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Abstract

Fibre-reinforced sand (FRS) is a multiphase and multiscale geo-material, which is widely used in geotechnical engineering as support-
ing structure of excavation of underground space and reinforcement of foundation of underground structures, and its strength is deter-
mined by the properties of the heterogeneous substances of the FRS and their coupling mechanical responses. In order to investigate the
influence of fibre characteristics and mechanical properties on the shear strength of the FRS, according to the microscopic interface slip
effect generated by the interaction between sand particles and the interaction between these particles and fibre, the material phase of the
FRS is divided to conceptualize a micro cell element of the FRS that is capable of reflecting the internal material characteristic infor-
mation of the FRS. Moreover, based on the coordinated deformation condition between fibres and sand particles at the microscale
and the couple stress theory that is capable of effectively describing the discontinuous mechanical responses at the sand-fibre interface,
a mesomechanism-based multiscale Mohr–Coulomb shear strength criterion of the FRS is derived, and the yield locus of the FRS is also
drawn on the p plane. Furthermore, a series of FRS samples with different fibre content and fibre length were prepared by adopting the
freezing method, and consolidated and drained triaxial compression tests were conducted on these samples to validate the proposed mul-
tiscale coupled Mohr–Coulomb shear strength criterion. Results show that the multiscale coupled Mohr–Coulomb shear strength crite-
rion is capable of effectively reproducing and predicting the yield strength of the FRS. The yield locus of the FRS extends outwards as
fibre content and fibre length increase. The yield stress of the FRS predicted by the proposed multiscale coupled Mohr–Coulomb shear
strength criterion is in good agreement with that of the test result.
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1 Introduction

Soil reinforcement technology is worldwide used in
geotechnical engineering, such as ground treatment, sub-
grade and foundation engineering, and backfill projects
(Yetimoglu et al., 2005). Fibre reinforced soil technology
is of pivotal importance because of its simple construction,
economical cost, rich types of reinforcement fibre and
excellent strengthening effect (Consoli et al., 2007; Zhang
et al., 2023). The promotion and application of this tech-
nology draw sustained attention because fibre inclusion is
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capable of enhancing the tensile, compressive and shear
strength, improving the ductility and dynamic properties,
and avoiding potential failure plane (Liang et al., 2018;
Li et al., 2019; Zhang et al., 2021a; Festugato et al.,
2022). It is reported that fibre-reinforced soil technology
has been widely used in excavation engineering of under-
ground space and ground treatment of underground struc-
tures (Feng et al., 2023). The reliable design of the fibre-
reinforced sand (FRS) engineering projects of underground
structures requires a comprehensive understanding on the
mechanical responses and failure mechanisms of the
FRS. In particular, a good prediction of the strength of
the FRS derived from theoretical model, the purpose of
which is to establish constitutive relations and strength
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criterions of the FRS that are applied in engineering design
of ground treatment of underground structures as theoret-
ical basis, is of pivotal importance. In general, previous
studies have demonstrated that the microstructures of the
FRS have important influence on its macrostrength
(Chen et al., 2015; Feng et al., 2023). However, theoretical
models for reproducing and predicting the multiscale cou-
pling mechanical properties of the FRS are still rarely
reported. Therefore, the development of deducing a multi-
scale theoretical framework of the FRS is expected to
ensure the security and stability of ground treatment of
underground structures by fibre-reinforced soil technology.

The FRS is an artificial geo-material that incorporates a
certain amount of fibre into the host sand to improve its
physical and mechanical properties. The strengthening
mechanism of fibre is that the compressive strength of sand
and the tensile strength of fibre are integrated through the
friction-sliding resistance effect on the interface between
sand particles and fibres to enhance the strength, ductility
and liquefaction resistance of sand (Yetimoglu et al.,
2005; Consoli et al., 2007; Liang et al., 2018; Chen et al.,
2015; Namli, 2021; Zhang & Russell, 2021; Zhang et al.,
2021b; Feng et al., 2023). The FRS is a complex multiphase
material system composed of a series of fibres, pore water
and sand particle skeletons, in which a large number of dis-
continuous interfaces between different phases of materials
emerge. Sand particles interact with fibre through transla-
tion and rotation, leading to interface slip between the sand
and fibre (Brighenti, 2004). When subjected to external
load, strong interface interactions between sand particles
and fibres are generated to accommodate the incompatible
deformation between different phases of materials. There-
fore, the FRS displays different plasticity and strength
properties compared with those of the host sand due to
the coordination mechanism of the microscopic motions
between sand particles and fibre. The specific surface area
of fibres controls the interface effect of the FRS; thus, the
fibre characteristics (length, content, and aspect ratio of
fibre) have an important influence on the physical details
and mechanical responses of the FRS at the microscale,
leading to complex mechanical behaviors directly related
to the fibre characteristics during deformation. Therefore,
the shear strength of the FRS is determined by the natural
properties of different phases of materials and the coupling
mechanical responses between them, and the failure of the
FRS is a hierarchical and multiscale deformation process.
In the case of saturated sand ground treatment, the fibre
inclusion can effectively enhance the bearing capacity and
liquefaction resistance of sand foundation, and then
improve the stability and earthquake resistance of under-
ground structures constructed on this foundation
(Bağriaçik et al., 2021; Zhang et al., 2022). However, the
interaction mechanism between sand particles and fibres
at various scales and the multiscale shear strength of the
FRS, which has an important influence on the bearing
capacity and liquefaction resistance of the reinforced sand
foundation, is rarely reported (Zhang et al., 2021b). There-
fore, it is of great challenge to deduce a multiscale strength
criterion to scientifically predict the shear strength of the
FRS (Song & Belytschko, 2009; Zhang & Russell, 2020).

The theoretical models for predicting shear strength of
the FRS can be mainly divided into three categories. The
first one is that phenomenological relationship between
shear stress and the length and content of fibre is estab-
lished by fitting the test results of shear strength of the
FRS (Consoli et al., 2010; Festugato et al., 2017; Yang
et al., 2022); the second one is that quantitative relationship
between shear strength of the FRS and fibre characteristics
is correlated according to the force equilibrium condition
(Masher & Gray, 1990; Ranjan et al., 1996) and deforma-
tion compatibility condition (Michalowski, 1997, 2008); the
third one is that shear strength theoretical models consider-
ing fibre strengthening effect are deduced on the basis of the
composite theory (Diambra et al., 2010) by dividing the
FRS into soil matrix and fibre reinforcement and introduc-
ing specific mathematical parameters to describe the natu-
ral properties of the sand and fibre (Gao & Zhao, 2013;
Wang et al., 2014; Ganiev et al., 2022).

Although the aforementioned studies have preliminarily
explored a number of methods for establishing shear
strength theoretical models of the FRS and achieved
important results, the model parameters involved do not
carry clear physical meanings due to the lack of experimen-
tal validation or rigorous physical basis at the microscale.
Therefore, these models cannot scientifically reproduce
and predict the multiscale strengthening mechanism of
fibre on sand in terms of the substance nature and physical
mechanism.

The Mohr–Coulomb strength criterion is capable of
effectively describing the strength characteristics and failure
behaviors of soil, and its parameters are with clear physical
meanings and easy to be determined, so it has been widely
used in geotechnical engineering (Jia et al., 2010). In the
case of the Mohr–Coulomb strength criterion, the shear
strength indexes are cohesion c and internal friction angle
u. The FRSs with different fibre contents, fibre lengths
and sand particle sizes carry different c and u, and the phe-
nomenon that the shear strength indexes change with fibre
length and sand particle size is a macroscale expression of
the multiscale coupled strength properties of the FRS
(Zuriguel & Mullin, 2008). However, the conventional
Mohr–Coulomb strength criterion is established on the
basis of a single macroscale, ignoring the influence of the
internal microstructures of the FRS on its mechanical
responses at the macroscale. Therefore, when this strength
criterion is used to analyze the physical mechanisms of the
generation and evolution of shear band and slope instabil-
ity, which are directly related to the particle and fibre char-
acteristics of the FRS, substantial constraints and
limitations appear (Feng & Fang, 2015a). Therefore, on
the basis of the composite theory (Diambra et al., 2010),
a mesoscale fibre-sand cell element that is capable of
describing the natural properties of the sand and fibre is
conceptualized by dividing the substance phases of the
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FRS into sand matrix and fibre reinforcement. The defor-
mation compatibility between sand particles and fibres at
the microscale is taken into account within the fibre-sand
cell element. The motion characteristics of sand particles
are characterized by the couple stress theory that is effective
for calculating the rotation displacement of sand particles
(Feng & Fang, 2015b), and a mechanism-based shear
strength prediction model of the FRS is established on
the basis of the frictional and slipping energy dissipation
effect appearing at the interface between sand particles
and fibres. Moreover, a hierarchical and multiscale
Mohr–Coulomb strength criterion is deduced. Further-
more, a series of the FRS samples with various fibre con-
tent and fibre length are prepared by freezing method for
consolidated and drained triaxial compression tests. The
model parameters of the proposed multiscale Mohr–Cou-
lomb strength criterion are quantitatively calculated and
the yield locus on the p plane is drawn and compared with
its counterpart drawn by the conventional Mohr–Coulomb
strength criterion to evaluate the feasibility and effective-
ness of the proposed multiscale Mohr–Coulomb strength
criterion. The present work is expected to shed light on
the development of a multiscale strength criterion for the
FRS that relates various coupling scales and is capable of
reproducing and predicting the fibre strengthening effect
of the FRS.

2 Fibre-sand cell element model

2.1 Physical and mechanical basis of fibre-sand cell element

model

The FRS is a distinct multiphase and multiscale geo-
material, and its mechanical properties cannot be predicted
by the classical soil mechanics. In order to conceptualize a
multiscale strength criterion of the FRS, fibre reinforced
sand is divided into sand matrix and fibre reinforcement
according to the microscopic deformation characteristics
of sand particle aggregation and a single fibre
(Michalowski & Zhao, 1996a; Michalowski & Čermák,
2003). The sand particle aggregation, which mainly forms
randomly dispersed and short friction bonds between sand
particles, is classified as sand matrix. The fibre, which
mainly forms continuous and long friction bonds along
the fibre surface, is classified as fibre reinforcement (Babu
et al., 2008). The short friction bonds generated by the
translation and rotation of sand particles constitute weak
force chains, while the long friction bonds generated by
the interaction between the sand matrix and fibre at the
fibre-sand interface constitute strong force chains
(Socolar et al., 2002). In this regard, mechanical responses
of sand particles and fibres at the microscale have an
important influence on the fabric of the FRS at the mesos-
cale, leading to different shear strengths of the FRS at the
macroscale, which indicates dramatic multiscale coupled
mechanical properties of the FRS. In the present work,
fibres are assumed to distribute in the sand matrix period-
ically and uniformly, and wrapped by the sand matrix thor-
oughly. Each fibre with its surrounding sand particles
forms a fibre-sand cell element, as shown in Fig. 1. The
FRS is consisting of a collection of these cell elements at
the macroscale. Therefore, this cell element is a representa-
tive volume element (RVE) for reflecting the information
of material phases and structure characteristics of the
FRS. In the fibre-sand cell element, fibre characteristics
are characterized by fibre content and fibre length in the
present work and the definition of fibre content of the
FRS can be expressed as

af ¼ V f

V
; ð1Þ

where af is the fibre content, V f is the volume of fibre, and
V is the volume of the whole FRS sample.

In the case of cylindrical fibres, af can be further
expressed as

af ¼ V f

V
¼ pd2

eL

pD2
eL

¼ d2
e

D2
e

; ð2Þ

where de is the diameter of the fibre; De is the diameter of
the fibre-sand cell element; L is the length of fibre. It is
assumed that the length of fibre is the same as that of the
fibre-sand cell element.

In the case of the fibre-sand cell element, the fibres have
to be sufficiently encapsulated by sand particles. As can be
seen from Eq. (2), for cylindrical fibres, the diameter of
fibre (de) must be much smaller than that of the fibre-
sand cell element (De), and fibre length (L) must be an order
of magnitude larger than the sand particle size (D) (Feng &
Fang, 2015a).

In the case of an ideal FRS with a horizontal distribu-
tion of fibres, when subjected to uniform compressive
stress, the effective stress generated by the compression
and rotation of sand particles transfers continuously in
the sand matirx, thus the deformation of sand matrix can
be considered as continuous at the microscale (Fang &
Li, 2016). The tensile stiffness of the fibre is extremely high
compared with that of the sand matrix, therefore, the fibre
generates no tensile strain but imposes a constraint on the
motions of sand particles at the microscale when the FRS
deforms. In this regard, the sand matrix undergoes contin-
uous axial and lateral strain, whereas the fibre undergoes
no deformation, as shown in Fig. 2 (the blue lines indicate
the particles before deformation). Therefore, the deforma-
tion characteristics of sand matrix and fibre are essentially
different, triggering incompatible deformation and leading
to rotation displacement concentration of sand particles
adjacent to the fibre. As the rotation displacement keeps
developing and concentrating, rotation gradient of the
sand matrix appears in the fibre-sand cell element at the
mesoscale, and interface slip between the sand matrix and
the fibre occurs to accommodate the incompatible defor-
mation at the microscale. Therefore, in the cell element the-
oretical model, the interface slip effect is a reflection of the
mechanical responses of the FRS at the microscale, the



Fig. 1. Multiscale framework of the FRS. (a) Macroscopic continuous samples, (b) cell element, and (c) microparticle aggregates.

Fig. 2. Fibre distribution and deformation of the ideal FRS.
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rotation gradient phenomenon is a reflection of the
mechanical responses of the FRS at the mesoscale, whlie
the continuous stress–strain relationship is a reflection of
the mechanical responses of the FRS at the macroscale.
In the present work, the couple stress theory is applied to
establish the relationship between the deformation of sand
particles at the micorscale and the rotation gradient at the
mesoscale, and the energy equilibrium principle of the FRS
at various scales is adopted to establish the relationship
between the material information at the microscale and
the continuum constitutive relation at the macroscale.
Therefore, the proposed fibre-sand cell element model is
a hierarchical and multiscale theoretical framework con-
necting various coupled scales, which is capable of effec-
tively simulating and predicting the multiformity and
coupling of mechanical behaviours of the FRS at different
scales.
2.2 Theoretical analysis of fibre-sand cell element theoretical

model

2.2.1 Summary of assumptions for the establishment of the
proposed model

In the case of the simplicity of mathematical derivation,
some assumptions are introduced in the present work to
establish the fibre-sand cell element model and the multi-
scale Mohr–Coulomb strength criterion, which are as
follows:

(1) Assume that the fibres are evenly and randomly dis-
tributed in sand matrix and are completely wrapped
by this matrix. Each fibre constitutes a cylindrical
fibre-sand cell element according to the fibre content.

(2) Assume that the fibre and fibre-sand cell element are
cylinders of equal length.
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(3) Assume that the factors of fibre curving, contacting
and knotting are ignored in the present work.

(4) Assume that the sand particles are spheres.
(5) Assume that the rotation gradient of the fibre-sand

cell element can be determined by the first-order dif-
ference of the strain.

2.2.2 Establishment of the fibre-sand cell element theoretical

model
The failure morphology of the FRS is still shear failure

(Sadek et al., 2010). Therefore, when the shear stress of the
FRS reaches flow shear stress state, the shear deformation
energy per unit volume of the FRS (U ) can be expressed as

U ¼
Z cs

0

sdc ¼ a
2G

s2s ; ð3Þ

where U is the shear deformation energy of the FRS; ss is
the flow shear stress of the FRS; s is the shear stress of the
sand matrix; cs is the flow shear strain of the FRS; c is the
shear strain of the sand matrix; dc is the deviation of shear
strain (c); G is the shear modulus of the FRS; a is a nonlin-
ear stress–strain relationship coefficient of the FRS, which
is introduced to characterize the nonlinear stress–strain
relationship of the FRS, in the case of linear stress–strain
relationship, a ¼ 1.

The strain energy releases from the FRS due to the gen-
eration and evolution of the interface slip within the FRS
induced by the incompatible deformation between the sand
matrix and fibre (Feng & Fang, 2016). Based on the energy
dissipation principle of the interface slip proposed by
Needleman and Qu et al. (Needleman, 1987; Qu et al.,
2005), the relationship between the interface slip and strain
energy can be expressed as

C ¼ @U
@d

; ð4Þ

where C is the strain energy released by solid producing per
unit displacement interface slip, which can be determined
by the microscopic pull-out test of a single fibre in the sand
matrix proposed by Tang et al. (2010).

However, the FRS is of obvious granularity and struc-
ture characteristics, when subjected to shear stress, inter-
actions between sand particles and fibres lead to
interfacial friction and slipping at the microscale, which
are closely related to energy dissipation. Therefore, the
energy dissipation characteristics of the FRS and brittle
solids are essentially different, and only a portion of the
strain energy stored in the FRS during deformation is
released when interface slip occurs. In this regard, a strain
energy release coefficient is adopted to characterize this
part of the strain energy (Lawn, 1993). Based on the
energy equilibrium principle between different structure
scales (Feng & Fang, 2015a), the quantitative relationship
between the macroscale strain energy and the microscale
interface slip in the FRS can be expressed as
(Michalowski & Zhao, 1996b)
Cd ¼ bU ¼ a
2G

bs2s ; ð5Þ

where b is the release coefficient of shear strain energy, for
brittle solids, b ¼ 1. Based on Eq. (5), the following is
derived:

ss ¼ G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2C

b aG
d

s
¼ nG

ffiffiffi
d

p
; ð6Þ

where n ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2C=ðb aGÞp

is a material constant, and d is
the interface slip of the FRS.

When the FRS is deformed, sand particles translate and
rotate, which causes interface slip between sand particles to
randomly and statistically appear in the sand particle
aggregation, this interface slip is referred as statistical inter-
face slip; while the fibres interact with sand particles
through interfacial effect, which causes interface slip
between sand particles and fibres to accommodate the
incompatible deformation between them, this interface slip
is referred as coordinated interface slip. In this regard,
according to the physical and mechanical mechanism of
the generation of interface slip, the interface slip of the
FRS (d) can be divided into statistical interface slip (dS)
that is generated by the interaction between sand particles,
and coordinated interface slip (dG) that is generated by the
interaction between sand particles and fibres. One may
find:

d ¼ dS þ dG: ð7Þ
Combining Eqs. (6) and (7), the flow shear stress can be

expressed as

ss ¼ nG
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ds þ dG

p
: ð8Þ

In the case of triaxial stress state ðr1; r2; r3Þ, the flow
shear stress can be expressed as

ss ¼ smax ¼ r1 � r3

2
sinð45� þ u=2Þ; ð9Þ

where u is the internal friction angle of the FRS.
In the case of conventional triaxial compression tests,

the axial flow stress of the FRS can be expressed as

rs ¼ Mss ¼ MnG
ffiffiffi
d

p
¼ MnG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ds þ dG

p
; ð10Þ

and

M ¼ 2= sinð45� þ u=2Þ; ð11Þ
where rs is the axial flow stress of the FRS; M is the mate-
rial constant.

The statistical interface slip ds can be determined by the
stress–strain relationship of the pure sand matrix (without
any fibre) sample:

rs ¼ rreff ðeÞ; ð12Þ
where rref is the reference stress (such as yield stress),
rreff ðeÞ represents the stress–strain relationship of the pure
sand matrix samples, and e is the axial strain of the sample.

In the case of sand matrix, the fibre content of the FRS
is af ¼ 0, and accordingly, the coordinated interface slip
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caused by the rotation of sand particles adjacent to the
fibre surface is dG ¼ 0. Therefore, the statistical interface
slip of the sand matrix can be determined by Eqs. (10)
and (12):

ds ¼ rreff ðeÞ=Mn G½ �2: ð13Þ

Substituting Eq. (13) into Eq. (10), the flow stress of the
FRS can be obtained as

rs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½rreff ðeÞ�2 þ ðMn GÞ2dG

q
: ð14Þ

Equation (14) establishes the quantitative relationship
between stress (rs) and strain (e) at the macroscale and
the coordinated interface slip (dG) of the FRS at the
micorscale. However, for the practical application of Eq.
(14), the following two questions need to be addressed in
terms of theoretical analysis: (1) how to describe the micro-
scopic kinematic characteristics of sand particles such as
particle translation and rotation? (2) how to connect the
graduation and void ratio of the sand matrix to the coordi-
nated interface slip (dG)?

The coordinated interface slip (dG), which is of clear
physical meaning, is an important model parameter of
the fibre-sand cell element model, and is the physical basis
of establishing a multiscale theoretical framework to pre-
dict the shear strength of the FRS. In the present work,
for question (1), the couple stress theory is adopted to
quantitatively calculate the rotation displacement of sand
particles, while for question (2), a number density function
of sand particles and a coordinated deformation condition
are introduced to establish the quantitative relationship
between the coordinated interface slip (dG) and the gradu-
ation and rotation displacement of sand particles.
2.2.3 Number density function of sand particles f ðDÞ
In order to quantitatively relate the rotation displace-

ment of sand particles with different size to the coordinated
interface slip (dG), the number density function of sand
particles f ðDÞ is introduced, where D is the diameter of
sand particle. The definition of f ðDÞ can be expressed as

f ðDnÞ ¼ NDn

N
¼ mDn

dsqwV Dn
=N ; ð15Þ

where ds is the specific gravity of sand particles; qw is the
density of water at 4 �C; N is the total number of particles
per unit volume of sand matrix; NDn is the number of sand
particles with an equivalent diameter of Dn in a unit vol-
ume of sand matrix; mDn is the mass of sand particles with
an equivalent diameter of Dn; V Dn is the volume of one sin-
gle sand particle with an equivalent diameter of Dn,

VDn ¼ pD3
n=6. According to the physical meaning of mDn,

it can be calculated from the gradation function of the sand
matrix gðDÞ:
mDn ¼ ½gðDþ DDÞ � gðDÞ� � m; ð16Þ
where m is the total mass of sand particles per unit volume
of the sand matrix, m ¼ q � e � V ; e is the void ratio of the
sand matrix.

Combining Eqs. (15) and (16), the number density func-
tion of sand particles can be further expressed as

f ðDnÞ ¼ ½gðDþ DDÞ � gðDÞ�qeV
dsqwpD

3
n

6
� N

: ð17Þ

In the case of unit volume of sand matrix, V ¼ 1. When
DD ! 0, one may find:

f ðDÞ ¼ 6eqg0ðDÞdD
N � pD3dsqw

; ð18Þ

where dD is the deviation of sand particle size.

2.2.4 Coordinated interface slip of the FRS (dG)
Tang et al. (2010) systematically studied the generation

and evolution of the interface slip between fibre and soil,
and obtained the geometrical morphology and distribution
characteristics of the interface slip under large tensile stress,
but did not discuss the computational formula of the inter-
face slip. Gao and Zhao (2013) gave a mathematical
expression of the interface slip between fibre and sand par-
ticles based on the study of Diambra et al. (2010). Follow-
ing the concept of Gao and Zhao (2013) and Diambra et al.
(2010) concerning the mechanism of the interface slip, a
mechanism-based mathematical expression of the coordi-
nated interface slip is deduced in the present work:

dGk ¼ xkDk=2; ð19Þ
where is xk the rotation displacement of sand particle with
diameter of Dk.

As a matter of fact, sand particles are with various sizes,
which can be taken into account by introducing the num-
ber density function of sand particles, and the coordinated
interface slip then can be further expressed as

dG ¼PkNk � dk ¼
P

kN � Nk
N � dk

¼PkN � f ðDkÞdk
; ð20Þ

where Nk is the number of sand particles with size fixed at
Dk.

Combining Eqs. (18)–(20), one may find:

dG ¼ 3eqx
pdsqw

Z Dmax

Dmin

g0ðDÞ
D2

dD; ð21Þ

where Dmax and Dmin are the maximum and minimum par-
ticle sizes of sand particles, respectively; x is the average
rotation displacement of sand particle aggregation. Equa-
tion (21) establishes the relationship between the coordi-
nated interface slip at the microscale and the rotation
displacement of sand particles as well as the physical prop-
erties of the sand matrix, which is important for realizing
the trans-scale correlation of the mechanical response of
the FRS and for quantitatively studying the multiscale
mechanism of the shear strength of the FRS. It is obvious
that the coordinated interface slip is associated with the
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physical properties such as particle size (D), gradation
[gðDÞ], void ratio (e), density (q) and specific gravity (ds)
of sand particles, and the mechanical properties such as
the rotation displacement of sand particles.

Substituting Eq. (21) into Eq. (24), one may find:

rs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½rreff ðeÞ�2 þ ðMnGÞ2 � 3eq

pdsqw

�
s Z Dmax

Dmin

g0ðDÞ
D2

dD � x:

ð22Þ
Equation (22) establishes a quantitative relationship

between the flow stress of the FRS and the rotation dis-
placement of sand particles, which is expected to shed light
on corelating the motion characteristics of sand particles at
the microscale to the mechanical response of the FRS at
the macroscale.
2.2.5 Average rotation displacement of sand particles in the

fibre-sand cell element model of the FRS

(1) Rotation gradient and rotation displacement of sand
particles

The average rotation displacement of sand particles in
the cell element of the FRS can be determined by the cou-
ple stress theory (Fleck & Hutchinson, 1993; Feng, 2016).

The displacement gradient of the cell element of the
FRS is divided into symmetric and antisymmetric compo-
nents (Feng, 2016):

ui;j ¼ eij þ xij; ð23Þ
and

eij ¼ 1

2
ðui;j þ uj;iÞ; ð24Þ

xij ¼ 1

2
ðui;j � uj;iÞ; ð25Þ

where eij is the strain tensor; xij is the rotation tensor,
which can be expressed as

xij ¼ eijkhk; ð26Þ
where hk is the rotation vector.

According to the study of Fleck and Hutchinson (1993),
the rotation gradient is defined as

xi;j ¼ gij ¼
1

2
eitsus;tj ¼ 1

2
eitsejs;t; ð27Þ

where gij is the rotation gradient of the sand matrix; eits is
the replacement symbol, which can be expressed as:

eits ¼
1 i; t; s are in the clockwise order

�1 i; t; s are in the counterclockwise order

0 i; t; s are in other order

8><
>: ;

ð28Þ
and
gkk ¼ 0

gD ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2
3
g0ijg

0
ij

q(
; ð29Þ

where gkk is the trace of the rotation gradient of the sand
matrix gij; gD is the average rotation gradient of the sand

matrix (Fang, 2014a).

(2) Rotation displacement and rotation gradient sub-
jected to conventional triaxial stress state

In order to obtain the quantitative relationship between
the average rotation displacement of the sand matrix at the
mesoscale and the axial strain of the FRS sample at the
marcoscale, the rotation gradient tensor can be determined
according to the axisymmetric deformation characteristics
of the triaxial compression test.

In the case of conventional triaxial compression test,
one may find:

r1 > r2 ¼ r3

p ¼ 1
3
rkk ¼ r1þ2r3

3

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
r0
ijr

0
ij

q
¼ ffiffiffiffiffiffiffi

3J 2

p ¼ r1 � r3

8>><
>>: ; ð30Þ

e2 ¼ e3 ¼ eV � e1
2

; eV ¼ ekk; ð31Þ

where p is the average principal stress, q is the equivalent
stress, eV is the volumetric strain and ekk is the principal
strain (k = 1, 2, 3). In the case of undrained triaxial com-
pression test, eV ¼ 0; while in the case of drained triaxial
compression test eV can be determined by the amount of
water discharged during the test.

In the case of cylindrical FRS sample, the antisymmetric
displacement field of the fibre-sand cell element can be
expressed as

u1 ¼ uz r; zð Þ; ð32Þ
u2 ¼ ur r; zð Þ; ð33Þ
u3 ¼ uh ¼ 0: ð34Þ
The rotation gradient tensor of the cylindrical cell element
then can be determined by Eq. (27):

g13 ¼ e123e32;3 þ e132e33;2 ¼ � @e33
@r

; ð35Þ

g31 ¼ e312e11;2 þ e321e12;1 ¼ @e11
@r

� @e12
@z

; ð36Þ

g23 ¼ e213e31;3 þ e231e33;1 ¼ @e33
@z

; ð37Þ

g32 ¼ e312e21;2 þ e321e22;1 ¼ @e21
@r

� @e22
@z

: ð38Þ

Except for the four items above, the other five compo-
nents in the rotation gradient tensors (gij) are 0. In the case

of fibre-sand cell element with sufficiently small sizes, the
rotation gradient can be expressed by the first-order differ-
ence of the strain of the cell element (Fang, 2014b, 2014c).
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On the basis of the symmetry deformation of the FRS sam-
ple in conventional triaxial compression test, combining
Eqs. (31), (35) and (37) yields:

g13 ¼ g31 ¼ � @e33
@r

� � De3
L=2

¼ e1 � ev
L

; ð39Þ

g23 ¼ g32 ¼ @e33
@z

� De3
De=2

¼ 2
De

LDe

LDe
e3 � LDe�Lde

LDe
e3

h i
¼ � de

D2
e
e1 � evð Þ

: ð40Þ

Combining Eqs. (29), (39) and (40), the equivalent aver-
age rotation gradient (gD) of the FRS can be obtained:

gD ¼ e1 � evð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

3L2
þ 4a2f
3d2

e

s
: ð41Þ

When the stress state of the FRS reaches yield stress
state, the axial strain (e1) in Eq. (41) can be replaced by
the yield strain (es), and the equivalent strain gradient
(gDs) can be calculated.

According to Eq. (27), the average rotation displace-
ment of the sand matrix can be expressed as

x ¼ R es
0
gDde ¼

R es
0

e1 � evð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

3L2
þ 4a2

f

3d2e

r
� de

¼ 1
2
e1 � evð Þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

3L2
þ 4a2

f

3d2e

r : ð42Þ

Combining Eqs. (41) and (42), x can be further
expressed as

x ¼ g2D

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

3L2
þ 4a2

f

3d2e

r : ð43Þ

Substituting Eq. (43) into Eq. (21), the expression of the
coordinated interface slip per unit volume of the FRS can
be obtained:

dG ¼ 3eqg2D

2pdsqw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

3L2
þ 4a2

f

3d2e

r �
Z Dmax

Dmin

g0ðDÞ
D2

dD: ð44Þ
2.2.6 Intrinsic length scale of fibre-sand cell element model of

the FRS

Combining Eqs. (22) and (43), the expression of flow
stress of the FRS can be obtained:

rs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½rreff ðeÞ�2 þ ðMnGÞ2 �

3eq
R Dmax

Dmin

g0ðDÞ
D2

dD�g2
D

2

ffiffiffiffiffiffiffiffiffiffiffi
4

3L2
þ

4a2
f

3d2e

r
pdsqw

vuuut
¼ rref

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2ðeÞ þ l2eg

2
D

q ; ð45Þ

where le is the intrinsic length scale of the RRS.
Assume that the flow stress can still be expressed by Eq.

(45) under triaxial compression stress state:

re ¼ rref

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2ðeeÞ þ l2eg

2
D

q
; ð46Þ
and

le ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2

MnG
rref

� �2 eq
pdsqw

�
R Dmax

Dmin

g0ðDÞ
D2 dDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4
3L2

þ 4a2
f

3d2e

r
vuuuut ; ð47Þ

where re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
r0
ijr

0
ij

q
is the equivalent stress; ee ¼

ffiffiffiffiffiffiffiffiffiffiffi
2
3
e0ije

0
ij

q
is

the equivalent strain; r0
ij and e0ij are the stress and strain

deviations. Based on Eq. (45), the intrinsic length scale le
can be further written as

le ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
s

r2
ref

� f 2ðeÞ
� �

=g2D

s
: ð48Þ

It is apparent from Eqs. (45)–(48) that the yield strength
of the FRS can be predicted by the proposed fibre-sand cell
element model once the physical properties and the stress–
strain relationship of the sand matrix and the content,
length and diameter of the fibre are determined. It’s noted
that the intrinsic length scale is a comprehensive reflection
of the heterogeneous and discontinuous deformation and
the microstructures of the FRS, and depends on the grad-
uation and void ratio of the sand matrix and the length and
content of the fibres. In this regard, the intrinsic length
scale is capable of describing the microscopic characteris-
tics of the FRS.
3 Multiscale Mohr–Coulomb strength criterion based on cell

element model of the FRS

The conventional Mohr–Coulomb strength criterion can
be expressed as (Chen et al., 2013; Li & Yang, 2019; Xu
et al., 2019):

r1 � r3

2
¼ c cosuþ r1 þ r3

2
sinu; ð49Þ

p sinu� qffiffiffi
3

p cos hr þ 1ffiffiffi
3

p sin hr sinu

� �
þ c cosu

¼ 0; ð50Þ
where hr is the Lode angle, in the case of conventional tri-
axial compression test ðr1 > r2 ¼ r3Þ, hr ¼ � p

6
; c and u are

cohesion and internal friction angle of sand matrix, respec-
tively. In the case of the FRS, the cohesion and internal

friction angle are denoted as c
�
and u

�
, respectively.

For triaxial compression tests, according to Eqs. (29)
and (46), one may find:

p ¼ p
�

q ¼ q
�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f 2ðeÞþl2eg
2
D

p

8<
: ; ð51Þ

where p
�
is the average principal stress of the FRS, and q

�
is

the equivalent stress of the FRS.
The multiscale coupling Mohr–Coulomb strength crite-

rion based on the cell element model of the FRS can be
deduced by substituting Eq. (51) with Eq. (50):
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p
�
sinu� q

�

ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2ðeÞ þ l2eg

2
D

q cos hr þ 1ffiffiffi
3

p sin hr sinu

� �

þ c cosu ¼ 0: ð52Þ
For conventional triaxial compression tests, the Lode

angle hr ¼ � p
6
and r2 ¼ r3, and Eq. (52) may then be writ-

ten as

3
2
r�

1 þ r�
3ð Þ � 1

2
r�

1 � r�
3ð Þ

3
sinu

� r
�
1 � r

�
3ffiffiffi

3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f 2 eð Þ þ l2eg
2
D

q ffiffiffi
3

p

2
� 1

2
ffiffiffi
3

p sinu

 !
þ c cosu

¼ 0: ð53Þ
For simplicity, Eq. (53) can be further written as:

A
r
�
1 � r

�
3

2
¼ c cosuþ r

�
1 þ r

�
3

2
sinu; ð54Þ

and

A ¼ 3� sinuþ sinu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ l2eg

�2

D

q
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2ðeÞ þ l2eg

2
D

q : ð55Þ

Obviously, when the equivalent average rotation gradi-

ent of the FRS vanishes, then A ¼ 1 and r
�
i ¼ ri. The mul-

tiscale coupled Mohr–Coulomb strength criterion in Eq.
(53) based on the mechanism-based fibre-sand cell element
model degenerates to the conventional Mohr–Coulomb
strength criterion expressed in Eq. (50).

The yield locus of the multiscale coupled Mohr–Cou-
lomb strength criterion in the p plane can be plotted
according to Eq. (54).

It is apparent from Eqs. (53) and (54) that the multiscale
coupled Mohr–Coulomb strength criterion has intrinsic
scale model parameters that are capable of reflecting the
microstructure characteristics of the FRS, and can effec-
tively describe the multiscale coupling shear strength of
the FRS. However, the equivalent average rotation gradi-
ent and intrinsic length scale are related to the content,
length and diameter of fibre, which must be determined
by specially designed experiments.

4 Triaxial compression test of cell element model of the FRS

4.1 Test materials

The sand used in the present work was taken from Nan-
sha District, Guangzhou City, China. Its physical proper-
ties are shown in Table 1, and its gradation is shown in
Table 1
Physical parameters of sand.

Void ratio Minimum void ratio Maximum void ratio

0.60 0.51 0.81
Fig. 3. The fibres used in the present work were polypropy-
lene fibres with lengths of 3, 6 and 9 mm. The physical and
mechanical parameters of the fibre are shown in Table 2.
4.2 Test scheme

The consolidated and drained triaxial compression test
on the FRS samples was carried out by a strain controlled
triaxial apparatus, and the shear rate was 0.1 mm/min. In
the test, the relative density of the samples was 0.7; the fibre
content of the samples was 0, 0.1%, 0.2% and 0.4%, and the
fibre length was 3, 6 and 9 mm. The confining pressures of
each group of the tests were 100, 200 and 300 kPa. A total
of 36 samples were prepared, and 12 groups of tests were
carried out. The test scheme is shown in Table 3, and all
tests were carried out according to the regulations GB/T
50123—2019 (Ministry of Water Resources of the
People’s Republic of China, 2019).
4.3 Sample preparation

In order to minimize the disturbance to the FRS sample
during installing procedure, the sample was prepared by
the freezing method. According to the relative density
and fibre content of the sample in the test scheme, the mass
of sand and fibre were weighed, and the fibre and sand were
mixed thoroughly first, after that, a certain amount of
water was added in this fibre-sand mixture, and the mixing
procedure held continuously to ensure that the fibres and
water were evenly distributed in the sand matrix, forming
a mixture of water, fibres and sand particles, and then, this
mixture was struck into a three petals mould in five layers
to form a FRS sample. The prepared samples were placed
in a refrigerator at �18 �C for 24 h, the frozen samples then
demould, as shown in Fig. 4.

In Fig. 4, some of the fibres in surface of the left-hand
sample with 10% water content appear to be curved, while
the curving effect of the right-hand sample with 15% water
content is slight, which indicates that the curving effect of
fibres can be mitigated by increasing the water content in
sample preparation. In spite of this, it is difficult to ensure
that all fibres are distributed in a straight line in the FRS.
The influences of fibre curving effect on the strength of the
FRS need further studies. In order to obtain the frozen
FRS samples with enough stiffness and to mitigate the
curving effect of the fibres, the water content of the FRS
samples was set at 15% and the frozen samples should be
installed within 15 min. After the frozen sample was
installed on the triaxial apparatus, it was saturated by
applying back pressure when it thawed thoroughly. The
Relative density Coefficient of uniformity Specific gravity

0.7 1.63 2.66



Fig. 3. Sand particle grading curve.

Fig. 4. Samples of the FRS after freezing for 24 h (a=0.4%, L = 9 mm).
(10% water content in the left-hand sample, 15% water content in the
right-hand sample, being left for 20 min after demoulding).
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dimensions of the samples were 39.1 mm in diameter and
80 mm in height.
4.4 Test result

4.4.1 Stress–strain relationship of the FRS
The stress–strain relationship of the FRS samples is

shown in Fig. 5.
4.4.2 Yield stress of the FRS samples

The yield stress of the FRS samples is shown in Fig. 6.
4.4.3 Shear strength indexes of the FRS samples

According to the axial yield stress of the FRS samples
under different confining pressures given in Fig. 6, the shear
strength envelopes of the FRS samples can be drawn, and
the shear strength indexes can be determined, as shown in
Fig. 7.

It is apparent from Figs. 5–7 that the yield strain, yield
strength and shear strength indexes of the FRS increase
with an increase in fibre content and fibre length. It is noted
that the mechanical properties of the FRS change greatly
as the length of fibre changes when fibre content remains
Table 2
Physicomechanical behaviours of polypropylene fibre.

Type Density (g/cm3) Diameter (mm) Tensile strength

Bundled single wire 0.91 0.25 �350

Table 3
Test scheme of the FRS samples.

Test group Fibre length (mm) Fibre content (%) Confin

1 3 0, 0.1, 0.2, 0.4 100, 20
2 6 0, 0.1, 0.2, 0.4 100, 20
3 9 0, 0.1, 0.2, 0.4 100, 20
unchanged, which presents apparent size effect of the
strength of the FRS.

4.5 Comparison of theoretical and experimental results of

yield strength of the FRS

It is apparent from Eq. (46) that the fibre-sand cell ele-
ment model of the FRS has three model parameters, the
yield stress of the sand matrix, the rotation gradient (gD)
and the intrinsic length scale (le) of the FRS. According
to the stress–strain relationship and yield stress of the
FRS samples given in Figs. 5 and 6, the rotation gradient
(gD) and intrinsic length scale (le) of the FRS can be quan-
titatively calculated by Eqs. (41) and (48), respectively.

4.5.1 Rotation gradient (gD) of the FRS

The rotation gradient (gD) of the FRS samples at yield
strain is calculated by Eq. (41), and the calculated results
are shown in Fig. 8.

It is apparent from Fig. 8 that the rotation gradient of
the FRS samples increases with an increase in fibre content
and a decrease in fibre length. The incorporation of fibres
in the FRS leads to remarkable rotation gradient of sand
particles due to the additional constraint exerting on the
sand particles adjacent to the fibres (Oda & Iwashita,
(MPa) Elastic modulus (MPa) Acid-alkali resistance Dispersivity

�3500 Extremely high Good

ing load in triaxial rheological test (kPa) Number of samples (ind)

0, 300 12
0, 300 12
0, 300 12



Fig. 5. Triaxial compression tst results of the FRS samples. (a) a = 0%, (b) a = 0.1%, (c) a = 0.2%, and (d) a = 0.4%.
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2000). The reduction in fibre length results in stronger rota-
tion constraint and thus larger rotation gradient of the
FRS, whereas the increase in fibre content leads to an
increase in the number of cell elements of the FRS and a
denser distribution of rotation constraint, thus the rotation
gradient of the FRS becomes larger. In this regard, the
rotation gradient that is capable of reflecting the heteroge-
neous and discontinuous deformation of the FRS increases
with an increase in fibre content and a decrease in fibre
length.

4.5.2 Intrinsic length scale (le) of the FRS

The intrinsic length scale (le) of the FRS samples at yield
strain is calculated by Eq. (48), and the calculated results
are shown in Fig. 9.

It is apparent from Fig. 9 that the intrinsic length scale
of the FRS increases with an increase in fibre content and
fibre length, and has an approximately linear dependence
on these two parameters, respectively. The intrinsic length
scale is related to the microstructures of the material
(Voyiadjis et al., 2005; Zhang & Aifantis, 2015). The
increase in fibre content and fibre length amplifies the
extension range of the heterogeneous and discontinuous
plastic shape distortion of the FRS, leading to an increase
in the size of the plastic shape distortion field of the FRS,
and thus the intrinsic length scale becomes larger.
4.5.3 Comparison of yield stress of the FRS calculated by the

proposed cell element model with test results

According to Eqs. (41), (46) and (48), and other relevant
model parameters listed in Figs. 8 and 9, the yield stress of
the FRS can be predicted by the proposed fibre-sand cell
element model. Comparison of yield stress of the FRS cal-



Fig. 6. Relationship between the yield stress and fibre content of the FRS
samples.
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culated by the proposed cell element model (rmp) and test
results (rts) are shown in Fig. 10.

According to the calculation results, the relative error
ðjrmp � rtsj=rtsÞ between the model prediction of the yield
stress of the FRS and the test results is less than 10%. Con-
Fig. 7. Shear strength envelopes and corresponding shear strength indexes of t
sidering the experimental errors and the theoretical
assumptions, the prediction results of the fibre-sand cell
element model of the FRS are basically acceptable.

4.5.4 Yield locus of the multiscale coupled Mohr–Coulomb

strength criterion based on the fibre-sand cell element model

of the FRS
In order to draw a yield locus of the FRS samples on the

p plane, the position of a point Q in the principal stress
space and its counterpart on the p plane needs to be core-
lated (see Fig. 11), where Q satisfies r1 P r2 P r3, and the
dash line in Fig. 11(b) denotes the negative axis of the coor-
dinate axis.

According to Fig. 11, one may find:

r0
1 ¼ r1 cos b ¼

ffiffiffi
2

3

r
r1; ð56Þ

r0
2 ¼ r2 cos b ¼

ffiffiffi
2

3

r
r2; ð57Þ

r0
3 ¼ r3 cos b ¼

ffiffiffi
2

3

r
r3: ð58Þ

In order to derive the yield locus on the p plane, we
rewrite Eq. (49) as:

S1 � S3

2
¼ S1 þ S3

2
sinuþ rm sinuþ c cosu; ð59Þ

and
he FRS samples. (a) a = 0, (b) a = 0.1%, (c) a = 0.2%, and (d) a = 0.4%.



Fig. 8. Calculation results of the rotation gradient of the FRS. (a) Relationship between fibre length and the rotation gradient, and (b) relationship
between fibre content and the rotation gradient.

Fig. 9. Calculation results of the intrinsic length scale of the FRS. (a) Relationship between fibre length and intrinsic length scale, and (b) relationship
between fibre content and intrinsic length scale.
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Si ¼ ri � rm; ð60Þ
and

S1 ¼ r1 � rm; ð61Þ
S3 ¼ r3 � rm; ð62Þ

S1 � S3 ¼ r1 � r3

S1 þ S3 ¼ r1 þ r3 � 2rm

�
; ð63Þ

S2 ¼ � S1 þ S3ð Þ; ð64Þ
where rm is a reference stress.

According to Fig. 11, when the point Q satisfies
r1 P r2 P r3, namely, �30� 	 hr 	 30�, the projection of
point Q on the p plane can be expressed as:
x ¼ l1 cos 30� � l3 cos 30� ¼ r0
1 � r0

3

� 	
cos 30�

¼ r1 � r3ð Þ cos b cos 30� ¼ r1 � r3ð Þ
ffiffi
2
3

q ffiffi
3

p
2

¼ 1ffiffi
2

p r1 � r3ð Þ ¼ 1ffiffi
2

p S1 � S3ð Þ
; ð65Þ

y ¼ l2 � l1 sin 30� � l3 sin 30� ¼ r0
2 � 1

2
r0
1 þ r0

3

� 	
¼ r2 � 1

2
r1 þ r3ð Þ
 �

cos b ¼ 1ffiffi
6

p 2r2 � r1 � r3ð Þ
¼ 1ffiffi

6
p 2S2 � S1 � S3ð Þ ¼ �3ffiffi

6
p S1 þ S3ð Þ

; ð66Þ

where l1, l2 and l3 is the length of o0p01; o
0p02 and o0p03 on the p

plane shown in Fig. 11(b).
Substituting Eqs. (65) and (66) into Eq. (59), the rela-

tionship between x and y can be expressed as



Fig. 10. Comparison of test results and predicting results of yield stress. (a) r3 = 100 kPa, (b) r3 = 200 kPa, and (c) r3 = 300 kPa.

Fig. 11. Relationship between one point in principal stress space and one point in p plane. (a) Stress space, and (b) p plane.
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x ¼ � sinuffiffiffi
3

p y þ
ffiffiffi
2

p
c cosuþ

ffiffiffi
2

p
rm sinu: ð67Þ

Equation (67) is the linear equation of the yield locus on
the p plane in Fig. 11(b) when point Q satisfies
�30� 	 hr 	 30�. Using the symmetric expansion method,
the whole yield locus of the conventional Mohr–Coulomb
strength criterion on the p plane (the irregular hexagon
with black solid line in Fig. 12 can be drawn based on
the test results given in Fig. 7.

Similarly, in the case of the multiscale coupled Mohr–
Coulomb strength criterion, according to Eq. (54), one
may find:

Ax ¼ � sinuffiffiffi
3

p y þ
ffiffiffi
2

p
c cosuþ

ffiffiffi
2

p
rm sinu; ð68Þ

where A is determined by Eq. (55).
According to the multiscale coupled Mohr–Coulomb

strength criterion based on the fibre-sand cell element
model of the FRS given in Eq. (68) and the relevant model
parameters given in Figs. 7–9, the yield locus on the p plane
can be drawn, as shown in Fig. 12.

It is apparent from Fig. 12 that the yield locus of the
multiscale coupled Mohr–Coulomb strength criterion of
the FRS is also an irregular hexagon; the yield surface of
the FRS sample expands outwards as the fibre content
and fibre length increase, namely, the shear strength of
the FRS sample increases with an increase in fibre content
and fibre length, and the yield locus of the multiscale cou-
pled Mohr–Coulomb strength criterion is in good agree-
ment with that of the conventional Mohr–Coulomb
strength criterion that is drawn on the basis of the test
results. Therefore, the multiscale coupled Mohr–Coulomb
strength criterion not only retains the advantages of the
conventional Mohr–Coulomb strength criterion but also
effectively reproduces and predicts the multiscale coupled
shear strength of the FRS, which is capable of realizing
the correlation between the structure characteristics at the



Fig. 12. Comparison of the yield locus of multiscale coupled Mohr–Coulomb strength criterion with that of its conventional counterpart (in the figure, the
dash purple line denotes the yield locus of the multiscale coupled Mohr–Coulomb strength criterion, whereas the dark solid line denotes the yield locus of
the conventional Mohr–Coulomb strength criterion, rm = 100 kPa). (a) a = 0.2%, and (b) L = 6 mm.
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microscale and the mechanical response of the FRS at the
macroscale.
5 Explanation of the physical mechanism of the fibre

strengthening effect of the FRS

Based on the fibre-sand cell element model of the FRS
and the triaxial compression test results, the physical mech-
anism of the fibre strengthening effect of the FRS can be
interpreted by using the test results that the shear strength
of the FRS changes with fibre content and fibre length.

In the case of the fibre-sand cell element model of the
FRS, the interface slip at the microscale and the rotation
gradient at the mesoscale appear in the FRS when sub-
jected to axial stress, therefore, the strain energy of the
FRS depends on both strain and rotation gradient. Com-
bining Eqs. (5) and (46), the strain energy of the FRS
can be expressed as:

U ¼ a
2G

s2s ¼
a
2G

� r
2
s

M2
¼ ar2

ref

2GM2
f 2ðeÞ þ l2eg

2
D

� 	
¼ UðeÞ þ UðgDÞ; ð69Þ

and

UðeÞ ¼ a

2GM2
r2
0; ð70Þ

UðgDÞ ¼
al2eg

2
D

2GM2
r2
ref ; ð71Þ

where r0 ¼ rref � f ðeÞ; UðeÞ is the strain energy associated
with continuous strain; UðgDÞ is the strain energy associ-
ated with the rotation gradient (gD) of the FRS.

It is apparent from Eq. (69) that the fibre incorporation
causes the rotation gradient and coordinated interface slip
to appear at the interface between the sand matrix and
fibre, leading to more energy releasing from the FRS com-
pared with that of the sand matrix at the microscale,
enhancing deformation resistance of the FRS at the mesos-
cale, and improving mechanical properties of the FRS at
the macroscale. When the fibre content increases, the inter-
face area of the fibres of the FRS increases, and the distri-
bution density of the coordinated interface slip increases.
Therefore, the yield strength of the FRS increases. When
the fibre length (L) increases, it is apparent from Eq. (44)
that the distribution density of the coordinated interface
slip of the FRS increases, and the strain energy stored in
the FRS increases accordingly, leading to an increase in
the yield strength of the FRS, causing an outward expan-
sion of the yield locus on the p plane at the macroscale.
Therefore, the proposed mechanism-based cell element
model of the FRS is capable of effectively interpreting the
multiscale mechanism of the fibre strengthening effect of
the FRS.

6 Conclusion

In the present work, a fibre-sand cell element model of
the FRS based on the interface slip effect and rotation gra-
dient effect is established, and a multiscale coupled Mohr–
Coulomb strength criterion is deduced based on the pro-
posed cell element model. Main conclusions are as follows.

(1) The shear strength of the FRS is determined by the
physical properties of the sand and fibres and their
coupling mechanical responses. The fibre-sand cell
element model of the FRS can relate the interface slip
at the microscale and the rotation gradient at the
mesoscale to the mechanical response of the FRS at
the macroscale, and consequently can reproduce
and predict the multiscale shear strength of the FRS.

(2) The proposed cell element model of the FRS intro-
duces two model parameters with clear physical
meanings, namely, the intrinsic length scale and the
rotation gradient, which can be determined by con-



68 D. Feng et al. / Underground Space 14 (2024) 53–69
ventional triaxial compression test. The intrinsic
length scale increases with an increase in fibre content
and fibre length, while the rotation gradient increases
with an increase in fibre content and a decrease in
fibre length.

(3) The yield stress predicted by the fibre-sand cell ele-
ment model of the FRS is consistent with the experi-
mental result, which preliminarily verifies the validity
of the proposed model.

(4) The yield locus of the multiscale coupled Mohr–Cou-
lomb strength criterion based on the fibre-sand cell
element model of the FRS on the p plane is irregu-
larly hexagonal, and expands outwards with increas-
ing fibre content and fibre length. The multiscale
coupled Mohr–Coulomb strength criterion retains
the advantages of the conventional Mohr–Coulomb
strength criterion, and can effectively reproduce and
predict the multiscale coupled shear strength of the
FRS and realize the correlation between the structure
characteristics at the microscale and the mechanical
response of the FRS at the macroscale.
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