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Construction of a Class of Non-direct Product Triangular Norms

CHEN Ziwen, LIU Ximin
(School of Mathematical Sciences, Dalian University of Technology s Dalian 116024, Liaoning Province , China)

Abstract: We considered the construction problem of non-direct product triangular norms on product
lattices, and gave a class of non-direct product triangular norms on product lattices, thus solving an
open problem of whether there were other forms of non-direct product triangular norms on product
lattices.

Keywords: non-direct product; triangular norm; product lattice

0 51 §

Menger'" 5| A = MBE - R EEW RS R, BESIE RS MAER TN = MAA%K N
BRI Y  B— B AIE R, Schweizer % & T 555011 B 25 M A&, IFIFi8 T Menger #E) 1)

fﬁ%#ﬁ, T ALK ] B AR A E . BT S AR s T B AR S B,
W= MBI 2 HZH AP Bz 6 E. Bl A 2 Tt EREaSE, ZHE2H.
PR SR . RO FE L I B S AR, X S AR ISR OB T R M RCR IR I B — Y
GER I, FRBIEA FURE b AR A R s R 2

FALIXEILO, 1 1 58 F s i X RS th iy oo R A A AT I AE, RURZE S50 EF CRA AR BA
], WA 72 a5 P (T RS T — A B BIF 5% 4% 32 G TE. De Baets S8 WF 58 T R BUMS b B AL = £
B, IR — A FF R, 7EL0.1 ] B SAATEIELL AR B = M.

Jenei A T — M E TR RS L FAEE B AR, o T LR, JFE— B A
AT

(D TEF RS 2B AFAE HAWE X dE AR =8

(i) Z i — e FAR bR B = A

Gi) & T RFBML FR=MAK, WESHE x.yEL, S xAy=0, xVy=1, T(x,x)=x,

Wi B . 2023-12-06.

FE—EFEN: BRTF30999—), Z, W%, BLURsE . NSRRI R H B W5, E-mail: ziwenchenok@163. com. EIE &
A XIPERA968—), B, UK, ML, #4Z, M4 S0, NFHRI ST, E-mail: ximinliu@dlut. edu. cn.

EE£TEH.: EFARFB¥ES S . 12331003).



1086 O R R GE RO %62 %

T(y,y=yza& T W EFEfRE.
Karacal 2538 5 — AN @58 0 T 2 IF ) B8 i) S R E 1, IF 45 1 B B = A ARl — 4> 2 1
ERR, U T AT GD. X TAFFREG) . Karacal " 44 T e A% I —AN3E B AR = A 15 1Y S 4]

¢iﬁ%ﬁe$%ﬁ%Ihgimxaﬁzﬁﬁ,Wﬁﬁﬁ%quieﬁxaﬁzﬁﬁ,ﬁ
Tenei 25504 Y 9 A TF LR (D 25 th R [l B 25 22
1 F&HR

EX 1M AR (L, <<,0., 1) BH RKTT 1, Mi/hIt 0, 4.

EX 2% WL <00, 1) R—DH M EXMEREMN .y, =€ L. Wl LTI KA

D T(x.y)=T(y,2);

2) T(x, T(y,2)=T(T(x,y),2);

3D Vy<z, T, W<T(x,2);

4) T(x,1)==x.
WL Ef—AZ5Cis 8 T L >L R —A4 = A f.

28 A AR b de R AR R S A

Ty (o) =2 A v,
Ny, 1L € {x,y)s
Tp(x,y) = o, .
BB BT RAERAE L LA, T, AR L, B AEL, W T, T, B ER
Ty X Ty((xysx3)s(y1y2)) = (T (a1 5y1) s T (a5 y5))

JERFMG L, XL, Y= fft.

AR SO BM L ¥ | L =2, 3FiE 1 =1, 01 21005 0=(0, =50, 40, )y NEIR
HAREUE, F={1,2,-+, n} K NIYH n I,
2 EFEHR

W€ N, n=2, (L;v<<,0, .1, )epse— AR, PREF WA= THE MIEEj,kEP, (€T,
L, BRIt /O, R R T .

D x@®,y=yD,x;

2) (A y)Dz=(x@;2) N (yD;2);

3 2 A y<<z@,y.
Bt 8, . Li—>L; W2 an P .

4) 0; (e Ny)=26,(x) No; ()

5) 9, (0., ) =0 ;

6) 8, =id 3

7) 8 0 8y =04,

Xﬁ%%ﬂ*ﬁ HLi *El"ﬂf%fﬁlx :(Il DRIV ot | 91:1) ’ y:(y1 s e Va1 ,yn)s ﬁgl
i=1
x A y=(1'1 A Vi s X1 A Vu—1 9Ty A y,,),
U (xay) = A8 () @D, CA 85 (y)) s (D
J i€F i€l

Ui (xsy), i € P,
1, i,
EEEE 1 1'/% nc N, 7’122, (L( 7<70L, ’114, )IGF%—ﬁ%ﬁﬁjﬁv P IEll: F E‘JE”E%%% Xd-'ﬁz%::Jepv

L/'Q[(l) (x’y) -



5 BRF 3, 5. —RAEE M = AR 1 1087

iEF, L, P JCisE®, WAYER D~3), HIS o, . L,—~L, 2EMR H~7), W = tis®
x Ay, 1€ {x.y},

T(x, ):
Y (v Ny N UV y) sz, Aoy AU (x,y)), Hifly

P HL,- R =R R, TSR SR

D T R—=THEER =M
2) MFAGEP, A1 a 0€ L, WL a@d7F1, .
UERT B TE RIS bk S e, T T 0 E AR R PR A 5

BIFHE. Wi x.y.z€ [ L Hx<y. WHE 1€ {x.y.z), WHEFHEDR. WE 1€ (x,y.2), Wik
8, MO R Z i T 1T
A TEMIREE x.y.z € [[ Ly T(T(xoy) ) =T(T(y.2) . x) W r. ¥ 1€ {x.y.2},

WK, X 1€ {x,y.z}), JEF HP={i, . i ) HAF i, <<i,<<--<i,, BEWTHAMEIE.
O WA &P, W T(T ey y) ) F T, Ty ) S TAFE BRI T 2, Ay, Nz,
@ WA jeP, B j=i, W T(Tx,y) ) j AR
2 ANy, A A Gey) A CCA 8y () A A 8y Cyd A AT (xay) A
J kER kER J

A8, QU (xay))) @, CA 8y () =
t kEF

12‘:/‘\\4‘

Ay Az A Geay) A CCA 8y (o) A A Sy (o) A
J krEF kEF
A8 (xay))) D, A By ().

XA i <t<<i,, B
/\ Skj (Jfk) /\ /\ 5@' (yk) /\ azj(oung(x’y)) =
kEF krEF t
8y 0 CA 8y (x) A A 8 (y)) A&, (I (x,y)) =
LEF kEF t
8 CA Sy a) N A 8w (y)) A&, Gl (x ) =
kEF REF t
/\ 6/4 (.l/) /\ /\ 8&]‘ (yl)
rEF rEF

A 1
a0 Ny Ao A ey A (CA 8y ) A

A8y () /\/\ Sy <a§ sy @, CA B,y (z0)) =

i Ny Nz A w;ff(x,y) A CCA 8y G A

A8y ) @ (A 8y (20)) =

x5 ANy, Az A ﬁufwx,y) A ou‘;ff(x,z) A ﬂufwy,z).
EHh, T(T(y,2z),x) 5 j TALFR A

v, Nz A, A rﬂu;*?)(y,z) A mf;?f(y,x) A %fwz,x).
R A MD, Wt A
2 Ny, Az A ﬁu;?«x,y) A au;?/(x,m A “léff(y,z) =

yi Az Az ATy ALy A AL (20,

e T 1L B = sk,



1088 O R R GE RO %62 %

=D, BRETRE-PTEHBRN =M, XMEE€EP, A
T((Ol,l [ ’11‘1 [ 901‘“ ) ’ (O[,1 [ 911,J 9t 901‘“ )) —

(OLI ""911, /\ ( /\ 8,‘/(01, ) @j /\ 8;/(01, ))9""014 ):
i S : i€F. i#j ! !

(OLl ’...,OLJ @jOI,J ,...’QL”) — (OL1 y oo ’114] ,...’OL” ).
P, XHER a.0€L;. 0, B0, =1, » a@b=1, . T/A.
D=2). RIRML.
E1 XMEE G EP, BIEL ML, Ffg. FHit, R P=F, WhEH 1 alfF L Ly —RAEEM
=

RS R A — A i RS ]iji4t$@ﬁ§?’*4§§4E}i AR, e T SCERLO ol B L I

2R, XF Jenei ZE 42 A TF LS (D 45 1 T ORI R, 52 3 1 A4k ZEAF 5T De Baets &5 42 1
NI Ia) L

EFE2 KaeN, n=2, (L,<,0.,1))—"HFK, PEFMIESFE NMEEW ;€P,
i€EF, L I Jtis 5O, WEMER D~3). HEb o, . L>L Rl O~7 ., W —JtisH
x Ay, 1€ {x.y},
(xy Ay A AUPCxeay)sesx, Ay AU (xay)), HAl
&L B =l 2, TAISR S

D TR—1HEEH = AR

2) XFEAFEP, FEIE a.bEL, WL aDb7#1,.

TEBI S LE 1, Homs.

A EAREE R, PR 0,1 ] EraAE R = AR

Bl 1 XTRMKL0.1], #F={1,2.3) HP & F fEas T4E.

B D X P={1}, 0<a,b<1, & LRFFHE A = (8 ers 64: [0,1]>[0,1]H

T(x,y) =

811 id[o.l]
Al — 621 - Jfa
831 Ih

HiE B 1AL
T ((Cxysassxy) s (yrayssys)) =Cay Ay A (Caey Axs AV (o Ay Ay,
x2 N yosxs N y3)
SRR B = A
I 2) X P=1(2}. 0<a.b<<1. ESCBMIPHHE A, = 0)icrs 020 [0.1]>[0.110H

012 x
A, = 0y |= id[o,l]
832 I/)

FEpr=ELim I
T, ((xy 525525 s (¥ sys5y3)) = (1 A yrax: Ay A
(Gt A N2Vt Ay Ny sas N ysy)
AR A AR
THIE 3) X P={3}, 0<<a.b<<l, & LBRSHFF As = (6:)iers 0 [0,1]>[0.11H

813 X
Ag — 823 — .T/
853 id[O.l]

mER 150,



%5 RT3, % —RIEER = ARG 1089

Ts((aysxssa3) s (y1syosy3)) =(xy A yisas N yosxs N ys A
((xf Ny Aa) Vot A ys A wid))
AR E R =
B O X P=1(1,2}, 0<a,b<<1, & XBHHFE A, = (0,)icr. jep» 6, : [0,1]>[0,1TH
o O idro,;; 2
A, =|0s On|=| x¢ idro.1]
031 Oz x’ xe
HiE B 1AL
T, ((xy sz 525) s (Y1 aysays)) =C(ay Ay A (Cay A xd A2V Gy Ay A yi)),
o AN ys A @V Ay A2Y) NV GV Ny A YY) exs A yy)
AR A AL
THIE 5) X P={1.3}, 0<a,b<<1, & LW A; = (0, iex. jers 05 : [0,1]>[0,1]K
du Bu) (idoa 2
A; =|0y  Os |=]| ¢ x"
031 Oss x’ idro.1
HiE B 1A
Ts (x50 525) s (y1ayeays)) =(ay A yr A (Cay A xs A D)V (o Ay A yi),
2o N yesxs Nys A (et A2y A x) Vi7" Ay A y))

AR E R = A
TP 6) Xt P=(2.3), 0a.b<<1. G X BRATHIFE 4, = (8;)iemp. jers 0y : [0,1]—>[0,1]H
012 O o /b
Ay =18 8w |=|idio.; 2V
O sy x’idro
hEH 1%,

Ts((xysxssx3) s (y1sys5y30) = (xy A yisaxe A ye A (A s A5V (v Ay Ay,
3 A ys A (@ A Y ANxs) Vo GY Ay Ay
SRR B AL
THIE T X P=F, 0<a,b<<l, & LB A, = (8,)icr. jers 852 [0,1]>[0,1]H

on 01z O idro.17 xte x '
A7 = 5\21 822 623 = x* id[o.l] Ia'/b
031 03 Oy x’ e id[o,l]

HiZE B 1AL
T ((aysassxs) s (y19y00ys)) = (y A yi (Cay A s A 22DV ey A as A 25)),
22 Nys At Nae A2V ot A ye Ay,
3 A ys Al A ad A VGV Ay Ay
AR H AR =R
Sk p;oo Ti: 0,1 X011 —>[0,1 &2 #ZR, p; = MNL0, 171 B0, 1JM#S. Wik T, 2—4
ESWMAEER =M, K ie{1,2,-.7}, j€{1.2.3).
E2 01 RHBEE SR Mo WBUEARTE, [0,1]" EAFAfE A 2SS ER =M. R,
SCHRLO TP I 45 SR I o Mo #5% T 1 MR, RIASCWE R BN T De Baets 555 £ 1 19 20 JF (8] (.

& % x #t

[ 1] MENGER K. Statistical Metrics [J]. Proceedings of the National Academy of Sciences of the United States of



1090 O R R GE RO %62 %

[2]

[3]

(4]

[5]

[6]

[7]
[8]

L9]

[10]

[11]

(12]

America, 1942, 28: 535-537.
SCHWEIZER B, SKLAR A. Assoclative Functions and Statistical Triangular Inequalities [ J]. Publicationes
Mathematicae Debrecen, 1961, 8(1/2): 169-186.
SUN X R, LIU H W. On the Constructions of +~Norms on Bounded Lattices [ J]. Information Sciences, 2021,
575: 173-184.
ASICI E. Constructing ~-Norms and z-Conorms by Using Interior and Closure Operators on Bounded Lattices [ J].
Iranian Journal of Fuzzy Systems, 2022, 19(1): 125-140.
CAYLI G D. On a New Class of t-Norms and -Conorms on Bounded Lattices [ J]. Fuzzy Sets and Systems, 2018,
332: 129-143.
DAN Y X, HU B Q. QIAO J S. New Construction of z~-Norms and t-Conorms on Bounded Lattices [J]. Fuzzy
Sets and Systems, 2020, 395: 40-70.
ZHANG D X. Triangular Norms on Partially Ordered Sets [J]. Fuzzy Sets and Systems, 2005, 153(2): 195-209.
DE BAETS B, MESIAR R. Triangular Norms on Product Lattices [J]. Fuzzy Sets and Systems, 1999, 104(1):
61-75.
JENEI S, DE BAETS B. On the Direct Decomposability of z~-Norms over Direct Product Lattices []J]. Fuzzy Sets
and Systems, 2003, 139(3): 699-707.
KARACAL F, KHADJIEV D. V -Distributive and Infinitely V -Distributive ~~Norms on Complete Lattices [J].
Fuzzy Sets and Systems, 2005, 151(2): 341-352.
KARACAL F. On the Direct Decomposability of Strong Negations and S-Implication Operators on Product
Lattices [J]. Information Sciences, 2006, 176(20): 3011-3025.
BIRKHOFF G. Lattice Theory [ M]. Providence. RI: American Mathematical Society Colloquium Publishers,
1967 6.

(riEsm . F 3





