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1. Derivation of Eq. (14)
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The last step is an approximation due to the independent modeling of  and .
2. Review of different learning paradigms
In this section, we review three types of classic learning paradigms with examples and theoretical analysis. Scrutinizing them through the lens of the communicative learning (CL) framework, we are easier to recognize their limitations, pros, and cons. For the sake of consistency, we follow the notations of statistical learning theory in this section, which can be slightly different from those in Section 2 and Section 3.3, with the major difference lying within the hypothesis space, which is indicated by  in this section,rather than  or . Learning a hypothesis corresponds to forming a concentrated belief of the model in the CL framework.
For concreteness, we consider the task of binary classification to describe and compare three learning modes. In this setting, a learner[footnoteRef:1], i.e. a learning algorithm, is given some labeled instances, or examples, and its goal is to learn a binary-valued classifier so that other unseen instances can also be correctly labeled. One of the most well-known applications of binary classification is face detection, where a classifier is trained to label if an input image depicts a human face. Formally, let  be an instance space which contains all the possible instances, i.e. inputs, to the classifier. We refer to a subset of  as a concept, which is thus equivalent to an indicator function i.e.  for some . As such, an instance  belongs to a concept  if and only if . Since not all the concepts are necessary of interest, it is useful to have the notion of a concept class , which is usually a strict subset of the power set . [1:  The ability to attribute mental states such as beliefs, intents, desires, emotions, and knowledge to others.] 

2.1. Passive Learning
Passive learning is the most popular learning setting whereby a learner passively receives data from the outside world and tries to figure out the underlying regularity based exclusively on its input. Fig. S1 illustrates passive learning using the CL representation. Recall the Probably Approximately Correct (PAC)model introduced by Valiant [1] for its analysis. Under this model, learning an unknown concept from data is forming, with high probability, a good approximation of it. Moreover, the model requires an efficient learning algorithm.
According to the PAC model, nature first chooses a concept  from a concept class  and samples  independent instances  according to a probability  over . Based on these observed instances  and their labels , the algorithm then forms an approximation of the unknown target concept . To be able to do so, the algorithm has to be equipped with a concept class  of its own. To distinguish it from the concept class , we call  a hypothesis space, whose elements are referred to as hypotheses. Note  may not be the same as .
[image: Diagram

Description automatically generated]Fig. S1. Diagram for passive learning. The learner passively receives the examples from the physical world. There are
only egocentric mental components in the learner’s mind.

Therefore, a learning algorithm amounts to a mapping from training data to its hypothesis space, i.e.  where  we denote for simplicity. Probabilistically speaking, for any combination of target concept  and sampling distribution , the algorithm  induces a probability  over its hypothesis space . As a result,  learns well if under , most hypotheses lie in the proximity of the target concept . Moreover, this property should hold regardless of the specific choice of  and , as neither is assumed to be known by the learner in advance. It turns out that the PAC model doesn’t need stronger assumptions for a learning algorithm to achieve its statistical accuracy.
[image: ]Now, let us clarify what it means for a hypothesis to be close to a concept. To this end, we use the symmetric difference
For a fixed pair , this quantity represents how likely they disagree over the label of an instance chosen at random from the sampling distribution. For any , a hypothesis  is an -good approximation of the concept  if .
We are now ready to define the PAC model.
Definition 1. A concept class  is PAC learnable if there is a learning algorithm  such that for any , sampling distribution  and target concept , with probability at least , it takes at most  i.i.d. training samples to produce an -good hypothesis, i.e.
[image: ]
where  denotes the set of -good hypotheses.
The uniform bound is a robustness requirement: not only should the algorithm  be able to output -good hypotheses for a specific concept  most of the time under a specific distribution , but it should also do so for any pair , as long as the target concept  belongs to the concept class . As a result, the PAC model is distribution-free.
As we can see, here a learning objective is parametrized by , measuring respectively learning accuracy and confidence. A learning task becomes harder because either parameter diminishes. Since the sample size is only allowed to grow polynomially in  and  the notion of sample complexity arises naturally, which is the minimum number of i.i.d. training examples an algorithm  needs to PAC learn a concept class 
[image: ]
A polynomial upper bound on the sample complexity requires a PAC learning algorithm to be efficient. Note however that the sample complexity is a worst-case measure of learning efficiency, that is, the number of training examples for  to achieve -learning for some particular  can be smaller than .
Now that we have the PAC model, it is important to know whether PAC learnable concept classes exist and if so, what their learning algorithms look like. To answer this question, we consider two concept classes, one finite and the other infinite, and show their PAC learnability by the same algorithm. By Definition 1, as long as there is a sampling distribution  under which an algorithm’s hypothesis space  differs significantly from the concept class , say , it is impossible for the algorithm to PAC learn. We thus assume  for now.
First, let us define a learner which will be called upon repeatedly in the following.
[image: ]Definition 2. Empirical error minimization (ERM) is ( a learning algorithm which forms a hypothesis from data  by
When there are multiple minimizers, ties are broken arbitrarily. We now state an elementary result concerning ERM.

Theorem 1. When its hypothesis space is finite i.e.  and has the concept class  as a subset, ERM is a PAC-learning algorithm.
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Description automatically generated]Its proof, given below, is instructive. Let  be the hypothesis produced by ERM based on  i.i.d. training examples. Let us emphasize that it is random because the training examples are. We find
Eq.  holds because the inclusion  implies that, with probability 1, the hypothesis  agrees with the target concept  over all the training instances i.e. . Since the instances are drawn i.i.d. according to , Eq.  follows. Eq. iii is true because the number of the hypotheses outside  is trivially upper bounded by . Finally, Eq.  is a simple application of the inequality  for all .
Therefore, even without direct access to , as soon as the sample size  exceeds , the probability for ERM to output an -good hypothesis is at least  under . Since this result holds independently of any specific choice of  ERM’s sample complexity for learning  is effectively upper bounded by a polynomial in  and  i.e. . A finite concept class is thus PAC learnable, provided that it is contained by a learner’s hypothesis space.
We now use an example [2] to show that an infinite concept class can be PAC learnable, too.
[image: ]Example 1. Let  be our instance space, over which we define the following concept class,
[image: ]Here a concept is identified with an instance. Again, a learner runs ERM with  . Specifically, upon receiving  labeled instances sampled independently from an unknown distribution  over , the algorithm partitions the training instances into two sets  and . Note that at most one of them can be empty. The learner outputs the following hypothesis
[image: ]Clearly,  has zero empirical error and is constructed with at most one instance selected from the training data. To show that this algorithm PAC learns, let us define  as the index of the instance picked up by the hypothesis if  and set it to zero otherwise, i.e.
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Description automatically generated]     Setting , we find
Eq.  holds because on the conditioning event . Eq.  is true because training instances are drawn i.i.d. Comparing this upper bound Eq. (S10) with Eq. (S6), we see that with an infinite concept space, the factor  is replaced by a term growing linearly in the sample size .
Agnostic PAC learning. As remarked earlier, the PAC model has a severe drawback because it essentially requires . In practice, since the concept class  is unknown in general, this condition is unlikely to hold. This problem is further compounded by the possible presence of noise in labels, making the existence of a zero-error hypothesis impossible.
[image: ]To allow for an analysis of learning in this more general setting, we make a few extensions to the PAC model. To this end, an important insight is to consider the joint distributions over  of general form, rather than just those that can be specified by a sampling distribution and a target concept. By notation abuse, we still use 𝑝 to denote a joint distribution, which allows us to write the error of a hypothesis as
Indeed, when a joint distribution is realized by a sampling distribution and a target concept as its marginal and conditional, this error is the same as a symmetric difference. Moreover, unlike in the PAC model where the approximation error has to vanish i.e. , we now allow a positive approximation error and generalize the notion of -goodness to mean any hypothesis  such that its excess error is small
[image: ]
We recover the original -goodness with  in the realizable case. If a hypothesis  is an error minimizer, i.e. , it is referred to as a target hypothesis.
In this agnostic setting, a learner, not knowing whether the joint distribution is realizable, still has to work reasonably well. This requirement is captured by the following definition.
Definition 3. A learning algorithm  is agnostic PAC if for any  and any joint distribution  over , it takes at most , i.i.d. training samples to produce an 𝜖-good hypothesis with probability at least , i.e.
[image: ]
Here we denote training data by  since in the agnostic setting, a target concept may not exist.
It turns out that, under certain conditions on its hypothesis space, ERM continues to learn. For an illustration, we prove the next result.
Theorem 2. ERM with a finite hypothesis space,  is an agnostic PAC learner.
[image: ]Proof: First note that the empirical error of a hypothesis  is an unbiased estimator of its error, i.e.
[image: ]Moreover, for a fixed , every summand of its empirical error is generated i.i.d. and valued in . Hoeffding’s concentration inequality [3] thus implies
[image: ]This inequality measures the deviation of a sample average from its expected value. Since the hypothesis space  is finite, an application of the union bound leads to
It is easy to check that, as soon as the sample size  exceeds , it is with probability at least  that the empirical error curve approximates the true error curve  uniformly well, up to an error upper bounded by  It follows that, on the same event of high probability, the hypothesis  output by ERM satisfies that 
[image: ]
Eq.  holds since the hypothesis , by definition, must do no worse than any other hypotheses in  at minimizing the empirical error. It thus follows that with probability at least 
[image: ]As the analysis is independent on a particular choice of  and that ,we conclude that ERM is indeed agnostic. In addition, note that without the realizability assumption, namely , this sample complexity upper bound worsens and becomes quadratic in .
Similar to the canonical PAC model, we can show that, even when its hypothesis space becomes infinite, ERM can still be agnostic. Since its proof becomes a little more involved [4], we shall content ourselves with stating a result parallel to Eq. (S16) i.e. Theorem 3. Before that, we introduce a new notion, which plays a role analogous to the cardinality  for an infinite hypothesis space.
[image: ]Definition 4. The -th shatter coefficient of a hypothesis space  is defined by 
It is thus the maximal number of distinct ways to label  instances by the hypotheses in .

Because a label is binary valued, the -th shatter coefficient is at most , regardless of the specific choice of the hypothesis space. But if  is finite, we have moreover .

[image: ]Theorem 3. Let  be a hypothesis space. Given  independent training examples  drawn from a joint distribution , for any ), the empirical error of a hypothesis and its true error is uniformly bounded
In light of  for a finite hypothesis space, the probabilistic uniform bound Eq. (S20) allows to recover Eq. (S16) up to some constant factors. More generally, the shatter coefficient is interpreted as a distribution-free complexity measure of the hypothesis space in terms of its labeling capacity. If  is so complex that its -th shatter coefficient equals  for all , the bound Eq. (S20) is rendered useless.
Perhaps unsurprisingly given what we have seen in Example 1, for certain infinite hypothesis spaces, the shatter coefficient only grows at a polynomial rate, enabling ERM to PAC learn. In this case, we can characterize the polynomial growth rate in terms of critical characteristics of a hypothesis space: its Vapnik-Chervonenkis (VC) dimension.
[image: ]Definition 5. The VC dimension of a hypothesis space  is

By definition, for any collection of  instances with  there is some labeling which cannot be realized by any hypothesis from . We now state a result which relates the shatter coefficient to the VC dimension for potentially infinite-sized hypothesis spaces [5].
[image: ]
Theorem 4 (Sauer). Let  be a hypothesis space of VC dimension . Then for any , we have
Hence, the shatter coefficient of a hypothesis space of VC dimension  grows no faster than . In view of Eq. (S20), we conclude that ERM agnostically PAC learns with a hypothesis space of finite VC dimension.
[image: ]It is natural to ask whether we can go beyond these hypothesis spaces and maintain (agnostic) PAC learnability with a hypothesis space of infinite VC dimension, possibly by a learning algorithm other than ERM. Remarkably, one can prove that it is impossible. Such a result is obtained using the sample complexity lower bound
[6, 4]. In contrast to the upper bound we have obtained for ERM, it informs the minimal number of i.i.d. training examples needed to achieve a learning objective by any learning algorithm. In summary, in binary classification, distribution-free PAC learning is possible if and only if the hypothesis space has a finite VC dimension [7]. Moreover, the VC dimension characterizes the sample complexity of a learning task modulo dependencies on the accuracy and confidence parameters.
The limitation of passive learning is that it usually requires a large number of training examples to learn a concept. The supervision is usually in the form of labels or annotations of the examples, and this can be time-consuming and expensive.
[image: Diagram

Description automatically generated]2.2. Active learning
Fig. S2: Active learning. The student  queries the teacher  for the labels. Notice that all ToM components in the agents’ minds are excluded.
Active learning [8–11] aims to address a crucial issue in the era of big data: Instances are often abundantly available at little cost whereas their labeling requires human effort and can thus be expensive. In contrast to the (agnostic) PAC model where a learning algorithm is fed with randomly sampled instances and their labels, in the active setting, a student (corresponds to the learner in the passive learning setting) is only provided with unlabeled instances. Their labels are not revealed unless explicitly requested. See Fig. S2 for an illustration, where the student  queries the teacher  about the labels of the selected examples.
Despite this paradigm shift, an active student is required to fulfill the same learning objective as its passive counterpart. Specifically, in binary classification, for any , it has to produce an -good hypothesis with probability at least , under the distribution from which random training instances are drawn. But the two learning modes differ in terms of how they query labels: a passive algorithm is seen as implementing a trivial query strategy by requesting the label of every instance in its training data. On the contrary, an active student may ask for significantly fewer labels than instances. As a consequence, label complexity, namely the minimum number of label queries required to achieve -learning, becomes a natural substitute to sample complexity for measuring active learning efficiency.
[image: ]How many labels are needed to actively learn a classifier? Let us get back to Example 1 and see how to actively learn a threshold function. In light of probabilistic bound Eq. (S10), given , we drawunlabeled instances where
from an unknown sampling distribution. In this way, if all the instances end up being queried, we are certain to obtain the same hypothesis as before i.e. Eq. (S8). However, thanks to the particular data structure of this problem, we are actually able to do so with significantly less labels. Specifically, we first query the instance at the median of the training instances. If its label is 1 (resp. 0), we move on to query the median of the instances to its left (resp. right). As such, after at most  label requests, we can determine the exact decision boundary of thetraining instances, hence their labels.
Compared to a passive approach, active learning may thus allow for an exponential saving in label queries, all the while realizing the same learning objective. This turns out to be a best-case scenario, that is, one can show that no other query strategy can further improve this label complexity, even when we assume the following unrealistically favorable learning setting where
1. there is an oracle able to answer arbitrary yes/no questions truthfully. This effectively broadens the allowed querytypes and includes label request as a special case;
2. an active student has access to an unlimited supply of i.i.d. instances. This condition is equivalent to saying that marginal data distribution over the instance space is known.
To state the result, let us introduce a definition.
Definition 6. For a hypothesis space  endowed with the symmetric difference , an -packing is a subset   such that , . The size of the largest -packing i.e.
[image: ]
is referred to as its -packing number.
[image: ]The packing number is also a measure of complexity of a hypothesis space. However, unlike the VC dimension, it is distribution-dependent. And these two measures are related by [12, 13, 14]

We now state the result due to [8, Theorem 3].
[image: ]Theorem 5. Under the previous assumptions, a hypothesis space  is actively learnable for all distributions if and only if it has finite VC dimension. Furthermore, to -learn, the number of binary questions is lower bounded by

Since label request is just one type of binary query, label complexity must also be lower bounded by Eq. (S27). Here we sketch the proof for Theorem 5. First, since a -packing provides a rough quantization of the hypothesis space  up to an error of order , we may focus on the  hypothesis representatives instead of the whole . Furthermore, in -learning, we can omit a fraction i.e.  of these representatives at random and still maintain a confidence level  about the -goodness of the selected hypothesis, which explains the factor  in the expression. But it has no material effect because  is always set close to 0. Finally, not knowing in advance which representative is optimal, we need at least bits of information for its identification.
Thanks to the relation between the VC dimension and packing number in Eq. (S26), we conclude that the label complexity is lower bounded by . In view of the sample complexity lower bound Eq. (S23) of passive learning that scales polynomially in , we find that an exponentially better label complexity is indeed the best one can hope for in active learning.
The proof of Theorem 5 also suggests an active student ask questions such as does the best hypothesis belong to these hypotheses or those? In practice, it is not easy for an active student to formulate such hypothesis-related queries, which could also be hard to answer because hypothesis representation is often student-specific. Hence, thanks to its simplicity, label request is often the only query type in active learning. It is thus interesting to ask if there is an active learning algorithm, which queries exclusively about labels, and yet still enjoys a label complexity that approaches the lower bound. It turns out that, when labels can be perfectly described by an element from a hypothesis space of finite VC dimension, i.e. realizable, such an algorithm can exist. CAL, named after its authors [15], is its archetype. Here we give a variant [16]:


[image: Graphical user interface, text, application, email

Description automatically generated]This CAL variant is thus ERM with a query function. It inspects one instance at a time and queries if and only if two of its remaining hypotheses disagree. In the case of total agreement, the label assigned at step Line 9 must be that of an error-free target hypothesis. Therefore, the returned hypothesis is the same as what ERM would produce, knowing all the labels upfront. As soon as the sample size  exceeds the sample complexity, it must be -good with high probability.
Next, we outline the reason why CAL is label-efficient and give an upper bound on its label complexity. Let CAL’s version space at time  be the set of plausible hypotheses consistent with . Given a version space, we would like to quantify how likely a query could occur. It leads to the following definition:
[image: ]Definition 7. Let  be a version space. Its region of disagreement is

Since queries only concern instances in the region of disagreement, a smaller region of disagreement as measured by  means that a new query is unlikely to occur and that most randomly sampled instances can be labeled for free. Moreover, CAL can stop learning whenever its region of disagreement satisfies . It is because an error-free hypothesis , which exists under the assumption of realizability, is always consistent with data and is thus maintained in the version space  . Hence, we can return any hypothesis  as it satisfies .
In summary, the faster its region of disagreement diminishes, the fewer queries CAL makes in its learning process. In order to measure the speed at which CAL shrinks its region of disagreement, we define a key parameter originally introduced in [17].
[image: ]Definition 8. Let  be a target hypothesis i.e. . The disagreement coefficient is

Loosely speaking, the disagreement coefficient characterizes the effectiveness of a random queried instance at reducing CAL’s version space and its region of disagreement. A smaller disagreement coefficient suggests a faster rate at which CAL reduces its region of disagreement, leading to a lower label complexity. In general, one have the following result [17, 18].

[image: ]Theorem 6. Let  be a hypothesis space of finite VC dimension. If the underlying data distribution is realizable with disagreement coefficient , CAL’s label complexity for -learning is upper bounded by

where thenotation suppresses terms logarithmic in , , and .

Compared to the label complexity lower bound given earlier i.e. , CAL’s is almost as good, as long as the disagreement coefficient  is small. Note, unlike the sample complexity upper bounds derived previously which are distribution-free, the label complexity upper bound Eq. (S30), because of its dependency on the disagreement coefficient, may vary with the distribution .
In the non-realizable case, Algorithm S1 does not apply because we cannot discard a hypothesis based on a single example, 
[image: Diagram, histogram

Description automatically generated]Fig. S3: Version space update. Once a few labeled instances have been accumulated, we compare the members of a version space to eliminate those with large errors. Here the two dashed curves represent high confidence uniform bounds for the hypotheses under consideration, and we eliminate hypotheses whose error lower bound exceeds the error minimizer’s error upper bound (outside the blue boundaries). Under some mild assumptions, a reduced version space implies a smaller region of disagreement. In the next round of active learning, more instances can then be labeled and fewer are queried, contributing ultimately to a low label complexity.
whose label can be noisy. It inevitably leads to a higher label complexity. In particular, when a hypothesis space  has  and , [10] establishes a distribution-free label complexity lower bound stating that any active learning algorithm needs to query at least  labels in order to learn an -good hypothesis with high probability. Compared with the sample complexity lower bound Eq. (S23) in passive learning, we find that active learning is less advantageous when learning has to be accurate whereas noise is strong, i.e. .
Recently, a few works [19, 16, 10] have produced active learning algorithms with good label complexity guarantees for a general, non-realizable learning setup. The technical details vary, and we do not pursue them any further than giving the main idea underlying these works when it comes to how to shrink a version space. Unlike in the realizable case where bad hypotheses can be eliminated with certainty, here we suppress them only with high confidence, using probabilistic uniform bounds for example (see Fig. S3). As long as the version space diminishes sufficiently fast with queries and always retains a target hypothesis with high probability, we can guarantee both learning consistency and a good label complexity.
2.3. Algorithmic teaching
[image: Diagram

Description automatically generated]In the setting considered so far, a learner has the goal of finding a hypothesis that best describes its training data, sampled from a distribution over which it has no control. Despite their solid theoretical guarantees, both passive and active learners require a rather large data set (i.e. exceeding the sample complexity to make up for not knowing the distribution) to fulfill its goal reliably.
Fig. S4: Algorithmic teaching. The teacher  provides customized examples for the student . Notice that the teacher now begin to model the student and bear the ToM components, but the student doesn’t aware of the pedagogy and still treats messages from the teacher as random examples.
Algorithmic teaching takes a different approach to learning by involving a teacher in the process. A teacher is a counterpart to a student, who shares the same hypothesis space and knows the target hypothesis for a given learning task. However, unable or disallowed to communicate the hypothesis directly, she exerts influence on the student through its training data and aims to accelerate its learning. See Fig. S4 for an illustration, where the teacher  provides customized training examples for the student . To produce teaching materials suited to her audience, she has to possess some knowledge as to how the student reacts to data.
To see that teaching can result in far fewer training examples, we consider Example 1 again. Aware of the target threshold and the learning algorithm Eq. (S8), a teacher simply gives one labeled instance, i.e.  for the student to acquire exactly the same hypothesis. When optimally taught, a student can thus do as well as its teacher at little computational effort, whereas as we have seen previously, a learner by itself has to process at least  instances and queries at least  labels to guarantee a similar outcome with high probability.
In general, teaching can thus be posed as an inverse problem to learning [20] and its goal is to find the smallest set of examples based on which an intended student can output the desired hypothesis. This idea was first formalized in [21, 22] in which they consider teaching an arbitrary consistent student, i.e. ERM and introduce a new way of measuring the complexity of a hypothesis space: the teaching dimension (TD).
[image: ]Definition 9. Let  be a finite hypothesis space. A teaching sequence  for a hypothesis  is a sequence of examples which enables a student to uniquely identify  in . Let  be the collection of all teaching sequences for the hypothesis . The TD of  is defined as
It is thus the minimum number of examples a teacher must reveal to the student to uniquely specify any hypothesis in .
[image: ]Since any two different hypotheses must disagree on at least one instance, for each hypothesis in  other than the one that a teacher has in mind, she can find an example for its elimination, leading to a teaching sequence of length . Shorter teaching sequences result if an example allows removing more than one hypothesis. In other words, we find
By definition, the TD of a hypothesis space is smaller than the sample complexity achieved by ERM with a meaningful learning objective . But compared to learning, just how much more effective teaching can be in terms of the number of training examples required is hard to characterize, because the relation between TD and the VC dimension, the key to the sample complexity, depends strongly on the hypothesis space under consideration. To illustrate this point, let us consider the following examples [22].
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	




   (a) A hypothesis space of VC dimension 1 and TD        		(b) A hypothesis space of VC dimension 𝑛 and TD 1.
Tab. S1: Example concept classes of the same VC dimension but different TDs. 

Example 2. Table S1a shows an instance space of cardinality  on which we define a class of  hypotheses. Each of the first 𝑛 hypotheses is identified by a unique positive example, whereas the last one represents the empty set. Therefore, to unequivocally specify  to any consistent student, a teacher has to label all the instances, hence the TD is . On the other hand, since none of the hypotheses in the class contains two positively labeled instances, its VC dimension, by Definition 5, is 1. Note that for this particular hypothesis space, its TD attains the upper bound in Eq. (S32).

Example 3. This example goes in the opposite direction. Table S1b shows a class of  hypotheses (hence of VC dimension less than or equal to ) over an instance space containing  distinct elements. Each hypothesis is uniquely identified by a positively labeled instance so that the TD of this class is 1. In addition, hypothesis 𝑖 labels the last  instances, i.e. , according to the binary representation of , which implies that the VC dimension of this class is  because it produces all possible labelling on these last 𝑛 instances.

Example 4. Algorithmic teaching can also be illustrated for binary classification using support vector machine (SVM). In this case, the teacher knows the true classification boundary parameterized by the unit vector  and gives the student pairs of examples at distance 1 from the boundary, of the form , where  is a random point on the boundary, thus . This type of learning is illustrated in Fig. S5 together with active learning and standard inductive learning for a 10D problem. The concept error is the norm of the difference  between the estimated boundaryand the true boundary , both normalized to be [image: Chart, line chart

Description automatically generated]unit vectors.
Fig. S5: Comparison between inductive learning, active learning and algorithmic teaching for binary classification using SVM.
[image: ]Recently, people have started to explore the possibility of teaching students other than ERM. It leads to a natural extension of the TD model. Specifically, aiming to make her student  acquire an -good hypothesis with respect to an intended target  under a sampling distribution , a teacher needs to solve the following problem [23, 20, 24, 25]
[image: ]where  denotes the set of 𝜖-good hypotheses in  and  is the cost function that measures the number of training examples needed to achieve the teaching objective. Denoting a minimizer to the optimization problem in Eq. (S33) by , we have generalized the TD in Eq. (S31) to
Indeed, for a finite hypothesis space , we recover the TD in Eq. (S31) from Eq. (S34) by setting  to ERM,  to a distribution such that  and  to any number in .
Another line of research in teaching studies how a student, knowing that it is being taught, should act in response to its teacher to make her more effective. These works [26, 27] originated from the observation that unlike the VC dimension, the TD of a hypothesis space may change drastically when one removes a single element from it, a fact first highlighted by [22]. Specifically, they showed
Theorem 7. Let  be a hypothesis space for which . Then there exists an  such that for , .
It means that a singularly high TD may be entirely blamed on a single hypothesis, the removal of which leads to a much-easier-to-teach class. Example 2 is the case in point for . If we remove the hypothesis  from the hypothesis space, as expected, its new TD drops from  to 1!
As a result, to determine any hypothesis quickly in a class  with , [26] suggests that, prior to running ERM, a student first identifies its most-difficult-to-teach hypothesis  and the parameter . In this way, as soon as receiving the -th example from its teacher, the student may stop asking for more examples and takes as its output. Note however that for this strategy to succeed, a teacher has to use the same optimal teaching scheme as expected by the student.
A closer examination reveals that under the same condition, a student can reach its conclusion earlier, that is, based on , rather than  teaching examples [27]. It is because, unlike other members in the class,  is the only hypothesis that the student cannot be certain of upon seeing  optimally chosen training examples. Therefore, rather than derive information from the length of a teaching sequence [26], a student should base its decision on the content of its teaching sequence. Back in Example 2, the empty set  should be identified as soon as a negative teaching example is received. In summary, if a student, in presence of a teacher, is capable of simulating her teaching behavior, it can then infer her intention and learn with even fewer examples. In fact, several cooperative protocols [27] have been proposed to achieve such an improvement. Despite their various implementations, these protocols share a certain structure and align with the idea of the CL formalism.
3. Detailed Communicative learning instantiation of prior learning paradigms
3.1. Level-0 paradigms
3.1.1. Passive learning
As reviewed in Section S2.1, passive learning is the most popular learning paradigm whereby the student passively receives data from the outside world and tries to figure out the underlying regularity based exclusively on his input. In passive learning, the teacher doesn’t model the student. Namely, she follows the same way of providing data regardless of the student and is usually represented implicitly by a training set due to the lack of agency. Here we revisit the concept learning as an example.
Concept learning We can represent concept learning [28, 29] using the notation defined in CL. Suppose we have two concept spaces  and , both defined on a domain space, , and a concept maps an instance  to a label  . Without loss of generality, we have . There is a ground-truth concept  only known by the teacher. That is,  and the teacher’s message space as  . Since the teacher doesn’t model the student,  and Eq. (7) can be omitted. Eq. (8), as she randomly chooses an  pair that is compatible to  every time, can be instantiated with  and , meaning hard-max with random tie-breaking.
[image: ]Because the teacher provides nothing but positive sampled [30] examples from the , the student can only check the consistency of models in  and prune out models incompatible with his received examples. When the student doesn’t have any prior knowledge or preference over concepts in , this leads to the Candidate-Elimination (CE) algorithm shown in Algorithm S2, whose convergence towards the correct concept has been proved, provided (1) there are no errors in the training examples, and (2) there is some hypothesis in  that correctly describes the target model,  [28].
This is equivalent to have
[image: Text

Description automatically generated with medium confidence]where  is the partition function to ensure  is a valid distribution over . As the normalization can always be done in Eq. (11),  doesn’t have to be normalized and  can also be omitted. In the rest of the paper, we’ll use  instead of and omit . Notice the belief of the teacher’s estimated learning state can be ignored due to her random selection of data.
[image: ]However, as we discussed earlier, there is usually no guarantee that  and  are the same. Thus, it might be possible that . In this case, suppose the teacher sends a batch of training data all at a time. Then, , where  is the batch size of the data. The common learning mechanism for the student in this setting is the ERM as defined in Definition 2, which returns a concept achieving minimal empirical risk from  [29]. It can be represented with

As discussed in Theorem 3, if , ERM is a PAC-Learning algorithm when  (also known as the realizability assumption) and an agnostic PAC-learning algorithm when  [1, 29].
[image: ]We didn’t include 𝐿 in our teacher/student formalization, as neither agent relies on it to select messages or update their beliefs. Only in the evaluation of the learning will  make its occurrence. In concept learning,  can be defined as

Here we assume there is a uniform distribution defined on the instance space . Usually, this error can be approximated with a testing set mutually exclusive from the training data.
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Description automatically generated]Maximum likelihood estimate for parameter learning Unlike concept learning, parameter learning usually involves uncountable model space, leading to intractable posterior over  unless special distribution families are used to model  [31], which could limit the expressiveness of . When the full distribution is intractable, the student can use the maximum likelihood estimate (MLE) estimator to approximate  and thus  given a prior distribution. For a uniform prior, , where  [31]. In most cases,  is high dimensional and non-convex, with intractable global optimal. Hence, usually gradient-based algorithms are leveraged to find a locally optimal MLE of thus , a widely adopted technique in modern days’ learning of deep neural network (DNN) [32, 33, 34].
[image: ]We can show that learning neural network parameters with stochastic gradient descent (SGD) [35, 36] can also be represented using the CL framework. Suppose the student has a DNN  that takes in an instance  and outputs a distribution of its label. The teacher, like in concept learning, randomly chooses  from a data set. We can assume there is an oracle DNN parameterized by  that generates all the data. Then we can define , meaning  in the selected examples always match with the most probable output of . The student follows Bayesian rule to update his belief
[image: ]Therefore, suppose the student holds a uniform , after  rounds, ,
As specified in Algorithm S4, SGD optimizes the same objective function as Eq. (S39) [37, 36], so a student conducting SGD is equivalent to a CL student who uses Eq. (S38) for belief update and approximates  with . 
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Description automatically generated]
3.1.2. Active learning
As we discussed in Section S2.2, in certain circumstances, active learning has exponential saving in label queries comparing with passive learning. Here we can redefine the Example 1 with the notation in the CL formalism and have the following example:

Example 5. Let  be the instance space. Define a threshold function  and . Suppose we have the teacher and the student’s model space as , teacher’s message space  and . Namely, the teacher has a threshold  and she randomly sends a number from  and whether that number exceeds the threshold to the student.
[image: ]Consider learning  in the setting of Example 5. Using ERM defined in Definition 2 and Section S3.1.1, the student can end up with
Recall the number of random examples the student needs to achieve  PAC-learning is as given in Eq. (S24) [29].
However, thanks to the particular data structure of this problem, the student is able to do so with significantly fewer labels. Specifically, he first queries the instance at the median of the training instances. If its label is 1 (resp. 0), he moves on to query the median of the instances to its left (resp. right). As such, after at most  label requests, he can determine the exact decision boundary of the  training instances, hence their labels [8].
Next, we take two algorithms as examples to show how the CL framework can be grounded to active learning situations. In the rest of this article, we follow the most common setting of active learning, in which only querying labels of examples from an oracle is allowed [11].

[image: Text

Description automatically generated]CAL First, recall the CAL algorithm defined in Algorithm S1. It can be applied to realizable cases and has label complexity for  PAC-learning at least as good as ERM up to a factor of disagreement coefficient, which characterizes the effectiveness of a random queried instance at reducing CAL’s version space and its region of disagreement. For more theoretical detail about CAL and active learning algorithms for non-realizable case, we refer readers to [17, 18] and [16, 38, 10]. In Algorithm S5 we adjust Algorithm S1 with CL notations.

[image: ][image: ]CL can represent CAL similarly as CE plus a student query strategy. That is, the teacher still has . The student will determine whether to query based on his models’ agreement of the latest data. However, there is one nuance in the CL formalization: 𝑉 doesn’t take in  directly. Luckily, the student can useto hold the latest unlabeled data and pass  to . Thus, the student has   and
 updates to the unlabeled data  and  is the same as CE to guarantee the consistency between data and models when updating  using Eq. (11). Let , indicating query or not. Then, we are ready to define
[image: Text

Description automatically generated]As  is a delta function, the integral simply means the output of . The cardinality, either 1 or 2, indicates the number of possible outputs from models that the student still thinks possible. If it equals 1, all the possible models agree on ; otherwise, there is a disagreement, which will trigger a query. As the transition of  is not up to the student,  doesn’t need to be defined. Notice that in this formalization, the teacher always sends , but  is not always used to update . Although  appears in Eq. (S42), the student doesn’t need it until he decides to query, because no belief update will happen if  for that round. And  is not used to calculate  as its value doesn’t influence the result of Eq. (14) and there is no  in Eq. (S43).

Pool-Based Active Learning (PBAL) Another type of active learning involves an unlabeled (or partially labeled) dataset, and the student wants to learn a model to best fit the dataset without knowing all the labels [15, 39, 40, 41]. There are many query strategies approaching this setting, such as uncertainty sampling [42, 43, 40], query by committee [44], expected model change [9, 45] etc. Here, we use PBAL [40] as an example to illustrate how to ground the CL framework into this situation. Consider a similar setup as the MLE defined in Section S3.1.1, in which a student wants to learn a model  to best explain a partially labeled dataset. The PBAL takes in MLE as a subprocess and embed it in the active learning framework as defined in Algorithm S6. Notice that in Line 3 of Algorithm S6, we use the maximum entropy as our query strategy, but it can be replaced by many other criteria. Details can be found in [40].
[image: Background pattern

Description automatically generated with low confidence]To ground CL to PBAL, we need to define learning state for the teacher and the student. The learning state for the teacher is very straightforward. As in CL, it is the teacher who sends the message first in each round, we set , where  is student’s query in the previous step. Thus, the complete teacher can be defined as
where  is special message sending only at the first step to signal the start of the learning process.
[image: Text, letter

Description automatically generated]The student is more complicated to define than the teacher. The learning state involves the current labeled/unlabeled dataset,, where  denotes the power set. The first component of   is the unlabeled dataset, the second is the labeled dataset and the third is the queried data. We’ll refer to them as, and . The student can be defined as
 updates the learning state by moving a previously unlabeled data to the labeled set and  update the query data for next round. Eq. (S47) uses  as there are no constraints about. Using indicator function in Eq. (S48) guarantees to be delta distributions. The arg max in Eq. (S49) selects the   with non-zero probability and use MLE to update .  in Eq. (S50) measures the entropy of a given example in the unlabeled set given current MLE estimation of . The integral after  constraints  to be an element in .
3.1.3. Learning from demonstration
The learning paradigms we discussed so far are mainly focused on supervised learning scenarios, whose signature tasks include concept learning, regression, classification, etc. Another important field of artificial intelligence (AI) is for an agent to be able to act optimally in an environment. Such a problem of learning a mapping between world state and actions lies at the heart of many robotics applications. This mapping, also called a policy, enables a robot to select an action based upon its current world state. Learning from demonstration (LfD) provides one approach of policy learning, in which a policy is learned from examples, or demonstrations, provided by a teacher [46]. In this section, we discuss inverse reinforcement learning (IRL) [47, 48], a major branch of LfD and see how can the CL framework be grounded to IRL algorithms.
The goal of IRL is to recover the reward function of a Markov decision process (MDP) such that a set of demonstration state-action trajectories are optimal [47, 49]. There are two tasks that IRL accomplishes. The first, reward learning, is estimating the unknown reward function as accurately as possible. It is useful in situations where the reward function is of interest by itself, for example when constructing models of animal and human learning or modeling opponents in competitive games [50]. The second task is apprenticeship learning - using observations of an expert’s actions to decide one’s own behavior. And learning the reward function is generally more succinct, robust, and transferable than directly imitating the expert’s policies [51].
[image: ]Here we follow the same assumption in [49] and assume a linear reward function. Namely, the reward function in MDP linearly maps the features of each state, , to a state reward value representing the agent’s utility for visiting a state . The reward value of a trajectory is simply the sum of state rewards, or, equivalently, the reward weight applied to the path feature.
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Description automatically generated]As proved in [47], the necessary and sufficient condition to recover the reward function achieving the same performance as the demonstration is to match the state feature statistics between the demonstration policy and the learner’s. In Algorithm S7, we present maximum entropy inverse reinforcement learning (MEIRL) [49], which, by employing the principle of maximum entropy [52], tries to match the feature without exhibiting any additional constraints to the trajectory distribution generated by the learner’s policy. The likelihood in Line 2 is for deterministic MDPs. An adjustment term for the MDP transition model will be needed for those with stochastic transition models. Yet, under mild assumptions [49], MEIRL can also be applied to stochastic MDPs. For deterministic MDPs, the optima in Line 3 can be obtained via gradient-based optimization, which has a closed-form gradient [49].
[image: ]Modeling IRL with the CL framework is natural. The fundamental assumption of IRL is the accessibility of (approximately) optimal expert’s demonstrations [47, 51, 49, 48], which resembles the assumption of a helpful teacher in CL. The student in IRL usually follows similar parameter learning procedures as MLE defined in Section S3.1.1. Suppose both the teacher and the student know the feature function . Denote the action space of the MDP as . Then, we can define the message space for the teacher as , where  is the Kleene star [53] representing trajectories that are sequences of state-action pairs. As there is no reasoning about the student or messages from the student, the teacher doesn’t need to keep track of learning states. Thus, we can omit  in  and have . Here we assume that all the trajectories in  are consistent with the transition model of the underlying MDP and all of them have finite length. There are also IRL algorithms directly treat state-action pairs as demonstration and try to learn a reward function optimizing the -value [54] of the demonstration pairs [51]. The student follows the same procedure as MLE having

Then, the final belief will be , which can be approximated as  with  defined in Line 3 in Algorithm S7.
Notice that, unlike algorithms in Section S3.2, the teacher, though helpful in the sense of acting optimally, doesn’t model how the student learns and won’t change her pedagogy given different students, so LfD is still under the umbrella of level-0 paradigms. In the next section, we are going to see how the teacher can accommodate the student’s learning behavior into her pedagogy and execute level-1 learning paradigms, in which an improved version of IRL named cooperative inverse reinforcement learning (CIRL) will be introduced.
3.2. Level-1 paradigms
In level-0 learning paradigms, the teacher doesn’t bear more agency than randomly sampling consistent data, passively providing answers to queries, or showing optimal demonstrations without knowing the student. Despite their solid theoretical guarantees, both passive and active students require a rather large dataset to make up for not knowing the underlying data distribution to form a reliable belief about the target model. Suppose the teacher can intentionally customize teaching materials for the student, the learning process is usually accelerated significantly. To see that teaching can result in far fewer training examples, we consider Example 5 again. Aware of the target threshold  and that the student learns with Eq. (S40), a teacher simply gives one labeled instance i.e.  to the student to acquire exactly the same hypothesis. Hence, when optimally taught, the student can do as well as his teacher at little computational effort, whereas a student by himself has to process at least  instances and queries at least  labels to guarantee a similar outcome with high probability [29].
Acknowledging the benefits of modeling the teacher, the next question is how to teach. In general, teaching can be posed as an inverse problem to learning [20] and its goal is to find the smallest set of examples based on which an intended student can output the desired belief over models. This idea was first formalized in [21, 22], where they consider teaching an arbitrary consistent student i.e. ERM. In this section, we first go over the teaching of a consistent student, then move on to more advanced teaching of complicated students.
[image: ]TD We start from grounding the CL framework to teaching of a consistent student. Here we have the same concept learning setting as Definition 9, but we explicitly introduce an additional term for the set of consistent concepts. This simplifies the CL formalism and will become much handier when we extend the scope of TD in Section S3.3. Given a concept space , for any teaching set , we can define a consistent set for 𝑑 as the set of all concepts consistent with 
Then, we can define the TD for any concept  as the cardinality of the minimum teaching set allowing the consistent student to uniquely identify  in , the worst case of which defines the TD of the entire concept space.
[image: ]Strictly,
[image: ]Armed with the definition of TD, we can instantiate CL components for teaching a consistent student. In this setting, we assume  and the teacher knows the learning algorithm of the consistent student, so no message from the student is necessary. For the teacher, we only need to define

[image: ]and . Meanwhile, the student only needs

Here, we directly use a set of paired data as teacher’s message and have . It is easy to use single data pairs as messages and conduct sequential pedagogy by using the learning state of the teacher to keep track of data already sent and avoid repetitive examples.
In Section S3.1.1, we briefly mention another complexity measure for a concept space, the VC-dimension [1]. It has been shown with examples that for arbitrary concept classes, neither TD nor VC-dimension can dominate the other [22]. There are many extensions and generalizations of TD [27, 24].We’ll cover some variation of TD in cooperative teaching and learning [27] in more detail when we discuss level-2 paradigms in Section S3.3.

Iterative machine teaching (IMT) To produce teaching materials suited to her audience, the teacher has to possess some knowledge about how the student learns. When dealing with problems involving uncountable model spaces, such as parameter learning, a consistent student may no longer be intractable. In those cases, gradient-based optimization learning algorithms, such as SGD studied in Section S3.1.1 come in handy. We now see an example of teaching such type of students.
[image: ]Consider the supervised learning setting, where we have instance space  and  . We assume a linear model mapping  to , i.e. .  can be the identity function for regression or the soft max function for classification. Here, we don’t assume the teacher and the student share the same representation of a same instance; e.g., they can be robots with different camera configurations[footnoteRef:4]. We use  and to denote the instance representation of the teacher and the student. While 𝑥 can be different from , we assume the agents always have the same . The student, as mentioned in the previous paragraph, follows a gradient-based optimization given a data point  [4: This is one of the important reasons that the teacher cannot directly pass her model to the student.] 


where  is the loss function shared by the teacher and the student and  is the learning rate. When  is the negative log-likelihood (NLL), Eq. (S59) is indeed the update function in Line 2 in Algorithm S4 and the student becomes the MLE student in Section S3.1.1. Here we assume  to be a convex function.
Although the student is the same as the SGD learner, the teacher can execute more efficient teaching than a random data stream by employing the student’s learning pattern. Suppose they have the same data representation and the teacher is aware of the student’s current parameter . Then, the optimal data point she should pick at time  is 


[image: Schematic

Description automatically generated with medium confidence]
The expression after argmax in Eq. (S60) is defined as the teaching volume , which represents the student’s progress in this iteration. It is a trade-off between the difficulty and the usefulness of an example [55]. Nonetheless, the teacher doesn’t know student’s current parameter, . Therefore, she needs to find an approximation of the teaching volume. Leveraging the convexity of the loss function  and the linearity of , she has
[image: ][image: Text, letter

Description automatically generated]where  is the inner product of data  and student’s current model. We denote Eq. (S61) as . Although the teacher doesn’t need to know the exact parameter of the student using , she still needs to know the student’s inner products of the data. The advantage of the inner product is this approximation can be directly applied even when they use different data representations [55]. The complete algorithm can be found in Algorithm S8. Notice that IMT proposes a greedy teaching algorithm. It has been proved in [56] that for an omniscient teacher, teaching greedily is suboptimal. Yet, the alternative teaching schema originating from optimal control cannot be directly applied to more practical teaching scenarios, where the teacher doesn’t know the student’s current parameter and different representations are used between them.
[image: ]Now we show that IMT can be represented with the CL framework. As the student is essentially the same as the MLE, he will have

[image: ]which is the same as Eq. (S38) when  is NLL. Yet, compared with MLE, in IMT the student needs to provide inner product as feedback to the teacher. Hence, we also need to define  and

where  is the -th data point in the dataset. One nuance of this setting is the size of  need to be finite for the student to give feedback. In practice, the teacher uses a mini-batch as  in every time step, whose size can be fairly small.
[image: ]The teacher will use her learning state to keep track of student’s inner products and greedily selects the teaching message. Thus, we have and
CIRL As theoretically and empirically illustrated in [23, 20, 55, 57], when the teacher intentionally customizes data for the student, the learning can be significantly sped up. Besides these works in the supervised learning setting, [25, 58, 59, 60] also showed benefits to introduce a pedagogical teacher into IRL. We covered the standard IRL in Section S3.1.3, in which the student tries to recover the reward function of the MDP given the optimal behavior trajectories from the teacher. Nevertheless, the trajectory optimal for task completion may not necessarily also be optimal for pedagogy [25, 58, 59]. Take the example from [25]: Consider cooking a chicken. To cook one for dinner, you would do it in the most efficient way possible while avoiding contaminating other foods. But, what if you wanted to teach a completely naïve observer how to prepare poultry? In that case, you might take pains to emphasize certain aspects of the process. For example, by ensuring the observer sees you wash your hands thoroughly after handling the uncooked chicken, you signal that it is undesirable (and perhaps even dangerous) for other ingredients to come in contact with raw meat. [58] also proved that in a human-robot teaming setting, the best-response robot policy triggered by optimal human demonstrations is no longer optimal to collaborate with the demonstrations.
[image: ]CIRL proposed in [58] provided an improved teaching mechanism for the student learning with MEIRL. As the student is trying to match the feature statistics of trajectories motivated by his reward function with the demonstrations, the teacher can select trajectories that trade-off between the sum of rewards  and the feature dissimilarity , where  is the expectation of feature statistics induced by the ground truth reward function . Rigorously, the CL framework definition has  and the teacher uses
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Description automatically generated]where  is the coefficient to control the relative importance between the optimality and the informativeness of the trajectory. The student’s CL components are the same as those defined in Section S3.1.3.
By adding the additional term in Eq. (S66), the teacher witnesses significant improvement in terms of the convergence of the reward parameters and the human-robot collaboration performance [58]. Nevertheless, there are two limitations of CIRL. The first is that learning is usually a sequential instead of a one-shot process. In [61], a sequential teacher was proposed, who also takes in student’s nonverbal feedback into consideration to better choose the demonstration. The second limitation, suffered by both CIRL and [61], is the heuristic design of the message selection criteria, which is task-specific and requires expertise to come up with. Next, we’ll go over approaches that learn how to choose optimal messages without expert knowledge.

Learning to teach (L2T) So far, we’ve introduced several level-1 learning paradigms, in which the teacher models how the student learns and personalizes pedagogy materials to facilitate the learning. Yet, the teaching algorithms in previous works are all based on heuristic designs, such as greedy choice of optimal data [55, 57] and a trade-off between optimality and informativeness [58]. Despite the performance gain brought by these approaches, heuristic teaching cannot be easily generalized to students other than their target learners. Hence, designing a teacher who can adapt to different students becomes a booming research problem. The goal is to have a teacher that can learn how to teach a certain student while interacting with him. Ideally, such a teacher can also transfer her knowledge of teaching to other students about other tasks. E.g. a teacher model learns how to teach from the interaction with an multilayer perceptron (MLP) student by selecting data from the MNIST [62] dataset, and then the learned teacher can be directly applied to teach a convolutional neural network (CNN) student model on the CIFAR-10 [63] dataset [64].
The intrinsic complexity of the student’s model space is large, usually uncountable, e.g. parameters of a neural network. And the learning status of the student needs to accommodate the belief over that model space, or at least a lower dimension approximation of it, like MLE and maximum a posteriori (MAP). Hence, finding a closed-form optimal teaching schema is often intractable, especially for sequential students, whose complexity is exponential in terms of the number of iterations [56]. One tentative approach is to model the teaching problem as an MDP, whose environment is the student’s learning state and actions are teacher’s pedagogical actions, such as data, loss functions, actions suggestions and so on [65, 64, 66, 67]. Then define the performance of the student, e.g. evaluation loss as the reward and solve the teaching problem as finding the optimal policy of the MDP. Since the simulation of the student’s future performance can be difficult, it is common to use model-free reinforcement learning (RL) [68, 69, 70] to solve for a good teaching policy in these problems.
Here we take L2T [64] as an example to illustrate how the CL framework accommodates this school of works. Moreover, we can see the REINFORCE [69] algorithm used for training the teacher model in L2T can also be adopted to train the teacher and student in CL given proper defined rewards and features. In L2T, the learning state in the teacher’s mind has three components, represented as three feature vectors: data features, student model features, and the combination of the two. Data features contain information for the teaching material, such as its label category, (for texts) the length of sentence, linguistic features for text segments [71], or (for images) gradients histogram features. Student model features include the signals reflecting how well the current neural network is trained. Several simple features are passed mini-batch number (i.e., iteration), the average historical training loss and historical validation accuracy. Combination features target to represent how important the arrived training data is for the current leaner. In the classification tasks in [64], three features were utilized: 1) the predicted probabilities of each class; 2) the loss value on that data, which appears frequently in self-paced learning [72]; 3) the margin value. Given the learning state and her correct model, the teacher selects a teaching action, a subset of the data batch in our case, to teach the student.To be more specific, suppose the entire training set is , every time a data batch  is sampled randomly from . The teacher’s action is , with  means the 𝑖-th data instance in  is selected. Then, the student updates his model with the selected data and is tested with the evaluation data. His performance is used as the reward to train the teacher with CL. The algorithm is sketched in [image: Text, email

Description automatically generated]Algorithm S10. In the execution phase, the last two lines can be skipped.
[image: ]As the teacher needs to query the student to have the combination features, she needs to interact with the student twice before he can update his . In order to ground the CL framework, which only allows one message from the teacher every time  changes, to L2T, we need to let the teacher send both the selected data for current step and the unselected data for next step so that the student uses the selected data to update his model and gives his feedback about unselected data with the new model via his message to the teacher in this round. We can define the learning state space  and message space , where  is the batch size for  and  means the power set of . That is, every learning state has four components: current  for next step, student’s label about  and student model features including number of iterations and averaged training loss, while every message has the data selected from  and the complete . Let’s denote the four components of a learning state as  and the two components of a message as . The message space of the student only needs to include the feedbacks for , i.e. . With the definitions above, we have

[image: ][image: ]where Eq. (S67) means after the teacher sends out the message, her learning state replaces current dataset with next dataset, Eq. (S68) means the student’s feedback is updated for next step and the student model feature has been updated with the loss function . Eq. (S69) is learned with REINFORCE, so it doesn’t have a closed form.  correspond to the three features mentioned in [64]. The student need to useto capture teacher’s query so  and
where Eq. (S70) is the likelihood of the selected data, same as the MLE student in Section S3.1.1, and Eq. (S71) deterministically updates  with data query from the teacher. The first arg max in Eq. (S72) picks the only non-zero while the second one is the MLE approximation of , making  the output for the teacher’s query.
L2T provides a generic schema for a teacher to learn how to teach a specific type of students. Such schema can also be applied in CL to jointly train the teacher and the student as a team [73]. When the agents are trained jointly, they will adapt to each other. Namely, the student will be aware of the teacher and learn faster by taking advantage of the teacher’s pedagogy. Integrating such teacher-awareness with learning algorithms produces level-2 learning paradigms, in which the teacher and the student reason about each other mutually and sometimes recursively, as we’ll see in the following section.
3.3. Level-2 paradigms
In human pedagogy, teachers and students can interact adaptively to maximize communication efficiency. The teacher adjusts her teaching method for different students, and the student, after getting familiar with the teacher’s instruction mechanism, can infer the teacher’s intention to learn faster. Usually, the mutual reasoning stops at this level without moving any deeper [74], especially in human interactions, where the cognitive burden outweighs the communication efficiency [75] improvements. However, this mutual inference loop can continue infinitely until convergence [27, 76, 77] for machine learners. In this section,we first discuss a fewlevel-2 learning paradigms designed for machine learning settings and see how they can be represented by the CL framework. Then, we see some works involving a human as either the teacher or the student.

[image: ]Balbach TD In Section S3.2, we reviewed TD and the classic machine teacher for a consistent student. What if the student is aware of the teacher’s teaching mechanism? Will that benefit the learning? The answer is yes. Suppose the student knows , then sometimes concepts could also be eliminated by the mere number of examples presented to the student. For instance, assume the student knows that all but one concept  have a teaching set of size one and that the teacher will teach using teaching sets. After having seen 2 examples, no matter what they are, the student could eliminate all concepts but  [26, 27]. If the teacher knew that the student eliminates by consistency and by sample size then she could consequently reduce the size of some teaching sets (e.g., here, if, a new “teaching set” for  could be built consisting of only 2 examples). Moreover, if the student knew that the teacher uses such reduced “teaching sets” then he could adapt his assumption on the size of the samples to be expected for each concept, which could, in turn, result in a further reduction of the “teaching sets” by the teacher and so on [27]. And this new recursively defined TD, after converge, is referred to as the Balbach TD [26]. Formally, this can be defined as the following. Recall the definition of consistency and TD in Eq. (S54) and Eq. (S55). Let , then, for 𝑘 ∈ ℕ:
[image: ]Denote  as the minimum  s.t. , then we can define  in the same way as TD:
The crux of understanding  is in Eq. (S73). To be considered as a consistent dataset, one not only needs to satisfy the standard consistent relationship, i.e. , but also cannot be dominated by any alternative datasets. The intuition is that if there is another dataset strictly smaller than 𝑑 that already pinpoints , using  to imply  is obviously suboptimal, making  inconsistent with . In linguistics, this phenomenon can be explained with pragmatics, which studies how context can contribute to language meanings [78, 79, 80, 81, 82]. One good example is the scalar implicature [78]. Suppose there are three boys in a class and teacher  told teacher  that “some boys went to the party”, then teacher  will legitimately infer that one or two of the boys went to the party. Although according to the literal meaning, it could be that all three of the boys went to the party, teacher  is less likely to interpret the utterance that way, because teacher , a cooperative speaker, would have said “all the boys went to the party” in that case to prevent ambiguity. As for Balbach TD, the literal meaning of a dataset is if it satisfies  and the pragmatics meaning is if there are no  with a smaller size that can exactly indicate .
To represent the teacher and the student using  with the CL framework is very straightforward, because it has the same representation as the teacher and the student using standard TD, only changing the 𝑇𝐷 to 𝐵𝑇𝐷 and  to in Eq. (S57) and Eq. (S58) respectively. The derivation of 𝐵𝑇𝐷 can be done unilaterally without communication.
It has been showed that Balbach TD lower bounds TD [27]. Besides Balbach TD there are other cooperative TDs that can lower bounds TD, such as subset TD [27] and recursive TD [27, 83, 73]. In this article, we only show howthe CL framework can be used to represent Balbach TD. For the other TDs, finding the CL grounding is similar. Their definitions follow the same recursive pattern as Balbach TD, only leveraging different approaches to further refine and eliminate suboptimal datasets.

Cooperative Bayesian inference (CBI) The definition of previous TDs are based on the setting of concept learning with binary consistency. That is, for , an instance  is either in or out, corresponding to  or 0. In many scenarios, however, the consistency is soft, and for every pair of concepts and data, there is compatibility. In the previous setting, the student prunes out inconsistent concepts completely and assigns equal weights to the rest. Now, he can never fully eliminate a concept, but only assigns lower weights to concepts that are unlikely given the data[footnoteRef:5]. In the basic setting, where the data are i.i.d., this becomes the well-studied Bayesian inference [31, Chapt. 1, 5] discussed in Section S3.1.1 and the student learns with a fixed likelihood function, Eq. (S38). To go beyond the basic setting, the teacher and the student need to infer each other. The inference process, as we already see in Balbach TD, can be recursive and continue until convergence [84, 77, 85, 86]. The CBI model put forth by [84, 77] studied the recursive reasoning between a pedagogical teacher and student. It has been shown that the mutual reasoning can be modeled as an iterative process, performing which can be achieved by conducting Sinkhorn-Scaling [87] on the compatibility matrix. And that operation is guaranteed to converge to a fixed point given mild assumptions [77, 85]. [5: Meanwhile, the conventional TD can be substituted by the expected TD [76].] 

[image: ]Here we show a sequential variation of CBI [86] and present its CL groundings. In CBI, the teacher and the student have the same concept space, i.e. . Suppose the teacher only sends the message once, then

[image: Text

Description automatically generated]where  is the prior over the message space, for instance, shorter messages are preferred over longer ones. When all the messages are homogeneous like data points, the teacher usually uses a uniform .  indicates estimation of other’s action probability. To have a reasonable estimation of others, the teacher and the student need to have some common knowledge. In CBI, the only knowledge an agent has is the relation between concepts and , in terms of a positive matrix whose normalization can be treated as the likelihood matrix in a Bayesian sense. The teacher has a default[footnoteRef:6] data selection probability represented as a matrix , while the student has a default inference matrix . The common knowledge requires , meaning both of the agents have the same understanding of the literal meaning of the messages. Then,  are the same for the agents when they start to reason about each other recursively.  is the normalization of the row,  and  is the normalization of the column, . Eq. (S77) can be solved using Sinkhorn scaling, where -Sinkhorn scaling of a matrix  is simply the iterated alternation of row normalization of  with respect to 𝑟 and column normalization of  with respect to  [76, 86]. The limit of such iterations exists if the sums of elements in 𝑟 and 𝑐 are the same [88]. After Sinkhorn scaling, the teacher will sample  and the student will have posterior . To generalize this teaching process from single round to sequential teaching, the student only needs to update his prior with the last step’s posterior. This doesn’t introduce misalignment between the teacher and the student, because, in every step, they share the same matrix (up to normalization) from Sinkhorn scaling and the student’s posterior is completely predictable to the teacher. In Algorithm S11 we formalize sequential CBI, where  means -Sinkhorn scaling. Namely, the row summations of the matrix are all equal to 1, and column summations of the matrix equal to . The coefficient  is to guarantee the convergence. [6: These default matrices are up to change after they start mutual reasoning.] 

[image: ]To represent sequential CBI with the CL framework, the teacher needs to keep track of the student’s current belief, so . Thus, we have the teacher following
On the student’s side, the learning state estimation  and  is always a delta distribution as there is no uncertainty between the teacher and the student. Let  be the learning state estimation with probability 1, then

[image: ]Because the format of Eq. (S79) and Eq. (S81) is the same and . In fact, the assumption of  can be relaxed to that  is a scaled matrix of , i.e., there exist invertible diagonal matrices  and  such that . Given that condition, the Sinkhorn scaling will still converge to the same fixed point.
Although CBI’s advantage over regular Bayesian inference has been proved theoretically and empirically [84, 76, 77, 85, 86], the Sinkhorn scaling procedure is hard to scale up, for instance, from concept learning to parameter learning, whose model space is uncountably infinite. Even if there is a tractable Sinkhorn convergence point, when the computational power of one agent is too limited to pursue the recursive calculation, e.g. one of the agents is a human, CBI cannot be directly applied. In the following part, we’ll review approaches that try to mitigate such restrictions and still integrate pedagogy into learning.

Teacher-aware active learning (TAAL) When the model space is infinite or the computational resources restrict the level of recursion, finding the fixed point of a cooperative pedagogy can be intractable. Thus, to scale up, the teacher and the student need to have a fixed level of recursions. So far, as far as we know, in settings where the belief over the models doesn’t have a closed-form representation, like matrices, no prior works went beyond level-2 recursion, namely having a pedagogical teacher and a teacher-aware student [85]. This level of recursion also corresponds to most people’s cognitive ability. It has been shown that when interacting with more convoluted models, the performance of the human-machine group witnessed very limited improvements [89, 90, 75, 91]. Now, we introduce a teacher-aware active learning algorithm [92] as an example of level-2 CL framework with more generic belief update functions, which aims to learn the reward parameter in a linear multi-armed bandit setting [93].
[image: ]The basic setting of TAAL is Bayesian Bernoulli bandits. At each iteration 𝑡, the student chooses an arm  and receives a stochastic reward , depending on the chosen arm. Every arm has a feature vector  and the reward is sampled from Bernoulli, where  stands for the logistic sigmoid function. The features for all the arms are common knowledge between the teacher and the student, only  needs to be learned. Suppose there isn’t a helpful teacher, then, at time  given , the student will form a posterior
[image: ]Here we have  and they will be used interchangeably to indicate the teacher’s and the student’s end. Given the posterior at time , the student needs to choose the next arm to maximize his expected accumulated reward . There are many bandit arm selection strategies to select the next arm to query about. Here, we use a stochastic strategy, Thompson sampling [94]. Namely,
In TAAL, there is a pedagogical teacher, who selects  intentionally instead of sampling it from the Bernoulli distribution. Finding the optimal way of teaching can be formulated as solving an MDP, where the transition dynamics follow the dynamics of the naive student described in Eq. (S82) and the responses  are the actions. There are multiple ways of defining the reward for the teacher, in TAAL, it is defined the same as the student’s reward. Namely, the teacher wants to teach the student so that the accumulated reward from the pulled arms is maximized. Details can be found in [92, sec. 3.2].
[image: ]The essence of level-2 paradigms is the teacher-aware student, who can interpret the teacher’s responses, acknowledge the teaching intent and grasp more than just the literal meanings of teacher’s messages. At each iteration , the student assumes that the teacher chooses the action  with probability proportional to the action being optimal in value
where  is the message history between the teacher and the student up to time ,  is -function [54] of the teacher MDP and  is a teacher optimality parameter (or inverse temperature; for , the distribution of  is uniform; for , the action with the highest value is chosen deterministically). As the calculation of  for every  is intractable, in [92] a one-step planning ahead approximation was used, i.e. use the expected reward of from the next arm as the . Also, in order to use conjugate likelihood and prior to simplify the student’s belief update, in every iteration, the student’s posterior will be approximated as a multivariate Gaussian with Laplace approximations [95, sec. 4.1]. In Algorithm S12 we show the formalized algorithm of TAAL from [92].
Next, we show how can the CL framework represent TAAL. Since this is an active learning setting, where the teacher responds to the student’s query. Thus, in CL, the teacher’s learning state needs to have two components, the first is the query of the student [image: Background pattern

Description automatically generated with low confidence]to be answered; the second is the estimated belief of a naive student learning with Eq. (S82). We refer them as  and  and have . Notice that the teacher doesn’t need anymore, as it has been accommodated into . The message space . Recall that the arm features,  are common knowledge. The teacher follows
where  is the belief update function using Bayesian filter with the likelihood being Bernoulli,  is the Thompson sampling in Eq. (S83) and the subscript  means the probability assigned to the -th arm. Eq. (S86) can be designed as a deterministic process because the belief transition for a naive student strictly follows Bayesian rule and is deterministic.
[image: ][image: ]As for the student, he also has two components as his learning state estimation of the teacher, the first is the query waiting for reward; the second is the naive student’s belief. i.e., . Notice that the second component of  is the same as its counterparts in , because the student also knows the belief update process of a naïve learner. If the student’s idea of a naive learner and the teacher’s idea of a naive learner are misaligned, that estimation will be different. Student’s message space is . Finally, the student can be defined as
where Eq. (S90) just simulate the Thompson sampling in Eq. (S83), the subscript 𝑚 means the probability assigned to the -th arm and  refers to the teacher’s learning state with non-zero .
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Description automatically generated]Discussion of TAAL wraps up our survey of prior learning algorithms. As a level-2 learning algorithm, it illustrates the advantage of ToM modeling and recursive reasoning. Nonetheless, compared with the task in Section 4.3, TAAL is still primitive in the sense of game setting, and the effectiveness of interacting with the human was only shown with a proof-of-concept toy example.
4. Recursive teaching dimension
In computational learning theory, the TD measures the minimum number of examples required to uniquely identify all concepts within a concept class. We draw a comparison between identifying a concept using examples and identifying the target using messages. Formally, given an instance space  and a concept class , a teaching set for a concept  with respect to  is a subset . Intuitively, the teaching set is a subset of instance space that can uniquely identify 𝑐 in . TD of 𝑐 in , denoted by , is the size of the smallest teaching sets. TD of the whole concept class is . However, this definition of TD often overestimates the number of examples needed for cooperative agents, who teach and learn using "helpful" examples. For instance, the game in Fig. 9 in the main text has TD = 2, but all concepts can be taught with one message.
The recursive teaching dimension (RTD), a variation of the classic TD, can model the behavior between cooperative agents. Define the teaching hierarchy for  as the sequence  such that for all ,  where   and for all . RTD of 𝑐 in  is defined as  . RTD of  is . Intuitively, one can first learn the simplest concepts, , and remove them from the concept class. Then, for the remaining set of concepts, , recursively learn the simplest concepts and so on. RTD lower bounds the classic teaching dimension, i.e.  [83]. Also,  measures the worst-case number of labeled examples needed to learn any target concept in , and the teaching hierarchy can be derived by the teacher and student separately without any communication [96].
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Description automatically generated]Tab. S2: Instantiation of CL components for different learning paradigms: Teacher
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Tab. S3: Instantiation of CL components for different learning paradigms: Student
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