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ABSTRACT

We  study  the  topology  and  localization  properties  of  a  generalized  Su–
Schrieffer–Heeger (SSH) model with a quasi-periodic modulated hopping.
It  is  found  that  the  interplay  of  off-diagonal  quasi-periodic  modulations
can  induce  topological  Anderson  insulator  (TAI)  phases  and  reentrant
topological Anderson insulator (RTAI),  and the topological phase bound-
aries can be uncovered by the divergence of the localization length of the
zero-energy  mode.  In  contrast  to  the  conventional  case  that  the  TAI
regime emerges in a finite range with the increase of disorder, the TAI and
RTAI  are  robust  against  arbitrary  modulation  amplitude  for  our  system.
Furthermore, we find that the TAI and RTAI can induce the emergence of
reentrant localization transitions. Such an interesting connection between
the  reentrant  localization  transition  and  the  TAI/RTAI  can  be  detected
from  the  wave-packet  dynamics  in  cold  atom  systems  by  adopting  the
technique of momentum-lattice engineering.
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1   Introduction

Anderson localization is a ubiquitous phenomenon in the
condensed matter where the wave-like behavior of particles
becomes  localized  in  a  disordered  medium,  preventing
their propagation. This phenomenon was first introduced
by  Anderson  in  1958  and  has  since  been  observed  in  a
wide range of physical platforms [1–7]. For low-dimensional
systems,  the  single-parameter  scaling  theory  predicts
that an arbitrarily small on-site random disorder induces
all states to be localized [8]. However, such a scaling the-
ory is invalid in a quasi-periodic system, for which low-
dimensional quasicrystals may exhibit a metal-to-insulator

transition.  The  paradigmatic  example  is  the  Aubry–
André (AA) model [9–12], which has been experimentally
realized in cold atoms [4] and photonic crystals [13, 14].
In some extended AA models,  one can obtain an inter-
mediate  phase  with  coexisting  extended  and  localized
states separated by a critical energy called the mobility
edge  (ME)  [15–21].  Moreover,  quasi-periodic  systems
exhibit many unique properties, such as reentrant locali-
zation transition [22]. It indicates the system can under-
go two localization transitions. Subsequently, this pheno-
menon has also been observed in many other quasi-periodic
models [23–36]. This discovery deepens the understanding
of the localization transition in quasi-periodic systems.
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On the  other  hand,  topological  insulators,  known  for
their  quantized  electronic  transport  in  bulk  states  and
the  presence  of  nontrivial  in-gap  modes,  have  garnered
significant attention over the past few decades. Topology
and  disorder  exhibit  many  fantastic  connections,  from
the similarity of one-dimensional (1D) quasi-periodic and
2D  Hofstadter  lattices,  to  the  connection  between  the
random  matrix  and  the  classification  of  topological
phases [37–39]. One hallmark property of the topological
insulators  is  the  robustness  of  nontrivial  edge  states
against  weak  disorder  in  the  underlying  lattice.  This
robustness  arises  because quantized transport  along the
edge  states,  which  are  protected  against  backscattering
by  topological  invariants.  However,  when  the  disorder
amplitude is large enough, the band gap closes, and the
system typically transitions into a trivial phase [40–54].
Interestingly, disorder can also induce nontrivial topology
in  a  system  that  initially  exhibits  trivial  bands,  a
phenomenon known as the topological Anderson insulator
(TAI). This phase is marked by the emergence of topo-
logically protected edge modes and quantized topological
charges  [55–57].  The  TAI  phase  was  first  predicted  in
2D  quantum  wells  with  random  disorder  [55]  and  has
since  been  demonstrated  across  a  variety  of  systems,
including Su–Schrieffer–Heeger (SSH) chain [58].  Subse-
quently,  Groth et  al. [59]  introduced  an  effective
medium theory, the self-consistent Born approximation,
to explain the mechanism behind TAI formation. During
the  transition  from  a  trivial  to  a  nontrivial  phase,  the
topological  mass  changes  sign from negative  to  positive
with the zero value of the topological mass marking the
critical  point  of  the  topological  phase  transition.  Here,
the  topological  mass  refers  to  the  self-energy  correction
induced by random disorder [59–63]. The TAI phase has
been  extensively  studied  in  various  theoretical  models
[64–73] and observed experimentally in various artificial
systems  such  as  2D  photonics  system  [74, 75]  and  1D
engineering  synthetic  chiral  symmetric  wires  [76].  For
disorder-induced  TAI,  it  is  generally  observed  that  the
bulk  states  remain  localized.  However,  recent  studies
have  shown  that  in  quasi-periodic  modulation-induced
TAI  phase,  the  bulk  states  exhibit  unique  localization
properties [61, 77, 78].

This paper investigates a generalized SSH model with
off-diagonal quasi-periodic modulations exhibiting exotic
topological  and  localization  phenomena.  First,  we
numerically  calculate  the  topological  phase  diagram  by
the real-space winding number to characterize the effects
of  off-diagonal  quasi-periodic  modulations  on  topology.
According  to  the  topological  phase  diagram,  we  found
that  the  off-diagonal  quasi-periodic  modulations  can
induce three different topological phases: the topological
insulator phase, the reentrant topological Anderson insu-
lator  phase  (RTAI),  and the TAI.  The RTAI and TAI
phases  in  our  system  exhibit  the  robustness  of  the
nontrivial topology under strong disorder strength condi-

tion. Such topological features are also characterized by
the  divergence  of  the  zero  mode’s  localization  length.
Furthermore, we study the localization properties of our
system and verify the existence of the reentrant localization
transition. By comparing the localization and topological
phase  diagrams,  we  find  that  the  reentrant  localization
transition coincides with the RTAI and TAI phase tran-
sitions, and a physical explanation is given. Finally, we
illustrate that the relationship between the TAI and the
reentrant  localization transition can be  detected by the
wave-packet dynamics in the momentum-lattice system. 

2   Model and Hamiltonian

The reentrant localization transition is first observed in
an SSH model  with the staggered quasi-periodic  on-site
potential, which breaks the chiral symmetry of the SSH
chain and is topologically trivial. To detect the relationship
between  the  reentrant  localization  and  the  topological
transition,  we  consider  a  generalized  SSH  model  with
quasi-periodic  modulated  hopping,  which  preserves  the
chiral symmetry and is depicted in Fig. 1. The dimerized
tight-binding model can be described by 

H =
L∑

m=1

vm(c†m,Bcm,A +H.c.)+
L−1∑
m=1

wm(c†m+1,Acm,B +H.c.).

(1)

L

A B 2L

m i

c†m,A c†m,B

A B

m cm,A cm,B

vm wm

H

SH = −HS S = IL ⊗ σz
σz IL
L× L

This is a chain of  unit cells consisting of two sublattices
labeled by  and , and the length of the lattice is .
As shown in Fig. 1,  is the index of the unit cell, and 
represents  the  lattice  site.  ( )  is  the  creation
operator  for  a  particle  on  the  ( )  sublattice  of  the

th cell, and  ( ) is the corresponding annihilation
operator.  and  characterize the intracell and intercell
hopping amplitudes, respectively. This model describes a
chiral  chain  with  the  Hamiltonian  obeying

. Here, the chiral operator , where
 is  the  Pauli  matrix  (sublattice  space),  and  is  a

 identity  matrix  (unit-cell  coordinate  space).  To
preserve  the  chiral  symmetry,  we  consider  the  quasi-
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Fig. 1  Schematic illustration of the generalized quasi-peri-
odic SSH model with two sublattices (  and ) in each unit
cell  shown  in  the  dotted  box.  This  is  a  chain  with  unit
cells, and the length of the chain is . Here,  is the index
of  the  unit  cell,  and  represents  the  lattice  site. 
and  are  the -dependent  intercell  and  intracell
hopping amplitudes, respectively.
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periodic  modulated  intracell  and  intercell  hoppings
respectively with the amplitudes, 

vm = v +∆m, wm = w + γ∆m, (2)

with 

∆m = ∆ cos(2πβm+ ϕ). (3)

v w

∆

γ

γ > 1 β

ϕ ∈ [0, 2π)

∆ = 0

v

w

w = 1

β =
√
5−1
2 v ≥ 0 ∆ ≥ 0

γ = 2

Here,  and  are  the  site-independent  intracell  and
intercell  tunneling  energies,  is  the  strength  of  the
incommensurate modulation,  is the ratio of quasi-periodic
modulations  of  intracell  to  intercell  tunneling  (here  we
consider ),  is an irrational number to ensure the
incommensurate modulation, and  is an arbitrary
phase,  which  is  used  to  create  different  quasi-periodic
modulation configurations. In the clean case ( ), the
Hamiltonian  Eq.  (1)  reduces  to  a  standard  SSH  model
[46].  When  the  intracell  hopping  amplitude  exceeds
the intercell hopping amplitude , the system undergoes
a  topological  phase  transition  accompanied  by  the
vanishing  of  the  zero-energy  edge  modes  and  the
nontrivial  winding number.  The generalized SSH model
described  by  Eq.  (1)  can  be  realized  by  cold  atoms  in
the  momentum  lattice.  One  can  adjust  the  Bragg-
coupling parameters between adjacent momentum-space
sites to realize the off-diagonal quasi-periodic modulations
[50]. In the following, we will discuss the topological and
localization properties of the SSH model with the quasi-
periodic modulated hopping, respectively,  and elaborate
on  the  relationship  between  the  reentrant  localization
transition and the TAI/RTAI. We set  as the unit
energy,  as  the  golden ratio, , ,  and

 for our numerical calculations under open boundary
conditions (OBCs). 

3   Topological phase transition

H|ψn⟩ = En|ψn⟩ En ≥ 0 |ψ̃n⟩ = S|ψn⟩
−En

Smα,hδ = δmh(σz)αδ m,h

α, δ

Q

One can apply the open-bulk winding number to obtain
the topological phase diagram of the SSH model without
the  translational  symmetry.  For  a  given  modulation
configuration,  we  can  solve  the  Hamiltonian  as

 with  and  corre-
sponding to an eigenvector with , where the entries
of  the  chiral  operator  are  with 
referring to the unit  cell  and  to the sublattice.  We
introduce an open-boundary  matrix given by 

Q =
′∑
n

(
|ψn⟩⟨ψn| − |ψ̃n⟩⟨ψ̃n|

)
, (4)

′∑
n

where  is  the  sum  over  the  eigenstates  in  the  bulk
spectrum without the edge modes. The open-bulk winding
number in real space is defined as [47, 90] 

Wc =
1

2L′Tr
′(SQ[Q,X]). (5)

X Xmα,hδ =

mδmhδαδ X

X = diag(1, 1, 2, 2, ..., L, L)
S = diag(1,−1, 1,−1, ..., 1,−1)

l L′ l L = L′ + 2l

L′

Tr′

L′ Wc

L→ ∞

L = 200

W = 1/Nc

∑Nc

c=1Wc Nc

ϕ

Here,  is  the  coordinate  operator  with 
, which means that  is a diagonal matrix given

by .  And  the  chiral  operator
.  To  mitigate  the  boundary

effects,  the  chain  is  divided  into  three  intervals  with
lengths , , and , where . The focus of the
analysis  is  on  the  middle  interval  with  length .  The
symbol  represents  the  trace  operation  over  this
middle interval of length .  serves well for disordered
systems as it does not require the translation invariance
and is quantized to an integer in the limit of . In
practical  calculations,  a  moderate  system  size  is  suffi-
cient. In the context of Fig. 2, a chain of length 
is chosen. Furthermore, we define the disorder-averaged
winding  number ,  where  is  the
number of the disorder realization by choosing different
phases .  The  topological  properties  of  disordered
system can also be characterized by the Bott index. And
the detailed results can be found in Appendix D.

v ∆ W

Figure  2(a)  shows  the  topological  phase  diagram  on
the –  plane  obtained  by  numerically  computing .
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Fig. 2  (a) Disorder-averaged  winding  number  as  a
function of the modulation strength  and the amplitude of
the intracell hopping  with . The colorbar shows the
value of disorder-averaged winding number . Two red dot
lines  represent  the  analytic  critical  lines  Eqs.  (8a)  and  (8b)
for  the  divergence  of  the  localization  length  of  the -th
eigenstate.  Two  disorder-averaged  energies  and  in
the center of the spectrum, and the disorder-averaged winding
number  as a function of the modulation strength  under
OBCs  with (b) , (c) ,  and (d) ,  respec-
tively. The bulk gap  as a function of  under PBCs with
(e)  and (f) ,  respectively.  Here,  we  take

 disorder realizations.
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As  shown  in Fig.  2(a),  one  can  divide  the  topological
phase  diagram  into  three  regions,  i.e., ,

,  and .  When ,  the  SSH model  is
topologically  nontrivial,  and  this  feature  is  robust
against the quasi-periodic modulations. It implies that in
this  regime,  an  arbitrary  quasi-periodic  modulation
amplitude  will  not  break  the  nontrivial  topology  of
the system. For the case , with the increase of ,

 keeps  unit,  and  the  values  of  and  remain
zero,  as  shown  in Fig.  2(b).  Here, 
with  being the -th eigenenergy for a given modulation
configuration.  For ,  the  system  undergoes
topological transitions among nontrivial-trivial-nontrivial
regions as  increases.  A clear picture can be obtained
by  the  average  winding  number  and  the  two  disorder-
averaged  zero  modes  as  a  function  of  for ,  as
shown  in Fig.  2(c).  For  small ,  and

,  which  is  topologically  nontrivial.  For
, the average winding number  jumps to

 and  the  values  of  the  corresponding  and 
break into nonzero pairs. It indicates that the modulation
destroys  the  nontrivial  topology.  A  modulation-induced
topology  emerge  again  in  the  region,  which  is
named as RTAI. A detailed explanation for this process
can  be  seen  by  the  bulk  gap  under
period  boundary  conditions  (PBCs),  as  shown  in
Fig. 2(e) with . Initially, the system is in a topo-
logically  nontrivial  phase  characterized  by  a  bulk  gap.
This  topological  gap  is  robust  against  weak  disorder.
However, as the disorder strength increases, a sufficiently
strong disorder disrupts the topological order, leading to
the closing of the bulk gap at a critical disorder strength
of .  Within  the  interval ,  the  system
transitions to a topologically trivial phase with a corre-
sponding  trivial  bulk  gap.  For  the  region  where ,
the clean system exhibits topologically trivial character-
istics.  However,  when  the  modulation  amplitude
surpasses a critical value, the system transitions into the
TAI  phase,  which  remains  robust  against  the  effects  of
the  modulation.  As  illustrated in Fig.  2(d)  for  the  case
with  for , moderate modulations induce the
emergence  of  disorder-averaged  zero  modes,  coinciding
with a sudden jump of the winding number  from  to
.  From Fig.  2(f)  shown  as  a  function  of  with

 under PBCs, it is evident that the energy spectrum
undergoes  a  gapped-to-gapped  transition  at ,
with  the  topological  phase  transition  occurring  at  the
point where the gap closes. Both TAI and RTAI phases
induced  by  the  quasi-periodic  modulations  are  robust
against the disorder in our system.

W = 1

According  to Figs.  2(b)–(d),  in  the  topologically
nontrivial  regime,  we  find  the  emergence  of  the  zero
modes  is  always  accompanied  by  a  nonzero  average
winding number , and the zero modes are localized
at  the  edges  with  a  finite  localization  length.  However,

Hψ = 0

when  the  system  enters  the  trivial  regime,  these  edge
modes vanish and bulk states emerge with the divergence
of  the  localization  length  [65, 77].  Therefore,  one  can
analytically  obtain  the  topological  phase  boundary  by
studying the localization length of  the zero modes.  The
Schrödinger  equation  of  the  SSH  model  Eq.  (1)  with
zero modes, , is given by 

wmψm,B + vm+1ψm+1,B = 0,

vmψm,A + wmψm+1,A = 0, (6)

ψm,A ψm,B

A(B) m

ψn+1,A = (−1)n
∏n

m=1(vm/wm)ψ1,A

λ

where ( )  is  the  probability  amplitude  of  the
zero mode on the sublattice site  in the -th lattice
cell.  By  solving  the  coupled  equations,  one  can  obtain

, leading to the localiza-
tion length  of the zero modes given by [77, 85] 

λ−1 = − lim
L→∞

1

L
ln
∣∣∣∣ψL+1,A

ψ1,A

∣∣∣∣
= lim

L→∞

1

L

∣∣∣∣∣
L∑

m=1

ln
|1 + γ∆ cos(2πβm)|
|v +∆ cos(2πβm)|

∣∣∣∣∣ . (7)

λ λ−1 → 0The divergence of the localization length , i.e., ,
gives  the  topological  phase  transition  boundaries  (see
Appendix A for the derivation): 

1 +
√
1− γ2∆2 = v +

√
v2 −∆2, ∆ <

1

γ
and∆ < v,

(8a)
 

∆ =
2γ

1 + γ2
v,

1

γ
< ∆ < v. (8b)

The  analytic  results  are  shown  in Fig.  2(a)  marked  by
the  red  solid  lines,  which  match  our  numerical  results.
Based on the  above  analysis  and numerical  results,  the
topological  properties of  the system can be summarized
in Table 1.

λ−1
L

L

One can numerically calculate the value of  for the
-th  eigenstate,  which  is  also  known  as  the  Lyapunov

exponent, defined as [65, 79, 80] 

λ−1
L = lim

L→∞

1

L
ln ||T ||, (9)

∥T∥
T =

∏L
m=2 TmT1

where  denotes the norm of the total transfer matrix
 with

 

Tm =

 E2
L − v2m − w2

m−1

vmwm
−wm−1vm−1

vmwm

1 0

 , (10)

and 

T1 =

 E2
L − v2m
vmwm

−1

1 0

 . (11)
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Figure  3(a)  shows  the  for  the L-th  eigenstate  as  a
function of  and  with  and .  In a
topologically nontrivial regime, the L-th state represents
a  nontrivial  zero  mode  with  finite  localization  length.
However, in a topologically trivial phase, the L-th state
denotes  a  conventional  bulk  state.  The  diverging  lines
indeed  match  our  topological  phase  boundaries  in
Fig. 2(a). Note that the red triangle region in Fig. 3(a)
signifies a topologically trivial area. Through the discussion
in  the  following  text,  this  region  corresponds  to  a  fully
localized phase where all states exhibit finite localization
lengths.  Therefore,  within Fig.  3(a),  the  presence  of  a
red  triangle  region  with  suggests  that  the L-th
eigenstate in the topologically trivial domain is a localized
bulk mode. Here, when the value of  exceeds , we
represent it using a single color, which serves the practical
purpose  of  highlighting  the  topological  phase  transition
points  in Fig.  3(a).  As  an  example,  we  choose  to
plot  as a function of  in Fig.  3(b).  For  within
the  range , ,  indicating  that  the L-th
eigenstate  is  a  trivial  bulk  state  exhibiting  localized
features.  When ,  the L-th  eigenstate  corre-
sponds  to  a  topologically  nontrivial  edge  mode.  The
value  marks the transition point for the TAI phase,
indicated by the black dashed line in Fig. 3(b). 

4   Localization phase diagram and reentrant
localization transition

(IPR)
(NPR)

To obtain  the  localization  properties  of  the  system,  we
rely  on  the  inverse  participation  ratio  and  the
normalized  participation  ratio ,  which  are  defined
respectively as 

IPRn =
L∑

m=1

∑
α

|ψn
m,α|4,

NPRn =

(
2L

L∑
m=1

∑
α

|ψn
m,α|4

)−1

, (12)

ψn
m,α n

α α = A B

m IPRn

NPRn

IPRn NPRn

⟨IPR⟩ ⟨NPR⟩

where  is  the  probability  amplitude  of  the -th
eigenstate  on  the  sublattice  site  ( or )  in  the

-th  unit  cell.  It  is  known  that  tends  to  zero
(nonzero) and  is nonzero (zero) for the delocalized
(localized)  phases  in  the  thermodynamic  limit.  To
observe the overall localization transition of the system,
we  average  the  and  over  all  eigenstates  to
obtain  and .

In  order  to  see  the  localization  transition  point  more
clearly,  we  can  use  the  fractal  dimension,  which  is
defined as
 

Γn = − lim
L→∞

ln IPRn

ln (2L)
. (13)

L Γn → 0

Γn → 1

0 < Γn < 1

In the large  limit,  for localized states. For the
delocalized states, when  for extended states and

 for the critical ones [81].

σn

λn En

σn

In  order  to  further  distinguish  the  localization  states
from the delocalized ones, we can also apply the standard
deviations  of  the  coordinates  and  the  localization
length  of eigenstates with the eigenvalue , respec-
tively. The standard deviations of the eigenstate coordi-
nates  are given by [82]
 

 

γ = 2, w = 1 ∆1 ∆2

0.6 < v < 1

∆3

1 < v

Table  1  Summary  of  the  topological  properties  of  the
model  (1).  Other  parameters: .  Here  and 
are the topological phase transition points for , as
determined by Eqs. (8a) and (8b). And  is also the topological
phase transition points for , as determined by Eq. (8b).

v
Site-independent intracell

strength ( ) ∆
Disorder

strength ( )
Zero

modes Type of phases

0 < v < 0.6 ∆ > 0 Yes Topological
insulator

0.6 < v < 1

0 < ∆ < ∆1 Yes
RTAI∆1 < ∆ < ∆2 No

∆ > ∆2 Yes

v > 1
0 < ∆ < ∆3 No

TAI
∆ > ∆3 Yes
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Fig. 3  (a)  of  the L-th  eigenstate  as  a  function  of 
and  for  and  disorder  realization.  The
colorbar shows the value of . (b)  as a function of 
for  with  and  disorder realization. The
black  dash  line  corresponds  to  the  topological  transition
point Eq. (8b).
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σn =

√√√√ 2L∑
i=1

(
i− i

)2 |ψn(i)|2 , (14)

i i =
∑2L

i=1 i |ψn(i)|2

σn

σn
σn

λ−1
n n

λ−1
n > 0

λ−1
n = 0

Γn

∆

0.3 < ∆ < 0.5 0.7 < ∆ < 1.6

∆ = 0.1, 0.4, 0.6, 1.3 2

σn λ−1
n

n

∆ = 0.1

σn
λ−1
n ∆ = 0.4 λ−1

n → 0

σn

λ−1
n > 0 σn

where  is the lattice coordinate and  is
the center of mass position. The  contains the information
about  the  spatial  distribution  of  the  eigenstates.  While

 is  small  for  a  localized  state  and  larger  for  the
extended state, the  of the critical states is in between
of them and exhibit fluctuation. The inverse of the local-
ization length  for  the -th eigenstate  measures  the
average  growth  rate  of  the  wave  function  and  can  be
calculated  in  a  similar  way  as  Eq.  (9)  for L-th  eigen-
state. The case  corresponds to a localized state,
and a delocalized state is characterized by  [83].
Figure  4(a)  shows  the  fractal  dimensions  associated
to eigenstate indices as a function of .  It  can be seen
that some eigenstates are localized and the rest are delo-
calized  in  and  regions.  We
discuss  the  localization  features  in  different  regimes  by
taking , and  as examples, which are
marked  by  dashed  lines  with  different  colors  shown  in
Fig. 4(a). The corresponding distributions of  and 
as  a  function  of  the  eigenstate  indices  are  shown  in
Figs. 4(b1)–(b5) and (c1)–(c5), respectively. For ,
all the eigenstates are extended. As shown in Figs. 4(b1)
and (c1), the standard deviations of almost all eigenstates

 are stabilized at a large value and the corresponding
values of the  approach zero. When , 
and the standard deviations of the eigenstates  display
extended behaviors in the band-center region, as shown
in Figs.  4(b2)  and  (c2).  And  in  the  band-edge  region,

 and  is very small corresponding to the localized

∆ 0.6

λ−1
n

σn

λ−1
n

∆ = 1.3

∆ = 2

∆

properties. The coexistence of both delocalized and locali-
zed states is a typical characteristics of the intermediate
phase  hosing  MEs.  Further  increasing  to ,  all
eigenstates  are  localized,  where  the  standard  deviations
are  stabilized  at  very  small  values  and  take  finite
values, as shown in Figs. 4(b3) and (c3). In Figs. 4(b4)
and (c4), we find that the values of  of some of eigenstates
in the band-center region exhibit a relatively large fluc-
tuation  and  the  corresponding  values  of  tend  to
zero, implying that some eigenstates in the band-center
region reenter into the delocalization regime for .
When the modulation strength is large enough, such as

 in Figs.  4(b5)  and  (c5),  the  system  is  recovered
into a fully localized regime. As  increases, the band of
the  spectrum  shows  a  sequential  transition  between
extended-intermediate-localized-intermediate-localized
regions.  These  numerical  results  clearly  show  that  the
existence of two intermediate regions.

∆ v

η = 1/Nc

∑Nc

c=1 ηc

To  obtain  the  full  localization  phase  diagram on  the
–  plane,  we  define  a  disorder-average  quantity

 [84],  which  can  clearly  distinguish  the
intermediate region from the fully extended and localized
regions in the phase diagram. Here, 

ηc = log10 [⟨IPR⟩⟨NPR⟩] . (15)

v < 0.6

∆ v > 0.8

As  shown  in Fig.  5,  there  are  three  phases  in  this
system:  I,  II-a  (II-b),  and  III-a  (III-b)  corresponding  to
the  delocalized,  intermediate  and  localized  phases,
respectively.  For ,  only  one  intermediate  region
exists in a finite range of . While for , the phase
diagram clearly shows two intermediate regions, marked
in red and blue, separated by Phase III-a. Note that the
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v ∆

v = 0.2 ∆ = 0.08

∆ = 0.5

v

v

∆ = 1/γ

blue region in the small  and  limit corresponds to an
extended but nonergodic phase, where it contains many
critical  states,  that  is  also  marked  as  a  delocalized
phase.  A  specific  example  with  and  is
considered in Appendix B. We also find that at 
for  a  larger ,  there  is  a  localization  transition  point,
which corresponds to a transition from the intermediate
phase to the fully localized phase. Our numerical results
have revealed that for larger values of , such localization
transition occurs at . This particular point aligns
with the localization transition of the L-th eigenstate of
the system shown in Fig. 3(a).

Comparing the localization phase diagram Fig. 5 with
the  topological  phase  diagram Fig.  2(a),  a  noteworthy
observation is that the reentrant phase transition closely
tracks  the  RTAI/TAI  phase  transition  described  by
Eq. (8b), as highlighted by the black solid line in Fig. 5.
The  intricate  interplay  of  topological  properties  is
crucial  in  governing  the  emergence  of  the  reentrant
localization  transition.  Phase  III-b  is  identified  as  a
topologically non-trivial phase (TAI/RTAI phase), char-
acterized by the  presence  of  topologically  localized zero
modes in the band-center region. In contrast, Phase III-a
represents  a  topologically  trivial  phase  lacking  edge
modes,  and  localized  bulk  modes  emerge  in  the  band-
center  region.  Previous  studies  [58, 65, 76]  support  the
notion  that  localized  bulk  modes  at  the  band  center
undergo  a  process  of  delocalization,  evolving  into  topo-
logically  localized  edge  modes.  This  suggests  that  some
initially  localized  bulk  modes  centered  in  the  band-

∆

v = 1.6 1.9

center region become delocalized with the increase of ,
giving  rise  to  the  emergence  of  an  intermediate  phase
(Phase  II-b)  between  Phase  III-a  and  Phase  III-b.
Consequently, the emergence of the reentrant localization
transition  is  closely  tied  to  the  TAI  transition  in  our
case. To further illuminate the correlation between reen-
trant  localization  and  the  TAI/RTAI  phase  transition,
specific  examples  with  and  are  considered
(see  details  in  Appendix  C).  Based  on  the  numerical
results of Fig. 5, the localization properties of the system
can be summarized in Table 2. 

5   Dynamical detection

ωh

2ℏk k

ωh vm wm ωh

87 133

∼ 20

L = 10

To  realize  our  model,  one  can  implement  the  1D
momentum lattice  technique  in  cold  atom experiments.
Discrete  momentum  states  can  be  coupled  by  pairs  of
Bragg  lasers.  By  engineering  the  frequencies  of  the
multicomponent  Bragg  lasers,  the  counter-propagating
laser pairs drive a series of two-photon Bragg resonance
transitions, which couple the adjacent momentum states
separated by , where  is the wave number. The off-
diagonal  modulation,  in  our  case,  can  be  individually
tuned  by  adjusting  the  amplitude  of  the  Bragg  beam
with frequency  for the function  and . Here, 
is tuned to the two-photon resonance between the corre-
sponding momentum states via an acousto-optic modula-
tor.  In  current  experiments,  by  using Rb  or Cs
atoms,  the  typical  system  size  is  sites.  In  the
following,  we  choose  for  our  numerical  simula-
tion.  We  also  calculate  the  dynamical  detection  with  a
large system size for comparison.

To  dynamically  investigate  the  topological  properties
of  the  quasi-periodic  modulated  SSH  model,  one  can
measure  the  mean  chiral  displacement  [76, 86].  We
define  the  single-shot  expectation  value  of  the  mean
chiral  displacement  operator  in  a  given  modulation
configuration as [63, 76] 

Cc(t) = 2⟨ψ(t)|SX ′|ψ(t)⟩, (16)

|ψ(t)⟩ = e−iHt|ψ(0)⟩
|ψ(0)⟩

where  is the time-evolved wave func-
tion. The wave function  is initially localized at the
center  site  of  the  chain.  In  cold  atom experiments,  the
momentum  lattice  technique  allows  for  the  initial

 

0 0.5 1 1.5 2
0

0.5

1

1.5

2

−4

−3.5

−3

−2.5

−
−2



Δ

η

III-b

III-a

II-b

II-a

I

 
v ∆

η L = 1000

η

100

Fig. 5  The  localization  phase  diagram  in  the –  plane
obtained using the values of  for .  The regions for
delocalized, intermediate and localized phases are denoted by
I,  II-a  (II-b),  and  III-a  (III-b),  respectively.  The  black  lines
represent  the  analytic  critical  lines  Eq.  (8b)  for  topological
transition point. The colorbar represents the values of . All
data  in  this  figure  are  averaged  over  disorder  realiza-
tions.

 

γ = 2, w = 1

Table  2  Summary  of  the  localization  properties  of  the
model (1). Other parameters: . Here I, II-a (II-b),
and III-a (III-b) corresponding to the delocalized, intermediate
and localized phases, respectively.

v
Site-independent intracell

strength ( ) Localization transition processes

0 < v < 0.6 → →I II-a III-b
0.6 < v < 0.8 → → →I II-a II-b III-b

0.8 < v → → → →I II-a III-a II-b III-b
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X ′ = X − (L/2 + 1)

C(t) = 1/Nc

∑Nc

c=1 Cc(t)

⟨C⟩

W C(t)

∆ = 0.5 ∆ = 2

v = 2 L = 100

C(t)

W

⟨C⟩ v ∆

L = 100 L = 10

⟨C⟩

confinement of  the entire  atomic population to a single
momentum  site  in  the  lattice  center.  Here,

 [76].  The  dynamics  of  the  disorder-
average mean chiral displacement 
generally  exhibit  a  transient,  oscillatory  behavior.  To
eliminate the oscillation, we take their time-average ,
which  converges  to  the  corresponding  winding  number

 [63, 76]. Figure 6(a) displays the dynamics of  for
both weak ( ) and strong ( ) modulations for

 with .  We  can  see  that  the  dynamics  of
 show transient  and oscillatory  processes  and even-

tually  converge  to  their  corresponding  (marked  by
the black dashed lines, respectively) in long time limits.
Moreover,  we can obtain the topological  phase diagram
through  the  in  the –  plane  shown  in Figs.  6(b)
with  and  (c)  with .  By  comparing  the
dynamical  evolution behaviors  of  different  system sizes,
one can find that the mean chiral displacement  can
effectively characterize the topological properties even in
a small-sized system.

To characterize the signatures of the multiple localization
transitions, we can calculate the mean-square displacement
for a given modulation realization defined as [23, 86, 87] 

ξ2c =
∑
i

(i− i0)
2 |ψi(t)|2 , (17)

where  the  entire  atomic  population  is  initially  localized

i0
ξ2

ξ2 = 1/Nc

∑Nc

c=1 ξ
2
c

ξ2

∆ v = 2 L = 1000

∆ = 0.1, 0.4, 0.6, 1,

2

ξ2 ∆ = 0.1

ξ2 ∆ = 0.4 1

ξ2

∆ = 0.6 2

ξ2 ∆

L = 10

ξ2

at the center of the lattice . We can use the behavior
of the disorder-averaged mean-square displacement  in
the long-time evolution to verify the localization properties
of  the system [23].  Here .  As shown in
Fig.  7(a),  saturates  to  different  values  after  a  long
time  evolution  with  various  for  and ,
which  can  display  the  multiple  localization  transitions.
According  to  the  localization  phase  diagram  in Fig.  5,
the  system  is  in  the  extended,  intermediate,  localized,
intermediate,  and  localized  phases  for 
and , respectively. The corresponding saturation values
of  exhibit  different features.  For ,  the system
is  in  the  extended  phase  with  the  highest  saturation
values  of .  For  and ,  the  system  is  in  the
intermediate  phase,  and the saturation values  of  are
larger than those at  and , where the system is
in the localized phase. To examine the impact of size on
the  system,  we  also  calculate  with  different  for

, as shown in Fig. 7(b). It is evident that, even in
the  small  size,  the  saturation  value  of  after  a  long
evolution can still reflect the multiple localization transi-
tions of the system.

ξ2 t

∆ ξ2

ξ2 ∝ tµ

∆ 0.1

ξ2 µ = 2

∆ 0.4

In order to clearly characterize the signatures of locali-
zation transitions, we added a log–log plot of the mean-
square  displacement  as  a  function  of  the  time  for
different  in Fig. 8. The values of  grow in a power-
law form of time given by  during the expansion
process.  From Fig.  8,  one  can  see  that  when  = ,
the value of  displays a ballistic  diffusion with ,
which indicates the system is in the extended phase. For

 = ,  the  dynamical  behavior  in  the  intermediate
region,  with  the  mixture  of  extended  and  localized
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Fig. 6  (a) Dynamics  of  with ,  and
 disorder realizations for  and ,  respec-

tively.  as  a  function  of  the  modulation  strength  and
the amplitude of the intracell hopping  for (b)  and
(c)  over  disorder realizations. The colorbar indicates
the magnitude of  in (b) and (c).
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µ = 2

∆ 0.6 2 µ = 0

∆ 1 ξ2

µ = 0.8086

ξ2

states, displays , but with a lower saturation value
than the extended case [87]. When  =  and , ,
which  indicates  the  system  is  in  the  localized  phase.
When  = ,  the  value  of  displays  subdiffusive
behavior  with ,  and  a  much  lower  saturation
value for  than in the extended phase.  This indicates
that  the  system  is  in  the  intermediate  region,  with  a
mixture of critical and localized states. According to the
behavior of the disorder-averaged mean-square displace-
ment,  we  can  find  that  the  system undergoes  a  typical
reentrant localization transition process.

⟨ξ2⟩ ⟨C⟩ ∆ v = 2

L = 1000 10

⟨ξ2⟩

∆ > 1.5 ⟨ξ2⟩

⟨C⟩ 0

1

L = 10

To  detect  the  topological  transition  associated  with
the localization transition in the expansion dynamics, we
present  a  plot  of  the  time-averaged  mean-square
displacement  and  as  a  function  of  for 
with  and ,  shown  in Figs.  9(a)  and  (b),
respectively.  In  conventional  disordered  systems,  a
consistent trend is the decrease in mean-square displace-
ment as disorder strength increases, indicating increased
localization.  However,  in  contrast, Fig.  9 illustrates  an
unconventional  behavior:  undergoes  an  anomalous
shift  as  disorder  strength  increases.  This  indicates  an
anomalous  change  in  the  system’s  localization  degree
and  suggests  the  possibility  of  a  reentrant  localization
transition within the system. Our numerical and analytical
discussions verify the occurrence of a reentrant localization
phenomenon  in  the  system.  As  seen  in Fig.  9,  when

,  decreases  rapidly,  indicating  that  all  the
states are localized once again and the reentrant locali-
zation  emerges.  At  the  same  time,  the  system  entered
the TAI region, as evidenced by a jump of  from  to
.  These  results  suggest  that  reentrant  localization

occurs in association with the TAI transition. A compari-
son with the results in Fig. 9(b) reveals a similar transition
process for a small-sized system . The above analyses
indicate  that  the  expansion  dynamics  can  be  used  to

detect the consistency of the TAI and reentrant localiza-
tion transitions. 

6   Summary

In this study, we investigated the topological and locali-
zation  properties  of  a  generalized  SSH  model  with  off-
diagonal  quasi-periodic  modulations.  Contrary  to  the
conventional  case  where  sufficiently  strong  disorder
always destroys the topologically nontrivial properties, a
suitable  choice  of  disorder  structure  can  induce  the
emergence of the robust topological phase in the case of
sufficiently strong disorder. In particular, we found that
the  off-diagonal  quasi-periodic  modulations  can  induce
the  emergence  of  the  stable  TAI  and  RTAI  phases.
Furthermore, we investigated the localization properties
of our system. Comparing the topological phase diagram
and the localization transition, we find that a reentrant
localization  transition  always  accompanies  the
TAI/RTAI transition. It implies that topology properties
are  crucial  in  establishing  the  reentrant  localization
transition.  Finally,  we  employed  wave-packet  dynamics
in different parameter regimes to characterize and detect
the TAI and reentrant localization. Our findings can be
simulated in cold atom systems by applying the momentum
lattice technigue. 
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Appendix A: Derivation of the topological
phase transition point

In this Appendix, we present a detailed derivation of the
expression of Eqs. (8a) and (8b) in the main text. First,
Eq. (7) can be simplified as follows:
 

λ−1 = lim
L→∞

1

L

∣∣∣∣∣
L∑

m=1

[
ln |1 + γ∆ cos(2πβm)|

− ln |v +∆ cos(2πβm)|
]∣∣∣∣∣. (A1)

According  to  Weyl’s  equidistribution  theorem  [88, 89],
we can use the ensemble average to evaluate the above
expression
 

λ−1 =

∣∣∣∣ 12π
∫ π

−π

(ln |1 + γ∆ cos q| − ln |v +∆ cos q|)dq
∣∣∣∣

=
∣∣∣ 1
2π

∫ π

−π

ln |1 + γ∆ cos q|dq

− 1

2π

∫ π

−π

ln |v +∆ cos q|dq
∣∣∣.

(A2)

The  first  part  of  the  integration  of  Eq.  (A2)  can  be
performed straightforwardly as
 

1

2π

∫ π

−π

ln |1 + γ∆ cos q|dq=


ln

1 +
√
1− γ2∆2

2
, 1 > γ∆,

ln
γ∆

2
, 1 < γ∆,

(A3)

and the second part is
 

1

2π

∫ π

−π

ln|v +∆ cos q|dq =

ln
v +

√
v2 −∆2

2
, v > ∆,

ln
∆

2
, v < ∆.

(A4)

Combining  the  results  (A3)  and  (A4),  there  are  four
possible situations:

∆ < 1
γ

∆ < v(a) For  and , we have
 

λ−1 =

∣∣∣∣∣ln 1 +
√
1− γ2∆2

v +
√
v2 −∆2

∣∣∣∣∣ . (A5)

∆ < 1
γ

∆ > v(b) For  and , we have
 

λ−1 =

∣∣∣∣∣ln 1 +
√
1− γ2∆2

∆

∣∣∣∣∣ . (A6)

∆ > 1
γ

∆ < v(c) For  and , we have 

λ−1 =

∣∣∣∣ln γ∆

v +
√
v2 −∆2

∣∣∣∣ . (A7)

∆ > 1
γ

∆ > v(d) For  and , we have 

λ−1 = |ln γ| . (A8)

v −∆

v = ∆ ∆ = 1
γ

γ > 1 λ−1 = 0

γ > 1

|ln γ| > 0

v < ∆ < 1
γ

According to  the above results,  the  plane can be
divided into four regions by two lines  and 
(Here, we consider ), as shown in Fig. A1. 
is the topological phase transition point. Since , we
can get . No topological phase transition exist in
region (d). For case (b) ( ), we have 

1 +
√
1− γ2∆2 = ∆, (A9)

∆ < 1
γ

which  contradicts  the  preliminary  condition  ( ).
Hence,  the  case  (b)  is  also  excluded.  Combining  the
results (A5) and (A7), we obtain 

1 +
√
1− γ2∆2 = v +

√
v2 −∆2 ∆ <

1

γ
and∆ < v,

(A10)

and 

γ∆ = v +
√
v2 −∆2

1

γ
< ∆ < v. (A11)

∆ vHere,  and  are  positive  numbers.  Eq.  (A11) can be
further simplified as 

∆ =
2γ

1 + γ2
v. (A12)

 

0 1 2
0

1

2

Δ

(c)

(d)

(b)

(a)



 
v ∆Fig. A1  The four regions: (a), (b), (c) and (d) in the –

plane.
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Combined with the above results, we obtain the topological
transition boundary Eqs. (8a) and (8b) in the main text. 

v ∆
Appendix B: Localization properties in
small   and   limits

v = 0 ∆ = 0

E = ±w
E

v = 0.2 ∆ = 0.08

σn λ−1
n

σn

λ−1
n → 0

v ∆

For  and , the system’s energy spectra exhibit
,  leading  to  a  substantial  degeneracy  at  energy

level . This extensive degeneracy fosters the emergence
of compact localized states within the flat bands, where
the eigenstates are confined to a finite number of  sites.
However, with the introduction of quasi-periodic pertur-
bations, the pristine all-flat-band structure is disrupted,
revealing  intricate  localized  properties.  We  choose

 and  for  our  discussion. Figures  B1(a)
and  (b)  show  and  the  Lyapunov  exponent 
respectively,  as  functions  of  the  eigenstate  index.  From
Fig. B1(a), the values of  exhibit a large fluctuation,
suggesting  the  existence  of  the  critical  states  in  such
case.  And  as  shown  in Fig.  B1(b), ,  signifying
the  extended  nature  of  the  eigenstates.  These  findings
collectively suggest that the system, under the influence
of small  and , resides in an extended but nonergodic
phase. 

Appendix C: The consistency between the
reentrant localization and the TAI phase
transition

v = 1.6 1.9

W ∆

v = 1.6 1.9

∆c = 1.28 1.52

∆

∆c W

0 1

To elucidate the correlation between reentrant localization
and the TAI phase transition, we consider specific examples
with  and .  The  disorder-averaged  winding
number  is computed as a function of , as depicted
in Figs. C1(a) and (b). For  and , the topological
transition  points  are  identified  as  and ,
respectively,  determined  by  Eq.  (8b).  These  transition
points are highlighted by black lines in Figs. C1(a) and
(b). It is evident that as  crosses the topological phase
transition points ,  the value of  undergoes a jump
from  to , signifying the emergence of the TAI. Simul-

λ−1
n

∆ ∆c

λ−1
n

0

∆ ∆c

λ−1
n

0

taneously,  we  examine  the  corresponding  Lyapunov
exponents  for  all  eigenstates  near  the  topological
phase  transition  points,  illustrated  in Figs.  C1(c)–(f).
For  values smaller than  [Figs. C1(c) and (e)], the
Lyapunov exponents  in the band-center region tend
to ,  indicative  of  the  existence  of  delocalized  states  in
the  system.  Conversely,  when  surpasses 
[Figs.  C1(d)  and  (f)],  all  values  of  become  greater
than ,  suggesting  the  system  reenters  the  localized
phase. Our findings suggest that the reentrant localization
transition closely tracks the TAI phase transition.
 

Appendix D: BOTT index for the topological
phase transition

B
H

Due to the absence of translation symmetry, it is natural
to  consider  a  real-space  representation  of  topological
invariants. One notable example is the Bott index . In
the  canonical  representation,  a  Hamiltonian  with
chiral symmetry can be represented as follows structure
[91]:
 

H =

(
0 h

h† 0

)
, (D1)

h LA × LB LA LB

A B

LA = LB = L

H

where  is  an  matrix,  and  and  denote
the number of sites in the  and  sublattices, respec-
tively.  Here,  we  set .  The  homotopically
equivalent  flat-band  version  of  the  Hamiltonian  is
given by [58, 91]
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Fig. B1  (a)  as  a  function  of  the  eigenstate  index.
(b) The Lyapunov exponent  as a function of the eigenstate
index. Here, , , , and .
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Fig. C1  The  disorder-averaged  winding  number  as  a
function  of  the  modulation  strength  with  for
(a)  and (b) . In (a) and (b), the black dashed
lines  correspond  to  the  TAI  phase  transition  points.  The
distributions of the  as a function of the eigenstate index
with  for (c)  and , (d)  and

, (e)  and ,  and (f)  and
.  All  data  in  figures  are  averaged  over  disorder

realizations.
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Q′ =

(
0 q

q−1 0

)
, (D2)

q Bwhere  is  a unitary matrix.  The 1D Bott index ( )  is
then defined as [91] 

B =
1

2πi
Tr log(q−1χ̃qχ̃−1), (D3)

χ̃

χ̃ = diag(ei 2πL 1, ei 2πL 2, ..., ei 2πL L)

ϕ = 0

v = 0.2 0.8 2

∆

Wc ∆

with  being  the  position  operator,  expressed  as
. The Bott index is particularly

useful  for  disordered systems.  In  our  numerical  calcula-
tions,  we  set  for  simplicity.  We  focus  on  three
example values of ,  and  to study the variation
of  the  Bott  index  with  the  modulation  strength ,  as
shown in Figs. D1(a)–(c). As a comparison, we also plot
the winding number  as the function of  in Fig. D1.

v = 0.2 ∆ B Wc

v = 0.8

∆ B Wc

0 1

v = 2

For ,  as  increases,  both  and  remain
constant at unit, indicating that the system is in a topo-
logically  nontrivial  phase,  as  shown  in Fig.  D1(a).  For

,  the  system  undergoes  topological  transitions
between  nontrivial,  trivial,  and  again  nontrivial  phases
as  increases. Correspondingly, both  and  exhibit
two sharp jumps between  and , shown in Fig. D1(b),
which  suggests  the  emergence  of  a  RTAI.  For ,

∆ Wc

0 1 ∆

increasing  causes both the Bott index and  to jump
from  to , indicating a TAI is induced by , as shown
in Fig. D1(c).
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