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A Random Nonstationary Pulse Train Model

Leon Cohen™

Abstract: A simple and mathematically tractable model of a nonstationary process is developed.

The process is the sum of waves where the parameters of the waves are random. Explicit expres-

sions for the mean and autocorrelation function at each position as a function of time are obtained.

In the case of infinite time, the model evolves into a stationary process. The time-frequency distri-

bution at each position is also obtained. An explicit example is given where the initial waves are

Gaussian. The case where there is dispersion in the propagation is also discussed.

Keywords: nonstationary process; mean and autocorrelation function; time-frequency distribution;

Gaussian waves

1 Introduction

Most signals in nature, deterministic and ran-
dom, are nonstationary. By nonstationary, we
mean that the frequency content is changing in
time. Many methods have been developed to
study nonstationary deterministic signals, and
many examples are easy to construct. The situ-
ation is quite different for the case of random sig-
nals. We aim to develop a simple model of a
pulse train that produces nonstationary random
processes.

Consider a space-time signal, V(z,t), com-

posed of the sum of elementary signals, u,,,
N
Vix,t) = Zun(x,t;en) (1
n=1

where u, is a deterministic function, and ¢, are
random parameters. These random parameters
will be discussed subsequently. All the u,’s are
taken to have the same functional form, wu(z,t),
except for the parameters that will be random.

Expressions like Eq. (1) are sometimes called FOM
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(Faure, Ol’shveskii, Middleton) models of noise
production [1-3] and have appeared as early as
1900 [4]. The pulse train model has been modified
in a variety of ways [5].

As standard we define the spatial spectrum,

S(k,t), of the elementary signal u(x,t) by

S(k,t) = ;nju(x,t) e da 2)

in which case

u(z,t) = ;JS(k,t) e dk (3)

Vo
All integrals range from —oo to oo unless other-
wise noted.

For the sake of notational simplicity we shall

write the pulse and its spectrum at time zero as
S(k,0) = S(k) D)
u(z,0) = u(x) (5)

Also we suppress the random parameter

notation in Eq. (1) and write
Vix,t) = Zun,(x,t) (6)

For the time evolution we take the spatial

spectrum to evolve by way of
S(k,t) = S(k)e “®" ¥h)

where S(k) is the spectrum at time zero and
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where w(k) is called the dispersion relation. The
initial spatial spectrum is obtained from the ini-
tial, u(z), by way of

S(k) = \/% [u@) e do (8

These types of waves arises in the study of
many wave equations [6, 7]. Substituting Eq.(7)
into Eq. (3) we have

u(z,t) :\/% j S(k) e =™t dk =

27171 | [ u(@r)ete=="-0r dkdar (9
We can write
u(z,t) = j K(z — ', t)u(z’) da’ (10)
where K (x — a’,t) is the propagator and satisfies
K(x—2',0)=d(x— 2) (1D
The propagator for Eq.(9) is given by [8, 9]

1 f ik (e—a)—iw ()t {f (12>

K(x—a't)= g

It is a function of only two variables and we

generally write

K(z,t) = %j ghkeiv )t g (13)
In what follows we take the dispersion rela-
tion to be
w(k) = ck 4+ n(k) (14
and hence
K(z,t) = %j e g (15)

Now suppose we consider initial pulses that

are of the form
u(z,0) = u(z — a) (16)

where a is the mean. In general the mean is cal-

culated by
() = [zlu(@ - a) do = a (17
where each pulse is normalized to one
| fua, t) dz =1 (18)

In that case we have

u(et) = [ K(@ - o', (e’ — a)da’ =

1 . / )

27[ elk(w—w —ct)—in(k)t U(IIT’ _ a) dx/dk —
T

1 —ik(z' —z4a+ct)—in(k)t ’ ’

2—fe wioetate) = 4 (2") dz'dk (19
7T

One can also write that

_ 1 —ikz! —in(k)t
u(z,t) = %J e 1,
u(z' +x —a —ct,0)dz’dk (20)

1.1 Random Factors

We take the random factors to be the mean of
the initial pulse a, the constant pulse speed c,
and the k dependent part of the dispersion rela-

tion, n(k). Therefore we write

N
—ik(z' —z+a c —i 3
V(z,t) ZE :j k(@ —atan+ent)—inn (k)t
n=1

N
Lo
u()da'dk =Y o [ e T
T
n=1

u(z' +x — a, —c,t)dz’'dk
2D
Alternatively we can write V(z,t) in terms of

the spectrum at zero

1 N _
Ve, t) =—— S (k,t) e dk =
(z,1) ﬁjz (k, 1)

1 — v v
mzfS(k)e-ku—an—cﬂ,we—mn(kmdk
" (22)

1.2 Random Quantities

We now discuss the important random quantit-
ies to be calculated. For simplicity we assume
that n,(k) has a parameter v which is random.
For the mean of V(z,t) we have

N

(Vi) =3 (ua(z,0)) = N (u(z,t))  (23)

n=1

where the ensemble average is done with the
probability distribution, P(a,c,~), of the mean, ¢
and vy

(u,(z,t)) = fun(ac,t)P(a,c, ~v)dadedy Q24

The two time autocorrelation function,

(V(x,t,)V*(z,t,)), is given by
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(V(x EWV (2, 8,)) =

SO (oo o, 1) =

n=1 k=1

NZ(u (x,t))u; (x

S (un (@ t)up (L)) (25)

n,k=1;n#k

t,)) + N(N —1)x

Equivalently we may write the two time
autocorrelation function for time ¢ and the differ-

ence in time, 7 =t, — t, as

<V(.Z‘ OV (z,t+ 1)) =

)T

n=1 k=1

(x,t+ 7)) =

2

NZ (n (z, t)ul (2,6 + 7)) + N(N —1)x

n=1

(u, (z, t)ui(z,t + 7)) (26)

M=

o h=Limtk
where

(. (2, t)u;, (2,8 + 7)) =

fu”(ac7 tu’ (z,t + 7)P(a,c,v)dadedy 27

and
(un (2, v (2, + 7)) = (un (2, 1)) (up(z,t + 7))
(28)
for n # k.

For the square we have

(IV(z,t)]*) NZ [u, (x,8)]”) + N(N = 1)x
Do (@) () (29

The dispersion of the process is given by

o’(z,t) = (|V(z,t)[") = (V(z,1))* (300

2 Model

In this paper we consider the simplest case where
the only random parameter is the initial mean
and where there is no dispersion. That is, we
take

c,=c¢,n,=0 31

From Eq. (20) it follows then that

S, (k,t) =S, (k)e Fente (32)
and
u(z,t) = u(x — ct — a) (33)
Therefore
V(z,t)=> u(z—ct—a,) (34)

n=1
We take the mean to be distributed accord-
ing to the following probability distribution

1/A, —A<a,<0

(35)
0, otherwise

P(a,) = {

That is, at t =0, N waves are generated at
random positions a, chosen from a uniform dis-
tribution ranging from — A to 0. The waves move
to the right with a constant group velocity, c. At
position z and time t we observe the random
(34). In Ap-
pendix A, we show that the mean of V(x,t) is

process given by V(z,t) of Eq.

given by

xt A J‘a. ct+A

Aj u(z +x — ct)dz (36)

For the autocorrelation we obtain

V(z, )V (z,t + 7)) =
N pa—ctt+A
Adee

D ([ )
(IVCHA u(z' — CT)dz’) ) (37

r—ct

u(z)u*(z — cr)dz+

Taking 7 = 0 gives the mean of the square,

(VG nPy =2 [

N(N —1)
A2

u(2)[* dz+

r—ct+A 2
j u(z)dz|  (38)

z—ct

The standard deviation of the process at po-

sition z is calculated to be

o*(z,t) = ([V(@,0)]") = [{V(@, )" =

% :_;H-A |u(Z)|2 ds — % J:C__;HAU(Z)dZ (39)
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2.1 Constant Density
Suppose we take N and A large in such a man-

ner that the density, p, is constant

N
— —p, forN —>ocoand A— o0 (400

A
in which case we also have that

N
E—>0 41)

Then, for the mean we have that

:pj:du(z)dz =

pjoc u(z +x — ct)dz (42
0
and for the autocorrelation function we obtain

(V(z,t)V*(z,t + 7)) = pjj:tu(z)u(z —cr)dz+

P’ (I:Ctu(z)dz) (j:ctu*(z’ CT)dz’) =

pjoo u(z +cer/2)u™(z — er/2)dz+
z—ctter/2

o’ (j:ctu(z)dz) ( :CtJr”u*(z)dz)

The autocorrelation function depends on

(43)

both t and 7 and therefore the process is non-sta-
tionary. This is the case for each position, z. For

the square and standard deviation we obtain re-

spectively
(IV(z,t)]*) = pj 2)|P dz + p? o:tu(z)dz :
(44>
and
(z,t) pf 2)Pdz =
pL lu(z + 2z — ct)|* dz (45)

Note the simplicity of Eqs. (42) and (45).
These can be thought of as a time dependent

generalization of Campbell’s theorem [10,11].

2.2 Stationary Process
If we further take the limit for time going to in-

finity, ¢ — oo, we have
V(z,t) = pjw u(z)dz (46)

and

Vi,V (@, t+7) =p [ ul2)

'S (jj; u(z)dz) (jj; u (2 — CT)dz') 4n

Notice that (V(z,t)V*(z,t+ 7)) is now inde-

pendent of time and depends only on 7 and

u*(z — er)dz+

therefore we have a stationary process. Moreover,
it is stationary process for every position, z.

For the square we have

2

(IV(z,t)] —pj 2)|*dz + p? (Iwoou(z)dz)
(48)
and standard deviation is given by
(x,t) = pf 2)|* dz (49

Now o?*(z,t) is independent of position and
time. Eq. (46) and Eq. (49) are analogous to
what is usually called Campbell’s theorem but we
have derived them for a particular random mod-
el. [10,11]

3 Time Varying Spectrum

We now calculate the time varying spectrum at
position z. For the time varying spectrum we use
the Wigner distribution approach [12, 13]. The
time-frequency Wigner distribution for V(z,¢) at

position z, is given by

)

v (x,t + ;’7’) e dr (50

th

For the random case we ensemble average
Eq. (50) to obtain [14-16]

1
th —j < (z,t27'>~
1 >
14 (J;,t+27')>e Te dr (51

where W (t,w;x) is called the Wigner spectrum.
One may write Eq. (51) as

W(t,w,a) = 2] R(t+7/2,t —7/2;2)e ™ dr

(52)
where R(t+ 7/2,t

function at position x and is given by

—1/2;x) is the autocorrelation
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R(t+71/2,t —7/22) =
<V* (a:,t— ;) v (:c,t—i— ;)>

The autocorrelation function may be

tained from the Wigner spectrum by way of,

(53)

ob-

R(t+7/2,t —7/2;2) = j W(t,w;x)e™dw (54)

Also,

o — (1 t )
R(ty,ty;2) = jf(x, W < 1 ‘;‘ 2,w;x> eitt2—t1w
(55)

Substituting Eq. (34) into Eq. (50) we have

(56)

=
=
=
“E
B
_|_
=1
=
|
=
E
5
B

where

w,. :% fj; j: u* <x —ct — %7’ — an) X

1 )
U (x —ct+ 27 an> e P(a,)drda,
(57)

and

Wom :271n fj:o j:x; fj; u* (CE —ct— %T - an> X

1 .
U <:c —ct + 57’ — am> e "X

P(a,)P(a,,)drda,da,,
(58
In Appendix B we calculate that
J— 1 pz—ct+A poo 1
Vo mgaf [ (5= 57) >
(59)

1 )
u (z + 27) e " drdz

The inner integral is the Wigner spectrum of

the function u(z)

1 (e 1
W(z,w) =on jfoc u* (z — 27’) X

1 )
u (z + 27) e " drdz (60)
Therefore, we have that
J— 1 pz—ct+a
W, = 1 W(z,w)dz 61)

For W,,, we obtain

_ 1 1 x—ct+A r—ct+A (=)
o :77J\ J‘ J‘
27[ A2 z—ct —oo

x—ct

1 1 .
u* <z — 7‘> u <z/ + T) e " drdzdz’
2 2

(62)
which may be written as
Moo g1 (5550)
e~ dzdz’ (63)
Therefore
N (o—ctra N(N —-1)

W(t,w;x) = " W(z,w)dz + Tx

z—ct+A pr—ct+A z + 2! .
j w ( 5 ,w> ¢’ v dzdz

xr—ct

x—ct

(64

If we apply the limit as in the previous sec-

tions, we obtain
W(t,w;z) = pjx W (z,w)dz+

pgj: y :;W (z ; ° ,w> ¢ v dzdz’ (65)

For ¢t — oo we have

W(t,w;x) = pfoo W(z,w)dz+
p2foo jm w (Z ; : ,w) ¢ v dzdz’ (66)

which is independent of time as expected.

4 Gaussian Initial Pulse

We now take a specific initial pulse,

) /4 2
— _ e—am /2
uw) = (3)

67)

For the average, (V(z,t)), we have, from Eq.

(42) that

V(1)) = p(a)lﬂfjde*“*/?dz

T

(68)

which evaluates to

(V(z,t) = P(%)M (1 —erf(\/a/2(x — ct)) =

p() " erte(/a/2(e — ct)) (69)

4o

where erf(z) is the standard error function
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erf(z 70)

)= el e

and erfc(z) is the complimentary error function,

erfc(z Cdt =1 — erf(2) (71

1
For the autocorrelation function we obtain
(V(x,t)V*(z,t+ 7)) =

1,0 e " Merfe(ya(x — ct + c1/2))+

2
P’ (i)l/z erfe(v/a/2(x — ct + c7)) ¥
erfc(v/a/2(x — ct)) (72

Taking 7 = 0 we have that
(IV(z,t)|*) = %p erfe(v/a(x — ct))+
P’ (1)1/2 (erfc(\/()c/2(m—ct))>2 (73

4o

and for the standard deviation one has that

o (2, 1) = %p erfe(vale —ct) (74

S5 Dispersion

In the considerations of Sec. 2, the shape of the
initial pulses were the same and kept their shape
as they evolved. We now consider a situation
where the shape change with time. We first out-
line a basic approach. Consider first the propaga-
tion of a single pulse where the initial mean posi-

tion is a. The evolved pulse is then given by
u(x,t) = f K(x — o', t)u(z’ — a)da’ (75)

Explicitly, using Eq. (20), we have that

u(z,t) =
1 ) .
%Jj etk =m) gy (' — ot — a)dz’dk (76)

and therefore
V(xa t) =

I m e
o j Z e M TRE ) (1 — et — a,) dz'dk =
T

n=1

N
i f 7177()6)1 ik(z! —x) E
2n —

u(z’ —ct — a,)dz'dk

VP

The advantage of writing it this way is that
now we can immediately use the results of Sec. 2,

and write that

__ 1 —is k(! —
% t)) = — in(k)t—ik(a' —o) o
(V(z,1)) 5 e

JOIO u(z)dzdkdz’ =

ﬂ e—in(k)t—ik(a;’—a:) %
2n

Jw u(z + 2" — ct)dzdkdz’ (78)
0

5.1 Quadratic Dispersion

We now take
n(k) = vk*/2 79

in which case

1 ) ) ’
(V(x,t)) =p on j gk t/24ik(@—a) o
T

jA u(z + o' — ct)dzdkda’ (80D

0

Using
i \I\e—i-yk?t/Q-f—ik,(m—m/) _ 1 e—% (81)
2n 2miyt
we have

(137(17/ 2 oo

1
PA 2miyt J © 0
P/ ! je_% jm u(z)dzdz’
27[1’)/t z!—ct

u(z + ' — ct)dzda' =

(82)
5.2 Gaussian Initial Pulse
As in Sec. 4 we take the initial pulse to be
_ g /4 —am2/2
u(m)—(n) e (83)
Giving that
1/4  (a— 11)2
2int
(Viz 1) j 2mfyt
j R B (84
0

which evaluates to
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(Viz,t) = <g>1/4 V1 —|—11’ytoz

J oo [y o

o4 1
MO R—
b 14+ 1vta

2

= oz
L%t exp [_2 (1+ i’yta)} dz (85)

Note that for v = 0 we obtain Eq. (68)
We therefore have

V(1)) = p (%)/ erfe < M@ _ ct))
(86)

5.3 Calculation Using the Evolved Pulse

It is of interest to obtain (V(x,t)) directly from

the evolved pulse. That is, we calculate

t)=> u,(z,t) (87)

directly. For the initial pulse given by Eq. (83)

we calculate that the initial spatial spectrum is
1 o\ 1/4
0= ()
) j 2T\ T

1 1/4
<> e/ (88)
Le%

and therefore

u(z, 1) (T;)/\/%X

2 (2 ot) - —ik2
Ie—k /(20) gik(w—ct) g=ivk?t/2 .

—CV.772 —1lkx
e /2=the g =

which evaluates to

- &) Ve 2

(89)
It is convenient to let
o
B(t) = TF il (90)
in which case
(1 e (z — ct)?
wot) = () VE@ew |50
91>

We note that

pf =() 00 >

exp {(5@) o) o

Using the facts that

2

5 a
= 93

B = Tz (93)
B(t) + B () = — o (94)

14 rect?

we obtain that
5 1\ '? «
(@) —<n) VT eane ™
a(z — ct)?

This shows that the pulse is expanding and

the standard deviation is given by

. 1
ol = % 14 ~%a® ¢ (96)

Now for an initial pulse centered at a we

have
(V(x,t) =Y ulx - a,,t) = Nu(z — a,,t) =
A\ na 1+ ivyat
fo a(@—ct—a,)’ d
P 2(1 + iyat) i
97)

Taking the limit as Eq. (40)

V(@) = p (%)”ﬂ/ﬁx

2

o oz
Jjﬂc—ct xp [_2 1+ i’yta)} dz (98)

which is the same as Eq. (68).

6 Conclusion

We have developed a simple model of a pulse
train that leads to a nonstationary stochastic
process. To some extent, the model is realistic
since these models have been used to study rever-
beration noise. Further development would in-

clude taking ¢ random and  random. Taking c
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random would simulate a common phenomenon
since it models propagation in a medium where
there are fluctuations of the index of refraction,

such as in the atmosphere or ocean.

Appendix A

We derive Eq. (36) of the text. Consider the mean
of V(z,t) as given by Eq. (34)

jzu" -a,,t)P(a,)da, =

Nfun x —a,,t)P(a,)da, (99)
Taking
Pa) = {6 Toneine 1)
we have
:% f: u(x — ct — a')da’ =
%LA u(a’ + x — ct)da’ (101>
Equivalently
t)) = %LJ::MIL z)dz (102>

which is Eq. (36) of the text.
For the autocorrelation function we have

V@OV (a,t +7)) =
2Dl

n=1 k=1

(x—ct—a,)u(x —ct —ecr —ay)) =

u(x —ct —a,)u"(x —ct — et —a,)) +

Mz

N

Z (u(x —ct —a,)u"(xr —ct—cr —a,)) =
N (u(zx —ct —a,)u"(x —ct —cr —a,)) +
N(N = 1) (u(x — ct — a,)u"(x — ct — cT — ay))

(103)

Consider now the first term above, Eq.

(103)

1

(u(x —ct —a,)u (x —ct —er —a,)) = 1x

IO u(x —ct —

L f —eea

a,)u"(x —ct —cr —a,)da, =

(z —cr)dz (104)

For the second term we have

(u(x — ct —a,)u(x —ct — et — ay,)) =

F X

u*(z —ct — et — ay))da,da, x

1 x—ct+A xz—ct+A
EI . u(z)dzf ’ u*(z' — er)dz’

Substituting into Eq. (103) we have that
(V(z,t)V*(z,t+ 1)) =

u(z —ct —a,)x

(105)

N pz—ct

" - u(z)u"(z — er)dz+
N(N —1) oot

(T) f o u(z)dzx

x—ct+A
f u* (2 —er)d?’ (106)

x—ct

which is Eq. (37) of the text.
For the square we take 7 = 0 to obtain that

x— ct+A
(IV(, Aj 2)[? dot
N(N —1) | po—ect+a 2
— fﬁ u(z)dz (107)
For the standard deviation of the process,
we have
o*(z,t) = ([V(2,t)[*) = [(V(z,1))]" =
% M u(z)|" dz+
N(N —1 z—ct+A 2
% f u(z)dz| -
]\72 r—ct+A 2
= J, u(z)dz (108)
which simplifies to
5 N x—ct+A 2
o*(z,t) :ZL%t lu(z)]” dz
N r—ct 2
- [T () (109)

Appendix B
We derive Eq. (59) of the text. Consider first W,

LC S I

( t+1
u(lx —ct+ -1 —
57

t—r_a)
(x—c 5T @
a,)P(a,)e ™ drda,

(1100

Taking P(a,) as per Eq. (35) we have
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W :%% j: f; (u(m —ct — %T - a’) X
u (w —ct+ %T - a’) e '™ )drda’
(11
Making the substitution z =z — ¢t —a’ with

dz = —da’ results in
— 1 1 po-ct oo 1
Wnn - Z% fm—ct+A j_oo (U <Z o 2T> X
1 .
U (z + 27’) e‘”) drdz

The inner integral is the Wigner distribu-

(112

tion of the function u(z)

1 oo
W(z,w) =5 f,w u* <z - ;T) .

1 )
U <z + 27’) e " drdz (113>
and therefore we can write
J— 1 pe—ctt+a
W, = 1 W(z,w)dz (114>

Now consider W ,,,,

an :% fj:o jjo jj; u” (m —ct — %T — an) X
1

U (:17 —ct+ 57 — am) e " drx

P(a,)P(a,,)da,da,, (115

Using the same procedure as above we have
that
— 1 1 paz—ct+A pz—ct+A poo
Vo =gm ) L. Lo
1 1.
(u*(z’ — §T)u(2 + =7)e " | drdzdz’
(116>

2

Consider the inner integral. We want to ex-

press in terms of a Wigner function. In general

w(g)ulg) = [W (M,p

e dp  (117)
2 )e b

and hence it follows that

[, 1 1

w2 == ulz4+=7)=
2 2

Jw (S5 w) e

Therefore

(118

nm

1 1 paz—ct+A pz—ct+A
ST
27[142 z—ct z—ct

(W (z 2 7;0) giz=="+me e‘””) drdpdzdz’ =

2
1 J‘w—ctﬁ»AJ\m—cH»A
—_ X
A2 x—ct r—ct

(W <Z =2 ,w) &) dzdz

(119

which is Eq. (59) of the text.
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