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Abstract

quaternion projective space HP" by the twistor map 7: CP**' — HP" in a systematic way. That is,

We construct new conformal minimal 2-spheres of constant curvature linearly full in the

we construct 2-spheres linearly full in CP**'or CP* satisfying horizontal condition explicitly. (In
the latter case, we consider the natural embedding of the map). We prove all 2-spheres we
constructed are non-homogeneous.
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Calabi'"' proved in 1967 that a minimal 2-
sphere S” of constant curvature in S" ' is unique up
to a rigid rotation. Subsequently, considerable
mathematical effort have been put into the study of
rigidity of 2-spheres in a variety of ambient spaces.
In 1985 Bolton et al. >’ proved that any linearly full
conformal minimal immersion of constant curvature
from S”to CP" belongs to the Veronese sequence,

up to a rigid motion. In this paper, we study the

construction of some conformal minimal two-spheres

with constant curvature in the quaternion projective
space HP".
In 1990, Ohnita"”

homogeneous minimal 2-spheres in HP" by the

obtained a series of

representation of Lie algebra. He conjectured that
this series exhausts all proper minimal isometric
immersions.

In 1991, Bahy-El-Dien and Wood *' developed
a vector bundle technique to construct minimal 2-

spheres in HP", based on the important fact that
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HP" is a
G(2,2n; C).

This procedure proved especially useful for

totally  geodesic  submanifold  of

constructing minimal 2-spheres in various ambient
spaces under additional assumptions. In 2014, He

(5] minimal

and Jiao classified linearly full
constantly curved ones in HP?. Furthermore, they
classified homogeneous minimal 2-spheres in HP"
by the method of moving frames and harmonic
sequence.

Now, it is mnatural to ask the following
question: do there exist nonhomogeneous constantly

curved conformal minimal 2-spheres immersed

in HP" 7
The twistor map is a powerful tool for studying

In 2017, Chen [o]

constructed 8 families of minimal surfaces in HP?
]

this  question. and Jiao

using the twistor map. Gao and Jiao'”' constructed
examples of conformal minimal two-spheres with
constant curvatures 4/7, 4/19, 4/27 by the twistor
map 7: CP” — HP®. Later on, Jiao and Cui'®
discovered some

important  properties of the

harmonic  sequence induced by a horizontal
harmonic 2-sphere. Furthermore, they obtained a
nonhomogeneous horizontal 2-sphere. Zhang and

Jiao” showed that V»,n >3 can be rotated
horizontally and constructed minimal 2-spheres in
HP",n =4,5,6,7. In this paper, we construct 2-
spheres linearly full in CP*™"'or CP” satisfying
horizontal condition explicitly by the twistor maps.
Using the expression of the norm of first 9
return map in Jiao et al. "'°', we prove all 2-spheres

constructed by our method are non-homogeneous.

1 Geometry of quaternionic
projective space

The quaternion algebra H is regarded as a 4-
dimensional real vector space with the basis 1, i, j,
k. The multiplication of rings in H is defined as

2 _ 2 _ 12
==k =-1,
ij = k =-ji, ik =-j =-ki, jk =-kj.

In particular, H is a two-dimensional right

module on C with the basis 1, j. Forz =z, + jz,,

w=w, + jw, € H, we have

w = (z]w] - Ezwz) + j(zzw] + E,wz).
There is a natural conjugation in H, denoted by
(2 +j2) =2~z
Let H" be the set of n-tuples of quaternions
written as column vectors. We can identify H"

with C*":
= (2]
z, + )z, < .
%,
The quaternionic projective space HP" is defined to
be
HP": ={[x];:x e H' "' ={0})}
[, ]z =[] x, =x,h, he H-{0}.

.
> 5 on H" is

where
The quaternionic inner product < -, -

defined as:

<pg>y=(¢)p=>qrp,VpgeH,
i

Whel"ep = (p]’st ”.sp,, )T’ q = (q]’ ‘h’ R qn) .
Define a conjugate linear map J on C*
N =
J: CZn — C2n’J( ) > ( _B)'
B «
The Hermitian inner product < -, > o on C"

is defined by <Z,W>C=Z" ,z,,

_ where
i=1

Z=( ,z,)"  and

=(2,,2,5, 7,2, an

W= (w,w, - w,).
Suppose that p, = a, + jb,,q, = ¢, + jd,,p,» q, € H,
a,b,,c,.d, eC.

We obtain the following equation:

SPg>u=<pqg>cti<plg>c

The (quaternionic) symplectic group is defined
as

Sp(n, H) = {A e Gl(n; H)I(A)"“A=1}.

The quaternion square matrix M, (H) can be
embedded into the complex square matrix M,, (C):

M (H)— M, (C).A+iB~ (1 7B,
B A

where A, B e M, (C). Let

5.5, 5
Then M, (H) is a subset of M, (C), and M, (H) =
{NeM, (C)INB, =B.N)
Recall that Sp(n) = Sp(2n, C) N U(2n),
where Sp(2n,C) ={A e M, (C):A"B,A =B, }.
For A € Sp(n + 1),[v ], € HP", Sp(n + 1) acts

on HP" by
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Alvly =[A-v];. (1)
It can be shown that this action is transitive and
G, =Sp(1) X Sp(n) is the isotropy group of this
action at[(1, 0, -+, 0)" |,. As a result,
HP" = Sp(n + 1)/Sp(1) x Sp(n). (2)
In other words, we prove that HP" is a homogeneous
manifold.

We define the twistor map 7 as
s (CPZH + 1 N HPn

«a . n+
[(B) l.ola+jBl,aBeC .
Therefore, the fiber of the point[ a + jB]; € HP" is
| a 8
the complex line spanned by [ B Jeand[| 7| ]
a
Suppose that M = X + jY € Sp(n + 1),
M = (Mo’Ml’ ...’M”), X = (Xo’Xw ---,X”), Y =
(YO, Y, -, Y"), therefore,
M, =X, +iY,0<k<n
m (M) =

Then we have two projections:
X
[ (YO) le»m, (M) =[M,];. By linear algebra, 7, is
0
a surjection. Therefore, m, =7 ° 7
The holomorphic curvature of CP" is equal to 4
under the Fubini-Study metric. Then, it is obvious

twistor Riemannian

[11]

that the map 7 is a
submersion

Suppose that we have two Riemann manifolds
M, N,

submersion. The horizontal distribution H atp € M is

Hy ={vel Mmv=>0eT N}

P

and a map m:M — N, which is a

The submersion 77 is a Riemannian submersion
if and only if 7 is a submersion and maps the
horizontal distribution H, to the tangent space

. M
That is, g (XP,YP)=
gw(w*Xp,W*Yp). In this case,

of T /N isometrically.
the horizontal
distribution in the Riemannian manifold is H, =
{ve T M:v L Ker(7r.)lq }.

Definition 1.1 Let L, M, N be Riemannian
manifolds, 77: M — N is a Riemannian submersion,
and f: L = M is a smooth mapping We say f is a
horizontal map if and only if df, (v) € H, ), Va €L,
YveT,L.

The following lemmas are needed.

The first lemma was proved in Eells and

Sampson“u.

Lemma 1.1 Let M — N be a conformal

immersion, where M and N are Riemannian
manifolds, then f is minimal if and only if f is
harmonic.

The next lemma was proved in Eells and
Wood' ',

Lemma 1.2 let M, Y, N be Riemannian
manifolds, 7:Y — N a Riemannian submersion,
and f: M — Y a horizontal immersion with respect to
7. If fis harmonic, then 7 © f'is also harmonic.
Consequently,

If f: M — CP**'is a horizontal

conformal minimal immersion, then the sphere 7 © f:

Lemma 1.3

M — HP" is conformal minimal, where 7 is the

twistor map and M is a Riemann surface.

2 Harmonic sequence

In this section, we will introduce the theory of
harmonic sequence independently developed by
Chern and Wolfson''* , and by Burstall and Wood''¥,

Let M be a Riemann surface. Assume that i/ is
a Riemannian submersion, :M — G(k,n; C),
where G(k,n; C) is the complex Grassmannian of
k-plane in the n-dimension. We identify the map
with the subbundle of the trivial bundle, which
implies that

Y= {(x,v)lx eM,ve (//(x)} CMxC".

Definition 2.1 Suppose that we have two
bundles E L L which are the subbundles of the
trivial bundle, we define the d-second fundamental

form A’, , as:
EL

J
Al L E— L, (xo,vn)»ma—”. (3)
! 1z

Suppose that i : M? — G(k, n: C) is harmonic,
define the 9-Gauss bundle of f as ¢f: = ImAl;’ e

In a similar fashion, we can define d-second
fundamental form and 9-Gauss bundle.

By Bahy-El-Dien and Wood™ , we have the
following result:

Proposition 2.1 Suppose that 7 © £+ §> —
HP" is a minimal 2-sphere constructed by projecting

the horizontal 2-sphere in CP**" under the twister
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map, then the map ¢: = f®Jf is defined by the
following identification :

(Ve G220+ 2:CIWV=JV),7ofo i
Let y: M — G(k,n; C) be an harmonic immersion.
It is well known that ¢ is harmonic if and only if

A’ o~ is holomorphic. We construct two sequences

generated by ¢ :

A map f from a Riemannian manifold M to FP"
is linearly full if the image of / does not lie in any
hyperplanes of FP", F could be R, C, H.

We say that the harmonic ¢ strongly isotropic if
for every positive integer k£ holds ¢ L i,
exists a maximal

Otherwise, there integer r

satisfying for every 0 < i <r,¢, L . The integer r
is referred to as the isotropic order of .

Definition 2.2 Let ¢ be a minimal sphere in
G(k,n; C) with isotropic order [. We define the
first d return of ¢ as

cl(¥): =4, ,
Suppose  that

oA’ 0 «es 0 A
A#’J [ A'/’ 2%

¢:M* — G(k,n; C) is a
harmonic map. The map ¢ is said to be 0-

irreducible if rank ¢ = rank ¢, where ¢, = A; e

the map ¢ is said to be d-reducible if rankd > ranke,.
We can define 0 reducible/irreducible similarly.

Let ¢y: M — CP" be a smooth map. Then we
can identify the smooth map ¢ with a subbundle of
rank one of the trivial bundle C"*' = M x C**",

g: ={(pypeMyeg(p)}CMxC"".

Therefore, the fiber of  at p is ¢1 = ¢(p).
When ¢ is a harmonic map, we also call the
corresponding  subbundle ¢ harmonic. Let L
denote the canonical line subbundle of CP" x C"* !,
i.e.,L: ={(p.l)pe CP",lep). Theny =y 'L
Conversely, any sub-bundle of rank 7 of C"*' can
induce a smooth map from M to CP".

Let ¢, gbe two subbundles of C"
Under the local

coordinate z, we define d-second fundamental form

that are

perpendicular to each other.

d
A L,V - 771/1(”),

sb =Y 0z

!

LA -
where v is a local smooth section of i, 7T¢Lis the
orthogonal projection with respect to . Similarly,

we can define d-second fundamental form A”

Suppose that ¢:S> — CP" is a hnearly full
conformal harmonic immersion,  can be induced
by a linearly full holomorphic map t,:S*> — CP",

where ¢,
2],

generates the following harmonic

sequence

Here, ¢ is linearly full, that is, ¢ does not lie
in any hyperplane of CP". Let z be the local
complex coordinate of S? (for zp,2, € C,z, 2 0, and

[(z,, 2, )']e CP!, z=2L  and

2y

choose a local
holomorphic section f; of the vector bundle ﬁ, i.
e., %J;O = 0. The local sections f,,, of ¢, can be
defined by the following formula:

o
of <. f,>
P :f + Jz
az p+1 !f;7|2

where prl2 =< fp,fp > , with < +, + > the Hermitian

fl),0<p<n—1, (4)

inner product. Besides, we have

o, ,r
% — P . f;,_pl
0z |fp_1|
Let V': § — CP",
T
2o (8,002 1 (2) 8, (2)) }

wherep = 0,1, --n, and forr =0, 1, ---

6=t (1)
zw( )( L

<p<n. (5)

Let

g,=(g,0(2),g,.(2)),
that 1is, V= [gp] By calculation, we have
following results :

< g—f, g > gp

gp+1=—Tgp+ P <n-1,
2
|gp|2 = 98 _ _|gp||2gp 12

iz g

p-1
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dg, pln-p+1) |gp|2 F = antidiag{F, .= F, .} (10)
e g} 1 = g} -1 .

0z (1+1P)? =t lg, - P : We have the following lemma (It was proved by
and Jiao and Cui'®’ when 7 is even, here we prove in fact
|gp|2 _ n! p! (1+2)%, (6) that this statement holds when n € N*. )
(n - p)! Lemma 2. 1

Here Vp":]n”V” ,oneN,0<p< (11)

where

(Z)) 7)

Therefore, V' can generate a harmonic sequence

go(z)=(1,---,

d a
Vl”—>...—> V’:’ — (.

d
0— Vi

which is called the Veronese sequence of CP", and
the corresponding map Vp"(p =0,1,-,n) is called
We equip CP" with the

Fubini-Study metric of the holomorphic sectional

the p-th Veronese map.

curvature 4, and then let ds}z) be the pullback metric
of V'in S>. We have
ds? = n+2p(n=p) dzdz. (8)

P+ L)
4
n+2p(n—p)

n, V: is a

and its Gaussian curvature Kp =

calculation. Therefore, for p =0, 1, --

conformal minimal immersion with constant

curvature in CP". The following proposition is
proved by Bolten et al. '

Proposition 2.2 If : S> — CP"is a linearly
full conformal minimal immersion with constant
curvature, then the immersion ¢ is an element of the
Veronese sequence, up to a holomorphic isometry of

CP", i. e.
and an integerp € {0, 1, *+, n

, there is a unitary matrix U € U(n + 1)
} such that
y=UV =Ug]l (9)

Hence, by Lemma 1.3 and Proposition 2.1,
we have:

Proposition 2.3 Let : S — CP*"' be an
element of the Veronese sequence in CP** ', If there
exists a U € U(2n + 2) such that U+ is horizontal
in CP*" "', then 7 o (U-): S* — HP" is a conformal
minimal two-sphere with constant curvature, where
: CP*" "' — HP" is the twistor map.

Here and in the sequel: we denote the matrix
FeM, ., withentries

F . =0,i+j#m+2,
by

J, ., = antidiag {(-1)",

(-0 a2
Proof i

Recall that V" = ;f], where g7 is
the homogeneous coordinate V', We are going to

prove [g;] =J I gn-, ] We have already

defined [ g ] therefore ,

l+zz)"” n-r

IEEY. n—r r N\l
zl( D(n—p—l)(l)(zz)'
Let [=r—p+k and collect terms, we have

:(_l)r—p (n_P)'
pl(1 +22)" > nopnr

g,.(2)
and the proof is complete. L]

3 Construction of horizontal
minimal 2-sphere

Theorem3.1 ForW=[ f1=[(f,, /" foea) It
S?-> CP"*', if U eUQn+2) Then U¥ is

horizontal if and only if

>2A, fof =0, (13)

i,j=1

DAL= (14)

Lj=1
which can be rewritten in a matrix form
frAdf =0,
frAdf = 0.
W on)'s Of = (3, oo,

notation that A

5f2n+2)T’
=(A,)=

af: (afll’ cee

where we fix the

UT( 0 In +1 )U
-1 0

holomorphic coordinate of S°.

U'B . U, z is the local

n+1
n+1

This form of horizontal condition first appeared

in Chen and Jiao'®

, however, it can be proved
directly from the definition of horizontal map and the
fact that 77 is a Riemannian submersion.

Theorem 3. 2 U = A has
two solutions U, and U,, there exists M € Sp(n)

If equation U'B

n+1
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such that UM = U,.
it U'B,.,
arbitrary M € Sp(n), (MU,)'B

Conversely,

U, =A, then for
n+ ]MU] = A'
According to the Theorem 3. 2, it is sufficient to

U=A4,

since the rest of the solutions are symplectic

find a special solution of the equation U"B

n+1

equivalent to the special solution under the twistor
map.
0 A
We assume that A has the form of .
-A, 0
Suppose that U has the form as follows:

U= (U 0 )
0o 1,
Then U, = A,.
Fei and He'™ found the trivial solution
U.B,  U,=1J,,, that makes U V"'

p=1,-+,n— 1 horizontal.

Our first job is to find other U such that UV;" "'
is horizontal.

We observe (14) holds trivially, therefore, it
is sufficient to solve (13). Each equation of the
equation system (13) is a polynomial equation of
variable z. The coefficients of the term of polynomial

should vanish, so we have the following equations :

A ,=0,4,=0,--,

k//(2"0+ 1)/(2nk+ 1)AM+1 .
(k - 1)/(2"1+ 1)’/(2kn_+11)/12,k bt
B ) P a0 s

(Zn + 1)_(2710"‘ 1)Al.2n+2 + 2”(2’1; 1)A2,2n+1 +
v+ n+ 1) 2n+1A oo
n+1 n+l,n+2
2n + 1
( 2n )A2n+1,2:0’-..’

2n + 1 2n + 1
<<zn+1>’/( 3 )/(21)A
2n + 1 2n + 1
+\/(27’l‘|‘1)/( l )A2n+2,1+1:07"',

A =0,4 = 0.

Notice that A is a skew-symmetric matrix; then

2n - 1,2n+2 2n,2n +2

we need to solve

Z:‘l:ll(zn +3-2i) (2n +11)Ai,2,,+3—i =0 (16)
i -

We assume A has nonzero elements only in the
antidiagonal, that is, we set the elements A, , = 0,k
+1# 2n + 3.

Notice that A is a unitary matrix, the length of

complex numbers A 1<m<2n+2 are

m2n 3 - m?
equal to 1. Denote the coefficients of A, , ,,_, as
F,, the vector FkAk,2n+3—l;’ l<k<n+1 by B,
respectively. Then the equation (16) can be written

as 2211 +2Bk = 0. The solution to the equation (16)

i=1
exists if and only if B,, =+, B ,, can form an n+1-
polygon. Now we need the following elementary yet
useful theorem which appeared in Zhang and
Jiao[g] .

Theorem 3.3 Given n(n > 2) segments of
any arbitrary length, these segments can form an
n+1 (convex) polygon if and only if for an arbitrary
segment in these segments, its length is less or
equal to the sum of length of the n remaining
segments.

Remark The segments may be collinear, in
this case, the length of one segment can be equal to
the sum of length of the remaining segments. The
claim holds in these degenerate cases, hence in the
sequel, we use this fact without mentioning it.

We can prove the Theorem 3.3 by induction,
which involves only trigonometry and continuity
argument, thus omitted.

We point out to form polygons, when n=2, the
lengths of the sides must be equal; when n=3, the
sides satisfy the conditions in the can form a unique
triangle;; when n=4, the sides satisfy the conditions
in the Theorem 3.3 can form a 4-polygon with the
length of diagonal varies in a closed interval. This
argument can be generalized to cases where n > 4.
We define F, as
2n + 1
k-1

Theorem 3.4 There exists unitary matrices

Fk=(2n+3—2k)( ),1<k<n+1.

UeceU(2n +2),n =2 such that the immersion

mo(U-Vy""") is a horizontal conformal minimal

in HP".

two-sphere with constant curvature

4
2n + 1

Proof We consider the sequence of number
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F.,k=2,---,n. By definition,
2n + 1
2n -2k +3
F, :( " )(k—l)
Fk—l (2n+1)
2n -2k + 5
(2n ) P

—4k(2n + 4) + 4n” + 14n + 14
(2n =2k +5)(k-1)
In the rest of the

{2n+4—«/2n+2

=1+

proof, we denote

J by K. By the property of

2
quadratic function: if 1 <k <K, then F, > F,_;
fK<k<n+1,thenF, . Furthermore,
2n +
(2n - 2k + 5)( )
F,_, _
: )
(2n - 2k +
n k+3) P
2n +
2n -2k + 1 ( )
Fk+] — )
F, (Zn + 1)
2n - 2k +
(2n 3) A
By some elementary scaling method for
inequalities,, we have i, + Fioy > 1. Therefore,
k k

F, \+F,, >F.,2<k<n.
Then the condition FJ. < z F. is satisfied.
L#]

By Theorem 3.3,

horizontal equation (13) ,

there exists a solution to the

which completes the

proof. L]
The existence of linearly full horizontal 2-

sphere in CP* was proved by Zhang and Jiao'”’

L,

,n + 1} without loss of generality

In the following part, we cansetA,, . ,_; =
for some i € {1, +--
due to the fact that sz" “!is in the space CP™" "',

The solution to the horizontal
equation (V) )TAGVO5 =

symplectic equivalence) mod U(1) when A is of

Example 3.1

0 is unique (in the sense of

antidiagonal form (in fact, we can see later that A is
indeed an antidiagonal matrix). The only equation
we need to solve is 54, (+ 154, + 104, ,=0,
with the length 5 < 10 < 15. Thus, it has only one
solutionAL6 =1,A,,=-1,A, , =1

The procedure for constructing 2-spheres with
desired properties is divided into the following steps :

Step 1. We rearrange F, in the increasing

order of length. It is clear that there exists a

permutation 7' such that ¥, < F ., jand F; < F

Correspondingly, we have A Ay

T@)y
)o2n + 3 - T()

Step 2. LetA , =x, +y1«/—_1 A =x2+y2,ﬁ,
X, %, ¥»¥, € R. By induction, d: 2" *(—1)n it
F.<F , Let A =(-1)""1<i<n-2,
fin —1n+1 = 1. By the unitary condition we have
x+y;=1,25+y:=1. By (16) F’H
d=0,F .y, +F y,=0.

Step 3. Solve the equations in Step 2, we get

F (F? - F'=d)
Yi=7 = y2=/1— I4F2d2 » the

i,2n+3 -1

X+ Fox, +

n+1

existence of y, is guaranteed by Theorem 3. 3.

IfF,,, =>""(=1)""F + F,_. In this case,

n+1

we change the sign of A2 , that is, we set

A—( ])n—l—l’l¢2 A _( )n 2'
which can by checked by

Therefore, we can always construct

In this case
X, %, #+1, some
calculation.
holomorphic horizontal 2-spheres with 2 and only 2
elements possessing nonzero imaginary parts in U.

Suppose that U has the form as follows:

i = (U ., 0 )’
0 7.,

where U, € U(n + 1).

We assume U satisfies the following equation

U'B  U=A, where U, = (antidiag {(1, -1, 1,

nel
SRR e e B R DI VAN NN
are solved by previous procedure. Then
A=P'--P]P AP P,---P,
where P, are the elementary matrices for exchanging
two columns of a matrix. Let P = P P, --P_, then
A=P'AP.
It is obvious that P e Sp(n + 1) and the
solution to the equation
U'B,,U=A
isU = PU.
Theorem 3.5 Following our procedure, we
construct horizontal minimal 2-spheres UVOZ" o
Ue U(2n + 2) such that the immersion 7 ©

(U-V"*") is a linearly full conformal minimal two-

4 M n
S in HP".

Furthermore, there are only two elements on the

sphere with constant curvature

antidiagonal of U, with nonimaginary part.
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We have the following examples :

[(1, /7 2z V21 2,
V352, /3524 V212, VT 5,7 )] We need to

find special solutions to the equation 74, ;+35A, ,+
63A, o + 354, 5 = 0 other than the trivial one. Set
A s=1LA,, =1, then solve the equation system:
634, + 354, =-42,1A, I = 1A, | =

Example 3.2 For V=

1, we have

5
23 102 — 1 2J2 —
A3,6__77_ 27 _1’A4.5_§+T -1.
The sphere
(;+2}{§«/—1)«/35z3
mo UV, = (_%_ 102\7/5«/—1)«/215 +

V72

L 1
V357
/ 5
V2lz with constant curvature 2/7 is

V7 5

7
z

-H

horizontal in HP?.
-1, Ay =y +zv-1 ’A4,5 =f+gv-1

Actually, by our

For convenience, we denote
Ay =xtw
analysis, the solution is
parametrized by y (or x, w, f, g, z, the result is
essentially the same) when y is in some interval.

We give the expression of f in terms of y, other

terms can be solved subsequently.

~81y> + 27/ ¢ + 378y - 41 1<r B
10(9y — 41) ’

/= a7
¢ = 9" = 32y = 5007 + 32y + 41.
Example 3.3 For V09 =[(1, V9 z, /36 2%,
362,798 )'1, we have found a special

7FF

44

solution: A, ;=1,4,,=1,4, (=

4,7 = 44

.. . . 9
a nontrivial solution in CP’, we construct a new

31 539 —
48 V1 Ase

= 1. Thus we have

conformal minimal 2-sphere with constant curvature
4/9 in HP*.
Example 3.4  For V' we have found another

0 A,

Al O)’ where A, =

non-trivial solution A =(

I R IS

antidiag {-1, 1,

vty Ty T 2 2T

%,,Y, have radical solution.

RAENAT
We give the exact
radical expression form of y, (x,,¥,,%,can be

solved in terms of y,)

6757786 — 306860416 — 330
200(1625627/2 - 1238313 )
v = 53118796 990 549 — 21 626 305201 5361/6 .

Here, we give the approximate value: y, =
—-0.881413; x, =~ 0.593697; y, =-0.472341;
x, = 0. 804 689.
conformal minimal 2-sphere with constant curvature
4/11 in HP.

Example 3.5 For V,°

solution to the following equation 134, |, + 1434, . +
7024, ;#2 0024, |3 5754, ;3 8614 41 7164, .
First, 13< 143<702
<1716<2002<3575<3861, then let A, |, =-1,

Thus, we construct a new

we find a special

we compare the coefficient:

A213=1A3 p=—1LA,=1,A,,, =1, thus A /=
;2 «/ 1,A,,= —%—10 v =1. Then

we can solve the corresponding U, such that U'B,U
= A, and then 7 © UVO13 is a conformal minimal 2-
sphere in HP® with constant curvature 4/13.

To illustrate our principle applying in general

case, we give the following example.

Example 3.6 In the case of V,’, we give a
special solution to the horizontal equation:
Ay i = -1),i<7, A= LAgw=-1LA, =1,

B 180781 /26597818715 =
Anis=bAn="43474 243 474

/36597818715
A 548279 +4 26 597 818 715. Then we

017 77852 159 852 159
can solve the corresponding U such that U'B,U = A,
therefore 7 © UV is a conformal minimal 2-sphere
in HP" with constant curvature 4/25.

The horizontal spheres in CP™ ' can be
embedded in HP" '
linearly full in HP". In the following part, we study

Therefore, they are not

the conformal minimal horizontal 2-sphere with
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constant curvature and linearly full in CP*".

We construct minimal 2-spheres in HP" by the
following process:

f: 8% — CP*™ & cp> 'S P,

Suppose that the 2-sphere f is a conformal
minimal sphere with constant curvature linearly full
in CP™. By the Proposition 2.2,
unitary matrix U € U(2n + 1) such that f= UV;",
then we embed f '€ CP* to f € CP**' by appending

zero to the end of the homogeneous coordinate of f.

there exists a

Two solutions to the same horizontal equation

are symplectic equivalent. We assume

U_(U1 0 )
0 In+2
Ul = antidlag { Ul n’ U2 n-1° ...Un,,l }'

The horizontal equation of f'is
J'B,.,9f=0.
To construct a horizontal sphere UV.", it is
sufficient to give a special to the following equation :

Z;’;ll(2n+2_Zi)(z.rl)U2,,+1-i,i:0' (17)

l
Theorem 3.6

sphere linearly full in HP" with constant curvature

We construct minimal 2-

2/n explicitly. Furthermore, there are two and only
two elements of U, have non-zero imaginary part.

The procedure of constructing horizontal
minimal 2-sphere is similar to Theorem 3.5, we
leave the proof to the reader.

We have the following examples to illustrate
our method.

Example 3.7

horizontal conformal minimal 2-sphere linearly full

Suppose that U-V,° is a

in CP*" with the special form. It is sufficient to solve

U, +8U,,+27U,,+48U,, + 42U, ; = 0.
The largest coefficient is before U, ,, so we set
47
U5,1=1’U4.2=_1’U1,5=1’ then U32_96
74143 1 143
o6 VI =t T I As a
result, we have constructed a holomorphic

horizontal minimal 2-sphere in HP® with constant
curvature 2/5.
Example 3.8 Similarly, suppose that UV, is

horizontal, where U has the special form. It is

sufficient to solve
u,, +6U,,+14U,,+ 14U, , = 0.

We give a special solution to the equation;
U4,1 — 4+ L / — == 4 — /=

2
U,;=x tyv-1; U],4=x2+y2v—1.
As mentioned before, once we solvey,, the

variables x|, x,, ¥, can be solved by straight forward

computation. Here,

1554 + 15133 - V3w
¥y, = .
’ 56(1 + 643 )
w = (124140 561 + 41491 492./3 ).

Therefore, we have constructed a conformal

minimal sphere 77 © UV} with constant curvature X

When U, =1, the solution of the equation
(16) mod U(1) is actually parametrized by the
imaginary part of U,, denote byy,, then y,=

~56y% + 14 / 16y* + 40y° — 567y> — 40y + 551 + 718y - 51
4(28y - 197)

>

-1 <y <-47/52, which means for every y in the

interval -1 <y <-47/52, there exists a unique
solution to the equation where x,,y,,x, can be
solved subsequently.

Example 3.9  Suppose UV,” is horizontal,

where U has the special form. It is sufficient to solve

U, +10U, ,+44U, +110U, ,+165U, ;+132U, =0.

Since 1<10<44<110<132< 165, we

set U, =1U,,=-1,U,,=1,U,,=1, then
_ 1403 2«/523195 \/— __15 413
25774785 T 4785 Uie= 23925
8 332321595 v=1. As a result, we have

constructed a horizontal holomorphic minimal
sphere in HP® with constant curvature 1/3.

Example 3. 10  Suppose UV,*

2-sphere, it is sufficient to solve to find a solution to

is a horizontal

the following equation :

26U, + 624U, , + 7150U, 5 + 520000, , +

269 100U, 5 + 1052480U, , + 3223 220U, , +

7893600U , + 15622750U, , + 24996 400U, , +
318704100, ,,+30904 640U, ,+

19 315 400U, ,,=0.

1,13
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Compare the coefficients: 26<624<7 150
<52000<269 100< 10524 803223 220<7 893 600
<15622750< 19315400 <24 996 400 <30 904 640
<31870410.

We have a special solution: U

:(_1)104‘

14-i,1

, 11711653
1<i<9.U,,=1U, 0= LUy 11 == 13133755 ~
442714832497 351 — 2810507
13 438 755 "1 Uae = 3057880 ¢
2714 832497 351 , therefore we construct a
3257 880

holomorphic 2-sphere with constant curvature 2/13
and linearly full in HP".
Example 3. 11 If there exists U € U(5) such
that U+ V(f is horizontal, from the equation
4U, +8U,,=0.
The coefficient 4 < 8, U cannot be in the
special form. Actually, we will prove that UV,

cannot be horizontal by any unitary matrix.

4 Further results by properties of
harmonic sequence
The following theorem is an extension of the

The Middle Terms of
They

main theorem in Section’
Veronese Sequence’ of Jiao and Cui*
showed that the first four statements are equivalent.
We summarize further equivalent statements into the
following theorem.
Theorem 4.1 Let ¥:S*— CP™""' be a
linearly full holomorphic map; then ¥Winduces the

=[£D)

— 0 and the

following harmonic sequence. (¥,
W= 1[/'0*)1[/]*)...*)1[/

2n + 1

following statements are equivalent (i<n):
(1) £, is horizontal ;
(2)foB,,,[;=0,0<j<2i+2;
(3)fiB,, f;=0,0<k+;<2i+2;
(4)fjis horizontal, 0 <j <1

(5)foB,. [;=0, j=2i+1;

(6)f,B,, & f,=0,1<j<2i+1;

(7) fOBnHéYfO—01<] 2i + 1,j= 1 mod 2;
(8)0(fy)B,, @ f,=0,1<s+/<2+1;

When f, = UV;""' for some UeU, ,,, denote
A=U'B, U;

n+1

m

(g)zzmz Amkkl/(2n + 1)(2nk+ 1)2’"+k737'f=0,

1 <j<2i+1;

(10> A, kkj/(zn N 1)(2”k+ l)sz—*ﬂ‘: 0,

m

Here we use the

1<j<2t+1,j=1 mod2.
convention that when the power of z is negative, we
let the term with this power equals to zero.

Proof
statements has been proved by Jiao and Cui™ . It is

Take 9 of (5)

successively and using the property of harmonic

The equivalence of the first four
obviously that (2) implies (5).

sequence, (5) implies (2).

(2) and (6) are equivalent by taking derivative
and the
Proposition 5. 1 of Jiao and Cui'® that { Vf" “11is the

orthogonal basis constructed from {a'V," "'} by

definition of f. (It was proven in

Gram-Schmidt process. )

(6) implies (7) trivially, the inverse direction
can be proved in the following lemma. In the proof
of lemma, we actually prove (6) and (8) are
equivalent.

(6) and (8) are equivalent by collecting
(7) leads to (6) thus implies (9) leads to
(10). The other direction can be proved by using

terms.

induction and comparing terms with (7). Thus, we
have proved the theorem. ]
Lemma4. 1
fiB, & f,=0,1<j<2i+1,

mod 2 —fiB ,,df=0,1<j<
Proof The statement hold when i=0.
We actually need to prove £, B, , & f,=0,1 <}
<2i+1—fB,, Jf,=01<j<2i+2  Take

j=1 2i + 1.

the partial derivative of each equation, the only

thing we need to prove is the equation

(of,)B,,, 07" f,=0. This could be proved by
using (9 f,)B,,, @' f,=0,

n+1

and taking partial
derivative successively. In the process of induction,
to prove fiB . df,=0,1<j<l is
equivalent to &' (f;)Bd f, = 0,1 <s +j <[, which
can be checked at once.

Theorem 4.1
suppose that f: S — CP™ is a

we need

can be generalized in the

following sense:
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linearly full holomorphic map, then we denote the
natural embedding of f into CP**' by f, 0 remain
true for f.

In the following part, we use Theorem 4.1
together with the fact that A = U'B, U is a skew-

symmetric and unitary matrix to get further results.

. n n n! n
P R < . =
Define A} as A} (n = B)] Jk<n; A, =0,
k> n. We say the elements A, ; such that i +j =/,
2<[1<2n+ 3are in the (2n + 3 = [)-th

antisuperdiagonal ((2n + 3 = I)-th apd) ; i +j =1,
2n+4<1<4n+4 are in the (I -2n—-3) -th
antisubdiagonal ((I = 2n — 3)-th abd) , respectively.
Consider the 2n + 3 — [ th apd, that is,
the entries of i +j = 1. Assume that UVPZ"”
and 1 is odd, the apd of A = U'BU must satisfy
a linear equation system Cx = 0, here 0 is the

zero vector with I-1 components, €, =

Al i<p+1,
. o l-1
> <
1, i>p+ 1,5 >
(2n+1)
l—-i . . .
—— i>p+ 1, j=l-1+p+1,
(2n+1)
A i
0, elsewhere.
the i-th component of the vector x s

2n + 1 .
x; = ( . A, ,_.. Notice that the upper block
; :
of the matrix C involves the permutation number is a

part of Vandermonde’ s matrix, and the rows of this

block are linearly independent. If 2p , the

rankofD,equalsl_1+p+l;If <p the

rank of D, equals [ — 1.

When [ is an even number, observe that the

only difference in this case is A, , = 0. If el =p,
E’

|

the rank of D, equals é +p; If% < p, the rank of D,

equals [ — 1. The analysis for the aud is similar.
When p=n, we see that all auds and apds are
zero vectors. When p =n — 1, the matrix is an

antidiagonal matrix with one free variable on the

antidiagonal by the unitary condition. Denote the
rows of a matrix W by r,, and the columns by s;, and
there may be some misuse of the notation.

If we have free variables only on the 4th
apd, -*+ Oth apd and 1th aud --- 4th aud, then 4, ,,
is antidiagonal. This statement can be proved by
using r;°1; = §, ; successively. Therefore, we get the
following theorem :

Theorem 4.2

corresponding A of the horizontal equation is an

When p=n-3, the
antidiagonal matrix with three free variables, which
is unique mod U (1) in the sense of symplectic
equivalence.

We can improve this result by using rank (with
respect to the horizontal equation) and unitary
condition argument.

The following results are needed*’. We give an
independent proof:

Theorem 4.3  Suppose that U'B, ., . U=J,, ,,,
then UV>**',0 <i < n — 1 are horizontal.

Proof Suppose that x satisfies (1 +x)>"' =0,
taking derivative for 2n — 1 th times successively
and let x =—1 in these equations, we get a series
of combinatorial identities.
Vet gL, LVt = 0,5 <2n - 1 can be verified
by the above identities. The result follows from
(4) <> (6) in 0.

We have the following theorem :

Equation  systems

Theorem 4.4 If U e U(2n + 2) such that
UVf'i;l is horizontal, then U must satisfy

U'BU=A=],,,.
Some illustrative examples are given here :
Example 4.1 Suppose that there exists a U
such that UV,7 is horizontal; then A = U'BU must
satisfy
A +5A,,+9A,  +54,,=0,
and
343A,  + 15054, , + 2457A,  + 12954, , = 0.
Eliminating A, and solving this equation
system, we have only one solution mod U(1), that
is, the trivial solution A, ; = 1,4, ,=-1, A, =1,
A s=-1

Example 4.2 We consider the matrix A =

U'B U of V19 such that UV19 is horizontal, then A

n+1
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must satisfy (2n+4-K)*=(K-1)")(2n-2K +5) (2’”2)y2=0.
Ao+ TA, o+ 204, + 284, + 144, =0, K-2
and However, this leads to a contradiction by
T29A, |, + 45994, , + 120604, ; + 158764, , + calculation.
7686A; = 0. Definition 4.1 A 2-sphere ¢,: S — HP" is
Eliminate A a homogeneous 2-sphere, if for every two points

1,107

A,y +5A, +9A,, +5A, ;= 0.

Set A, ,, =1, the solution is unique, which
implies, if there exists U € U(10), such that UV]9 is
horizontal, then U =J,,, up to the symplectic
equivalence mod U(1).

By a similar argument, it is straightforward to

prove

Theorem 4.5 YUeU(2n+1), UVan1 cannot

satisfy the horizontal equation after natural
embedding.
Theorem 4.6 If UVnz'i3 is horizontal, then
A: =(U O)IB"H(U O)isuniquemod u(1).
0 1 0 1
Example 4.3 Suppose that  UV® s
horizontal, then A: =(U O)T MI(U 0) must
0 1 0 1
satisfy
A, +6A,,+ 144, + 144, =0,
and

324, + 1714, + 3644, , + 3434, = 0.

Set A, 4 to 1, and we find no solution to these
equations, which means that YU € U(2n + 1), UV}
cannot be rotated horizontally.

Actually, we have the following theorem.

Theorem 4.7 If UVOZ"+1 is horizontal, and
A: =U"B,, U has only two elements with nonzero
imaginary part in the procedure in Theorem 3.5,
then UV" " is not a horizontal 2-sphere.

Proof

horizontal equation of UV}

Suppose that this U satisfies the

n+ 1

, then from (9) in 0, it

must satisfies

(2n - 2K + 3)(2” * z)yl +

K-1
(2n - 2K + 5)(212:“22)% =0,
and
(2n+3-K) - 1<3)(i?_+12)y] n

p.geS’, there exists a o eSU(2) and a u
e Sp(n + 1) such that u¢, = ¢, ° o and o (p) = ¢

The following quantity gives us a criterion for
determining whether the 2-spheres we created are
homogeneous or non-homogeneous[m:

Theorem 4.8 Suppose that UV: is horizontal
but UV, | is not horizontal, ¢ = UV/@JUV, and
the square of the norm of the first d-return is

’ 2 _ |g(Z)|2
|62p+2(¢)(zz)| = (2d)zp+3(1 N |z|2)2(1—4p—6’

(18)

where
2p +377d
R

2p +3
0z

(19)

g(z): =(Vy)'A

andA =U'B,, U.

(When d is an even number, we define the

matrix A as
U 0\, u o0
A =((0 1)) B’”‘(o 1))

Theorem 4.9 The squared norm of the image
of a homogeneous two-sphere’ s first 9 return with
finite isotropic order is constant.

Proof The only thing we need to prove is that
2 (@) (e P = 16,y o (@) (5P, Yoz, € S By
the definition of homogeneous sphere, there exists a

o €SU(2), such that o(z,)=2z,, furthermore,

there exists we Sp(n+1),u° g(z,)=g(z,), u

preserve the norm, thus lg(z, )’ = Ig(z,)F. By the
expression of first 9 return, the proof s
complete. ]
Example 4.4 UVO7 is horizontal, where

23

A= UTB4U satisfies A = antidiag {1, 1, 57

102 1 22 1 272
Ty VTt vyt vl
23 10V/2 . .

> + 77 v=1,-1,-1}, by direct calculation,
UV] is not horizontal, then lc)(UV]®JUV] ) =
(1125)Lz°

(1 + 1P

which is not constant. As a result, this
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2-sphere is nonhomogeneous.
Theorem 4. 10
UVOZrL +1

homogeneous.

The horizontal 2-spheres
constructed in Theorem 3.5 are not
Furthermore, these 2-spheres are
reducible and have isotropic order 2.

Proof We have shown that in UV"*" is not
horizontal. Then we calculate the square of the norm

lg (2)F

(4n +2)°(1 + 1z2P)" 72

Plug U into the following equation

of first 0 return |c;((l>)|2 =

V2n+l
g(z): (Vz””)TAia A=U'B,  U.
F4
Then,
2n+2 k! 2n + 1 2n -2
g(z) = zk—l(k 3)! (k_l)Ak,2n+3—kz :

_ 2n -2
= clzl™ ",

As aresult,
2 dn -4
lellz1™

is not constant.

" (4n 4 2)00 + P
Hence, all these 2-spheres produced by our
procedure in Theorem 3.5 are non-homogeneous by
Theorem 4. 8. ]
Similarly, we have the following conclusions.
Example 4.5 Consider U such that U-V,* is
a linearly full holomorphic horizontal 2-sphere in
CP*, then we need to solve
U, +8U,,+27U,, + 48U, , + 42U,

we have a special solution Us, =

1
U,,=-1,U, = f+£«/ LU, =

Usgs=U,,=Us,=U, =

calculation, UVIIO

U=

is not horizontal.

U,,=1 By
By direct

calculation. The square of the norm of the first
4 14
partial return is |c;(d>)|2 = 2(619_?1"22;14 which is not

Here ¢ = UV,’®JUV,".
this 2-sphere is non-homogeneous.
Theorem 4. 11

construct in Theorem 3. 6 are not homogeneous.

a constant. Therefore ,

The horizontal 2-spheres we
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