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RESEARCH ARTICLE

Ivashchenko Sergey

Estimating Nonlinear DSGE Models with
Moments Based Methods

Abstract This article suggests a new approach to approximating moments for
nonlinear DSGE models. This approach is fast and sufficiently accurate to estimate
nonlinear DSGE models. A small financial DSGE model is repeatedly estimated by
several modifications of the suggested approach. Approximations of the moments
are close to the results of the large sample Monte Carlo estimation. The quality of
parameter estimation using our suggested approach is close to the Central
Difference Kalman Filter (CDKF); and our suggested approach is much faster.
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JEL Classification C13, 32, E32

1 Introduction

Modern macroeconomics seeks to explain the aggregate economy using theories
based on strong microeconomic foundations. The advantage of such an approach
is that a description of models is generated in terms of “deep structural”
parameters that are not influenced by economic policy (Wickens, 2008).
Nevertheless, these parameters should be estimated for use in DSGE models.
There are different econometric techniques for model estimation but empirical
studies have concentrated their attention on an estimation of first-order linearized
DSGE models (Tovar, 2008).

Non-linear approximations of DSGE models have several important advantages;
in particular, they allow uncertainty to influence economic choices (Ruge-Murcia,
2012). Parameter drifting and stochastic volatility are examples of important
elements that are essentially worthless with linear approximations (Fernandez-
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Villaverde et al., 2010). Linear approximations of DSGE model behavior may
significantly differ from higher order (more accurate) approximations (Collard and
Juillard, 2001). Second order approximations make the difference between the
model and the approximation behavior much smaller. There are a few methods for
non-linear approximations of DSGE models, but the perturbation method is the
most widely used (Schmitt-Grohe and Uribe, 2004). Thus advantages of non-linear
approximations are known and techniques for approximations are developed.
However, these advantages cannot be fully implemented due to the lack of
estimation techniques for non-linear approximations (existing techniques are too
computationally expensive to be used in medium-scale DSGE models).

There are two main approaches for estimating DSGE models: the moments
based approach and the likelihood based approach (DeJong and Dave, 2007;
Canova, 2007). The likelihood based approach uses non-linear filters for the
construction of the likelihood function. The first of them is the particle filter. This
tool could produce all the advantages of nonlinear approximations, including
sharpening the likelihood function and reducing the variance of parameter
estimations (An and Schorfheide, 2006; Fernandez-Villaverde et al., 2010).
However, the particle filters have some disadvantages: the likelihood evaluation
with the particle filter is a random variable (each evaluation of the likelihood for
the same model and observation produces different values). Thus common
maximization algorithms cannot be used and Markov Chain Monte Carlo
inefficiency greatly increases. Pitt et al. (2012) show that the number of draws
should be 10 (from 5 to 400 depending on the number of particles) times higher
for the same accuracy of MCMC.

There are alternative filters that can be used for the likelihood calculation. For
example, Andreasen (2008) has shown an advantage of the Central Difference
Kalman Filter compared with a few versions of particle filters (in terms of the
quality and computing time (100 times faster)). The Quadratic Kalman Filter has
an advantage in quality but some loss in computing time compared with the
Unscented Kalman filter (Julier and Uhlmann, 1997) and the Central Difference
Kalman Filter (Ivashchenko, 2013).

Moments based approaches for estimating DSGE models are more robust
(Ruge-Murcia, 2007), Creel and Kristensen (2011). The first of them is the
instrumental variables approach, which is a special case of the generalized
method of moments (Canova, 2007). All variables of the DSGE model should be
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observed for use in this approach. It can be true only for small-scale DSGE
models. Another version of the GMM is used for a linearized model because a
wide range of empirical targets can be calculated analytically (DeJong and Dave,
2007). The simulated method of moments has almost the same statistical
efficiency as the GMM, but it is more computationally demanding (Ruge-Murcia,
2007). The SMM can be implemented for non-linear DSGE models
(Ruge-Murcia, 2012; Kim and Ruge-Murcia, 2009). But it is too slow for an
estimation of medium-scale or large-scale models that are used for policymaking.
Another moments based approach is the indirect inference. Theoretically it’s
more efficient than the GMM (Creel and Kristensen, 2011). Indirect inference is
more complicated to use than the GMM, because it requires knowledge of the
moments distribution function. It can be calculated easily only for a narrow range
of moments (usually it is parameter estimation of an econometric model, for
example the DSGE-VAR model). So, usually this approach is described
differently (DeJong and Dave, 2007).

This article suggests an approach for a fast calculation of a non-linear DSGE
model’s moments. This moments calculation is compared with alternative
approaches (it outperforms the large sample Monte Carlo estimations). A small
non-linear DSGE model is estimated using moments based approaches. The quality
of such an estimation is compared with the linear maximum likelihood estimation
and the CDKF based quasi-maximum likelihood estimation (our suggested approach
outperforms the CDKF in terms of speed for an estimation of the same quality).

2 The Moments Calculation Approach

Equation (1) describes the data generating process for state variables (X;), which is
an approximation of a rational expectation model using the perturbation method.
Exogenous shocks (g;) have a normal distribution, with covariance matrix €., and
mean equal to zero. The measurement equation (2) describes the dependence of
observed variables (Y,) on state variables and measurement errors (u,) that have a
normal distribution, with covariance matrix £,, and mean equal to zero.

Xa®X,,
X X, Q¢

X,=[By B |+C+[4. 4, 0 A T Tl )
& &®X,

g ®eg,
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Y, =5S+DX, +u,. )
The measurement equation (2) is linear, therefore dependence between
moments of observed variables (Y;) and state variables (X;) is standard. Equations
for first and second moments of state variables (3)—(5) are more complicated.
E(X,)=ByE(X,)+C+ A E(X, ® X,)+ 4,0, . 3)
E(X,®X,)=(By ®By)E(X,®X,)+ By ®C)E(X,)
+(By ®AEX, ®X,®X,)+(Bx ®A_)EX,)®Q,)
+(B, ®B,)Q, + (B, @ Ay, )Upxg xpe(E(X,)®Q,)
+(CO®BY)E(X,)+COC+(COAKE(X,®X,)
+(COA,)Q, +(Axx ®BLE(X, ® X, ® X,)
HAxx @OE(X, @ X)) +(Axx ®ALNEWX, ®X)®Q,) (4)
+HAy, ®B,)X®Q,)
+(Ay, ® Ay, Uxpxe pexx (€2, @ E(X, ® X))
HA, ®@Bx)(Q, ®E(X)) +(A, ®CO)Q,
HAL ®Ax)(Q @EX, ® X))+ (A, ®A,)Q,
+Axx ®AEX, ®X, ®X, ®X,)
E(X,®X, )=(By ®I,)E(X,®X, )+(C®I,)E(X,) )
+H(A, ®I)EX, ®X, ®X,_ ) +(4, ®I,)(Q, ®E(X,)),
where Q.. is the fourth moment of vector ¢;, Ix is the identity matrix of the same
size as the state variables vector (X;), Ugxg xgr and Uxgxg gexx are permutation
matrices that describe the dependence between vectors indicated in the subscript
(equation (6) is an example):
5,®Xl®5[=UEX57XEE(X,®5[®5[). (6)
Equation (7) shows the matrix formula for calculating the fourth moment (for &;):
vec(Q,,;nt;1) = vec(vec(Q,;n,;n,) ® vec(Q, ;n2;1)
+vec(Q,;nyin,) ®vec(Q,in,;n,) (7)
+vec(Q,;n,;n,) @ vec(Q,;1; nf ); ng ;1),
where n, is the number of elements in the vector &, vec(M;n;m) is the
vectorization function that transforms matrix M to a matrix with n rows and m
columns.
The solution of equation (3) requires knowledge of the second moment of
vector X,. Equation (4) requires knowledge of the third and the fourth moments
to obtain the second moment. So, it is impossible to solve these equations
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directly. There are some approaches to approximate the solution of equations
(3)—(5). The key question is what to do with higher order moments. The first way
is to approximate the higher order moments (the normal distribution would be
used for this approximation). The second way is to assume that the higher order
moments are equal to zero.

Equations (8)—(9) are the formulas for the third and fourth moments with

normal distribution:
E(X, X, ®X,) =1y @uy @uy +Qy @ uy

)
iy ©Qy +Uy v ey (1 ©Qy ),
EX,@X, ®X, ®X,)=py @ty @ py @y +Qy @y ® piy
tUxuxu uxx (ﬂx @ py ®QX)
Uy pux uxx (,UX @ uy ®Qy ©)

)
U v yuxx (ﬂx @y ®Qy
U v ux juxx (ﬂx @y ®Qy )
Uy @uy @0y +Q

where uy is the first moment of vector X;, Qy is the second central moment of

vector X;, Qxy is the fourth central moment of vector X,.

Equations (3)—(4) with normal approximation of the higher order moments are
nonlinear (in moments). An analytical solution of a large non-linear system is
problematic. Thus a numeric solution is required. The simple numeric method is
used:

My 1 = By g j +C+ A pryy o + A0, (10)
Ly g1 = Bx @By utyy i + (Bx @Oy + (Bx ® Ay ) ibyyy &
+(Bx @ A )y ®Q,)+ (B, ®B,)Q,
+(B, @A v, )Wexe xpe Uy ®Q,)+(COBy)uy , +CRC
HCO Ay )ty +(COAL)Q, +(Axx @By )tyyy s
HAxx @O yy j +(Axx @A ) tyy, ®Q,) (11)
HAy, @B, )1y ®Q,)
Ay, @Ay Uxpxe prxx (2, @ iy )+ (A, ®B)(Q, ® uy )
HAL, @O, + (A, @A )Q, @ pyy ;) +(A, ®ALQ,
H(Axx O Axx My ks

where g, txr ook and vy are the first, second, third and fourth moments
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of vector X, after iteration k.

It should be noted that only a few iterations can be calculated due to
computational costs. It means that general properties of the convergence are less
important. The numerical comparisons of the moments and estimations based on
them are made instead.

Equation (5) can be solved without numerical approximation (just with the
normal approximation of the third moment of vector [X;; X,]). This approach
would be called the ‘normal approximation for moments higher than the second
moment’ (the NAHM?2).

An alternative approach (where the higher order moments are zero) is also
used in this article. Due to lower computational costs the third moment of X; can
be calculated (large formula (12)).

Hxxx e = (Bx @ By @ By ) ixxx i + (Bx @ By ® C) i
+H(Bx ® By ® A, )(uxx) ® Q) +(Bx ®B, @B, )(ux, ®Q,)
+(Bx ®B, ®Ay, )UXEXEiEEXX (€2, ® iy ) + (Bx @ C® By )ty
+(Bx ®C® CO)uy ) + (Bx ® C® Axy ) itxx
+(Bx ®C®A ) (s @ Q)+ (Bx @ Ayy @ C)prxxxk
+(Bx @ Axx @A ) (txxxx @)+ (Bx ® Ay, @B, )(14xxx ®Q,)
+(Bx ® Ay, ®Ay, )UXXEXEfEEXXX (Q,® /uXXX,k)
+(Bx ®A,, ®By )UXEE)(?EEXX (Q, ® pixxy)
+HBx ® A, ®C)(ux) ®Q,)
+(Bx ®A,, ® Axy )UXEEXX7EEXXX Q. ® ﬂxxx,k)
H(Bx © Ay @ AL )t ®;)
+(B, ®Bx @ B, )Upxg xpr (U ®Q,)
+(B, ®Byx ® Ay, )UEXXE_EEXX (Q, ® pxxy)
+(B, ® B, ® Bx)(Q, ® uy, ) +(B, ®B, ®C)Q,
+H(B, ®B, ® Ay )(Q, ® uxx) ) +(B, ®B, ® A, )Q,,
+(B, ®C®B,)Q, + (B, ®CO A v, )Upxp xer (Uxx ®€Q,)
+(B, ® Axx ® B, )Upxxr prxx (€2: ® fixxx)
+(B, ® Ayx ® Ay, )UEXXXE_EEXXX Q. ® Hxxxx )
+(B, ® Ay, @By )UEXEX_EEXX (Q, ® pixxy)
+B,®A,, ® C)UEXEiXEE (g ®€2,)
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+HB, @Ay, ® Axx)Upxexx_pexxx (2 @ fxxx i)

+B, ®Ay, ® A, IUpxeer xeeee (Uxx ®Q, )+ (B, ®A,, ®B,)Q,,
+(B, ®A, @Ay, )UEEEXEJ(EEEE (txx ®Q,,)

HC®By @By )uxxy T (C®By ®C)uy ) +(CO By ® Ay )tixxxx
HC®By @A )(uxy ®Q)+(COB, ®B,)Q,

HC®B, ®A v, )Upexg xpr (txx ®Q,)+(COCO®By )y
+CO®CRCH(COC®Axx)xx T (COC®A,)Q,

HC® Axx @ By )ttxxx +(C® Axy ® C)piyic

HC®Axx A ) txxyx ®Q)+(COA,, ®B, )(ﬂx,k ®Q,)
HCO Ay, ®A v, Uxexp prxx (€2 @ Hxxx)

HC® A, ®By)(Q, ® uy ) +(COA, ®O)Q,

HC®A, A, ® uxx ) +(COA, ®A,)Q,

+H(Axx ® By @ O)piexxy + (Axx @By @ A ) (s @ €2,)

+HAxx ®B, ®B,)(uxx ®Q,)

+HAxx ®B, ® Ay )Uxxexe prxxx (2 @ fixxxk)

HAxx ®CO By )pyxxy + (Axx @ C® C)px

H(Axx ®COA, ) (pxxx ®Q,)+(Axx Ay, @B, )(xxxx ®€,)
+HAxx ® A, @By ) Uxxeex eexxx (s @ Lxxxx)

+H(Axx ®A, ®C)(uxxx ®Q,)+(Axx @A, OA, ) (Uxxx ®Q,,)
+(Ay, ® By ®B, )UXEXE_EEXX Q. ® ﬂxx,k)

HAy, ®Bx ® Ay, JUxexxe pexxx (2: ® txxxi)

+(Ay, ®B, @ By)Uxgex pexx (Q: ® tixxx)

HAy, ®B, ®C)(ux, ®Q,)

HAx, OB, @ Axx )Uxeexx_pexxx (€2; ® txxx i)

+H(Ay, ®B, @A, )y ®Q, )+ (A, ®COB, ) (15, ®Q,)
Ay, ®COA v I Uxexr pexx (2, ® fixxy)

HAx, ® Axx ® B, )Uxexxe pexxx (s ® txxxi)

+HAx, ® Ay, @By )Uxexex pexxx (2 ® txxxi)

+HAy, ®Ay, ® C)UXEXEfEEXX (Q, ® pxxy)

HAyx, ®Ay, A, ) Uxexeee eeeexx (s © Hxxi)
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HAx, @A, OB ) (uxi ®Q,,)

HAy, @A, ® Ay WUxpeexe peeexx (g ® txx i)
+(A, @By @By)(Q, ® pxx i) + (A, @By ®C)(Q, ® puy )

+HA, @By ® Ay )(Q, ® ﬂxxx,k)

+(A,, ®By ®A,, )UEEXEE}EEEE (Hxx ®Q,,)

+(A, ®B,®B,)Q, +(A, ®B, ®A v )rpexe xeeer (Uxx ® Q)
HA, ®COB)(Q, ® uy )+ (A, ®CO®O)Q,

HA L OCO A, ® tixx i) + (A, O®COAL)Q,,

(A, O Axx ®By)(Q, ® ﬂxxx,k) (A, ®A®O)Q, ® /UXX,k)
A ® Axx O A ) Uppxxee pepexx (g ® tixxi)

+(A, ®Ay, ®B, )UEEXEE_XEEEE (g ®€2,,)

HA, @Ay, ®Ay, JWepxexe peeexx (e @ txx i)

HAL OA, OBy )Q,, @y ) +(A, ®A, ®CQ,
HAL AL QA )(Q, @ uxx )+ (AL @A, ®A,)Q

(12)

£EE *

The equation for the third moment (with zero higher moments) is linear in the
moments of state variables X;, but it is a large scale equation. The equation for
the second moment is the Lyapunov equation and there are special algorithms for
solving it. The equation for the third moment is large and there are no special
algorithms (which use specific structure of matrices) for solving it. This is why
the same iteration algorithm is used to calculate the moments. This approach
would be called the “zero approximation for moments higher than the third
moment” (the ZAHM3). The case with “zero approximation for moments higher
than the second moment” is calculated too (the ZAHM?2). It should be noted that
the difference between the NAHM2 and the ZAHM?2 is 3 of 20 sum components
in the dispersion formula (11).

The suggested approach uses properties of the normal distribution of
exogenous shocks (g;) for calculating higher moments of the exogenous shocks.
It means that these approaches can be easily modified for other distributions of
exogenous shocks. However, an approximation of a rational expectation model
with the perturbation method (1) can have infinite unconditional moments if
shocks have heavier tails such as t-distribution. The reason is as follows:
t-distribution has infinite higher moments (depending on degrees of freedom);
formula (1) means that X; depends on (8,)2, (et_1)4, (g,_z)g and so on. Thus, the
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suggested approaches can be modified for a non-normal distribution of
exogenous shocks, if all moments of this distribution are finite.

3 Comparison Techniques

Finance is one of those areas where linear approximations of DSGE models are
unsuitable. Therefore a finance model is used here for comparing different
estimation approaches. The same model as Ivashchenko (2013) is used (but with
additional observed variables). Households maximize the expected utility function
(Eq. 13) with budget constraint (Eq. 14). There are 3 types of expenditure:
consumption (Cr) with exogenous price (Zp;), one period bonds (B,), and stocks
(Xy), the price of which is S,. There are 3 sources of income: exogenous income
(SiZ;,), bonds with interest payments that were bought one period ago (R B.1),
and stocks with dividend payments that were bought one period ago (X,-(S;+Dy)).

© (Ct )7
Ey Y B — max, (13)
=0 Y C;B;X
Zp,Co+B, +X,S,=R_B_ +X,(S,+D,)+S87,,. (14)

This model suggests that dividend growth is exogenous (Eq. 15), the bond
amount is set by the government (Eq. 16), and the amount of stock is equal to 1
(Eq. 17).

Dt
=7, (15)
Dt—l !
B, =Zg,S,, (16)
X, =1. (17)

The model Egs. (13)—-(17) is transformed into Egs. (18)—(22) where
stationarized variables are used. Table 1 shows the relationship between the
original and stationarized variables.

: ¥
© Y (5-2p,) (e“ )

EOZ,B’e i=0 ~——/— > max, (18)
pury 4 c;bix
e +b +x, =" +x,_, (1 +e )+ Zr4s (19)
dz - dt—l +8, =2Zp,, (20)
b, =zy,, (21)

x =1. (22)
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Table 1 The DSGE Model Variables

Variable  Description Stationary variable
B, Value of bonds bought by households at period ¢ b, =B,1S,
G, Consumption at time ¢ ¢ =In(2,C,/5,)
D, Dividends at time ¢ d,=In(D,/S;)
R, Interest rate at time ¢ r,=In(R,)
S, Price of stocks at time ¢ s, =In(s,/8, )
X Amount of stocks bought by households at period ¢ x, =X,
A, Lagrange multiplier corresponding to budget restriction of A=A,

households during period ¢

Z4p:  Exogenous process corresponding to near-rationality of
households with their bond position

Zyc,  Exogenous process corresponding to near-rationality of
households with their consumption

Z,s:  Exogenous process corresponding to near-rationality of
households with their stocks position

Zg, Exogenous process corresponding to bond amount sold by zg,=Zp,
the government

Z48: =248
Zycr=Zacy

Zqct = ZA,C,t

Zpy Exogenous process corresponding to growth of dividends Zpi=Zpy
Z, Exogenous process corresponding to income of households 21 =Zr,
Zp, Exogenous process corresponding to price level Zpy = ln(Zp,t/Zp,t_l)

The optimal conditions of problems (18)—-(19) with additional exogenous
processes (z4.s., Z4.85 Z4.c) are the following:

elz"'zA,S,z — Eteﬂ'wl+1n(ﬂ)+7(sr+l_21",r+l) (1 + ed,H )’ (23)
eiz YZaBs _ Ete}ml*’z *-ﬁq*ln(ﬂ)*}/(%n*ZP,M) , (24)
ve, =A+c +tz, 0, (25)

An additional exogenous process (Z4s.» Zaps Zacs can be interpreted as
households are considered to be near-rational (these processes have a mean of
zero). Another interpretation is a compensation of approximation errors (these
processes allow the use of a linear approximation for parameter estimation). All
the exogenous processes are AR(1) with the following parameterization:

Ziy = Moy (1 - 771,*,1) s Zayg T Es (26)

The model parameters are estimated using an indirect inference approach
(DSGE-VAR with 4 lags and 5 iterations with zero higher than second moments).
Monthly data (Average rate on 1-month certificates of deposit; MSCI USA price
return; MSCI USA gross return; personal consumption expenditures;
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compensation of employees) from January 1975 to December 2012 is used.
Estimated values are used for generating observations.

The following two approaches are used for comparison of the moments
estimation techniques. The first of them is a comparison of moments
approximations with a usual simulation based approach for the calculation of
moments (it should be more accurate in case of a large sample simulation). The
second approach is a comparison of estimation errors (the observed variables are
generated by the DSGE model and the estimation of models with different
moments based approaches).

The DSGE model simulates 100,000 observations. The moments are
calculated. This procedure is repeated 10 times. The mean and standard deviation
of the moments are reported. Deviations from this moment’s mean (errors) are
reported for each approach.

The following procedure is used for comparing the estimation results:

(1) Generation of 400 observations (first generate 600 and then drop the first
200 observations) from the model’s second-order approximation.

(2) Parameter estimation by different approaches (linear maximum likelihood;
the CDKF based maximum likelihood; the indirect inference maximum
likelihood and the GMM with different moment’s calculation approaches). The
true values of parameters are used as the initial values.

(3) Steps 1-2 are repeated 100 times.

The indirect inference maximum likelihood is the DSGE-VAR (with
infinite weight of prior parameters) maximum likelihood estimation (Del
Negro and Schorfheide (2004)). The Newey-West estimator (with window
equal to 7 = 4 (T/100)*?)) is used to calculate the moments variance for the
GMM (Hamilton, 1994).

The CDKEF is used as a benchmark nonlinear estimation technique because it has
advantages over other approaches (in terms of speed and appropriate quality) that
are well known in the DSGE literature (Andreasen, 2008; Ivashchenko, 2013).

4 The Results

Table 2 shows the estimation results of the moments. All approaches have very
high errors after the first iteration, but these errors greatly decrease after the
second iteration (to the same level for each approach). The errors after 5 and 10

iterations are very close, which indicates fast convergence. It should be noted
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that the errors of all approaches are close to the errors of the mean “over 100,000

sample” (most of the moments errors are smaller than the standard deviation).

This indicates a very high quality of such simple moment approximations. Thus

suggested approaches produce more accurate estimations of the moments than

existing approaches (simulations) and require less time to compute (14 sec. for a
simulation and less than 1 second for the NAHM2 and ZAHM?2). The quality of
the NAHM2 and ZAHM3 is almost the same. The quality of the ZAHM?2 is 3—4

times worse after 5—10 iterations.

Table 2 The DSGE Model Moments Estimation

Mean Std NAHM?2 ZAHM2
iteration 1 5 5 10 1 5
number
obs_pp 9.32E-03 1.76E-04 —1.92E-01 8.18E-04 1.99E-05 1.89E-05 —1.92E-01 8.18E-04
obs pg 1.57E-02 1.70E-04 —1.92E-01 8.71E-04 7.53E-05 7.42E-05 —1.92E-01 8.71E-04
E obs r 1.69E-02 6.56E-05 7.51E-04 -3.99E-05 8.72E-06 4.99E-06 7.51E-04 -3.99E-05
obs ¢ 9.32E-03 1.76E-04 —5.88E-02 —1.46E-01 8.04E-04 1.66E-05 -5.88E-02 —1.46E-01
obs i 9.32E-03 1.76E-04 —1.92E-01 8.19E-04 2.02E-05 1.92E-05 —1.92E-01 8.18E-04
obs pp 3.09E-03 1.98E-05 —4.05E-02 1.55E-05 5.96E-06 5.98E-06 —4.05E-02 4.76E-05
_ obspg 322E-03 211E-05 —430E-02 3.66E-05 7.74E-06 7.7SE-06 —4.30E-02 6.77E-05
§ obs r 2.90E-04 2.21E-06 248E-05 -1.51E-06 2.69E-07 1.42E-07 2.48E-05 —1.36E-06
s obs ¢ 2.15E-03 1.45E-05 —5.30E-03 —2.85E-02 -8.35E-04 -8.07E-04 —4.84E-03 —2.41E-02
obs i 6.11E-03 2.39E-05 —4.05E-02 —9.33E-06 1.25E-05 1.25E-05 -4.056-02 2.29E-05
obs pp 8.87E-05 7.13E-06 —3.42E-03 1.90E-05 4.11E-08 3.29E-08 -3.44E-03 1.23E-06
?-g obs pg 2.35E-04 835E-06 —6.15E-03 3.20E-05 192E-06 1.89E-06 —6.17E-03 1.43E-05
i; obs r 2.90E-04 2.21E-06 2.56E-05 —-1.37E-06 2.80E-07 1.53E-07 2.556-05 —1.39E-06
§ obs ¢ 5.89E-04 1.00E-05 —9.48E-03 4.50E-03 4.15E-04 3.86E-04 -8.57E-03 —1.35E-03
obs i 6.41E-05 1.06E-05 -3.42E-03 3.16E-05 -5.22E-06 -5.20E-06 —3.44E-03 1.14E-05
RMSE of first moments 1.51E-01 6.54E-02 3.62E-04 3.61E-05 1.51E-01 6.54E-02
RMSE of second moments 2.58E-02 5.80E-03 1.79E-04 1.75E-04 2.58E-02 5.18E-03
RMSE of second lagged 1.I3E-02 1.77E-03 9.I5E-05 8.46E-05 1.03E-02 1.04E-03
moments (1 lag)
i’;ﬁrgfnfsf(ﬂllzgnd 1.29E-02 2.87E-03 9.02E-05 8.71E-05 127E-02 2.55E-03
RMSE of all moments 322602 131E-02 1.13E-04 8.57E-05 3.22E-02 1.31E-02

(To be continued)
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(Continued)
Mean Std NAHM2 ZAHM2

iteration
number

obs_pp 9.32E-03 1.76E-04 2.01E-05 1.89E-05 -1.92E-01 8.18E-04 2.02E-05 1.89E-05

1 2 5 10 1 2

obs_pg 1.57E-02 1.70E-04 7.52E-05 7.40E-05 -1.92E-01 8.71E-04 7.56E-05 7.42E-05

E obs r 1.69E-02 6.56E-05 8.60E-07 5.88E-07 7.51E-04 -3.99E-05 8.87E-06 6.73E-06
obs ¢ 9.32E-03 1.76E-04 —-1.97E-04 1.90E-05 -5.88E-02 -1.46E-01 —1.41E-03 1.84E-05
obs i 9.32E-03 1.76E-04 2.04E-05 1.92E-05 -1.92E-01 8.18E-04 2.05E-05 1.92E-05
obs_pp 3.09E-03 1.98E-05 1.82E-05 1.83E-05 —4.05E-02 1.64E-05 6.02E-06 6.00E-06

< obs_pg 3.22E-03 2.11E-05 1.98E-05 1.98E-05 -4.30E-02 3.75E-05 7.81E-06 7.77E-06

§ obs_r 2.90E-04 2.21E-06 6.01E-08 5.14E-08 248E-05 -1.46E-06 2.79E-07 2.07E-07

7 obs ¢ 2.15E-03 1.45E-05 3.06E-04 3.80E-04 —4.84E-03 -2.67E-02 —5.15E-04 —6.29E-04
obs i 6.11E-03 2.39E-05 2.47E-05 248E-05 —4.05E-02 -841E-06 1.25E-05 1.25E-05
obs_pp 8.87E-05 7.13E-06 —6.11E-06 —6.18E-06 -3.42E-03 1.61E-05 -7.80E-07 —8.86E-07

?2 obs_pg 2.35E-04 8.35E-06 —4.18E-06 —4.27E-06 —6.15E-03 2.94E-05 1.13E-06 1.01E-06

c:; obs_r 2.90E-04 2.21E-06 5.83E-09 -3.43E-09 256E-05 -1.46E-06 2.84E-07 2.12E-07

o

% obs ¢ 5.89E-04 1.00E-05 —1.95E-04 —1.96E-04 -9.77E-03 5.80E-04 3.75E-04 4.62E-04
obs i 6.41E-05 1.06E-05 —1.17E-05 —-1.18E-05 -3.42E-03 2.87E-05 —5.98E-06 —6.12E-06

RMSE of first moments 9.50E-05 3.63E-05 1.51E-01 6.54E-02 6.31E-04 3.64E-05
RMSE of second moments 6.70E-04 6.75E-04 2.58E-02 5.45E-03 1.27E-04 1.43E-04

RMSE of second lagged

4.64E-04 4.68E-04 1.13E-02 1.11E-03 1.13E-04 1.30E-04
moments (1 lag)

RMSE of all second 3.64E-04 3.67E-04 129E-02 2.70E-03 8.02E-05 8.82E-05
moments (4 lags)
RMSE of all moments 358E-04 3.60E-04 322602 131E-02 147E-04 8.68E-05

It should be noted that the RMSE of all moments for the ZAHM?2 with 10
iterations is a little bit worse than those with 5 iterations. A more detailed view
shows that the RMSE of the first moments are much smaller in the case of 10
iterations, but the RMSE of the second moments are a little bit higher in the case
of 10 iterations. There are only 5 first moments and 115 second moments
(including all 4 lags); therefore the influence of the second moments is higher for
the RMSE of all moments. This difference can be more important for the GMM
approach due to the smaller variance of the second moments (which means a
higher weight of second moments). This effect can be important for the NAHM?2
and ZAHM3 because there are a few moments that have higher errors in the case
of 10 iterations than in 5 iterations (it can make the score function of the GMM
with 5 iterations better than with 10 iterations for some weight matrices).
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The RMSE of parameter estimation by the indirect inference (DSGE-VAR
with 4 lags) with calculation techniques of different moments is presented in
table 3. The RMSE for the GMM approach is presented in Table 4. It should be
noted that the indirect inference with moments calculated by the NAHM2 or
ZAHM2 with 2 iterations produces an errors covariance matrix that is not
positive-definite. Thus, the RMSE of the indirect inference is only presented for
5 and 10 iterations. The results for the ZAHM3 are not presented due to the
computational expense of this approach (the ZAHM3 with 5 iterations requires
about 21 seconds; it requires about 11 seconds for 2 iterations, which is much
higher than the CDKF).

Table 3 The RMSE of Parameter Estimations
DSGE-VAR DSGE-VAR DSGE-VAR DSGE-VAR

the linear the CDKF (4) the (4) the (4) the (4) the
likelihood "¢ NAHM2, 10 NAHM2,5 ZAHM2,10 ZAHM2,5
iter. iter. iter. iter.

Stdofeap 1.18E-04 8.93E-05  3.83E-05 5.22E-05 1.13E-02 1.06E-03
Stdofeac 6.66E-02 1.51E-02  8.01E-03 1.21E-02 1.60E-02 1.43E-02
Stdofeps 1.94E-03 5.41E-03 2.76E-03 1.98E-03 9.51E-03  6.58E-03
Stdofeg  7.13E-02 4.41E-02 6.96E-03 6.98E-03 1.38E-01 6.64E-02
Std ofep  1.87E-02 4.50E-03  7.15E-03 8.93E-03 1.09E-02 1.03E-02
Stdofe  1.31E-02 3.96E-02  1.08E-02 4.51E-03 4.11E-03  3.49E-03
Stdofep  1.86E+00 3.73E-03  7.16E-03 5.30E-03 1.84E-02  2.08E-02
In(p) 3.01E-02 5.45E-03 3.16E-03 2.58E-03 3.65E-03  4.48E-03
y 8.13E-02 1.58E-03  1.50E-03 1.54E-03 2.12E-02  3.47E-02
Mo, 8.21E-02 3.50E-01 1.26E-01 3.10E-01 3.85E-01 3.73E-01
Mo.p 2.15E-03 1.66E-03  1.80E-03 2.35E-03 3.42E-03  3.17E-03
Mo 2.14E-01 1.35E+00 2.62E-01 4.78E-01 9.31E-01 3.12E-01
No.p 2.11E-03 3.99E-03  3.85E-03 2.39E-03 1.75E-03  9.07E-04
N1.48 1.74E-01 1.98E-01  9.39E-03 8.72E-03 9.92E-02  2.16E-01
U 1.15E-01 1.05E-01 6.36E-04 2.03E-01 1.19E-01  2.03E-01
N1,48 2.75E-01 1.71E-01  9.06E-02 6.92E-02 3.92E-01 3.75E-01
N8 291E-02 2.78E-01  1.33E+00 1.47E+00 5.92E-01  4.68E-01
11,0 1.90E-01 1.35E-01 1.55E-01 1.28E-01 1.61E-01 1.68E-01
N 1.15E-02 1.91E-02  9.80E-03 6.46E-03 1.34E-01 8.07E-02
n1p 1.50E-01 5.07E-01  7.16E-01 8.11E-01 7.34E-01 5.10E-01
(To be continued)
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(Continued)
DSGE-VAR DSGE-VAR DSGE-VAR DSGE-VAR
the linear the CDKF (4) the (4) the (4) the (4) the
likelihood NAHM2, 10 NAHM2,5 ZAHM2,10 ZAHM2,5
iter. iter. iter. iter.

Sum of RMSE 3.39E+00 3.23E+00 2.75E+00  3.53E+00  3.79E+00  2.87E+00
Sum of MSE  3.72E+00 2.37E+00 2.39E+00  3.20E+00  2.15E+00  9.86E-01

Time for

likelihood

calculation

(sec)*

Note: *PC used: Intel core 2 Duo E8400 3 GHz, 1 Gb RAM, Windows XP.

0.03 3.95 0.44 0.25 0.125 0.078

It should be noted that a few parameters have a much higher RMSE for each
approach, which means that its influence is critical for such measures as the sum
of MSE. The indirect inference with the ZAHM2 with 5 iterations produces an
extremely high quality of estimation. The reason is a high amount of local
extremes (many parameter values produce an erroneous covariance matrix which
is not positive-definite). About half of the cases produce low value log-likelihood
functions (local extremes which are close to the initial values (true values)
produce low RMSE).

The NAHM2 with 10 iterations produces the best quality according to the sum
of RMSE. However, the ZAHM?2 with 10 iterations produces the best quality
according to the sum of MSE. The CDKEF is the second best for both measures of
quality. It should be noted that the NAHM?2 with 10 iterations has almost the
same sum of MSE as the CDKF.

An unexpected result is that the ZAHM?2 is better than the NAHM?2 for
estimation purposes (GMM with 2 and 5 iterations) despite possessing a worse
quality of moments calculations. The NAHM2 is better than the ZAHM?2
(GMM with 10 iterations) according to one quality measure. An advantage of
the indirect inference over the GMM is expectable (Creel and Kristensen,
2011).

The speed of calculating the likelihood functions for normal approximations
of higher moments (the NAHM?2) lies between the linear-likelihood and the
CDKF-likelihood. For the ZAHM?2 the speed is almost the same as for the

linear-likelihood.
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Table 4 The RMSE of Parameter Estimation (GMM)
GMM the GMMthe GMM the GMM the GMM the GMM the
NAHM2 NAHM NAHM ZAHM2 ZAHM2 ZAHM2
10 iter 25 iter 22 iter 10 iter 5 iter 2 iter
Std of ea g 8.94E-03  1.06E-02 2.00E-02 2.25E-02 1.52E-02 1.54E-02
Std of €x ¢ 1.18E-02  2.02E-02 1.83E-02 2.10E-02 1.32E-02 1.72E-02
Std of e g 1.76E-03  2.66E-03 4.12E-03 2.79E-03 6.04E-04 1.29E-03
Std of e 1.50E-02  4.11E-02 7.58E-02 2.65E-02 4.38E-02 6.21E-02
Std of ep 3.68E-02  344E-02 4.22E-02 4.31E-02 3.61E-02 4.70E-02
Std of g 2.34E-02  2.84E-02 231E-02 1.96E-02 2.28E-02 2.32E-02
Std of &p 223E-02  1.58E-02 2.56E-03 1.39E-02 5.93E-03 5.55E-03
n(p) 2.59E-03  2.85E-03 3.47E-03 2.84E-03 1.96E-03 2.74E-03
y 1.04E-01  1.66E-01 2.88E-01 1.96E-01 1.92E-01 4.72E-01
70,8 4.18E-01  5.85E-01 7.67E-01 6.08E-01 1.07E+00 9.36E-01
No,p 2.02E-03  1.49E-03 2.52E-03 2.58E-03 2.15E-03 2.40E-03
Mo,r 2.32E+00  3.61E+00 4.78E+00 1.82E+00 2.56E+00 4.54E+00
No.p 6.93E-04 6.43E-04 1.28E-03 1.64E-03 1.27E-03 5.58E-03
N1,48 1.04E+00  1.12E+00 1.09E+00 9.43E-01 1.03E+00 9.00E-01
M.ac 551E-01  6.31E-01 7.81E-01 6.83E-01 7.55E-01 5.00E-01
M,45 5.778E-02  3.41E-01 5.21E-01 5.00E-01 3.73E-02 6.12E-01
n1,8 1.38E+00  1.28E+00 1.06E+00 1.16E+00 1.24E+00 1.06E+00
Mi,p 8.48E-01 8.56E-01 9.18E-01 9.77E-01 9.78E-01 1.04E+00
N 6.66E-01  8.81E-01 5.79E-01 6.53E-01 8.58E-01 7.45E-01
n.p 4.80E-01 5.92E-01 7.81E-01 6.21E-01 6.79E-01 7.18E-01
Sum of RMSE 7.99E+00 1.02E+01 1.18E+01 8.32E+00 9.54E+00 1.17E+01
Sum of MSE 1.02E+01 1.87E+01 2.85E+01 8.45E+00 1.31E+01 2.65E+01
Time for likelihood =, ,, 0.25 0.125 0125 0078  0.047

calculation (sec)*

Note: *PC used: Intel core 2 Duo E8400 3 GHz, 1 Gb RAM, Windows XP.

5 Conclusions

This article suggests a new approach to approximating nonlinear DSGE model

moments. These approximations are fast and accurate enough to use them to

estimate parameters of nonlinear DSGE models (it produces a more accurate

estimation of moments than simulating ‘the 100,000 sample”’). Existing methods

of approximation of nonlinear DSGE model moments (Monte-Carlo simulations)
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are 32 to 112 times slower than the suggested approaches (depending on the
version).

The suggested approaches are 9 (0.44 sec.) or 31 (0.125 sec.) times faster
(depending on the version) than the CDKF (3.95 sec.). A combination of the
suggested approaches with the GMM does not produce a high quality estimation,
but a combination of the suggested approaches with indirect inference almost has
the same quality as the CDKF. One quality measure (the sum of RMSE) is 17.5%
(3.79) worse or 15.0% (2.75) better (depending on the version) than the CDKF
(3.23). Another measure (the sum of MSE) is 0.7% (2.39) worse or 9.4% (2.15)
better (depending on the version) than the CDKF (2.37). Thus, the suggested
approaches are close in terms of estimation quality but much faster than one of
the best existing nonlinear estimation approaches (the CDKF).
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