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ABSTRACT

We study self-bound quantum droplets in the regime dominated by
microwave-induced non-axisymmetric dipole-dipole interactions, using
the extended Gross—Pitaevskii equation with the Lee-Huang-Yang correc-
tions. We identify the existence region through numerical simulations and
employ an anisotropic Gaussian—-super-Gaussian variational ansitz to
capture the characteristic density profile of the droplets, with a Gaussian
profile along the narrow x direction and super-Gaussian profiles in the
extended (y, z) plane. Within this variational framework, we characterize
the self-binding, spatial localization, and density-compression properties
of the droplets and find good agreement between the variational predictions
and the numerical results. Collisions between droplets moving along
different directions reveal a strong directional dependence, with outcomes

ranging from quasi-elastic rebound and merger to fragmentation. In addi- o-field
tion, we explore the rotational dynamics of a single self-bound droplet

about all three Cartesian axes, revealing rich and controllable three- — %>
dimensional rotational dynamics. Together, these results demonstrate <;£:’ *:j;

how non-axisymmetric dipolar interactions provide versatile means for
controlling the translational, collisional, and rotational dynamics of self-
bound quantum droplets.

Keywords quantum droplets, dipole-dipole interactions, BEC

1 Introduction simulations [7-9], and quantum data processing [10, 11].

A major challenge in these settings arises from severe
Ultracold dipolar molecules [1-4] are emerging as a collisional losses due to short-range molecular encounters
promising testbed for many-body physics [5, 6], quantum [12-17]. Recent advances in microwave shielding have
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helped to significantly suppress these losses, enabling the
creation of long-lived molecular Bose-Einstein condensates
(BECs) [18-27].

Building on this progress, it has been demonstrated
that dual-frequency microwave-field shielding [28-35]
enables highly tunable strong long-range dipole-dipole
interactions (DDIs), thus providing a control level
beyond that achievable in BEC of magnetic atoms
[36—42]. In the dual-field dressing scheme, the ellipticity
of the ¢ field introduces an non-axisymmetric component
of the DDI, proportional to ~ sin®#cos2¢, which breaks
the axial symmetry and makes the interaction direction-
dependent in the transverse plane [28, 43]. The linearly
polarized 7 field provides an additional control channel
for the usual axially symmetric component. By tuning
the microwave amplitudes and detunings along a physically
allowed dressing trajectory, the axially symmetric
component can be compensated while a non-axisymmetric
interaction remains [44].

The recent experimental realization [45, 46] of self-
bound molecular quantum droplets (QDs) in the BEC of
NaCs molecules with strong DDI [46] has put forward a
new setup for the work with self-trapped states in the
polar-molecule BEC [47], similar to QDs in atomic BECs
[48-53]. The recent work by Baillie [54] established a
comprehensive framework for microwave-dressed dipolar
quantum droplets, systematically mapping their ground-
state (GS) structures and properties across the two
egg) and efii), using Gaussian

extended Gross—Pitaevskii (GPE)
approaches. Here, egg) and egi) characterize the relative

interaction parameters,
variational and
strengths of the axisymmetric and non-axisymmetric
DDI, respectively. Building on this framework, we
concentrate on the purely non-axisymmetric limit,
6513) =0 and e‘(j) # 0, where the droplets acquire strongly
anisotropic, flattened density profiles. In this regime, we
refine the wvariational description by adopting an
anisotropic Gaussian—super-Gaussian ansétz and extend
the analysis beyond equilibrium properties to the
dynamics of self-bound droplets, including their directional
collision behavior and rotational motion about the three
Cartesian axes.

The subsequent presentation is organized as follows.
Section 2 introduces the theoretical model. Section 3
analyzes the ground-state properties using the Gaussian—
super-Gaussian variational ansétz and numerical simula-
tions. Section 4 addresses head-on collisions between
identical QDs and the rotational response of a single
QD. Section 5 summarizes the main results and
discusses directions for future work.

2 The model

We consider BECs of electric dipolar bialkali molecules
[45], which are dressed by two microwave fields [28, 55,

Fig. 1 Schematic illustration of the control microwave
fields and dipolar interaction geometry.

56]. These are a linearly polarized field oscillating along
the Z-axis (the r-field), and an elliptically polarized one
rotating in the (X,Y) plane (the o-field), respectively,
see a schematic illustration of the control fields in Fig. 1.
The interaction between the dipole molecules is
controlled by a strongly repulsive short-range hardcore
contact interaction and the long-range DDIs with the
potential [22, 28]

3G,
4T R3

V(1= 3c0s? 0)+/3e\2) sin? 0 cos 26|,
(1)

where 0 is the angle between R and Z-axis, and ¢ is the
angle between the projection of R onto the (X,Y) plane
and the X-axis, m and h being the mass of the molecule
and  Planck  constant, respectively.  Coefficient
G, = 4wh%a,/m is the contact-interaction strength, with
as being the s-wave scattering length.

The first term of Eq. (1) represents the usual axially
symmetric DDI between dipolar molecules, which can be
tuned by the combined effects of the two control
microwaves [45] with a relative strength e((ig) = ago/as,
where aq9 is the effective DDI scattering length. The
second term of Eq. (1) represents the non-axially
symmetric DDI between the dipolar molecules, which is
controlled by the ellipticity of the o-field [28, 45] with a
relative strength efj) = agz/as, where ago is the respective
DDI scattering length. Here, both egg) and egi) can be
tuned over a wide range of positive, zero and negative
values.

The angular structure of Eq. (1) can be naturally
understood in terms of the spherical harmonics Y, (0, ¢).
In particular, the first term is proportional to the spherical

Us(R)=
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harmonic Y3(6,$), corresponding to the m =0 compo-
nent. This term preserves rotational symmetry about
the Z-axis and represents the conventional dipole—dipole
interaction between polarized molecules. In contrast, the
second term is proportional to the real linear combination
Y22(0,¢) + Y2, _2(0,4), corresponding to the m =2
components. This term explicitly breaks the axial
symmetry and introduces a four-fold anisotropy in the
transverse (X,Y) plane.

The evolution of the system’s wave function ¥ is
governed by the extended GPE (alias eGPE) [54],

0]
lhaiT\I/

K2 9 9
- %VXYZ + G5 |V

+/Udd(R— R) |\I/(R/)|2dR' + Lor |o)?

(2)

Here, the effect of quantum fluctuations (QFSs) is repre-
sented by the strength

32G,a3/ 0
e RelQs(ed )}

of the Lee-Huang—Yang (LHY) term [54], with

40 5/2
0 k
s (Egld)76dd) /?

Here, Q, is the solid angle in k-space, and Ug(k) is the
Fourier transform of Uy(R), is given by
k2 '

Ua(k) = G5 [6((12) (3:2

In the numerical evaluation of this Fourier transform,
a spherical cutoff of radius R, is introduced to regularize
the DDI integral, which gives rise to a cutoff function
s(kR.), the full momentum-space potential Uyg(k) being
recovered in the limit of R, — co. Further details of the
calculation of Q5(€((jg>, e(ﬁ)) are provided in Appendix A.

The total particle number N is defined by wave function
¥ as

(3)

Por =

Uga(K)

1
—l—GS

(4)

) VR

N = / |T(R)|*dR.
By means of rescaling,

R=1lyr, T=tot, U=I",
with + denoting the corresponding dimensionless wave
function. To obtain self-bound stationary states, we

consider solutions of the form

¢(7"t) = @(r)e_wtv (8)

where 4 is the chemical potential and ¢(r) is a time-
independent wave function. Substituting Egs. (7) and
(8) into Eq. (2) yields the stationary eGPE,

pp = — fVQyz<P+gs\sOI @
+o [ ualr = )le@) P +orlele. (9)
Here, the dimensionless strength of the contact

interaction is g, :47mS /lo, while the LHY coefficient is
Yor = 49.5/2Re{ Q5 (e\?, €2)}/(3x2).  The  dimensionless
dipolar interaction potential is given by wug(r) = 3g,/
(4mr® )[e<0>(1 —3cos?0) + \[6(2) sin” # cos 2¢]. Obviously, the
integral [ [y (r)?dr = N.

The energy functional associated with the stationary
eGPE is [54]

E = E, + BEyf + Erny + B, (10)

where

By = [ [519asmtr?] ar
Bur = [ [$lem)]ar.

Buns = [ | Zrarletr) ] ar (13

1
Ea = [ ar [arvalr =) lemPleeP. (14)
To quantify the spatial localization of the QD, we define
the effective volume [57]

(o)
[letrtar

In the following, all quantities are presented in dimen-
sionless units. We choose Iy = 2 pm, yielding the charac-
teristic time scale ¢, =mi2/h~9.83 ms. Consequently,
r=1 and t=1 correspond to physical scales of 2 pm
and 9.83 ms, respectively. The physical density is related
to the dimensionless density through |¥|? = I;?¢|?, such
that  |4[2=1 corresponds to the density of
1.25 x 10*! cm™3

In what follows below we set egg) =
effects of the non-axisymmetric DDIs. This condition
can be experimentally achieved by tuning the amplitude
(Rabi frequency) and the detuning of the =-field, while
keeping the o-field parameters fixed [45].

In Section 3, we first fix the effective scattering length
a, and vary the particle number N and the relative

(15)

0, to focus on
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Fig. 2 (al-a3) Isodensity profiles of self-bound QDs for
N = 10000 with e§§> =15, 1.9, and 4, respectively. (b) The
existence region of ground-state self-bound QDs for efig) =0
and as; =2100a0. The boundary (black line) separates
unbound (grey) and self-bound (orange) regions.

strength ec(]i) of the non-axisymmetric DDI. In Section 4,
we consider a second idealized parameter cut in which
age and N are fixed while a, is varied.

3 Ground-state (GS) properties

3.1  Formation of QDs

In this section, we adopt the representative value
as = 2100 ao, which is taken from the experimental data
in Ref. [45], where qy is the Bohr radius, the corresponding
value of the coefficient in Eq. (9) being g, = 4na,/lo =
0.7. The GS-QD state was produced by Eq. (9) by
means of the imaginary-time method [58]. Stability of
the QDs was tested by direct simulations of their
perturbed evolution (not shown here in detail), confirming
that all QDs are stable, as might be expected. Typical
examples of the QDs for different values of ¢ are

shown in Figs. 2 (al)-(a3), with N =10000 and
6((13) =1.5, 1.9, and 4, respectively. As efj) increases, the
QD becomes denser at intermediate interaction

strengths and gradually develops a more anisotropic
shape at larger 653).

Figure 2(b) shows the existence region of self-bound
QDs for e((ig) =0 and a,=2100aq. Stable self-bound
states exist only in the orange region above the boundary
(black line), whereas the grey region corresponds to
unbound states where no bound-state solution is found.
Self-bound states are not supported for sufficiently small

particle numbers N or small values of efjﬁ). In particular,

the limit of e((ji) =0 does not support self-bound states
because the effective mean-field interaction becomes
purely repulsive (g, >0). At N =1000, the threshold
found in Fig. 2(b) is consistent with the result reported
by Baillie [54]. Notably, E <0 in Fig. 2(b) confirms the
stability of the QDs against decay.

As shown in Fig. 2, under the condition efig) =0 and
6‘(13) # 0, the droplets exhibit a highly anisotropic, elliptical
pancake-like density profile, characterized by a narrow
width along the z direction and an extended, nearly flat-
top density distribution in (y,z) plane. In Ref. [54], an
anisotropic Gaussian variational ansétz was employed to
characterize the GS properties of microwave-dressed
dipolar quantum droplets in the general case, where
both {3 nd ¢ are nonzero. While this ansiitz provides
a useful description of the overall anisotropic structure,
it does not fully capture the pronounced flat-top feature
of the density profile in the purely non-axisymmetric
regime considered here. To better account for this char-
acteristic droplet shape, we introduce an anisotropic

Gaussian—super-Gaussian variational ansitz:

ovar) = e @) @) G g

where w,, w,, and w. are the variational widths
(wy,y,> >0), while o, and «. control the flatness of the
density profile along the y and z directions, respectively,
with «,, > 2. The amplitude A is determined by the
particle number N and the variational parameters.

Substituting Eq. (16) into the energy functional in
Eq. (10), the total energy is expressed as a function of
variational parameters (w,,wy,w,, oy, a.). The kinetic,
contact-interaction, and LHY contributions are evaluated
analytically from the corresponding integrals of the trial
state. The dipolar contribution is evaluated numerically
using FFT convolution with the same spherical cutoff as
in the imaginary-time calculations. The variational
parameters are then determined by numerically minimizing
the total energy using the fminsearch routine [59].

In Fig. 3, the dashed lines represent the variational
profiles. Overall, the variational results agree well with
the imaginary-time profiles over the main density region,
with a slight overestimation of the low-density tails. The
variational results yield «,,a, well above 2, confirming
the pronounced flat-top character of the density profiles
in the (y,z) plane and supporting the validity of the
Gaussian—super-Gaussian ansédtz for describing the
droplet structure.

For all considered interaction strengths, the QDs
exhibit pronounced directional dependence, with the
largest spatial extent along the y direction. As efj)
increases, the density profiles first broaden and then
become more localized, indicating a nonmonotonic evolu-
tion of the QD size. This observation motivates a quan-
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Fig. 3 Density profiles along the 2 (red), y (yellow), and 2
(blue) directions for the self-bound QDs shown in Fig. 2(a).
Solid and dotted curves represent the numerical and the VA
results, respectively. Panels (a—c) correspond to sgi) = 1.5,
1.9, and 4, respectively, with N = 10 000. The optimized vari-
ational parameters (ws,wy,ws,ay,a;) are (0.97,30.49,9.38,
5.98,4.46), (0.82,29,9.19,7.17,5.3), and (0.82,43.63,11.09,12,7.07)
for panels (a—c), respectively.

titative analysis of the QD properties. We use chemical
potential i and total energy E to characterize the cohesion
of the self-bound state, and the effective volume V and
peak density n, to quantify its spatial localization and
density compression. We further compare these numerical
results with the variational approximation (VA) intro-
duced above to assess the capability of the Gaussian—
super-Gaussian ansitz in describing the QD properties.
Firstly, we examine how these quantities depend on eéi)
and N.

As shown in Figs. 4(a) and (b), the solid and dotted
curves represent the numerical and VA results, respec-
tively. For fixed particle numbers N =5000 and
N =10000, both the chemical potential ; and the total

energy E exhibit a nonmonotonic trend with increasing
(2
edd)'

The two quantities first decrease and reach minima

near 2 ~3.2, indicating the strongest self-binding

€ad
within the sampled range. For larger e((ii), both quantities
gradually increase, signaling weakened effective binding.
The minima occur at nearly the same value for the two
particle numbers shown here, suggesting only a weak N
dependence in this parameter window; a denser scan
would be needed to establish the precise dependence of
the minimum position on N.
Besides the energetic properties, it is also instructive

(2)
€dd

Fig. 4 QD properties as functions of the non-axisymmetric
DDI strength, ¢, for N =5000 (yellow) and N = 10000
(purple), respectively. (a) Chemical potential x. (b) Total
energy E, see Eq. (10). (c) Effective volume V, see Eq. (15).
(d) Peak density m,. Solid and dotted lines denote the
numerical and VA results, respectively.

to examine how the density and size of the QD evolve.
As shown in Fig. 4(c), the effective volume V first
increases with eﬁ), reaches a maximum near egi) ~ 1.9,
and then decreases at larger anisotropy. A correlated
behavior is observed in the peak density n, shown in
Fig. 4(d), which first decreases and subsequently
increases at stronger anisotropy, reflecting initial expansion
of the QD followed by compression at large efii).

To further characterize the basic properties of self-
bound QDs, we next select a representative efii) =2 and
investigate their dependence on particle number N. As
shown in Figs. 5(a) and (b), the chemical potential p
decreases while the total energy E becomes increasingly
negative with increasing N, reflecting enhanced self-
binding. The variation is rapid at small particle number
and gradually slows at around N = 10000, approaching
an approximately linear dependence within the explored
range.

Importantly, the condition du/dN <0 is satisfied
throughout the explored parameter range, consistent
with the Vakhitov—Kolokolov (VK) stability criterion for
self-bound states [60]. This behavior suggests a crossover
from a dilute regime at small particle numbers to a
denser and more weakly compressible QD state at larger
N.

At the same representative efj) =2, we next examine
how the density and size properties evolve with N. As

Xinyi Tang, et al., Front. Phys. 22(3), 033202 (2027)
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Fig. 5 QD properties as functions of the particle number,

N, for 9 =0 and €2 =2. (a) Chemical potential .
(b) Total energy E, see Eq ( 0). (c) Effective volume V,
see Eq. (15). (d) Peak density n,. Solid and dotted lines

denote the numerical and VA results, respectively.

shown in Fig. 5 (c), the peak density n, with N. Mean-
while, the effective volume V in Fig. 5(d) increases
rapidly at small particle number and then grows more
slowly as N keeps growing, suggesting that additional
particles contribute to expansion of the QD, rather than
increase of its density. This behavior is consistent with
the flat-top regime of self-bound quantum droplets [48].

Having discussed the basic properties of the QD, we
now focus on its geometric anisotropy induced by the
non-axisymmetric dipole-dipole interaction. To charac-
terize the anisotropic deformation, we define the
anisotropy ratios

y = Wz/Wy, (17)

where the effective lengths along the three spatial direc-
tions are defined as

(/@(x,0,0)|2dm)2

[1et0.0) 6

(/IsoOy, )|? dy)
/Ichy, )[* dy

W, = , (19)

€ad

Fig. 6 (a) Anisotropy ratios 7., (purple) and 7., (yellow)
as a function of €2 with N =10000. (b) Anisotropy ratios
n.y (purple) and n,, (yellow) as a function of N with

53) = 2. Solid and dotted lines denote the numerical and VA

results, respectively.

o ([ronorey

/|tp00z\4dz

This definition is convenient for the present flat-top

droplets: in the Thomas—Fermi limit, where the central
density is approximately constant within the half-width
R and vanishes outside it, the above definition gives
W; =2RI" [57]. Thus, W;/W,; directly measures the
corresponding Thomas—Fermi aspect ratio.
Here, W, is chosen as the reference length since the
QD generally has the largest spatial extent along the y
direction. Therefore, smaller values of ., and ,, indicate
stronger anisotropy, corresponding to a more elongated
density distribution along y.

(21)

Figures 6(a) and (b) show the anisotropy ratios as
functions of 5(2 and N, respectively. Since increasing
¢\2) strengthens the anisotropic dipolar interaction, while
increasing N enhances the overall nonlinear interaction
energy, the QD is expected to become increasingly elon-
gated along the y direction. As a result, both 7., and
nsy are generally expected to decrease with increasing
eg? or N,
Overall, the numerical results follow this tendency.

However, a slight deviation from this trend appears

reflecting enhanced geometric anisotropy.

near eg? =1.9, where n,, exhibits a small local maxi-
mum, corresponding to a relatively thicker density
profile along the z direction. This behavior may originate
from the competition between the anisotropic DDI and
the stabilizing effects of the contact and LHY interac-
tions, which can temporarily weaken the effective
compression along the z direction.

Overall, the VA results agree well with the numerical
results over the explored parameter ranges, demonstrating
that the present Gaussian—super-Gaussian
captures well the main properties of the QDs.

ansatz
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3.2 Contact interaction tuning at fixed ago

To further clarify the role of the contact interaction in
the formation of self-bound quantum droplets, we
consider the dependence of the droplet properties on the
s-wave scattering length a, while keeping the dipolar
length ag fixed. Although the independent experimental
control of these two interaction parameters may require
appropriate tuning of the microwave dressing fields, a
reasonable schemes for their independent tunability have
been discussed in Ref. [61]. Here, we therefore treat as
and a4 as independently controllable parameters and
focus on the theoretical role of the contact interaction
by varying a, at a fixed ag. This provides a direct way
to isolate how the short-range contact interaction affects
the formation and properties of the self-bound droplets.
Specifically, we fix the non-axisymmetric dipolar
length at ag = 4200aq and set N = 2000, while varying
as. This defines an idealized fixed-ay, path within the

present eGPE model. For egg) =0, substituting
G, = 4mh2as/m and efj) = ag/as into Eq. (1) gives
3\/5086513) .2
Uu(R) = i Rs sin f cos 2¢
3v/3h?
= % sin® 6 cos 2¢. (22)

Thus, the non-axisymmetric mean-field DDI kernel auto-
matically unchanged along this path, while the contact-
interaction coefficient G, and the LHY coefficient ~or
vary with a,.

Figure 7 summarizes the dependence of the QD prop-
ertieson a,. Panels (al)—(a4) show the density distributions
in the central z =0 plane, corresponding to the (y,z)
plane, for a, =2100ag, 1600ag, 800ag, and 50aq, respec-
tively. Panel (b) shows the corresponding effective
volume V as a function of a,.

Over the parameter range shown, decreasing a;
produces a continuous compression of the QD, as indicated
by the decreasing effective volume and increasing peak
density. These trends indicate increasing compression
and suggest a possible approach to collapse for a, — 0.
The stationary states obtained by ITP for the parameters
shown in Fig. 7 remain stable in direct simulations for a
sufficiently long time. Note that, in this figure, as a,
becomes very small, the increasingly compressed QDs
require progressively finer spatial resolution, and the
numerical results become sensitive to the grid size; we
therefore terminate the numerical scan the a, at a small
finite value.

4 Dynamics of QDs

4.1  Collision dynamics

To investigate the dynamical properties of self-bound

(al) a,=2100a, (a2) a,= 16004,
8
10 15
6
N0 4 10
5
-10 2
(a3) a,=800q, (ad) a,=50aq,
10 50 150
w0 30 100
50
-10 10
-15 0 15 =15 0 15
(b) x10? g N=2000 g
4
N
2
0 x10%,
0.0 0.4 0.8 1.2 1.6 2.0

Fig. 7 (al-a4) Density distributions in the central y-z
plane for as; =2100a¢, as = 1600aop, 800ao, and 50ao, respec-
tively, with fixed ag = 420049 and N =2000. (b) Effective
volume V [see Eq. ( 15)] as a function of the s-wave scattering
length as.

QDs, we consider head-on collisions between two identical
QDs with N =10000, €2 =2, and a,=2100a,. The
initial states are prepared by imprinting opposite
momenta onto two spatially separated stationary QDs.

For a head-on collision along a coordinate axis
=ux,y,2, the initial state is written once in the form

j
62

Y(rt =0) = @1(r —mo)e'™

+ oa(r + ro)e_i@"r, (23)

where r = (z,y,2), 1o =70;€; is the initial displacement
of one droplet, and ¢; = (;é; is the corresponding kick
vector. The parameters are ry, = 12 for the z collision,
roy = 128 for the y collision, and ry, = 64 for the z colli-
sion. The initial displacements are chosen to avoid
significant density overlap at ¢t = 0.

For collisions along the z direction, the density cross
sections in the (z,t)-plane, shown in Figs. 8(a)—(d),
clearly indicate that the collision dynamics strongly
depend on the kick strength, (,. For weak kicks with
¢, = 0.39, shown in Fig. 8(a), the QDs approach each
other and subsequently reverse their motion before
substantial density overlap occurs, producing a quasi-
elastic rebound with only weak deformation. For
stronger kicks with ¢, =0.79, shown in Fig. 8(b), the
QDs merge upon collision and subsequently form a

Xinyi Tang, et al., Front. Phys. 22(3), 033202 (2027)
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Fig. 8 Time evolution of the central density profiles
during head-on collisions along the x direction of two identical
self-bound QDs with N = 10 000, eﬁ? =2, as =2100ap, and
roz = 12. The kick strength is (a) ¢, =0.39, (b) ¢ =0.79,
(¢) ¢ =187, and (d) ¢, =3.34.

single self-bound QD.

For a still larger kick with (, =1.87, shown in
Fig. 8(c), the collision still produces a merged central
droplet, but two weak emitted branches also appear and
propagate away from the collision region. At the largest
kick considered here, ¢, =3.34, shown in Fig. 8(d), the
central merged component is almost suppressed after the
collision, and the final density distribution is dominated
by two outgoing emission branches.

The (y,t)- and (z,t)-plane density cross sections in
Figs. 9(al)—(a2) and Figs. 9(b1)-(b2) show that the
collisions are likewise strongly inelastic in both transverse
directions. For the weaker kicks ¢, = 0.39 in the y direction
and ¢, =020 in the » direction, shown in Figs. 9(al)
and (bl), respectively, the QDs deform and fragment
before substantial overlap. For the stronger kicks
¢, =0.79 and ¢, =0.39, shown in Figs. 9(a2) and (b2),
respectively, the QDs first overlap and then break into
fragments. No long-lived self-bound remnant is observed
in either direction.

4.2 Rotational dynamics

We investigate the rotational response of a single self-
bound QD to a time-dependent anisotropic DDI. We
obtain a stationary QD for N = 5000, egg) =0, egi) =2,
and ag, = 2100ap. The stationary state serves as the
initial state for real-time evolution with a continuously
rotating anisotropic DDI about one of the three Cartesian
axes.

The rotation angle evolves as 3(t) = Qt, where Q is the
angular velocity. The time-dependent orientation of the
anisotropic DDI is implemented by transforming the
Fourier-space momentum vector k according to

Fig. 9 Time evolution of the central density profiles
during head-on collisions of two identical self-bound QDs
with N = 10000, eg? =2, and a, = 2100a¢ for different collision
directions and kick strengths. (al, a2) Collisions along the y
direction for ¢, =0.39 and ¢, =0.79, respectively, with
roy = 128. (b1, b2) Collisions along the 2z direction for
¢. = 0.20 and (, = 0.39, respectively, with ro, = 64.

where Ty, , ., denotes the rotation matrix about the

(24)

corresponding Cartesian axis, and k{l ) ig the jth
component of kff vz}

The corresponding transformed components are

ki = (k5o K5y K5.2)
= (kg kycos B — k. sin B3, kysin B + k. cos 3), (25)

with j =2,y 2.

&
(S
Il

5= (K BBy R52)
= (kg cos 8 — k. sin B3, ky, kg sin 8 + k. cos 3), (26)

ki = (Kb Koy K5.2)

= (kg cos B — kysin 3, kg sin 8 + ky cos 3, k). (27)

Substituting the transformed momentum components
into Eq. (5) gives

Gy [e© w

-5

Udd(’cvt) = -1

(28)

The wave function is propagated using the same split-
step Fourier method as in the collision simulations. The
angular velocities are chosen as Q, =, =257 x 1073
and Q, = 1.257 x 1072, To reduce boundary effects, the
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Fig. 10 Columns show the rotation angles g = 0°, 45°, and
90°. The plotted surface is the density isosurface n = 0.17may-
The initial state is the imaginary-time ground state for
N =5000, €2 =0, 2 =2, and a; = 2100a0. Rows (al-a3),
(b1-b3), and (c1—c3) correspond to rotations about the z,
y, and z axes, respectively.

numerical box is enlarged in the yz, zz, and zy planes
for rotations about the z, y, and 2 axes, respectively.

The resulting density evolution is shown in Fig. 10.
The three rows correspond to rotations about the z, y,
and z axes, respectively, while the columns show = 0°,
45°, and 90°. The density isosurface is plotted at
n=0.1nnx. As B increases, the changing orientation of
the anisotropic interaction induces a corresponding
deformation of the self-bound QD, which remains localized
throughout the evolution.

5 Conclusion

We have investigated self-bound quantum droplets
(QDs) supported by non-axisymmetric
dressed dipole—dipole interactions (DDIs) in a polar-
molecule Bose-Einstein condensate by solving the
extended Gross—Pitaevskii equation (eGPE) including
the Lee-Huang—Yang (LHY) correction. We find that
stable self-bound QDs can exist even when the conventional
axially symmetric DDI is completely suppressed, and
identify their existence region in the (NV,¢'2)) parameter

microwave-

(
dd
plane. To characterize their strongly anisotropic and
flattened density profiles, we introduce an anisotropic
Gaussian—super-Gaussian variational ansdtz. The opti-
mized variational parameters accurately capture the
characteristic widths and flat-top features of the QDs,
with only small deviations in the low-density tails. The
variational density profiles are in good overall agreement
with the numerical eGPE results.

We further characterize the ground-state properties of
the QDs through the chemical potential u, total energy

E, effective volume V, peak density n,, and anisotropy
ratios as functions of the particle number N and the non-

axisymmetric dipolar interaction strength e((ii). The
results reveal pronounced anisotropic deformation,

nonmonotonic dependences of the droplet properties on
effi), and increasingly strong self-binding with increasing
N. The corresponding variational predictions show good
agreement with the numerical simulations, demonstrating
that the Gaussian—super-Gaussian ansidtz provides a
useful description of the equilibrium properties of these
highly anisotropic QDs.

We have also explored the dynamical properties of the
QDs through head-on collisions between identical
droplets along different directions and through their
rotational ~dynamics wunder reorientation of the
microwave-controlled DDI. The collision outcomes
exhibit a pronounced directional dependence. Collisions
along the z axis lead to quasi-elastic rebound and
merger, whereas collisions along the y and 2 axes are
destructive and result in fragmentation without a long-
lived self-bound remnant. In addition, direct simulations
of the rotational dynamics show that a self-bound QD
can dynamically follow the reorientation of the non-
axisymmetric DDI, undergoing orientation-dependent
deformation while maintaining its spatial localization.
These results demonstrate that non-axisymmetric
microwave-dressed DDIs provide versatile control over
the equilibrium structure, collisional behavior, and three-
dimensional rotational dynamics of self-bound quantum
droplets.

As an extension of the present work, it would be
interesting to investigate collective excitations [63-65] of
non-axisymmetric QDs, because the pronounced
anisotropic deformation, found here, breaks rotational
symmetry and may split and mix low-lying shape
modes. It would also be important to clarify specific
mechanisms which account for outcomes of the direction-
dependent collisions, reported in this work. Actually, the
different outcomes suggest action of direction-dependent
coupling between translational motion, internal deforma-
tion, and fragmentation. A systematic mode-resolved
analysis of the corresponding energy-transfer pathways
would require a dedicated dynamical study (Refs.
[66-68]), which is a subject for further work.
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Appendix A: The derivation of Q5(edd : 6((1(21))

The calculation of Qg,(efig),efjﬁ)) is derived by Baillie in
Ref. [54]. In this appendix, we briefly reproduce the
derivation, to facilitate understanding of properties of
this function.

By introducing a spherical cutoff of radius R., the
Fourier transform of the dipole-dipole interaction given
in Eq. (5) can be rewritten as

054 (k) = Usa(K)s(R.)
=G, [Gdd (3cos® O — 1)

- \/36((1(21) sin? 0, cos 2@4 s(kR.), (A1)
where 0, and ¢; denote the polar and azimuthal angles
of the wave vector k, respectively, and the cutoff function
s(kR.) is

s(kR.) =1+ 3(kR.) % cos(kR.) —

3(kR.) 3sin(kR.).

(A2)

In the limit of R.— oo, one has s(kR.) — 1, so that
Uc{}(k:) — Uga(k).

To evaluate the angular average, the integrations over
) can be carried out analytically, yielding

Qs(x,0) = 5(16# [1n(\/1+2x—\/37c) %
+1—16(11+4x+9x2)\/1+2x.

(A3)

The remaining dependence on ¢ is represented by an
auxiliary function,

2 ® i
I(¢r)= | 1— ﬁedd cos 2¢y,

\fedd +edd COS 29y, 0
V3 — 26 cos 205 .

The full coefficient Q5(e\y,e(?) is then obtained as

(A4)

w/2
R(Qs (i)} = = [ donRefT(an)}.  (a9)
w/2
Im{Qs(ely )} = = [ dorlm{I@}. (a0

In parameter regions where Qs is complex, only its
real part is retained in the extended GPE. The so
obtained values of Re[Qs] for different values of ¢2) and

e§d> =0 are collected in Table Al.

RESEARCH ARTICLE

Table Al Values of Re[Qs] for selected €2 (with
esg) =0).

2 Re(Qs]

1 2.43

2 6.61

3 13.22

4 23.29

5 37.02
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