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Abstract The indispensability argument for abstract mathematical entities
has been an important issue in the philosophy of mathematics. The argument
relies on several assumptions. Some objections have been made against these
assumptions, but there are several serious defects in these objections. Ameliorating
these defects leads to a new anti-realistic philosophy of mathematics, mainly:
first, in mathematical applications, what really exist and can be used as tools are
not abstract mathematical entities, but our inner representations that we create in
imagining abstract mathematical entities; second, the thoughts that we create in
imagining infinite mathematical entities are bounded by external conditions.
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1 Introduction

The philosophy of mathematics in the early twentieth century focused on
foundational issues in mathematics, which resulted in such fields as logicism,
formalism and intuitionism. Since the mid-twentieth century, the foundational
issues do not disturb working mathematicians anymore, and philosophers also
turn their interests to epistemological and ontological issues about classical
mathematics. These include questions such as whether abstract mathematical
entities literally exists, whether mathematical theorems are objective truths about
abstract mathematical entities, how we get and justify our knowledge in classical
mathematics, and why mathematics is applicable. These are traditional ontological
and epistemological questions for the subject matter of mathematics.

Due to some idiosyncratic features of mathematical entities and mathematical
knowledge, the ontological and epistemological questions for mathematics are
challenges for modern and contemporary schools of philosophy. Mathematical
entities and mathematical knowledge are special in that on the one hand, if
mathematical entities exist, they must be abstract entities essentially independent
of the physical universe. For instance, according to contemporary physics,
it is possible that the universe is finite and discrete macroscopically and
microscopically. However, in mathematics, we take it that infinite entities
obviously exist, independent of whether or not the physical universe is finite and
discrete. This leads to an epistemological difficulty for the abstract and infinite
mathematical entities. For instance, empiricism cannot directly explain how we
can get knowledge about real infinity, which is beyond the finite empirical world.
Similarly, traditional rationalism is dubious because of its feature of dogmatism,
but the Kantian view based on apriori form of sensibility can in principle cover
only the scope reachable by our senses and cannot reach real infinity in classical
mathematics. On the other hand, in science and mathematics, we do seem to be
talking about infinite mathematical entities and what mathematicians are proving
and scientists are using do seem to be objective truths about mathematical entities.
These apparently conflicting phenomena become a deep philosophical puzzle.

This recalcitrant puzzle is one of the dynamics for contemporary philosophy of
mathematics. Responses to it include two opposite views: mathematical realism
and nominalism (also called anti-realism). Mathematical realists believe that
abstract and infinite mathematical entities exist objectively and mathematical
theorems are objective truths about them. One of the major difficulties for realism
is the epistemological difficulty mentioned above, namely, explaining how our
knowledge about mathematical entities is possible (Benacerraf 1973). On the
other hand, supports for realism come from extensive applications of classical
mathematics in modern sciences. This is summarized by philosophers Quine and
Putnam as the so-called indispensability argument for mathematical realism
(Putnam 1979; Quine 1980). Mathematical nominalists or anti-realists believe
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on the contrary that abstract mathematical entities do not exist. They thus dodge
the epistemological difficulty about abstract mathematical entities. However,
mathematical anti-realists must deal with the challenge of the indispensability
argument and must explain what mathematics is and why mathematics is
applicable.

The indispensability argument is the focus of realism versus anti-realism
debates. This paper will examine the defects in current objections to the
indispensability argument and explore how to cogently object to the argument.
With that, I will illustrate how a new anti-realistic philosophy of mathematics
will emerge. A more complete positive exposition of that anti-realistic philosophy
(from another perspective) is given elsewhere (Ye 2007).

Before proceeding to the main text I must mention here that mathematical
realism is a view independent of scientific realism. They are both referred to as a
sort of “realism.” However, mathematical realism assumes an objective, abstract
and infinite mathematical world independent of the physical world (even if the
physical world is finite). Therefore, there are essential differences between them.
In this paper, “realism” always means mathematical realism.

2 Indispensability argument and objections to it

In recent years, several authors have given more accurate and complete
formulations for the indispensability argument. It is now generally agreed
that the indispensability argument depends on the following premises (Azzouni
1998; Colyvan 2004): (1) indispensability of abstract mathematical entities:
statements containing singular terms, variables or quantifiers referring to abstract
mathematical entities are indispensable for sciences; (2) holism: confirmation for
scientific theories is holistic, namely, empirical successes of a theory not only
confirm its hypotheses about physical objects such as atoms and electrons, but
its mathematical hypotheses about abstract mathematical entities as well; (3)
criterion of ontological commitment: the entities that a scientific theory commits
to are entities that are needed as values of first order variables in order for
the claims made by the theory to be true, when those claims are expressed as
sentences in a first order language; (4) naturalism: science is the final judge for
ontological questions and there is no “first philosophy” above science for judging
what “really exists.” From these premises we can infer that successes in sciences,
which apply classical mathematics, confirm that abstract mathematical entities
truly exist.

Current objections to the argument by anti-realists focus on the first three
premises. There are two types of objections targeting at the premise (1). One
claims that it is possible to develop a new kind of mathematics for scientific
applications, a nominalistic mathematics not referring to any abstract entities,



Indispensability argument and anti-realism in philosophy of mathematics 617

and therefore show that abstract mathematical entities are not really indispensable
for sciences. Field (1980), Hellman (1989) and Chihara (1990) belong to this.
The other claims that mathematical statements are not really assertions about
abstract entities out of space-time, as they appear to be; on the contrary, they
have hidden true meanings, which actually do not refer to or quantify over any
abstract entities. This objection also rejects the premise (1), but it does not try to
invent new mathematics and instead it tries only to reinterpret statements in
classical mathematics so that they do not commit to abstract mathematical
entities. Yablo’s figuralism (Yablo 2002) is typical of this type.

Objections targeting at the premise (2) usually agree that classical mathematics
is the best mathematics for sciences and agree that it is unlikely to develop a
nominalistic mathematics as a substitute. They also understand mathematical
statements literally and admit that mathematical statements do attempt to refer
to abstract mathematical entities. However, they argue that scientists’ attitude
toward mathematics is not believing mathematical statements as truths. It is only
accepting them as useful. Empirical successes of sciences confirm only scientific
hypotheses about observable and unobservable physical objects and they do
not confirm mathematics used in sciences. This also includes two subtypes: one
explicitly claims that mathematical statements are literally false and mathematical
entities are fictional and do not rally exist (e.g. Hoffman 2004). Their views
are similar to the view on unobservable physical objects held by van Fraassen’s
constructive empiricism. The other only rejects holistic confirmation and
emphasizes the autonomy of mathematics but does not explicitly answer
if mathematical entities really exist (e.g. Maddy 1997; 2005). This is called
mathematical naturalism.

Objections targeting at the premise (3) try to give new interpretations for the
term “existence” in mathematics. For instance, some consider the suggestion that
“existence” can be treated as a predicate, or the suggestion that there are two
types of quantifiers and only one of them carries ontological commitments and
“existence” in mathematics needs not to be so (Azzouni 1998). This strategy
differs from the strategy rejecting confirmation holism in that it tries to analyze
the concept of “ontological commitment”, not merely to question if scientific
applications confirm the existence of abstract entities.

3 Flaws in current objections to the indispensability
argument

3.1 Indispensability of abstract mathematical entities

Field (1980) develops a geometrical mathematics, using space-time points and
regions as objects to restate some propositions in classical mathematics. For
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instance, he treats a sequence of discrete space-time points as natural numbers,
uses geometrical lines as substitutes for the real number continuum, and uses
space-time regions as substitutes for sets of real numbers. Then, some propositions
in classical mathematics become propositions about space-time points and
regions. Field believes that space-time points and regions are concrete objects.
Therefore, this “nominalistic mathematics” does not commit to abstract entities.
If this nominalistic mathematics is sufficient as mathematical foundations for
sciences, then it means that abstract mathematical entities are not indispensable.
As for the actual applications of classical mathematics, Field suggests that they
can be converted into applications of nominalistic mathematics, in order to show
why classical mathematics, which talks about non-existent things on apparent, is
useful.

As supporters for realism, Burgess and Rosen (1997) retort that Field’s
nominalistic mathematics is tedious and can cover only very limited mathematics.
It is unlikely to be accepted by the scientific community. They argue that unless
a nominalistic mathematics is accepted by the scientific community as a better
theory than classical mathematics, according to scientific standards but not the
alleged philosophical standards, then one has not really shown that abstract
entities are dispensable in sciences. They contend that using nominalistic
mathematics to replace classical mathematics is to put some philosophical
principles, namely, the nominalistic intuition that abstract entities could not exist,
above science, and treat it as something higher than scientific judgments or
findings. This is unacceptable, because history shows that when philosophers try
to reject science based on philosophical prejudice, philosophy always fails.

Here I want to point out that Field’s critics seem to have missed a more essential
problem in Field’s program, namely, nominalists should not assume objective
reality of infinity or even that of potential infinity. Field’s nominalistic
mathematics assumes that there are infinitely many space-time points and
therefore it assumes real infinity. In his recent article (Field 1998), Field explicitly
mentions the hypothesis that space-time is infinite. However, according to
physics, the universe is finite macroscopically and the microscopic structure of
space-time could also be discrete. If the universe is finite and discrete, it means
that there are only a finite amount of concrete objects in the universe. Then,
assuming infinity, even potential infinity, means assuming reality of abstract
things. Whether or not the microscopic structure of space-time is finite and
discrete is still undetermined in physics, but the point is that a philosophy of
mathematics should not depend on a hitherto undetermined physics hypothesis.
Classical mathematics is applied not merely to physics. It is applied to areas such
as economics, where the objects of applications are obviously finite and discrete
and have nothing to do with whether or not space-time is continuous. Moreover,
even if one day all physicists accept the hypothesis that space-time is finite and
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discrete, it is likely that scientists will still apply classical mathematics in physics
and economics. Furthermore, all today’s scientific theories, including Newtonian
physics, relativistic physics, quantum physics and so on, are all accurate
only within some limited scope and precision. Things below the Planck scale
(=1073 cm) are quite beyond our scientific knowledge today. Therefore, all
applications of classical mathematics today, including applications in physics, are
actually applications to finite things, not essentially different from applications
in economics where the subject matter is obviously finite and discrete. If a
philosophy of mathematics depends on a physics hypothesis such as infinity of
space-time in explaining what mathematics is and why mathematics is applicable
in sciences, it must have missed something essential about mathematics. This is
actually a more essential problem in Field’s program.

3.2 Problem of confirmation holism

Since the 1990s, several authors turn their attention to questioning the premise
of holistic confirmation in the indispensability argument. Part of the reasons may
be some common realization that nominalistic mathematics has limitations.
Therefore, some philosophers turn to ask whether the successes of sciences with
classical mathematics really confirms the truth of classical mathematics.

Maddy (1997) suggests that scientists hold different attitudes toward hypotheses
in their theories, from merely accepting them as convenient hypotheses to fully
believing in their truth. Maddy uses the atomic theory of matter as an example.
By the end of the 19" century, most chemists have agreed that atomism is the best
hypothesis for explaining chemical phenomena. However, scientists still kept
doubts about if atoms really exist. These doubts are cleared up only after
experiments verify Einstein’s calculations for the Brownian motions at the
beginning of the 20" century. This means that science demands more direct
evidences for truth of a hypothesis, not merely that the theory containing the
hypothesis is holistically acceptable, because a hypothesis could be treated merely
as a convenient hypothesis. Maddy believes that mathematics plays the role
of convenient hypotheses in science but not the hypotheses confirmed as true.
As evidences supporting this claim, Maddy suggests that mathematical entities
are similar to idealized entities such as mass points or ideal gases mentioned in
physics. They are posits for conveniently stating our theories. For instance, we
use a continuous model to simulate the structure of space-time. It is convenient,
but scientists do not take this as evidences confirming that space-time is indeed
continuous (Maddy 2005). Leng (2002) further suggests that mathematics is used
to build models. This is perhaps a common knowledge among scientists. When
a model is successfully used to simulate a type of natural phenomena, what is
confirmed by experiments is the assertion that “so and so model can correctly
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simulate so and so phenomena.” On the other hand, if applications of the model
fail, it only disconfirms the assertion about applicability of the model to those
specific phenomena, and the model can be saved for other applications. Therefore,
applications do not confirm or disconfirm mathematics itself.

Critics of Maddy contend that mathematics is itself a part of science and that
mathematicians’ confirmation of mathematical theories has the same status as
physicists’ confirmation of physics theories (Burgess and Rosen 1997; Rosen and
Burgess 2005). They emphasize that mathematicians seriously believe that the
theorems that they prove are true. On the contrary, when scientists have doubts
about a mathematical theory, they refer to mathematicians and let mathematicians
decide which mathematical theory is correct. For instance, the Dirac functions
used in early quantum mechanics have problems and then mathematicians
develop the more correct theory of generalized functions. It is true that scientists
do not think that a continuous model of space-time is isomorphic to physical
space-time, but this does not preclude them from believing that mathematical
statements about the continuous mathematical model are literally true of
those mathematical entities. Burgess and Rosen actually assume that most
mathematicians hold realism about mathematics and then they insist that
philosophers should respect mathematicians’ judgments.

Here 1 want to point out that there are indeed flaws in the objections to
confirmation holism by Maddy and Leng. First, Maddy mostly considers not so
obvious axioms in set theory, and then truth of mathematical axioms may appear
to be in doubts, as is the existence of atoms in the 19% century. If we consider
simple mathematical propositions such as “2+2 = 4", or “there exists a natural
umber greater than 2 and less than 47, then scientists’ degree of belief for them is
much greater than their degree of belief for the existence of atoms. Therefore, if
scientific practices have not confirmed “there exists a natural number greater than
2 and less than 4,” and thus have not confirmed that natural numbers exist, it
must be due to other reasons, for instance, the reason that this sentence should
not be understood literally (or that it does not imply the existence of abstract
entities even if understood literally). It cannot be because this sentence lacks
more direct and complete evidences, as the statement “atoms exist” was in the
19th century. Leng’s description “mathematics is used to build models™ is correct,
but it is not complete either. It is true that using continuous models to simulate
physical space-time cannot confirm that continuous models are exactly isomorphic
to physical space-time. However, intuitively, continuous space-time models
are genuinely, though approximately, isomorphic to physical space-time. This
approximate isomorphism is the reason why using continuous models to simulate
physical space-time is successful. If they are not even approximately isomorphic,
using continuous models to simulate physical space-time will obviously fail.
Then, we can ask if abstract mathematical entities just do not exist, what on
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earth are genuinely, though approximately, isomorphic to physical space-time.
Metaphysical “nothingness” or “void” cannot be isomorphic to any existent thing,
even approximately. This is exactly the intuitive basis for the indispensability
argument. That is, mathematical entities must exist at least in some sense, and
they must be genuinely though approximately isomorphic to physical things,
and our mathematical theorems about them must be exactly true, not merely
approximately true or even false, for otherwise using these mathematical entities
to build models and do inferences and calculations will not make our theories
successful.

Many authors who are sympathetic with anti-realism hold the view that
mathematics is only a useful tool and it does not contain truths about external
objects. Claiming that mathematics is used to build models is one such kind of
instrumentalism. However, tools must be existent things themselves and there
must be genuine natural laws governing how tools work. For instance, computers
are tools, but computers exist concretely and there are scientific and literally true
explanations regarding how computers work as existent real things. If mathematics
is also a tool while mathematical entities do not exist, then mathematical
instrumentalists must explain what “real things” are used as tools in mathematical
applications and what the working mechanism for these tools are. So far, these
authors have not tried to answer these questions. Therefore, mathematical
instrumentalism is still flawed.

3.3 Criteria of ontological commitment and Quine’s naturalism

Azzouni (1998) suggests that we should distinguish between a criterion of
existence and a criterion of ontological commitment. A criterion of existence
asserts what kind of things can exist, while a criterion of ontological commitment
tells us how to figure out what a theory commits to. Quine certainly believes that
only the latter is meaningful and he proposes “a theory’s ontological commitments
are values of its first order variables, or whatever in the range of its first order
quantifiers” as the criterion of ontological commitment. However, as a matter
of fact, we usually use the epithets “fictional” and “real” in ordinary language,
and the true ontological commitments in a discourse are those we claim to be
“real” in the discourse. Now, suppose that we want to take “all existent things
exist in space-time” as our criterion of existence. We can interpret “real” as
“existing in space-time” and take “a theory’s ontological commitments are what
the theory asserts as real” as our criterion of ontological commitment. Then, a
scientific theory will always commit to things in space-time only, while its
variables can take fictional things as their values. In other words, we can always
alter the criterion of existence and the criterion of ontological commitment, so as
to let all theories commit to a particular kind of entities; per our interests.
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Talking about criteria of existence may contradict Quine’s principle of
naturalism. Azzouni also believes that philosophically we cannot decide which
criterion of existence is correct, and therefore his conclusion is that a theory’s
ontological commits are in the end philosophically indeterminate. Azzouni
examines two possible methods for deciding criteria of existence and rejects
them. The second method among them is relying on ontological intuitions to
decide the criteria of existence. Azzouni’s reason for rejecting it is that such
intuitions are frequently prejudices and debates in ontology, including the debates
between mathematical realism and anti-realism, are exactly results of conflicting
intuitions. For instance, physicists and mathematicians may have conflicting
intuitions regarding objectivity of abstract mathematical entities. Physicists may
tend to think that mathematics is only a language or formalism, and that it does
not express truths about an objective reality, while mathematicians may be more
willing to take realism.

I believe that Azzouni’s analyses are partially correct, but they do not imply
that the criterion of existence must be indeterminate. Moreover, exploring the
correct criterion of existence does not violate the principle of naturalism and does
not pursue metaphysics beyond and above science. To see this, a critical point is
to recognize two serious problems in Quine’s naturalism.

First, Quine claims that he rejects the Cartesian first philosophy, but he actually
still takes Mind as something alienated to and opposite to nature. In Quine’s
picture, Mind appears to face a Reality. It tries to grasp Reality, to figure out what
exists in Reality. Language is viewed as the medium between Mind and Reality, a
tool that Mind uses to reach Reality. Language itself is neither in Mind, nor part
of the external Reality. Mind posits references for variables and quantifiers in the
First Order Language, as entities in Reality committed by Mind. Naturalism here
only means that the Cartesian introspection is not the major way by which Mind
recognizes Reality. On the contrary, scientific theories expressed in Language
and empirical verifications of theories are better methods. Then, since the
Language contains variables and quantifiers that are not intended to refer to
physical objects in space-time, Quine claims that Mind also posits abstract entities
as references for these variables and quantifiers.

However, in the scientific picture, minds are just functions of brain neurons,
and are parts of nature. Languages are also a natural phenomenon and they have
only recently appeared in the evolution history. Word tokens as aural or visual
patterns are not essentially different from rocks and trees and other natural things.
Semantic or reference relationships are primarily natural relationships between
inner representations in brains realized as neurons and other external concrete
objects represented by those inner representations. Only after that, are they
relationships between aural or visual patterns as word tokens and external
concrete objects, mediated by brains. If an inner representation does not directly
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represent external concrete objects, it must be connected with external objects
through other inner representations that do directly represent external concrete
objects. Its function in brains will consist in its affects on other inner
representations in brains. For instance, the inner representation associated with
the symbol “3” in a brain does not directly represent external concrete objects.
However, it can be combined with inner representations associated with “tree” to
form an inner representation corresponding to “3 trees,” which does directly
represent external objects. In this manner, the inner representation associated
with the symbol “3” is also indirectly related with external concrete objects.
Claiming that the inner representation associated with the symbol “3” also
directly represents some abstract entity does not help for explaining the actual
functions of it in brains, such as explaining how it works in brains, how it affects
other neurons, or how they together control muscles in eyes and hands and so on,
in order to relate to external concrete objects.

The second problem in Quinean naturalism is that it claims that scientists are
proposing and confirming ontological assertions and therefore ontological
questions should be answered by sciences. Actually, scientists do not make
ontological assertions. As a result of evolution, our brains directly control eyes
and hands to focus on or touch things in space and also keep observed events in
memory in their temporal order. In this sense, brains presuppose space-time as
containers of existent things. Moreover, space-time is filled with existent things,
and physical vacuum is also existent ontologically and is not metaphysical
nothingness. When scientists claim that water is composed of atoms, they are not
positing entities out of a metaphysical vacuum. They are only describing parts of
the universe whose existence they presuppose. They are saying that tiny parts of
water are not continuous stuff as they appear to be, and instead they are discrete
particles surrounded by a physical vacuum. Scientists are not choosing between
existence and metaphysical vacuum and then choose existence. On the contrary,
even before they start their scientific researches, they accept an ontological
presupposition, namely, this universe and its parts exist, and then they describe
existent things (including a physical vacuum).

The faith about existence of abstract entities comes exactly from these two
problems in Quine’s picture. Taking Mind as something opposite to nature makes
it appear that Mind faces two different kinds of Reality, the material Reality and
the abstract Reality. Viewing Language as the medium between Mind and Reality
makes one ask if some terms in Language refer to abstract entities in Reality and
makes one accept Quine’s criterion of ontological commitment. Moreover,
overlooking the fact that scientists presuppose the existence of universe and its
parts even before they start their researches makes Quine to compare abstract
entities with electrons, atoms and so on, and to think that scientists are confirming
ontological assertions, and therefore they also confirm the existence of abstract
entities.
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Clarifying these two misconceptions implies that existence of abstract entities
is at most a philosophical faith above and beyond scientists’ presupposition about
the existence of the universe. Therefore, we can examine if this extra philosophical
faith is necessary, on the basis of some more basic assumptions of naturalism
acceptable to both mathematicians and scientists, namely, the assumptions on the
existence of the universe and the naturalistic picture of minds. Suppose that under
these more basic naturalistic assumptions we could explain human mathematical
cognitive activities and applicability of mathematics, and we could show that the
intuitions about mathematical realism are illusions that may come from our habits
of using languages in some special manner, and we could show that realism is
irrelevant for explaining applicability of mathematics. Then, this will be a defence
for anti-realism acceptable to both mathematicians and scientists. This is not
determining a criterion of existence by resorting to ontological intuitions or
pursuing metaphysics beyond and above science. It is trying to eliminate human
illusions on the basis of scientific knowledge and is an attempt to eliminate
puzzles due to some apparently conflicting phenomena within sciences. It is
exploring if the true naturalism is sufficient for explaining human mathematical
cognitions. It is naturalism’s effort that clarifies puzzles for itself.

4 An anti-realistic philosophy of mathematics

Analyses in the previous sections show that to meet the challenge of the
indispensability argument, anti-realists should not assume the reality of infinity,
or even potential infinity, while at the same time, they should explain what the
tools in mathematical applications are and how these tools work realistically.
True naturalism (not the Quinean naturalism) is exactly the right framework
for this. This kind of anti-realism in philosophy of mathematics contains the
following major points.

First, in mathematical applications, what really exist and can be used as tools
are not abstract mathematical entities. Instead, they are our inner representations
that we create in imagining abstract mathematical entities. In other words, some
of our inner representations directly represent concrete external objects, but
others do not directly represent concrete external objects. These include the inner
representations that we create in imagining things. These two types of inner
representations have the same internal structure. We can even have the same
intentional attitude toward them, that is, intending to let them represent external
objects, although the intention will fail to realize for the latter type of inner
representations. Imagining things or talking about fictional entities means that
our minds are processing this second type of inner representations in the same
manner as they process the first type of inner representations. In this sense,
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mathematical entities are fictional. Calling something fictional is only a manner
of speech, because there are really no such things. Content of statements about
fictional things consists in the internal structure of the second type of inner
representations and their functions in brains. On the other hand, fictional things
can be similar to real things objectively, which means that the second type of
inner representation can be translated into true statements about real things in
some way, which has an objective basis. These inner representations do not
directly represent external objects, but they are still related to external objects in
an indirect but more flexible and more general (namely, more abstract) manner.
For instance, our inner representation associated with “9” does not directly
represent definite external entities, but it is related to concrete external objects,
properties, and events such as “9 apples,” “9 inches,” “counting 9 times” and so
on. These inner representations are created by our brains in order to summarize
and represent the general features of external objects.

Applying classical mathematics to the external world is like using fictional
stories to simulate real objects. Mathematics is in indeed used to build models,
but what are truly used to build models are mathematical inner representations in
the brain. Applicability of mathematics is based on some relationships between
mathematical inner representations in brains and real external objects, including
the similarity between fictional mathematical entities (e.g. Riemann spaces) and
real external objects (e.g. physical space-time) mentioned above. The process of
a mathematical application starts from concrete external objects, to thoughts in
the brain that directly represent concrete external objects, to mathematical inner
representations that can summarize these thoughts in some abstract manner, to
processing of these mathematical inner representations in the brains(with the help
of paper and pencils or computers), and then to translating the processing results
into thoughts directly representing concrete objects, and finally to external states
of affairs represented by these thoughts. Explaining applicability of mathematics
in a scientific and realistic manner means explaining how this process preserves
truth about concrete external objects. This explanation will refer to only concrete
objects, including objects in the brain and external entities. On the other hand,
whether or not mathematical inner representations in brains also directly represent
some alleged abstract mathematical entities is irrelevant to such an explanation.

Exploring this kind of explanation consists of two steps. First, for finitistic
mathematics, which does not assume infinity or potential infinity, the thoughts
that we create in imagining mathematical entities can be rather directly translated
into thoughts directly about concrete external objects. For instance, the thought
corresponding to “2+3 =5” in imagining natural numbers can be directly
translated into “2 apples plus 3 apples are 5 apples.” Here, pure mathematics
provides patterns of inferences, expressed inferences and computations about
fictional things. In applications, they are instantiated into sound inferences about
concrete external objects, that is, valid inferences with true premises.
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Second, the thoughts that we create in imagining infinite mathematical entities
cannot be translated so directly, because concrete external objects are always
finite and discrete. For instance, directly translating a continuity condition in a
mathematical model into judgments about finite and discrete concrete external
objects will get literally false judgments. However, some technical researches
show that finitistic mathematics is already quite powerful. For instance, it is
sufficient to develop the theory of unbounded linear operators on Hilbert space,
which is the mathematical foundation for quantum mechanics (Ye 2000). When
applying infinite mathematics to finite things, infinity is used to approximate
finite things, to build simplified models to simulate very complex finite things.
Therefore, we naturally conjecture that, in principle, all applications of infinite
mathematics can be reduced to applications of finitistic mathematics (Ye 2000;
2007). This in principle reducibility, if correct, will explain applicability of
classical mathematics. It means that applicability of classical mathematics does
not consist in its containing literal truths about abstract mathematical entities.
Instead, it consists in the fact that, in applications, infinity can in principle be
eliminated, and the applications can be transformed into applications of finitistic
mathematics. In other words, scientists ingeniously imagine infinity, create
relevant inner representations in brains, and use them to represent very complex
information about external finite concrete objects in some greatly simplified
manner. To give a logically plain explanation about why this can generate literal
truths about concrete external objects, we must explain how infinity can in
principle be eliminated, so that relevant inferences in brains can first be
transformed into inferences in finitistic mathematics and then be translated into
sound logical inferences about finite and concrete external objects.

Moreover, our imaginations about mathematical entities are constrained by
objective conditions. This includes the following aspects: (1) objective regularity
of concrete objects; (2) purposes for doing imaginations, for instance, for
simulating concrete real objects; and (3) constraints on our imagination capability
caused by our innate cognitive architectures. This is similar to the cases where a
novelist claims that fictional characters have their own life, which means that the
purpose of expressing true human nature and the objective regularity of human
nature constrains how a novelist can tell stories. Similarly, in imagining stable
and macroscopic objects with definite self-identity, we cannot but follow classical
logic and arithmetic laws. For instance, we are not able to imagine those
indeterminate, non-classical, microscopic particles clearly and directly. Therefore,
our imaginations must follow classical logic and basic arithmetic laws. Our
imagination capability also constrains how we can imagine infinity. That is, we
can only rely on our experiences about finite things and try to imagine things
that can stretch beyond any finite scope following the same pattern. Objectivity
in mathematics and apriority and necessity of logic and arithmetic must be



Indispensability argument and anti-realism in philosophy of mathematics 627

explained by examining the boundary of our imagination capability determined
by our innate cognitive architectures.

This is the anti-realistic philosophy of mathematics that I want to propose.
It contains rejections to all four premises of the indispensability argument.
Eliminating infinity in mathematical applications means that abstract entities are
not strictly indispensable; rejecting the Quinean naturalism and accepting a more
radical scientific naturalism also means rejecting Quinean criterion of ontological
commitments and confirmation holism.

Finally, I must explain how to answer the charge that nominalistic mathematics
is worse than classical mathematics. This is a misunderstanding about the purpose
of an anti-realistic philosophy of mathematics. Eliminating infinity in order
to explain its applicability does not mean replacing classical mathematics by
finitistic mathematics in applications. On the contrary, human ingenuity just
consists in their ability to imagine fictional things to summarize and simplify
their representations of a finite but very complex world. Moreover, in creating
and manipulating their inner representations in imagining these things, humans
rely on very complex mental processes that involve intuitions and cannot be
easily analyzed. For instance, scientists intuitively conjecture that a continuous
model can effectively simulate fluids consisting of finite and discrete particles.
The job for philosophers and logicians is to do logical analyses on scientists’
intuitive mental processes, not to replace scientists’ creative imaginations by
those tedious analyses. Intuitively, these analyses should include eliminating
infinity and reducing applications of continuous models to more tedious
calculations about finite concrete objects. This naturally leads to an anti-realistic
explanation of infinity. Such analyses are unavoidably complex and tedious.
Rejecting nominalistic philosophy of mathematics due to this complexity is a
great misunderstanding.
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