/10.1016/0022-247X(81)90123-2
https://doi.org/10.1016/0022-247X(88)90026-1
https://doi.org/10.1016/0022-247X(88)90026-1
https://doi.org/10.1080/02331939608844181
https://doi.org/10.1080/02331939608844181
https://doi.org/10.2298/YJOR180715019S
https://doi.org/10.2298/YJOR180715019S
https://doi.org/10.2298/FIL2102605S
https://doi.org/10.2298/FIL2102605S
https://doi.org/10.1515/phys-2022-0195
https://doi.org/10.1515/phys-2022-0195
https://doi.org/10.1016/j.jmaa.2021.125453
https://doi.org/10.1016/j.jmaa.2021.125453
https://doi.org/10.1002/rnc.6113

R. Bagri, G. Sachdev, D. Agarwal / IJOCTA, Vol.15, No.1, pp.123-136 (2025)

method. Optimal Control Applications and Meth-
ods, 44, 3379-3395. https://doi.org/10.1002/
oca.3043

Pokharna, N., & Tripathi, I. P. (2024). E-
Optimality and FE-duality results for multiob-
jective variational problems and application to
the cake-eating problem. Journal of Industrial
and Management Optimization, 20, 1867-1896.
https://doi.org/10.3934/jimo.2023146
Nguyen, T. T. T., Su, T. V., & Linh, D. H. (2024).
Robust optimality conditions for multiobjective
programming problems under data uncertainty
and its applications. Optimization, 73, 641-672.
https://doi.org/10.1080/02331934.2022.21
22717

Saeed, T., & Treanta, S. (2024). Various duality
models associated with some constrained robust
nonlinear optimal control problems. International
Journal of Control, 1-11. https://doi.org/10
.1080/00207179.2024.2349087

Bagri, R., Treanta, S., Agarwal, D., & Sachdev,
G. (2024). Robust duality in multi-dimensional
vector fractional variational control problem.
Opsearch, 1-22.

Jayswal, A., Baranwal, A., & Arana-Jiménez, M.
(2024). Robust controlled vector variational in-
equalities for multi-dimensional fractional control

[31]

[32]

[33]

optimization problems. Archives of Conitrol Sci-
ences, 349-377. https://doi.org/10.24425/a
cs.2024.149664

Ritu Bagri is pursuing her PhD from Indira Gandhi
Delhi Technical University for Women. She obtained
her MSc from University of Delhi. Her area of research
is mathematical programming and nonlinear program-
ming.

https://orcid.org/0009-0005-2412-5320

Geeta Sachdev is working as Assistant Professor in
Department of Applied Sciences and Humanities, In-
dira Gandhi Delhi Technical University for Women.
She received her MSc and PhD from I.I.T. Roorkee.
Her research area is mathematical programming, non-
linear programming problem. She has several papers
published in reputed international journals.
https://orcid.org/0000-0002-5387-0005

Divya Agarwal is working as Associate Professor in
Department of Mathematics, Amity University Uttar
Pradesh, Noida. She received her MSc from ILILT.
Delhi and PhD from L.I.T. Roorkee. Her research area
1s mathematical programming, nonlinear programming
problem, reliability modeling and Queuing. She has
several papers published in reputed international jour-
nals.
https://orcid.org/0000-0002-6879-1385

An International Journal of Optimization and Control: Theories & Applications
(https://accscience.com/journal/ijocta)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit

http://creativecommons.org/licenses/by/4.0/.

136


https://doi.org/10.1002/oca.3043
https://doi.org/10.1002/oca.3043
https://doi.org/10.3934/jimo.2023146
https://doi.org/10.1080/02331934.2022.2122717
https://doi.org/10.1080/02331934.2022.2122717
https://doi.org/10.1080/00207179.2024.2349087
https://doi.org/10.1080/00207179.2024.2349087
https://doi.org/10.24425/acs.2024.149664
https://doi.org/10.24425/acs.2024.149664
https://orcid.org/0009-0005-2412-5320
https://orcid.org/0000-0002-5387-0005
https://orcid.org/0000-0002-6879-1385
http://creativecommons.org/licenses/by/4.0/



