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This paper presents a multi-dimensional vector variational control problem
wherein constraints are comprised of first order partial derivatives. As the
optimization problems may contain uncertainties driven by measurement and
manufacturing errors, erroneous information, irregularities, or perturbations,
so the parameter’s randomness is assumed to be in the form of an uncertainty
set. Firstly, the sufficient efficiency conditions are demonstrated for the prob-
lem under consideration. Then, the Wolfe type and Mond Weir type duals
of the primal problem have been formulated. As in multi objective optimiza-
tion models, attainment of efficient or weak efficient is the primary aim, thus
the important robust duality theorems viz. weak, strong and strict converse
duality theorems have been established under invexity conditions for Wolfe
type dual. An example is also provided to illustrate the weak duality theorem.
Thereafter, the duality results for Mond Weir type duals have been obtained
under weaker invexity assumptions on involved functionals. This work extends
the previously studied results on control problems and hence seeks application
in diverse fields.
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1. Introduction

Multi-objective programming problems are
utilised to address and solve a variety of real-
world issues, such as those in engineering, pro-
duction planning, queueing and finance. For in-
stance, in1 the optimal cost and waiting time is
obtained by solving a bi-objective optimization
problem for a queueing model. Significant ad-
vancements in this field using the efficiency idea
can be seen in.2–4

Uncertainty in the data is caused by lack of knowl-
edge, out-of-date sources, large volume of data,
sample inconsistency, etc., which creates a barrier
in pinpointing the precise solution to the prob-
lem. As a result, the robust technique is expand-
ing quickly for solving problems where there is

data ambiguity. This phenomenon inspired re-
searchers to investigate several mathematical pro-
gramming problems in context of ambiguous data.
Beck and Ben-Tal5 demonstrated that the primal
worst is equivalent to the dual best and arrived
at the robust optimization solution via duality.
Jeyakumar et al.6 established the robust dual-
ity results under data uncertainty for generalized
convex problems. Treanţă and Das7 examined
curvilinear integral-based optimization problems
with robustness that have implications in mechan-
ical work. In,8 a new modified robust control
problem involving mixed constraints and second-
order PDEs is explored.

In many branches of mathematics, economics, and
engineering sciences, multi-dimensional (multi-
time) control problems have been discovered as
in.9,10 Several authors have investigated control
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problems with nonlinear constraints and estab-
lished the optimality conditions. Recent develop-
ments in control theory can be seen in.11,12 With
the aid of a multi-time notion using partial deriva-
tives of higher order, Mititelu and Trean ţă13 de-
veloped efficiency conditions for multi-objective
fractional control problem. In,14 multi-time con-
trol issues of various functionals regulated by
higher order Lagrangians are investigated. Re-
cently, Jayswal et al.15 established robust dual-
ity for uncertain multi-dimensional vector control
problem involving convex integrals. Further, the
efficiency conditions for multi-objective fractional
control problem in the face of data uncertainty
has been developed by Ritu et al.16 The second or-
der subdifferentials have been introduced in17 and
the significant robust duality results for multi-
objective control problem are demonstrated.

The conceptual framework of invexity introduced
by Hanson18 holds immense importance in mathe-
matical programming problems. Its development
is crucial as it eases the theory of convexity per-
taining to duality results since each stationary
point for an invex function is a global minimum.
Mond et al.19 established duality results for vari-
ational problem using invexity, which were then
extended for multi-objective problem by Nahak
and Nanda.20 Thereafter, Mititelu21 formulated
Wolfe type dual for multi-time control problem
and discussed duality results based on invexity
hypotheses.

The articles cited above served as motivation
and source of inspiration to present a multi-
dimensional vector variational control problem in-
corporating data uncertainty. To the author’s
best knowledge, this work is new and extends the
earlier studied model. Table 1 highlights the re-
search gap and novelty of this study. Sectionwise,
the paper is arranged as follows : Section 2 in-
cludes preliminaries, fundamental notations and
the model to be discussed in the article is in-
troduced. In addition, the sufficient conditions
are demonstrated. Section 3 presents Wolfe type
dual of the variational problem under considera-
tion. In order to relate the robust solutions of the
primal and dual, important robust duality results
viz. weak, strong and strict converse duality the-
orems are established. These duality results have
been developed under invexity assumptions of in-
volved functionals. Moreover, a pertinent case is
also procured to validate the weak duality theo-
rem. In Section 4, the Mond Weir type dual is
provided and the corresponding significant dual-
ity results are derived under generalized invex-
ity assumptions. Eventually, Section 5 draws the
work to a conclusion.

2. Preliminaries

Consider the following notations in developing the
results :

• Rp, Rq, Rr, Rs and Rn to be finite dimen-
sional standard Euclidean spaces;

• Ω is a compact subset in Rs ;
• t=(tκ), κ=1, s, where t ∈Ω is the multi-
ple time argument;

• σ=(σi) :Ω⊆Rs →Rq are the state func-
tions in the space K⊆Rq, having contin-
uous first order partial derivatives;

• ω=(ωj) :Ω⊆Rs→Rr are control func-
tions which are continuous in Υ⊆Rr ;

• Λ=(t, σ(t), ω(t)), Λ̄=(t, σ̄(t), ω̄(t)), Λ̂=
(t, σ̂(t), ω̂(t)) ;

• dν=dt1dt2 .. .dts, t0=(t01, t02, .. ., t0s), t1=
(t11, t12, . .., t1s) ;

• σκ(t)=
∂σ(t)

∂tκ
, Dκ≡

∂

∂tκ
.

Take the following convention of vectors α, γ∈ Rn

:

(i) α<γ⇔αk <γk , ∀ k =1 , n,
(ii) α≦γ⇔αk ≤γk , ∀ k =1 , n,
(iii) α≤γ⇔αk ≤γk , ∀ k =1 , n and αk<γk

for some k.

Defining continuously differentiable functions

Ψ :Ω×K×Υ×A→Rp, θ :J 1
(
Ω, Rq

)
×Υ×

B→Rm, β :J 1
(
Ω, Rq

)
×Υ×M →Rn, where

J 1
(
Ω, Rq

)
is the jet bundle of first order re-

lated with Ω and Rq; a ∈A⊆Rp, b∈B⊆Rm and
µ∈M ⊆Rn are parameters of uncertainty. The
uncertain vector variational control problem in-
corporating multiple integrals is formulated as
:

(UVP ) min
(σ,ω)

(∫
Ω
Ψ(Λ, a)dν=

∫
Ω
Ψ1 (Λ, a1)dν, ...,

∫
Ω
Ψp (Λ, ap)dν

)
subject to

θ(Λ, σκ(t), b)≦0, b∈B
β(Λ, σκ(t), µ)=0, µ∈M
t∈Ω, σ(t0)= δ0, σ(t1)= δ1,

where
∫
ΩΨ(Λ, a)dν is a functional on the domain

of set of functions Ψ.

The robust counterpart to the variational control
problem (UVP ) is framed as :

(RUVP ) min
(σ,ω)

(∫
Ω
max
a∈A

Ψ(Λ, a)dν=
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Table 1. Author’s contribution in this field of study

Author(s) Variational Robustness Multiobjective Multi-Dimensional

Mititelu21 × × × ✓
Gulati and ✓ × ✓ ×

Mehndiratta22

Sachdev et al.23 ✓ × ✓ ×
Singh et al.24 ✓ × ✓ ×
Dubey et al.25 ✓ × ✓ ×
Jayswal et al.26 × ✓ × ✓
Baranwal et al.27 × ✓ × ✓
Antczak and
Treanţă28 ✓ × × ✓

Pokharna and ✓ × ✓ ×
Tripathi29

Nguyen et al.30 × ✓ × ✓
Saeed and × ✓ ✓ ✓
Treanţă31

Bagri et al.32 ✓ ✓ × ✓
Jayswal et al.33 ✓ ✓ × ✓
This paper ✓ ✓ ✓ ✓

∫
Ω
max

a1∈A1

Ψ1 (Λ, a1)dν, ...,
∫
Ω
max

ap∈Ap

Ψp (Λ, ap)dν

)
subject to

θ(Λ, σκ(t), b)≦0, b∈B
β(Λ, σκ(t), µ)=0, µ∈M
t∈Ω, σ(t0)= δ0, σ(t1)= δ1.

Thus, the set of feasible solutions for (RUVP ) will
be

T ={(σ, ω)∈K×Υ : θ(Λ, σκ(t), b)≦0,

β(Λ, σκ(t), µ)=0, σ(t0)= δ0, σ(t1)= δ1, t∈Ω,

b∈B, µ∈M }.

Definition 1. A feasible point (σ̄, ω̄)∈T is de-
fined as the robust weak efficient solution for
(RUVP ) iff ∄ any (σ, ω)∈T such that∫

Ω
max
a∈A

Ψ(Λ, a)dν <
∫
Ω
max
a∈A

Ψ
(
Λ̄, a

)
dν.

For ψ∈R, η(t,σ,σ̂,σκ, σ̂κ, ω, ω̂)∈Rq and
ξ(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)∈Rr, some definitions are
presented which are extended on the lines of20

over uncertain parameter r:

Definition 2. A functional

∫
Ω
ψ(Λ, σκ, r)dν is

defined as (strictly) invex at (σ̂, ω̂)∈K×Υ if
there exist η and ξ such that η=0 if σ(t)= σ̂(t)

and folllowing holds∫
Ω
ψ(Λ, σκ, r)dν−

∫
Ω
ψ(Λ̂, σ̂κ, r)dν (>)≧∫

Ω
η(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)ψσ(Λ̂, σ̂κ, r)dν

+

∫
Ω
Dκη(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)ψσκ(Λ̂, σ̂κ r)dν

+

∫
Ω
ξ(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)ψω(Λ̂, σ̂κ, r)dν,

∀ (σ, ω) ∈K×Υ.

Definition 3. A functional

∫
Ω
ψ(Λ, σκ, r)dν is

defined as (strictly) pseudo-invex at (σ̂, ω̂)∈K×
Υ if there exist η and ξ with η=0 if σ(t)= σ̂(t)
such that∫

Ω
η(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)ψσ(Λ̂, σ̂κ, r)dν

+

∫
Ω
Dκη(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)ψσκ(Λ̂, σ̂κ r)dν

+

∫
Ω
ξ(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)ψω(Λ̂, σ̂κ, r)dν(>)≧0,

⇒
∫
Ω
ψ(Λ, σκ, r)dν−

∫
Ω
ψ(Λ̂, σ̂κ, r)dν (>)≧0,

∀ (σ, ω)∈K×Υ.

Definition 4. A functional

∫
Ω
ψ(Λ, σκ, r)dν is

defined as quasi-invex at (σ̂, ω̂)∈K×Υ if there
exists η and ξ with η=0 for σ(t)= σ̂(t) and∫

Ω
ψ(Λ, σκ, r)dν−

∫
Ω
ψ(Λ̂, σ̂κ, r)dν ≦0,
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⇒
∫
Ω
η(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)ψσ(Λ̂, σ̂κ, r)dν

+

∫
Ω
Dκη(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)ψσκ(Λ̂, σ̂κ r)dν

+

∫
Ω
ξ(t, σ, σ̂, σκ, σ̂κ, ω, ω̂)ψω(Λ̂, σ̂κ, r)dν≦0,

∀ (σ, ω)∈K×Υ.

Theorem 1. 16 [Necessary conditions for
(RUVP )] Consider (σ̄, ω̄)∈T as a robust weak ef-
ficient solution for the problem (RUVP ). Then,
there exist χ̄∈Rp as the scalars, λ̄(t)∈Rm

+ , τ̄(t)∈
Rn, ā ∈A⊆Rp, b̄∈B⊆Rm and µ̄∈M ⊆Rn as un-
certain parameters satisfying

χ̄TΨσ(Λ̄, ā)+ λ̄T θσ(Λ̄, σ̄κ(t), b̄)+ τ̄Tβσ(Λ̄, σ̄κ(t), µ̄)

−Dκ

[
λ̄T θσκ(Λ̄,σ̄κ(t), b̄)+ τ̄

Tβσκ(Λ̄, σ̄κ(t), µ̄)
]
=0,

(1)

χ̄TΨω(Λ̄, ā)+ λ̄T θω(Λ̄, σ̄κ(t), b̄)+
τ̄Tβω(Λ̄, σ̄κ(t), µ̄)=0, (2)

λ̄T θ(Λ̄, σ̄κ(t), b̄)=0, (3)

χ̄≧0,

p∑
i=1

χ̄i=1, λ̄≧0, ∀ t∈Ω. (4)

Theorem 2. [Sufficient efficiency conditions
for (RUVP )] Consider a robust feasible so-
lution (σ̄, ω̄)∈T for the robust vector varia-
tional control problem (RUVP ) and there ex-
ists χ̄∈Rp as the scalars, λ̄(t)∈Rm

+ , τ̄(t)∈Rn,
ā ∈A⊂Rp, b̄∈B⊆Rm and µ̄∈M ⊆Rn as un-
certain parameters, fulfilling the conditions

(1)−(4). Further, assume that if

∫
Ω
Ψ(., ā)dν,∫

Ω
λ̄T θ(., ., b̄)dν and

∫
Ω
τ̄Tβ(., ., µ̄)dν are in-

vex w.r.t. η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)∈Rq and
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)∈Rr at (σ̄, ω̄). Then, (σ̄, ω̄)
is a robust weak efficient solution for the problem
(RUVP ).

Proof. Suppose, on the contrary that (σ̄, ω̄)
is not a robust weak efficient solution for the prob-
lem (RUVP ). Consequently, ∃ (σ̂, ω̂)∈T such that∫

Ω
max
a∈A

Ψ
(
Λ̂, a

)
dν <

∫
Ω
max
a∈A

Ψ
(
Λ̄, a

)
dν

Since maxa∈AΨ(Λ, a)=Ψ(Λ, ā), we obtain∫
Ω
Ψ
(
Λ̂, ā

)
dν <

∫
Ω
Ψ
(
Λ̄, ā

)
dν. (5)

Additionally, multiplying equations (1) and (2) by
η and ξ, respectively and integrating,∫

Ω
η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)

(
χ̄TΨσ(Λ̄, ā)+

λ̄T θσ(Λ̄, σ̄κ(t), b̄)+ τ̄
Tβσ(Λ̄, σ̄κ(t), µ̄)

−Dκ

[
λ̄T θσκ(Λ̄,σ̄κ(t), b̄)+ τ̄

Tβσκ(Λ̄, σ̄κ(t), µ̄)
])
dν+

∫
Ω
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)

(
χ̄TΨω(Λ̄, ā)+

λ̄T θω(Λ̄, σ̄κ(t), b̄)+ τ̄
Tβω(Λ̄, σ̄κ(t), µ̄)

)
dν=∫

Ω
η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)

(
χ̄TΨσ

(
Λ̄, ā

)
+λ̄T θσ(Λ̄, σ̄κ, b̄)+ τ̄

Tβσ(Λ̄, σ̄κ, µ̄)
)
dν

+

∫
Ω
Dκη(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)

(
λ̄T θσκ(Λ̄, σ̄κ, b̄)

+τ̄Tβσκ(Λ̄, σ̄κ, µ̄)
)
dν

+

∫
Ω
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)

(
χ̄TΨω

(
Λ̄, ā

)
+

λ̄T θω(Λ̄, σ̄κ, b̄)+ τ̄
Tβω(Λ̄, σ̄κ, µ̄)

)
dν=0. (6)

As

∫
Ω
Ψ(., ā)dν is invex at (σ̄, ω̄), there-

fore there exist η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂) and
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂) such that∫

Ω
χ̄TΨ

(
Λ̂, ā

)
dν−

∫
Ω
χ̄TΨ

(
Λ̄, ā

))
dν≧∫

Ω
η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)χ̄

TΨσ

(
Λ̄, ā

)
dν

+

∫
Ω
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)χ̄

TΨω

(
Λ̄, ā

)
dν,

which along with (5) gives

0>

∫
Ω
η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)χ̄

TΨσ

(
Λ̄, ā

)
dν

+

∫
Ω
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)χ̄

TΨω

(
Λ̄, ā

)
dν. (7)

Also, invexity of

∫
Ω
λ̄T θ(., ., b̄)dν implies∫

Ω
λ̄T θ(Λ̂, σ̂κ, b̄)dν−

∫
Ω
λ̄T θ(Λ̄, σ̄κ, b̄)dν≧∫

Ω
η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)λ̄

T θσ(Λ̄, σ̄κ, b̄)dν

+

∫
Ω
Dκη(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)λ̄

T θσκ(Λ̄, σ̄κ, b̄)dν+∫
Ω
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)λ̄

T θω(Λ̄, σ̄κ, b̄)dν

Now by robust feasibility of (σ̂, ω̂)∈T and (3),
the above inequality yields

0≧
∫
Ω
η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)λ̄

T θσ(Λ̄, σ̄κ, b̄)dν
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+

∫
Ω
Dκη(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)λ̄

T θσκ(Λ̄, σ̄κ, b̄)dν+∫
Ω
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)λ̄

T θω(Λ̄, σ̄κ, b̄)dν (8)

Further, invexity of

∫
Ω
τ̄Tβ(., ., µ̄)dν and robust

feasibility of (σ̂, ω̂)∈T gives

0≧
∫
Ω
η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)τ̄

Tβσ(Λ̄, σ̄κ, µ̄)dν

+

∫
Ω
Dκη(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)τ̄

Tβσκ(Λ̄, σ̄κ, µ̄)dν+∫
Ω
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)τ̄

Tβω(Λ̄, σ̄κ, µ̄)dν. (9)

Adding inequalities (7), (8) and (9), we have

0>

∫
Ω
η(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)

(
χ̄TΨσ

(
Λ̄, ā

)
+λ̄T θσ(Λ̄, σ̄κ, b̄)+ τ̄

Tβσ(Λ̄, σ̄κ, µ̄)
)
dν

+

∫
Ω
Dκη(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)

(
λ̄T θσκ(Λ̄, σ̄κ, b̄)dν

+τ̄Tβσκ(Λ̄, σ̄κ, µ̄)
)
dν

+

∫
Ω
ξ(t, σ̄, σ̂, σ̄κ, σ̂κ, ω̄, ω̂)

(
χ̄TΨω

(
Λ̄, ā

)
+

λ̄T θω(Λ̄, σ̄κ, b̄)+ τ̄
Tβω(Λ̄, σ̄κ, µ̄)

)
dν

which is a contradiction to (6). Hence, (σ̄, ω̄) is
a robust weak efficient solution for the problem
(RUVP ).

3. Wolfe type dual and duality
theorems

Taking max
a∈A

Ψ(Π, a)=Ψ(Π, ā), where Π=

(t, ζ(t), ϱ(t)), the Wolfe-type dual for the problem
(RUVP ) is formulated as follows :

(WD) max
(ζ(.), ϱ(.))

∫
Ω

(
Ψ(Π, ā)+λT θ(Π, ζκ, b)+

τTβ(Π, ζκ, µ)
)
dν=(∫

Ω

(
Ψ1 (Π, ā)+λT θ(Π, ζκ, b)+τTβ(Π, ζκ, µ)

)
dν,

... ,

∫
Ω

(
Ψp (Π, ā)+λT θ(Π, ζκ, b)+

τTβ(Π, ζκ, µ)
)
dν

)
subject to

χTΨζ(Π, ā)+λT θζ(Π, ζκ, b)+τTβζ(Π, ζκ, µ)

−Dκ

[
λT θζκ(Π, ζκ, b)+τ

Tβζκ(Π, ζκ, µ)
]
=0,

(10)

χTΨϱ(Π, ā)+λT θϱ(Π, ζκ, b)+τTβϱ(Π, ζκ, µ)=0,
(11)

ζ(t0)= δ0, ζ(t1)= δ1, (12)

χ≧0,

p∑
i=1

χi=1, λ≧0, (13)

for ā ∈A, b∈B, µ∈M .

Denote Tw={(ζ,ϱ,χ,λ,τ, ā,b,µ) satisfying (10)−
(13)} as the set of feasible solutions of (WD).

Theorem 3. [Weak Duality Theorem] Let
(σ, ω) and (ζ, ϱ, χ, λ, τ, ā, b, µ) be the ro-
bust feasible solutions of (RUVP ) and

(WD), respectively. Further, if

∫
Ω
Ψ(., ā)dν,∫

Ω
λT θ(., ., b)dν and

∫
Ω
τTβ(., ., µ)dν are in-

vex w.r.t. η(t, σ, ζ, σκ, ζκ, ω, ϱ)∈Rq and
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)∈Rr at (ζ, ϱ), then∫

Ω
Ψ(Λ, ā)dν <

∫
Ω

(
Ψ(Π, ā)+λT θ(Π, ζκ, b)+

τTβ(Π, ζκ, µ)
)
dν

cannot hold.

Proof. Suppose, on the contrary∫
Ω
Ψ(Λ, ā)dν <

∫
Ω

(
Ψ(Π, ā)+λT θ(Π, ζκ, b)

+τTβ(Π, ζκ, µ)
)
dν.

As (σ, ω)∈T , χ≧0,

p∑
i=1

χi=1 and λ≧0,

∫
Ω

(
Ψ(Λ, ā)+λT θ(Λ, σκ, b)+τTβ(Λ, σκ, µ)

)
dν

<

∫
Ω

(
Ψ(Π, ā)+λT θ(Π, ζκ, b) +τTβ(Π, ζκ, µ)

)
dν,

(14)

Since

∫
Ω
Ψ(., ā)dν,

∫
Ω
λT θ(., ., b)dν and∫

Ω
τTβ(., ., µ)dν are invex at (ζ, ϱ), there-

fore there exist η(t, σ, ζ, σκ, ζκ, ω, ϱ) and
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ) such that∫

Ω
χTΨ(Λ, ā)dν−

∫
Ω
χTΨ(Π, ā)

)
dν≧∫

Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)χ

TΨζ (Π, ā)dν

+

∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)χ

TΨϱ (Π, ā)dν, (15)
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∫
Ω
λT θ(Λ, σκ, b)dν−

∫
Ω
λT θ(Π, ζκ, b)dν≧∫

Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)λ

T θζ(Π, ζκ, b)dν

+

∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)λ

T θζκ(Π, ζκ, b)dν+∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)λ

T θϱ(Π, ζκ, b)dν (16)

and ∫
Ω
τTβ(Λ, σκ, µ)−

∫
Ω
τTβ(Π, ζκ, µ)dν≧∫

Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)τ

Tβζ(Π, ζκ, µ)dν

+

∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)τ

Tβζκ(Π, ζκ, µ)dν+∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)τ

Tβϱ(Π, ζκ, µ)dν. (17)

Adding inequalities (15), (16) and (17), we obtain

∫
Ω

(
χTΨ(Λ, ā)+λT θ(Λ, σκ, b)+τTβ(Λ, σκ, µ)

)
dν−∫

Ω

(
χTΨ(Π, ā)+λT θ(Π, ζκ, b)+τTβ(Π, ζκ, µ)

)
dν,

≧
∫
Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
χTΨζ (Π, ā)

+λT θζ(Π, ζκ, b)+τ
Tβζ(Π, ζκ, µ)

)
dν

+

∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
λT θζκ(Π, ζκ, b)dν+

τTβζκ(Π, ζκ, µ̄)
)
dν

+

∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
χTΨϱ (Π, ā)+

λT θϱ(Π, ζκ, b)+τ
Tβϱ(Π, ζκ, µ)

)
dν.

Using (10) and (11), the above inequality implies
the following

∫
Ω

(
χTΨ(Λ, ā)+λT θ(Λ, σκ, b)+τTβ(Λ, σκ, µ)

)
dν

−
∫
Ω

(
χTΨ(Π, ā)+λT θ(Π, ζκ, b)+τTβ(Π, ζκ, µ)

)
dν,

≧
∫
Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
Dκ

[
λT θζκ(Π, ζκ, b)+

τTβζκ(Π, ζκ, µ)
])
dν+

+

∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
λT θζκ(Π, ζκ, b)dν+

τTβζκ(Π, ζκ, µ)
)
dν.

Further, applying integration by parts,

∫
Ω

(
χTΨ(Λ, ā)+λT θ(Λ, σκ, b)+τTβ(Λ, σκ, µ)

)
dν

−
∫
Ω

(
χTΨ(Π, ā)+λT θ(Π, ζκ, b)+τTβ(Π, ζκ, µ)

)
dν

≧η(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
λT θζκ(Π, ζκ, b)

+τTβζκ(Π, ζκ, µ)

)∣∣∣t1
t0
dν

−
∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
λT θζκ(Π, ζκ, b)dν+

τTβζκ(Π, ζκ, µ)
)
dν+

+

∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
λT θζκ(Π, ζκ, b)dν+

τTβζκ(Π, ζκ, µ)
)
dν

which on using boundary conditions of Definition
2, give∫

Ω
χTΨ(Λ, ā)+λT θ(Λ, σκ, b)+τTβ(Λ, σκ, µ)dν

≧
∫
Ω
χTΨ(Π, ā)+λT θ(Π, ζκ, b)+τTβ(Π, ζκ, µ)dν,

a contradiction to inequality (14). Hence, the re-
sult is derived.

Pertinent Case : Consider the following bi-
objective multi-dimensional variational control
problem with data uncertainty

(UVP1) min
(σ,ω)

(∫
Ω
Ψ1(Λ, a1),

∫
Ω
Ψ2(Λ, a2)

)
=

min
(σ,ω)

(∫
Ω
(σ2+a1ω)dν,

∫
Ω
(a2−ω2)dν

)
subject to

θ(Λ, σκ(t), b)=2b+σ−7≦0, b∈ [1, 2] (1∗)
β(Λ, σκ(t), µ)=µσt1 −5ω=0, µ∈ [0, 1] (2∗)

σ(0, 0)=
1

2
, σ(1, 1)=

3

2
, (3∗)

a1∈
[
0,

1

2

]
, a2∈ [0, 3], [t1, t2]∈ [0, 0]× [1, 1].

The robust counterpart to the variational control
problem (UVP1) is written as :

(RUVP1)min
(σ,ω)

(∫
Ω

max
a1∈[0, 12 ]

(σ2+a1ω)dν,

∫
Ω

max
a2∈[0,3]

(a2−ω2)dν

)
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subject to

2b+σ−7≦0, b∈ [1, 2]

µσt1 −5ω=0, µ∈ [0, 1]

σ(0, 0)=
1

2
, σ(1, 1)=

3

2
,

a1∈
[
0,

1

2

]
, a2∈ [0, 3], [t1, t2]∈ [0, 0]× [1, 1].

Thus, the set of feasible solutions for (RUVP1) will
be

T1={(σ, ω)∈K×Υ : σ≤3, µσt1 −5ω=0,

σ(0, 0)=
1

2
, σ(1, 1)=

3

2
, t∈Ω, b∈ [1, 2], µ∈ [0, 1]}.

To obtain a feasible point (σ, ω), sufficiency con-
dition (2) gives

ω=
χ1

4χ2
− 5τ

2χ2
.

Solving (2∗), we get

σ=5
( χ1

4χ2
− 5τ

2χ2

)
t1+d1, d1∈R+.

Taking χ1=
1
2 , χ2=

1
2 , (3

∗) gives d1=
1
2 and τ =

1
50 . Thus,

(σ, ω)=
(3t1

4
+
1

2
,
3

20

)
is obtained as the robust feasible solution to

(RUVP1), which is shown graphically in figure 1.

Now the Wolfe type dual to the problem (RUVP1)
is given by :

(WD1) max
(ζ, ϱ)

∫
Ω

(
ζ2+

1

2
ϱ+λ(2b+ζ−7)+

τ(µζt1 −5ϱ), 3−ϱ2+λ(2b+ζ−7)+

τ(µζt1 −5ϱ)
)
dν

subject to

χ1(2ζ+λ)+χ2λ+λ−(τ)t1 =0 (4∗)

χ1(
1

2
−5τ)+χ2(−2ϱ−5τ)−5τ =0 (5∗)

ζ(0, 0)=
1

2
, ζ(1, 1)=

3

2
, (6∗)

χ≧0,
2∑

i=1

χi=1, λ≧0. (7∗)

Solving dual constraints, using χ=

(χ1, χ2)=
(
2
3 ,

1
3

)
, τ = 1

50 , λ=1, we get (ζ, ϱ)=(
−3

2 ,
1
5

)
. Hence, (ζ, ϱ, χ, λ, τ, ā, b, µ)=(

−3
2 ,

1
5 ,

2
3 ,

1
3 , 1,

1
50 ,

1
2 , 3, 2,

1
2

)
is a robust feasible

solution to (WD1).
To validate Theorem 3, the invexity of function-

als is to be explored at (ζ, ϱ)=
(
− 3

2 ,
1
5

)
w.r.t.

η and ζ. Taking η(t, σ, ζ, σκ, ζκ, ω, ϱ)=4ω and

ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)=1, the invexity of function-
als follows as below :

(i) To show that
∫
ΩΨ1 (., ā1)dν=

∫
Ω(σ

2+
ā1ω)dν is invex w.r.t. η and ξ at (ζ, ϱ).
Consider

A1=

∫
Ω
Ψ1(Λ, σκ, ā1)dν−

∫
Ω
Ψ1(Π, ζκ, ā1)dν

−
∫
Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)(Ψ1)σ(Π, ζκ, ā1)dν

−
∫
Ω
Dκη((t, σ, ζ, σκ, ζκ, ω, ϱ))(Ψ1)σκ(Π, ζκ ā1)dν

−
∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)(Ψ1)ω(Π, ζκ, ā1)dν

=

∫
Ω

(
σ2+

1

2
ω
)
dν−

∫
Ω
2.35dν−

∫
Ω
8ωσdν

−
∫
Ω

1

2
dν

=

∫
Ω

((3t1
4

+
1

2

)2
+

3

40

)
dt1dt2−

∫
Ω
2.35dt1dt2

−
∫
Ω
8ωσdt1dt2−

∫
Ω

1

2
dt1dt2

=0.0875≧0

and

A2=

∫
Ω
Ψ2(Λ, σκ, ā2)dν−

∫
Ω
Ψ2(Π, ζκ, ā2)dν

−
∫
Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)(Ψ2)σ(Π, ζκ, ā2)dν

−
∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)(Ψ2)σκ(Π, ζκ, ā2)dν

−
∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)(Ψ2)ω(Π, ζκ, ā2)dν

=

∫
Ω

(
3−ω2

)
dν−

∫
Ω

74

25
dν+

∫
Ω
2ξωdν

=

∫
Ω
2.9775dt1dt2−

∫
Ω
2.96dt1dt2+

∫
Ω
0.4dt1dt2

=0.4175≧0

Therefore, the invexity of
∫
ΩΨi (., āi)dν, i=

1, 2 at (ζ, ϱ)=
(
− 3

2 ,
1
5

)
holds.

(ii) To show that

∫
Ω
λT θ(., ., b)dν is invex

w.r.t. η and ξ at (ζ, ϱ).

A3=

∫
Ω
λT θ(Λ, σκ, b)dν−

∫
Ω
λT θ(Π, ζκ, b)dν

−
∫
Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)λ

T θσ(Π, ζκ, b)dν

−
∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)λ

T θσκ(Π, ζκ b)dν

−
∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)λ

T θω(Π, ζκ, b)dν
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(a) (b)

Figure 1. Graphical illustrations of σ and ω in (a) and (b), respectively.

=

∫
Ω
(σ−3)dν+

∫
Ω
4.5dν−

∫
Ω

3

5
dν

=

∫
Ω

(3t1
4

+
1

2
−3
)
dt1dt2+

∫
Ω
4.5dt1dt2−∫

Ω
0.6dt1dt2

=1.775≧0

(iii) To show that

∫
Ω
τTβ(., ., µ)dν is invex

w.r.t. η and ξ at (ζ, ϱ),

A4=

∫
Ω
τTβ(Λ, σκ, µ)dν−

∫
Ω
τTβ(Π, ζκ, µ)dν

−
∫
Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)τ

Tβσ(Π, ζκ, µ)dν

−
∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)τ

Tβσκ(Π, ζκ µ)dν

−
∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)τ

Tβω(Π, ζκ, µ)dν

=

∫
Ω

1

50
(σt1 −5ω)dν+

∫
Ω

1

50
dν−

∫
Ω

3

250
dν+∫

Ω

1

50
dν

=0.028≧0

therefore,

∫
Ω
τTβ(., ., µ)dν is invex.

In order to validate Theorem 3, taking ε=λ(ζ−
3)+τ(ζt1 −3ϱ), consider

∫
Ω

(
σ2+

ω

2

)
dν∫

△

(
3−ω2

)
dν


T

−


∫
Ω

(
ζ2+

ϱ

2
+ε
)
dν∫

△

(
3−ϱ2+ε

)
dν


T

=

(
1.1375
2.9775

)T

−
(
−2.187
−1.552

)T

=

(
3.32
4.53

)T

>

(
0
0

)T

.

Hence, the robust weak duality theorem is veri-
fied.

The aforementioned pertinent case exhibits an ap-
plication of the robust multi-dimensional vector
variational control problem. If the terms involved
in the objective and constraint function of (UVP1)
represents physical quantities, the problem may
closely relate with the real life scenario. For in-
stance, in power generation models if the state
function σ denotes power flow in a grid, while the
control function ω indicates the power demands in
different regions, the objectives of (UVP1) can be
interpreted as the minimization of overall grid en-
ergy loss and the deviation from the intended en-
ergy capacity. With data uncertainty taken into
account, the uncertain parameter a1 can be en-
visioned as uncertainty in renewable energy gen-
eration, which is dependent on the unpredictabil-
ity of solar or wind power and a2 as conventional
power sources relying on coal or gas.

Theorem 4. [Strong Duality] Consider
(σ̄, ω̄)∈T to be a robust weak efficient solution
to (RUVP ). Then, ∃ multipliers χ̄∈Rp, λ̄(t)∈
Rm
+ , τ̄(t)∈Rn, ā ∈A, b̄∈B and µ̄∈M such that

(σ̄, ω̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄) is feasible solution to (WD).
In addition, if involved functionals are invex as in
Theorem 3, then (σ̄, ω̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄) is a robust
weak efficient solution to (WD) and the optimal
values of (RUVP ) and (WD) are equal.

Proof. As (σ̄, ω̄) is a robust weak efficient solu-
tion to (RUVP ), hence, using Theorem 1, ∃ χ̄∈Rp,
λ̄(t)∈Rm

+ , τ̄(t)∈Rn, and b̄∈B, µ̄∈M , ā ∈A such
that conditions (1)−(4) are satisfied at (σ̄,ω̄).
Hence, in view of constraints (10)−(13) it fol-
lows that (σ̄, ω̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄) is a robust feasible
solution to (WD).

Suppose (σ̄,ω̄,χ̄,λ̄, τ̄ , ā, b̄,µ̄) is not a weak effi-
cient solution to (WD). Thus, ∃ another point
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(ζ, ϱ, χ, λ, τ, ā, b, µ)∈Tw such that∫
Ω

(
Ψ(Π, ā)+λT θ(Π, ζκ, b) +τTβ(Π, ζκ, µ)

)
dν≧∫

Ω
Ψ
(
Λ̄, ā

)
dν+ λ̄T θ(Λ̄, σ̄κ, b̄) + τ̄

Tβ(Λ̄, σ̄κ, µ̄)
)
dν

From (3), λ̄(t)∈Rm
+ and feasibility of (σ̄, ω̄) to

(RUVP ), we obtain

∫
Ω

(
Ψ(Π, ā)+λT θ(Π, ζκ, b) +τTβ(Π, ζκ, µ)

)
dν≧∫

Ω
Ψ
(
Λ̄, ā

)
dν

contradicting Theorem 3.

Hence, (σ̄,ω̄,χ̄,λ̄, τ̄ , ā, b̄,µ̄) is a robust weak effi-
cient solution to (WD).
Further, from (3) it follows that the objective
function values of (RUVP ) and (WD) are equal
at (σ̄, ω̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄). □

Theorem 5. [Strict Converse Duality Theorem]
Assume (σ̄, ω̄) and (ζ̄, ϱ̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄) to be ro-
bust weak efficient solutions of (RUVP ) and (WD)
respectively, such that

∫
Ω
Ψ̄
(
Λ̄, ā

)
dν≦

∫
Ω

(
Ψ
(
Π̄, ā

)
+ λ̄T θ(Π̄, ζ̄κ, b̄)+

τ̄Tβ(Π̄, ζ̄κ, µ̄)

)
dν (18)

Further, if

∫
Ω
Ψ̄(., ā)dν is strictly in-

vex,

∫
Ω
λ̄T θ(., ., b̄)dν and

∫
Ω
τ̄Tβ(., ., µ̄)dν

are invex w.r.t. η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄) and
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄) at (ζ̄, ϱ̄), then (σ̄, ω̄)=
(ζ̄, ϱ̄).

Proof. Suppose to the contrary that (σ̄, ω̄) ̸=
(ζ̄, ϱ̄). Since (ζ̄, ϱ̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄) is a robust
weak efficient solution of (WD), therefore by us-
ing equation (10), (11) and multiplying them by
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄) and ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄),
respectively, adding them and thereafter integrat-
ing, we obtain

∫
Ω
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
χ̄TΨζ

(
Π̄, ā

)
+λ̄T θζ(Π̄, ζ̄κ, b̄)+ τ̄

Tβζ(Π̄, ζ̄κ, µ̄)

−Dκ

[
λ̄T θζκ(Π̄, ζ̄κ, b̄)+ τ̄

Tβζκ(Π̄, ζ̄κ, µ̄)
])
dν

+

∫
Ω
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
χ̄TΨϱ

(
Π̄, ā

)
+

λ̄T θϱ(Π̄, ζ̄κ, b̄)+ τ̄
Tβϱ(Π̄, ζ̄κ, µ̄)

)
dν=0

which is equivalent to the following, using the fact
that η=0 when σ̄(t)= ζ̄(t) ,∫

Ω
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
χ̄TΨζ

(
Π̄, ā

)
+λ̄T θζ(Π̄, ζ̄κ, b̄)+ τ̄

Tβζ(Π̄, ζ̄κ, µ̄)
)
dν

+

∫
Ω
Dκη(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
λ̄T θζκ(Π̄, ζ̄κ, b̄)

+τ̄Tβζκ(Π̄, ζ̄κ, µ̄)
)
dν

+

∫
Ω
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
χ̄TΨϱ

(
Π̄, ā

)
+

λ̄T θϱ(Π̄, ζ̄κ, b̄)+ τ̄
Tβϱ(Π̄, ζ̄κ, µ̄)

)
dν=0 (19)

As

∫
Ω
Ψ(., ā)dν is strictly invex w.r.t. η and ξ at

(ζ̄, ϱ̄) and χ̄>0,∫
Ω
χ̄TΨ

(
Λ̄, ā

)
dν−

∫
Ω
χ̄TΨ

(
Π̄, ā

))
dν >∫

Ω
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)χ̄

TΨζ

(
Π̄, ā

)
dν

+

∫
Ω
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)χ̄

TΨϱ

(
Π̄, ā

)
dν, (20)

Similarly, as

∫
Ω
λ̄T θ(., ., b̄)dν and

∫
Ω
τ̄Tβ(., ., µ̄)dν

are invex w.r.t. η and ξ at (ζ̄, ϱ̄),

∫
Ω
λ̄T θ(Λ̄, σ̄κ, b̄)dν−

∫
Ω
λ̄T θ(Π̄, ζ̄κ, b̄)dν≧∫

Ω
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)λ̄

T θζ(Π̄, ζ̄κ, b̄)dν

+

∫
Ω
Dκη(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)λ̄

T θζκ(Π̄, ζ̄κ, b̄)dν+∫
Ω
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)λ̄

T θϱ(Π̄, ζ̄κ, b̄)dν (21)

and

∫
Ω
τ̄Tβ(Λ̄, σ̄κ, µ̄)dν−

∫
Ω
τ̄Tβ(Π̄, ζ̄κ, µ̄)dν≧∫

Ω
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)τ̄

Tβζ(Π̄, ζ̄κ, µ̄)dν

+

∫
Ω
Dκη(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)τ̄

Tβζκ(Π̄, ζ̄κ, µ̄)dν+∫
Ω
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)τ̄

Tβϱ(Π̄, ζ̄κ, µ̄)dν. (22)

Adding the inequalities (20)−(22),
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∫
Ω
χ̄TΨ

(
Λ̄, ā

)
dν−

∫
Ω
χ̄TΨ

(
Π̄, ā

)
dν

+

∫
Ω
λ̄T θ(Λ̄, σ̄κ, b̄)dν−

∫
Ω
λ̄T θ(Π̄, ζ̄κ, b̄)dν+∫

Ω
τ̄Tβ(Λ̄, σ̄κ, µ̄)dν−

∫
Ω
τ̄Tβ(Π̄, ζ̄κ, µ̄)dν

>

∫
Ω
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
χ̄TΨζ

(
Π̄, ā

)
+

λ̄T θζ(Π̄, ζ̄κ, b̄)+ τ̄
Tβζ(Π̄, ζ̄κ, µ̄)

+Dκη(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)
(
λ̄T θζκ(Π̄, ζ̄κ, b̄)

+τ̄Tβζκ(Π̄, ζ̄κ, µ̄)
)
dν

+

∫
Ω
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
χ̄TΨϱ

(
Π̄, ā

)
+

λ̄T θϱ(Π̄, ζ̄κ, b̄)+ τ̄
Tβϱ(Π̄, ζ̄κ, µ̄)

)
dν,

Using (3), (18) and χ̄≧0,
∑p

i=1 χ̄i=1, the above
inequality gives

0>

∫
Ω
η(t, σ̄, ζ̄, σ̄κ, ζ̄ϱ, ω̄, ϱ̄)

(
χ̄TΨζ

(
Π̄, ā

)
+λ̄T θζ(Π̄, ζ̄κ, b̄)+ τ̄

Tβζ(Π̄, ζ̄κ, µ̄)

+Dκη(t, σ̄, ζ̄, σ̄κ, ζ̄ϱ, ω̄, ϱ̄)
(
λ̄T θζκ(Π̄, ζ̄κ, b̄)

+τ̄Tβζκ(Π̄, ζ̄κ, µ̄)
)
dν

+

∫
Ω
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄ϱ, ω̄, ϱ̄)

(
χ̄TΨϱ

(
Π̄, ā

)
+

λ̄T θϱ(Π̄, ζ̄κ, b̄)+ τ̄
Tβϱ(Π, ζ̄κ, µ̄)

)
dν,

which conflicts with equation (19). Thus, (σ̄, ω̄)=
(ζ̄, ϱ̄). □

4. Mond-Weir type dual and duality
theorems

In this section, the Mond Weir type dual is pre-
sented. For this dual, the duality results under
weaker conditions are derived which extend its
application to vast area. The robust Mond-Weir
type dual associated with the multi-time vector
variational control problem (RUVP ) is defined as
below :

(MWD) max
(ζ(.), ϱ(.))

(∫
Ω
Ψ(Π, ā)dν=

∫
Ω
Ψ1 (Π, ā1)dν, ...,

∫
Ω
Ψp (Π, āp)dν

)
subject to

χTΨζ(Π, ā)+λT θζ(Π, ζκ(t), b)+τTβζ(Π,ζκ(t), µ)

−Dκ

[
λT θζκ(Π, ζκ(t), b)+τ

Tβζκ(Π, ζ̄κ(t), µ)
]
=0,

(23)

χTΨϱ(Π, ā)+λT θϱ(Π, ζκ(t), b)+
τ̄Tβϱ(Π, ζκ(t), µ)=0, (24)

λT θ(Π, ζκ, b)≧0, (25)

τTβ(Π, ζκ, µ)=0, (26)

ζ(t0)= δ0, ζ(t1)= δ1, (27)

λ≧0, χ>0, τ >0, (28)

for ā ∈A, b∈B, µ∈M .

Denote TMW = {(ζ, ϱ, χ, λ, τ, ā, b, µ) satisfying
conditions (23)−(28)} as the set of feasible so-
lutions to (MWD).

Theorem 6. [Weak Duality Theorem] Assume
that (σ, ω)∈T and (ζ, ϱ, χ, λ, τ, ā, b, µ)∈ TMW .
Further, if

(i)

∫
Ω

(
λT θ(., ., b)dν+τTβ(., ., µ)

)
dν is

quasi-invex w.r.t. η and ξ at (ζ, ϱ);

(ii)

∫
Ω
Ψ(., ā)dν is strictly pseudo-invex w.r.t.

η and ξ at (ζ, ϱ);

then, the following inequality cannot hold∫
Ω
Ψ(Λ, ā)dν <

∫
Ω
Ψ(Π, ā)dν.

Proof. Let (σ, ω) and (ζ, ϱ, χ, λ, τ, ā, b, µ) be ro-
bust feasible solutions of (RUVP ) and (MWD), re-
spectively. As λ≧0,

∫
Ω
λT θ(Λ, σκ, b)dν ≦ 0≦

∫
Ω
λT θ(Π, ζκ, b)dν

and

∫
Ω
τTβ(Λ, σκ, µ)dν= 0=

∫
Ω
τTβ(Π, ζκ, µ)dν,

Hence,∫
Ω

(
λT θ(Λ, σκ, b)+τ

Tβ(Λ, σκ, µ)
)
dν≦∫

Ω

(
λT θ(Π, ζκ, b)+τ

Tβ(Π, ζκ, µ)
)
dν.

Thus, hypothesis (i) gives

∫
Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
λT θζ(Π, ζκ, b)+

τTβζ(Π, ζκ, µ)
)
dν

+

∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
λT θζκ(Π, ζκ, b)+
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τTβζκ(Π, ζκ, µ)
)
dν

+

∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
λT θϱ(Π, ζκ, b)+

τTβϱ(Π, ζκ, µ)
)
dν≦0.

Using dual constraints (23) and (24) in the above
inequality, we get

∫
Ω
η(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
−χTΨζ(Π, ā)+

Dκ

(
λT θζκ(Π, ζκ, b)+τ

Tβζκ(Π, ζκ, µ)
))
dν

+

∫
Ω
Dκη(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
λT θζκ(Π, ζκ, b)+

τTβζκ(Π, ζκ, µ)
)
dν

+

∫
Ω
ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)

(
−χTΨϱ(Π, ā)

)
dν≦0.

Further, integrating by parts and using boundary
conditions, we get∫

Ω
−
(
η(t, σ, ζ, σκ, ζκ, ω, ϱ)χ

TΨζ(Π, ā)+

ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)χ
TΨϱ(Π, ā)

)
dν≦0, (29)

On the contrary, suppose

∫
Ω
Ψ(Λ, ā)dν <∫

Ω
Ψ(Π, ā)

)
dν which by strict pseudo-invexity

of
∫
ΩΨ(., ā)dν at (ζ, ϱ) and for χ>0 imply∫

Ω

(
η(t, σ, ζ, σκ, ζκ, ω, ϱ)χ

TΨζ(Π, ā)+

ξ(t, σ, ζ, σκ, ζκ, ω, ϱ)χ
TΨϱ(Π, ā)

)
dν <0,

a contradiction to (29). Hence, the result fol-
lows. □

Theorem 7. [Strong Duality Theorem] Con-
sider (σ̄, ω̄)∈T to be a robust weak efficient
solution to (RUVP ). Then, ∃ multipliers χ̄∈
Rp, λ̄(t)∈Rm

+ , τ̄(t)∈Rn, and ā ∈A, b̄∈B, µ̄∈M
such that (σ̄, ω̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄)∈TMW . Further,
if assumptions of Theorem 6 holds true, then
(σ̄, ω̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄) is a robust weak efficient so-
lution to the problem (MWD) and the optimal val-
ues of (RUVP ) and (RMWD) are equal.

Proof. As (σ̄, ω̄) is a robust weak efficient solu-
tion to (RUVP ), hence, using Theorem 1, ∃ χ̄∈Rp,
λ̄(t)∈Rm

+ , τ̄(t)∈Rn, and b̄∈B, µ̄∈M , ā ∈A such
that the conditions (1)−(4) are satisfied at (σ̄,ω̄).
Hence, in view of constraints (23)−(28) it follows
that (σ̄, ω̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄) is a robust feasible so-
lution to (MWD).

Suppose (σ̄,ω̄,χ̄,λ̄, τ̄ , ā, b̄,µ̄) is not a weak efficient
solution to (MWD). Therefore, ∃ another point
(ζ, ϱ, χ, λ, τ, ā, b, µ)∈TMW such that∫

Ω
Ψ(Π, ā)dν ≧

∫
Ω
Ψ
(
Λ̄, ā

)
dν

contradicting Theorem 6.
Hence, (σ̄,ω̄,χ̄,λ̄, τ̄ , ā, b̄,µ̄) is a robust weak ef-
ficient solution to (MWD). Further, it follows
that the objective function values of (RUVP ) and
(MWD) are equal at (σ̄, ω̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄). □

Theorem 8. [Strict Converse Duality Theo-
rem] Assume (σ̄, ω̄) and (ζ̄, ϱ̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄) to
be robust weak efficient solutions of (RUVP ) and
(MWD) respectively, such that∫

Ω
Ψ
(
Λ̄, ā

)
dν=

∫
Ω
Ψ
(
Π̄, ā

)
dν (30)

Further, if

∫
Ω
Ψ(., ā)dν is strictly pseudo-invex

and

∫
Ω

(
λ̄T θ(., ., b̄)+ τ̄Tβ(., ., µ̄)

)
dν are quasi-

invex w.r.t η and ξ at (ζ̄, ϱ̄), then (σ̄, ω̄)=(ζ̄, ϱ̄).

Proof. Suppose to the contrary that (σ̄, ω̄) ̸=
(ζ̄, ϱ̄). Since (σ̄, ω̄)∈T and (ζ̄, ϱ̄, χ̄, λ̄, τ̄ , ā, b̄, µ̄)∈
TMW , respectively, then for λ̄≧0,∫

Ω
λ̄T θ(Λ̄, σ̄κ, b̄)dν ≦ 0≦

∫
Ω
λ̄T θ(Π̄, ζ̄κ, b̄)dν

and

∫
Ω
τ̄Tβ(Λ̄, σ̄κ, µ̄)dν= 0=

∫
Ω
τ̄Tβ(Π̄, ζ̄κ, µ̄)dν.

Hence,∫
Ω

(
λ̄T θ(Λ̄, σ̄κ, b̄)+ τ̄

Tβ(Λ̄, σ̄κ, µ̄)
)
dν≦∫

Ω

(
λ̄T θ(Π̄, ζ̄κ, b̄)+ τ̄

Tβ(Π̄, ζ̄κ, µ̄)
)
dν.

By quasi-invexity of

∫
Ω

(
λ̄T θ(., ., b̄)+

τ̄Tβ(., ., µ̄)
)
dν, the above inequality implies

∫
Ω
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
λ̄T θζ(Π̄, σ̄κ, b̄)+

τ̄Tβζ(Π̄, σ̄κ, µ̄)
)
dν

+

∫
Ω
Dκη(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
λ̄T θζκ(Π̄, σ̄κ, b̄)+

τ̄Tβζκ(Π̄, σ̄κ, µ̄)
)
dν

+

∫
Ω
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
λ̄T θϱ(Π̄, σ̄κ, b̄)+
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τ̄Tβϱ(Π̄, σ̄κ, µ̄)
)
dν≦0.

Using dual constraints (23) and (24), we obtain∫
Ω
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
− χ̄TΨζ(Π̄, ā)+

Dκ

(
λ̄T θζκ(Π̄, σ̄κ, b̄)+ τ̄

Tβζκ(Π̄, σ̄κ, µ̄)
))
dν

+

∫
Ω
Dκη(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
λ̄T θζκ(Π̄, σ̄κ, b̄)+

τ̄Tβζκ(Π̄, σ̄κ, µ̄)
)
dν

+

∫
Ω
ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)

(
− χ̄TΨϱ(Π̄, ā)

)
dν≦0.

Further, integrating by parts and using boundary
conditions∫

Ω
−
(
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)χ̄

TΨζ(Π̄, ā)+

ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)χ̄
TΨϱ(Π̄, ā)

)
dν≦0,

or ∫
Ω

(
η(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)χ̄

TΨζ(Π̄, ā)+

ξ(t, σ̄, ζ̄, σ̄κ, ζ̄κ, ω̄, ϱ̄)χ̄
TΨϱ(Π̄, ā)

)
dν >0.

Thus, by strict pseudo-invexity of
∫
ΩΨ(., ā)dν

w.r.t η and ξ at (ζ̄, ϱ̄),∫
Ω
χ̄TΨ(Λ̄, ā)dν >

∫
Ω
χ̄TΨ(Π̄, ā)

)
dν

which is a contradiction to (30) for χ̄>0.
Hence, (σ̄, ω̄)=(ζ̄, ϱ̄).

5. Conclusion

In this work, a multi-dimensional vector varia-
tional control problem incorporating data uncer-
tainty is considered. The sufficient efficiency con-
ditions are developed, followed by the formulation
of the Wolfe type and Mond Weir type duals for
the above said problem. Moreover, the signifi-
cant robust duality theorems viz. weak, strong
and strict converse theorems are established. The
duality results for Wolfe type dual have been pro-
cured under invexity assumptions of the involved
functionals, while for Mond Weir type, these re-
sults are derived under generalized invexity as-
sumptions. Additionally, an illustration is also
provided to corroborate the result obtained. This
work provides potential paths for future studies.
For example, this work can be extended to multi-
objective fractional variational problem. The con-
cept of semi-infiniteness or non-smoothness can
be introduced in this model.
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bust penalty function method for an uncertain
multi-time control optimization problems. Jour-
nal of Mathematical Analysis and Applications,
505, 125453. https://doi.org/10.1016/j.jmaa
.2021.125453

[27] Baranwal, A., Jayswal, A., & Preeti. (2022). Ro-
bust duality for the uncertain multitime control
optimization problems. International Journal of
Robust and Nonlinear Control, 32, 5837-5847.
https://doi.org/10.1002/rnc.6113

[28] Antczak, T., & Treanţă, S. (2023). Solving invex
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