
Available online at www.sciencedirect.com
www.keaipublishing.com/undsp

ScienceDirect

Underground Space 14 (2024) 219–238
Research paper

Time-dependent longitudinal responses of a shield tunnel induced
by surcharge load: Theoretical prediction and analysis

Fayun Liang a,⇑, Zhuwei Jiang a, Qiang Yuan a, Lin Li b, Rulu Wang c

aDepartment of Geotechnical Engineering, Tongji University, Shanghai 200092, China
bSchool of Highway, Chang’an University, Xi’an 710064, China

cShanghai Shentong Metro Group Limited Maintenance Center, Shanghai 20070, China

Received 21 July 2022; received in revised form 20 May 2023; accepted 29 May 2023
Available online 14 August 2023
Abstract

The surcharge load at the ground surface inevitably breaks the original equilibrium state between the underneath tunnel and the sur-
rounding soil, which will impact the service performance of a subway tunnel. This paper presents a novel semi-analytical approach for
assessing the time-dependent, longitudinal responses of a subway tunnel in soft soil strata induced by the surcharge load. The solution is
developed based on the framework of the classical ‘‘two-stage method” but innovatively incorporates the effects of ground stratification,
the consolidation process, and the longitudinal stiffness reduction of the lining. Biot’s poroelastic theory in conjunction with the Laplace-
Fourier transform technique is selected to model the deformation of the stratified ground, while the Timoshenko beam on a Pasternak
foundation is employed to model the mechanical responses of the tunnel. The proposed semi-analytical solution is validated not only by
comparison with benchmark solutions and a finite element model, but also by predicting a well-documented field measurement. Para-
metric analyses are conducted to investigate the effects of the elastic modulus and the permeability coefficient of the stratified ground
on the longitudinal responses of the tunnel. It is expected that the proposed solution can serve as a useful tool for evaluating the effects
of the surcharge load on the longitudinal responses of a subway tunnel.
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1 Introduction

The subway transportation system, which has been
prevalent in the coastal cities of China in the last half-
century, is acknowledged as one of the most efficient ways
to alleviate traffic congestion in the megalopolis. However,
engineering activities will inevitably be performed at the
ground surface in the vicinity of subway tunnels during
the long-term operation stage. The nearby engineering
activities would probably give rise to the surcharge load
at the ground surface, which will propagate into the ground
and break the original equilibrium state between the soil
and the tunnel. Consequently, the additional load will exert
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on the underneath subway tunnels, which would lead to a
series of adverse impacts on the service performance of the
subway tunnel, such as longitudinal differential settlements,
concrete spalling, bolt fracture, groundwater leakage, and
separation between the ballastless track bed and the lining
(Chang et al., 2001; Wu et al., 2014; Shen et al., 2014).

Over the past few decades, extensive research, including
field investigations (Huang & Zhang, 2016; Zhang et al.,
2021), physical model tests (Cui et al., 2020; Liang et al.,
2021a), numerical simulations (Yamamoto et al., 2014;
Prassetyo & Gutierrez, 2016; Huang et al., 2020) and ana-
lytical studies (Wei & Jiang, 2021; Liang et al., 2021b), has
been conducted to investigate the impacts of surcharge
loads at the ground surface on subway tunnels. Although
field investigation is regarded as the most reliable approach
to investigate the responses of subway tunnels, it is inca-
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pable of giving predictions prior to engineering activities.
Physical model tests and numerical simulations, which
can represent the real elastoplastic behaviors of the soil,
the actual boundary conditions, and the complex interac-
tions between the tunnel and the surrounding soils, have
been widely applied to investigate the responses of subway
tunnels due to the surcharge at the ground surface. How-
ever, these tests and simulations are time-consuming and
not easy to conduct in engineering practice. Hence, it is
desirable to develop an analytical solution that can be
easily applied to assess the responses of subway tunnels
induced by surcharge at the ground surface in engineering
practice.

Due to the complexity of the boundary conditions and
the interaction effects between the subway tunnel and the
surrounding soil, it is extremely difficult to develop a rigor-
ous analytical solution to assess the responses of the tunnel
induced by the surcharge load at the ground surface. For-
tunately, the ‘‘two-stage method”, which determines the
ground responses by disregarding the tunnel structure
and then imposes the ground responses on the tunnel
(Zhang et al., 2013), opens a full range of possibilities in
developing approximate analytical solutions for subway
tunnels subjected to external loads. With the framework
of the ‘‘two-stage method”, a variety of analytical and
semi-analytical solutions have been developed for assessing
the responses of subway tunnels induced by nearby engi-
neering activities (Liang et al., 2018; Liu et al., 2019;
Zhang et al., 2019a). However, in these solutions, the
ground response is roughly calculated from the Mindlin
solution or Boussinesq solution by assuming that the
ground is a homogenous medium while disregarding the
stratification property and the consolidation process of
the ground. In terms of the tunnel structure, the beam-
spring model of Koizumi et al. (1988) and the longitudinal
continuous model of Shiba et al. (1988, 1989) are two com-
monly employed models for the mechanical responses of
the lining of subway tunnels. The beam-spring model
(Fig. 1(b)) idealizes the lining as a series of short beams
Fig. 1. Simplified models for longitudinal response analysis. (a) Shield tunne
equivalent stiffness model.
connected by axial, rotational, and shear springs to repre-
sent the mechanical behaviors of a subway tunnel that is
lined with prefabricated concrete segments connected by
bolted joints (Fig. 1(a)). In the Fig. 1(a), kt, kr and kn rep-
resent the shear stiffness, rotational stiffness and axial stiff-
ness of the springs, respectively. Although the beam-spring
model is capable of representing both the bending behavior
and shearing behavior of the subway tunnel, it is difficult to
accurately determine the stiffness of these three kinds of
springs in the actual calculation process. The continuous
model assumes that the subway tunnel is a continuous
beam (Fig. 1(c)), and introduces an equivalent stiffness to
consider the longitudinal stiffness reduction effects due to
the bolted structure of the subway tunnel lining.

Based on the continuous model, the Euler–Bernoulli
beam in conjunction with the Winkler foundation model
has been broadly applied to develop analytical solutions
for tunnel–soil interaction problems (Han et al., 2018;
Liu et al., 2018, 2019). However, it is well acknowledged
from field investigations that the longitudinal deforma-
tion includes both bending deformation and shearing
deformation (Shen et al., 2014; Wu et al., 2015), whereas
the Euler–Bernoulli beam cannot represent the shear
behaviors of the tunnel lining. To consider both the bend-
ing behavior and shearing behavior of the subway tunnel,
Wu et al. (2015, 2018) and Liang et al. (2017) introduced
the Timoshenko beam theory to the continuous model
and developed analytical solutions for assessing the tun-
nel–soil interaction behavior (Fig. 1(d)), but they still dis-
regarded the stratification and consolidation of the
ground. It can be determined from the current research
progress that a theoretical solution that can comprehen-
sively consider the ground stratification, the consolida-
tion process, the bending and shearing behaviors and
the longitudinal stiffness reduction of the lining is not
yet available, which motivates the present study to
develop an advanced semi-analytical solution for assess-
ing the responses of subway tunnels in soft ground
induced by the surcharge at the ground surface.
l, (b) beam-spring model, (c) equivalent stiffness model, and (d) revised



F. Liang et al. / Underground Space 14 (2024) 219–238 221
In this paper, a new semi-analytical solution is devel-
oped based on the ‘‘two-stage method” for assessing the
responses of subway tunnels induced by the surcharge load
at the ground surface. The consolidation of the stratified
ground is modeled by Biot’s poroelastic theory, the govern-
ing equations of which are solved by taking advantage of
the Laplace-Fourier transform technique. The obtained
displacement field is then imposed on a Timoshenko beam
lying on a Pasternak foundation to model the tunnel–soil
interactions. Compared with the currently available solu-
tions, the present solution not only comprehensively con-
siders the stratification of the ground and the bending
and shearing behaviors of the tunnels, but also reflects
the time-dependent responses of subway tunnels induced
by the surcharge at the ground surface. The validity of
the proposed solution is comprehensively checked by com-
parison with a well-established solution, a finite element
model and a well-documented field investigation. Paramet-
ric studies are conducted to show the capability of the pre-
sent solution in modeling the time-dependent responses of
subway tunnels in stratified ground induced by surcharge
at the ground surface.
2 Problem definitions and basic assumptions

Figure 2 schematically shows a tunnel buried in a satu-
rated, isotropic, continuous and layered semi-infinite elas-
tic soil medium. The ground surface is subjected to a
uniform rectangular surcharge load P 0 with a range of
E , k

Ei , ki, i

En , kn, n

z
z
zi-

zn-
zi

Fig. 2. Tunnel deformation induced by surcharge load. (a) Layered
ground, and (b) tunnel deformation.
2a� 2b, and side a of the surcharge is parallel to the longi-
tudinal direction of the tunnel. The x-direction indicates
the axial direction of the tunnel, the y-direction denotes
the horizontal direction perpendicular to the tunnel axis,
and the positive direction of z represents the depth of the
ground. Z0 denotes the buried depth of the tunnel, and
Dt indicates the outer diameter of the tunnel. For the lay-
ered semi-infinite ground, Ei denotes the elastic modulus
of layer i, ki represents the permeability coefficient, li indi-
cates Poisson’s ratio, and zi denotes the depth of the layer.
It is assumed that the load is instantaneous, i.e., the loading
process is disregarded in this study. The surcharge load at
the ground surface will lead to undrained greenfield move-
ment and generate excess pore water pressure in the
ground. Subsequently, the induced excess pore water pres-
sure dissipates with the passage of time, which causes an
increase of drained movements in the ground and time-
dependent longitudinal responses of the subway tunnel.

Due to the complexity of the coupling effects between the
subway tunnel and the surrounding soil, the ‘‘two-stage
method”, as shown in Fig. 3(a), is employed to develop
the analytical solution. The ‘‘two-stage method” decom-
poses the problem considered into two associated steps:

Stage 1: The initial undrained ground movements at
tunnel axis are obtained by adopting the Possion’s ratio
of ground as 0.5, and the time-dependent displacements
for drained condition induced by the ground surface sur-
charge is then determined without considering the tunnel.
The consolidation of the ground under the surcharge load
at the ground surface is modeled by Biot’s poroelastic the-
ory, and the surcharge-induced greenfield displacement S(t,
x) is derived by taking advantage of the Laplace-Fourier
transform.

Stage 2: The undrained ground movements at t ¼ 0 and
consolidation-induced movements at t ¼ 0 þ are first
transformed to additional loads using a Pasternak founda-
tion model, and then the additional loads are imposed on
tunnel. Since the actual longitudinal responses of the sub-
way tunnel consist of both the bending deformation due
to the rotation of the segment rings around the center of
the deformation curve (Fig. 4(a)) and the shearing disloca-
tion between two rings due to differential settlement (Fig. 4
(b)), the longitudinal responses of the subway tunnel are
modeled by a Timoshenko beam resting on a Pasternak
foundation. A reduced longitudinal stiffness is introduced
to the Timoshenko beam to consider the weakening effect
of the joints between two segments on the longitudinal stiff-
ness of the tunnel lining. Figure 3(b)–(c) schematically
show the tunnel deformation and the force analysis of a
Timoshenko beam element.

Note that the ‘‘two-stage method” greatly simplifies the
considered problem and allows an analytical solution to be
developed later in the paper, although not acknowledging
the existence of the tunnel in the first step will introduce
errors to the solution. To ensure the accuracy of the present
solution, the results will be validated by being compared
with a finite element model, as shown later in this paper.



Fig. 3. ‘‘Two-stage” method using Timoshenko beam theory and Pasternak foundation model. (a) Illustration of two-stage method in Pasternak soil, (b)
tunnel deformation, and (c) Timoshenko beam element and force analysis.

Fig. 4. Pattern of tunnel deformation. (a) Bending deformation, and (b) shear deformation (Wu et al., 2015). (By courtesy of Elsevier, copyright 2015;
reproduced with permission).
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3 Surcharge-induced time-dependent responses of saturated

ground

According to Biot’s poroelastic theory (Biot, 1941) and
Darcy’s law, Biot’s consolidation governing equations in
terms of an arbitrary element are written in the Cartesian
coordinate system as
@rz

@z
¼ � @szx

@x
� @syz

@y
; ð1Þ
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ð6Þ
where rz is the total vertical stress; sxz and syz denote the
shear stress; pw is the pore water pressure; ux, uy and uz
are the displacements in three directions; E is the elastic
modulus of the calculated layer; and l is Poisson’s ratio.

To facilitate the derivations presented later in the paper,
the following variables are defined to simplify the
expressions.

v1 ¼
@sxz
@x

þ @syz
@y

ð7Þ

C1 ¼ @ux
@x

þ @uy
@y

ð8Þ

v2 ¼
@sxz
@y

� @syz
@x

ð9Þ

C2 ¼ @ux
@y

� @uy
@x

ð10Þ

Substituting Eqs. (7)–(10) into Eqs. (1)–(6), the govern-
ing equations with v1, U1, v2 and U2 as the variables are
written as

@C1

@z
¼ 2 1þ lð Þ

E
v1 �r2uz; ð11Þ

@uz
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Note that there are six independent variables in Eqs.
(11)–(16). Hence, the time-dependent displacement fields
are fully determined by solving Eqs. (11)–(16) regardless
of Eqs. (17)–(18). To solve the governing equations given
by Eqs. (11)–(16), the Laplace transformation with respect
to time and the Fourier transformation regarding the x and
y coordinates is introduced, and the Laplace-Fourier trans-
form and inverse transform are given, respectively, as
follows:
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where s is the time parameter by performing the Laplace
transform; f x and f y are the parameters of the coordinates

by performing the Fourier transform, and Q represents the
rate of flow.

Taking advantage of the Laplace-Fourier transform and
Eqs. (11)–(16), the equations can be rewritten as follows:

d �U

dz
¼ A �U ; ð21Þ
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q
; ð21cÞ

M ¼ 2G 1� lð Þ= 1� 2lð Þ; ð21dÞ
where G is the shear modulus, k represents the permeability
coefficient, and Cw is the gravity of water.

According to the theory of ordinary differential equa-
tions, the solution of Eq. (21) is expressed as

�U f ; zð Þ ¼ eAz �U f ; 0ð Þ ¼ R f ; zð Þ �U f ; 0ð Þ; ð22Þ
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where R is the transfer matrix between different layers. The
specific expression of R is obtained by using the Cayley-
Hamilton theory, which is presented in Appendix A.

Considering the ground stratification shown in Fig. 2,
Eq. (22) is further extended to the stratified ground as

�rz f ; s; 0ð Þ
�pw f ; s; 0ð Þ
�Q f ; s; 0ð Þ

:

�rz f ; s; zið Þ
�pw f ; s; zið Þ
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0
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66666666666666666666666664
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77777777777777777777777775

¼
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�ÞR2

� � �
�ÞRi

� � �
�ÞRn�1
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3
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;

ð23Þ

where R1 � Rn represents the transfer matrix correspond-
ing to different soil layers.

By solving Eq. (23), the displacement field is readily
determined in the transformation domain. Then, using
Eq. (20), the real ground movements at tunnel axis are
obtained by the inverse Laplace-Fourier transformation.
Note that the initial greenfield movements for undrained
condition at t ¼ 0 are derived by setting Poisson’s ratio
as 0.5, which indicates that the ground has no volumetric
deformation.

In this study, the composite Gauss integration method is
selected for the inverse Fourier transform, while a simpli-
fied method proposed by Schapery (1962) is adopted for
the inverse Laplace transform. Schapery’s method can sub-
stantially reduce the computational cost without losing
accuracy for solving consolidation-related problems
(Puswewala and Rajapakse, 1988; Rajapakse and
Senjuntichai, 1993) and is expressed as

U tð Þ ¼ sU
�

sð Þ
h i

s¼1= 2tð Þ
; ð24Þ

where UðtÞ is the function to be solved in the time domain,
and UðsÞ is the corresponding function in the transform
domain.

To check the validity of the present solution, it is com-
pared with the benchmark solution of Booker and Small
(1982) that was developed for the time-dependent settle-
ment behavior of a surface footing resting on saturated lay-
ered ground. The solution of Booker and Small (1982) was
developed based on the rigorous finite-layer method, which
introduced Talbot’s method (Talbot, 1979) for the inverse
Laplace transform to obtain the load-induced displacement
field. Due to the rigorous manner of the solution, it has
been acknowledged as a benchmark solution for the valida-
tion of various consolidation-related solutions (Ai et al.,
2011; Cuéllar et al., 2014). Hence, using the same parame-
ters, the solution of Booker and Small (1982) is applied to
validate the present solution.
Figure 5 shows a comparison of the consolidation-
induced ground settlement calculated from the proposed
method and the results presented by Booker and Small
(1982). In the calculation, the ground surface is imposed
by a constant surcharge load of P 0 ¼ 80 kPa with a range
of 2a� 2b ¼ 40 m� 20 m. The soil consists of two layers:
the upper soft deposit is 10 m thick with elastic modulus
E1 ¼ 10 MPa and permeability coefficient

k1 ¼ 2� 10�8 m=s. The lower hardpan is 10 m thick with
elastic modulus E2 ¼ 40 MPa and permeability coefficient

k2 ¼ 5� 10�9 m=s. Poisson’s ratios of the two layers are
l1 ¼ l2 ¼ 0.35. In the figure, the vertical axis coordinate
is the dimensionless ground surface subsidence
f ¼ E1uz= 2P 0a 1þ l1ð Þð Þ, where uz is the subsidence of the
ground surface at the surcharge center, and the horizontal
ordinate represents the dimensionless consolidation time
q ¼ E1k1t =ðCwa2ð1þl1Þ). As shown in Fig. 5, the result
calculated from the present approach is consistent with
that given by Booker and Small (1982), which manifests
the accuracy and the validity of the present solution tech-
nique for Biot’s consolidation governing equations.

4 Longitudinal responses of the tunnel

4.1 Foundation model

To better represent the interaction between the tunnel
and soil, the Pasternak foundation model (Pasternak,
1954) is employed to model the subgrade reaction of the
ground. Compared with the Winkler foundation model
(Winkler, 1867), the Pasternak foundation model addition-
ally introduces a shear layer with a shear stiffness of Gs to
consider the connection of soil springs, as shown in Fig. 3
(a). The Pasternak foundation model is mathematically
expressed as

p ¼ ksw xð Þ � Gs
@2w xð Þ
@x2

; ð25Þ

where p is the subgrade reaction of the ground, ks is the
subgrade reaction coefficient, and w xð Þ is the vertical dis-
placement of the ground.

The subgrade reaction coefficient ks represents the com-
pression stiffness of the spring, which is approximately
assessed by the empirical formula proposed by Zhang
et al. (2019b) as follows:

ks ¼ 4� 5vs
g1

0:65Es

Dt 1� v2s
	 


ffiffiffiffiffiffiffiffiffiffiffiffi
EsDt

4

EI

12

s
; ð26Þ

where Es is the elastic modulus of the ground underneath
the shield tunnel; vs is Poisson’s ratio of the ground; Dt is
the width of the beam; EI is the flexural stiffness of the
beam; and g1 is the depth-dependent coefficient, which is
given as follows:

g1 ¼
4� 5vs z0=Dt � 0:5

1þ Dt=z0 z0=Dt > 0:5

�
; ð27Þ
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where z0 denotes the buried depth of the tunnel.
The stiffness of the shear layer Gs, which depends on the

effective thickness of the compression layer underneath the
shield tunnel H , elastic modulus Es and Poisson’s ratio vs of
the ground, are approximately assessed by (Tanahashi,
2004)

Gs ¼ EsH
6 1þ msð Þ ; ð28Þ

where H is generally taken as 2:5Dt because the additional
stress below 2:5Dt of the tunnel can be disregarded (Xu,
2005).
4.2 Tunnel model

Since the longitudinal deformation of a subway tunnel
includes both bending deformation and shear deformation,
the Timoshenko beam theory, which considers both the
bending behavior and shearing behavior of the beam, is
employed in this study to simulate the longitudinal behav-
iors of the subway tunnel. The applicability of equivalent
Timoshenko beams for calculating tunnel responses
induced by settlements is proved by Franza and Viggiani
(2021) and Yu et al. (2022). Figure 3(b) illustrates the
deformation characteristics of a Timoshenko beam, which
are mathematically represented as

M ¼ � EIð Þeq
dh
dx

; Qs ¼ GAð Þeq
dw
dx

� h

� �
; ð29Þ

where M is the bending moment, Qs is the shear force,
EIð Þeq is the equivalent flexural stiffness, GAð Þeq is the

equivalent shear stiffness, w is the deflection of the neutral
axis of the beam, and h is the rotation angle of the cross-
section due to bending deformation.

The equivalent flexural stiffness EIð Þeq, which represents
the reduced longitudinal stiffness of the tunnel lining due to
bolted joints, is calculated by (Shiba et al., 1989)

EIð Þeq ¼ EcIc
cos3/

cos/þ /þ p=2ð Þ sin/ ; ð30Þ

where Ec is the elastic modulus of the lining; Ic is the
moment of inertia; and / is the central angle at the neutral
axis, which satisfies the following equation:

/þ cot/ ¼ p
1

2
þ kjls
Ects

� �
; ð31Þ

where ts is the thickness of the segments, kj is the average
linear stiffness of the bolts, and ls is the length of the ring.

The equivalent shear stiffness GAð Þeq, which represents

the reduced longitudinal stiffness of the tunnel lining due
to bolted joints, is expressed as (Wu et al., 2015)

GAð Þeq ¼
ls

lb
nbjbGbAb

þ ls�lb
jcGcAc

; ð32Þ

where nb, Gb, Ab, and lb denote the number, shear modulus,
cross-sectional area, and length of bolts, respectively; jb

and jc are the shear coefficients of bolts and segments,
respectively; jb is 0.9 for the circular section; and jc is
0.5 for the loop ring section.

4.3 Development of the analytical solution

As show in Fig. 3(a), surcharge-induced greenfield
movements at tunnel axis S(t, x) are transformed to addi-
tional load q(t, x) applied on the tunnel in the second stage.
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Figure 3(c) schematically shows an element of a
Timoshenko beam subjected to the time-dependent addi-
tional load q(t, x) caused by the ground surcharge. The
force equilibrium equation and bending moment equilib-
rium for a typical element of the Timoshenko beam are
written as

Qs þ pDtdx ¼ qDtdxþ Qs þ dQs; ð33Þ
�M � Qsdx� pDtdxdx=2þ qDtdxdx=2þM þ dM ¼ 0;

ð34Þ

where q ¼ ks � S t; xð Þ � Gs
@2S t;xð Þ
@x2

� �
is the time-dependent

additional load transformed by greenfield displacements
due to the surcharge load, which can be determined from
Eqs. (20) and (23); Dt is the outer diameter of the tunnel;
and p is the subgrade reaction.

Substituting Eq. (29) into Eqs. (33) and (34), the differ-
ential governing equation for the time-dependent behavior
of the tunnel induced by the ground surcharge is obtained
as

@4w t; xð Þ
@x4

þ a
@2w t; xð Þ

@x2
þ bw t; xð Þ ¼ a1

@2q t; xð Þ
@x2

þ b1q t; xð Þ;
ð35Þ

where the detailed expressions of a1, b1, a, and b are given
in Appendix B.

Combining the Timoshenko beam theory presented in
Eq. (29) and the Pasternak foundation model described
by Eq. (25), the moment and the shearing force of the tun-
nel lining are further rewritten as

M t; xð Þ ¼ � EIð Þeq
GAð Þeq

GAð Þeq þ GsDt

� � @2w t; xð Þ
@x2

þ q t; xð ÞDt � ksDtw t; xð Þ
� 


;

ð36Þ

Qs t; xð Þ ¼ � EI eqð Þ
GAð Þeq

GAð Þeq þ GsDt

� � @3w t; xð Þ
@x3

�

þ @q t; xð Þ
@x

Dt � ksDt

@w t; xð Þ
@x



: ð37Þ

Equation (35) is a typical fourth-order, nonlinear differ-
ential equation, which is incapable of being analytically
solved. Hence, the finite difference method is alternatively
utilized to obtain a numerical solution. As shown in
Appendix D Fig. D1, the tunnel is discretized into n + 4
elements, including 4 virtual elements at the two ends of
the tunnel. Assuming that both ends of the tunnel lining
are free of restriction, the deflections of the four virtual ele-
ments are derived from Eqs. (36)–(37) and expressed in
terms of the difference scheme as

w�1 ¼ nl2 þ 2
	 


w0 � w1 þ a1q0l
2; ð38Þ

w�2 ¼ n2l4 þ 4nl2 þ 4
	 


w0 � 2nl2 þ 4
	 


w1 þ w2

� ksa12l
4 � 2a1l

2
	 
� a1l

2 q1 � q�1ð Þ; ð39Þ
wnþ1 ¼ nl2 þ 2

	 

wn � wn�1 þ a1qnl

2; ð40Þ
wnþ2 ¼ n2l4 þ 4nl2 þ 4
	 


wn � 2nl2 þ 4
	 


wn�1 þ wn�2

� ksa12l
4 � 2a1l

2
	 


qn � a1l
2 qn�1 � qnþ1

	 

; ð41Þ

where l is the length of the tunnel element and the coeffi-
cient n is expressed as

n ¼ ksDt

GAð Þeq þ DtGs

:

According to the basic difference principle and utilizing
Eqs. (38)–(41), Eq. (35) is transformed to a matrix form as

KW ¼ Q tð Þ; ð42Þ
where W is the settlement vector corresponding to the
settlement of the different nodes along the longitudinal
direction of the lining, K is the displacement stiffness
matrix, and Q tð Þ is the time-dependent additional load
vector. The abovementioned matrices and vectors are
shown in Appendix C.

Now, the settlement vector W can be easily obtained by
taking the inverse operation of Eq. (42). After obtaining
the settlements of every different node, the bending
moment and the internal shearing force of the lining are
readily obtained by using Eqs. (36) and (37).
5 Validation

5.1 Comparison with field measurements: Surcharge-induced

tunnel settlement of Shanghai Metro Line 9

The proposed approach is applied to predict the
surcharge-induced tunnel settlement of Shanghai Metro
Line 9 reported by Fan et al. (2014) and Wei and Jiang
(2021), which is widely employed to check the validity of
the semi-analytical solution. The investigated section of
Shanghai Metro Line 9 is located at the position where
the Xiaolaigang River crosses the tunnel. As shown in
Fig. 6, the tunnel is underneath and perpendicular to the
river channel, where the net vertical distance between the
tunnel and the bottom of the Xiaolaigang River is 5 m.
Due to the construction of the adjacent Jiamin Bridge, a
4:5m high backfill was piled over the channel beginning
on September 26th, 2009, to serve the Xiaolaigang River
as a beam storage site and was not removed until April
17th, 2010. The width of the backfill is 24 m, and the unit
weight is 17 kN=m3, which is equal to a surface surcharge
of 76:5 kPa in the theoretical calculation. The field data
given by Wei and Jiang (2021) show that the tunnel is
located in a mucky clay layer, with elastic modulus
E ¼ 15MPa and Poisson’s ratio l ¼ 0:33. The ground is

saturated with permeability coefficient k ¼ 2� 10�8 m=s
according to the field tests of Hu (2003). The other param-
eters of the underground structure involved in the pro-
posed model are summarized in Table 1.

Figure 7 shows a comparison of the displacement curve
predicted from the improved two-stage method presented
with that measured by Fan et al. (2014). Note that the



F. Liang et al. / Underground Space 14 (2024) 219–238 227
settlement before backfilling is subtracted from the final
displacement curve given by Fan et al. (2014), which gives
the net settlement caused by the surcharge. As shown in the
figure, the sedimentation curves calculated by the proposed
method show agreement with the monitoring data at the
consolidation time of t ¼ 200 d, although there are slight
discrepancies between the predictions and the field data.
The match between the predictions and the field measure-
ments demonstrates the validity of the improved two-
stage method proposed in this study. Note that the pro-
posed method adequately reflects the time-dependent set-
tlement of the tunnel due to ground consolidation under
a constant surface surcharge load. However, the theoretical
method of Wei and Jiang (2021) only gives a final settle-
ment of the tunnel, as they disregard the consolidation
effects due to the surcharge load. Therefore, the proposed
method gives a more rational prediction of the tunnel
responses under a surface surcharge load.
5.2 Comparison with a benchmark analytical solution of an

equivalent Timoshenko beam embedded in the elastic half-

space

The proposed approach is then further validated with a
benchmark solution of Timoshenko beam settlements and
internal forces induced by a surcharge on an elastic half-
space proposed by Wu et al. (2015, 2018). As shown in
Fig. 8, the ground surface above the tunnel is subjected
to a surcharge of 10m � 10m, and the load pressure is
150 kPa. The burial depth is approximately 9.1 m from
the ground to the tunnel axis. The details of the soil profile
in the case are provided in the work of Wu et al. (2018),
and the parameters of the tunnel are given in Table 1. Note
that Wu et al. (2018) adopted the Vlasov foundation theory
to simulate the soil-structure interaction, while the Paster-
nak foundation model is applied in this paper. The equiv-

alent bending stiffness EIð Þeq is set to 1:361� 108 kN �m2,

which is consistent with the study of Wu et al. (2018).
Since the semi-analytical solution in this paper considers

both the undrained settlement of the ground and the pri-
mary consolidation settlement of the ground, the obtained
tunnel responses in the late consolidation stage (the consol-
idation process is considered to be completed at t ¼ 400 d)
are compared with the long-term responses presented by
Fig. 6. Locations of Shanghai Metro Line 9 and the Xiaolaigang River.
Wu et al. (2018). Figure 9 shows a comparison of the tun-
nel responses computed by the proposed method and given
by Wu et al. (2018), including the tunnel settlement and
internal forces. Although there is a slight difference
between the foundation models used in this paper and
those adopted by Wu et al. (2018), the agreement among
the long-term responses validates the effectiveness of the
proposed semi-analytical solution.
5.3 Finite element analysis

In this section, the semi-analytical solution is compared
with a corresponding three-dimensional (3D) finite element
model (FEM) to check the validity of the present solution.
As shown in Fig. 10, the finite element model is developed
using Plaxis 3D software. The dimension of the FEM is
160m � 160m � 60m, which is composed of two differ-
ent layers. The thickness of the upper layer is 25m with
an elastic modulus E1 ¼ 10 MPa and a permeability coeffi-

cient of k1 ¼ 2� 10�8 m=s, while the thickness of the
underlying layer is 35 m with an elastic modulus of
E2 ¼ 20 MPa and a permeability coefficient of

k2 ¼ 2� 10�9 m=s. A rectangular, uniformly distributed
surcharge load with a range of 2a� 2b ¼ 20 m� 30m is
imposed on the center of the top surface of the FEM.
The buried depth of the subway tunnel is assumed to be
15:0m from the ground to the tunnel axis. The subway
tunnel has an inner diameter of 5:5m, an outer diameter
of 6:2m, a ring width of 1:2m, and an elastic modulus of

3:45� 104 MPa, which represent the typical structural
parameters of subway tunnels in Shanghai. The shortest
distance from the subway tunnel to the lateral boundary
is 3 times the radius of the tunnel, which is large enough
to eliminate the boundary effects. The zero normal dis-
placement condition is set to the four side boundaries,
while zero horizontal and vertical displacements are
imposed on the bottom of the model to fix the rigid move-
ment of the model. To maintain consistency with the solu-
tion developed in this study, the ground surface is
established as a permeable boundary. Furthermore, the soil
is modeled by 10-node tetrahedral elements to consider the
coupled effects of pore water pressures, while the lining is
modeled by plate elements to represent its pure elastic
behavior. After meshing, the whole FEM is composed of
10 475 elements, as shown in Fig. 10. Considering the
weakening effect of the joints on the longitudinal stiffness
of the tunnel, the elastic modulus of the lining in the
FEM is reduced according to Eq. (30). Table 1 summarizes
all the parameters involved in the FEM.

The numerical simulation involves four typical steps:
generation of the in situ stress field, excavation of the soil
inside the lining, loading and consolidation. A default K0

consolidation process is applied to generate the in situ
ground stress field in the initial step. In the second step,
the soil inside the lining is excavated, and the correspond-
ing hydraulic condition of excavated soil is set to ‘‘Dry”.



Table 1
Detailed parameter values of tunnel.

Parameters Values Parameters Values

Segment Outer diameter Dt (m) 6.2 Bolt Number n 17
Inner diameter Di (m) 5.5 Diameter Db (mm) 30
Thickness t (m) 0.35 Length lb (mm) 400
Length ls (m) 1.2 Elastic modulus Eb (MPa) 2.06 � 105

Elastic modulus E (MPa) 3.45 � 104

Fig. 7. Comparison of tunnel settlement distribution.

Fig. 8. Illustration of tunnel subjected to surface surcharge (Wu et al.,
2018). (By courtesy of Elsevier, copyright 2018; reproduced with
permission).
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Simultaneously, the tunnel structure and the tunnel–soil
interaction in the normal direction are activated to install
the tunnel in the ground. Since the present solution focuses
on the tunnel responses induced by the surcharge load
rather than the excavation-related responses, the settlement
induced by the excavation is reset to zero at the beginning
of the loading step to remove the impacts of the excava-
tion. The tunnel responses caused by the initial undrained
ground movements are obtained by setting the Poisson’s
ratio of ground as 0.5 first in the ‘‘loading” step. To get
an accurate undrained deformation, the model size perpen-
dicular to the direction of the tunnel axis is set as 160 m,
which is large enough to eliminate boundary effects. A
computing type is selected as the ‘‘Use pressures from pre-
vious phase” in the consolidation analysis, which uses the
surcharge-induced excess pore water pressure as the input
condition. The calculation is terminated when the degree
of consolidation of the ground reaches 95%. Because iden-
tical initial conditions, boundary conditions, physical and
mechanical parameters, and coupled pore water effects
are considered in the FEM and the proposed semi-
analytical solution, the tunnel responses obtained in this
paper are predictably convincing if the results of the two
show agreement.

Considering that the greenfield movements are directly
relevant to the surcharge-induced tunnel distortions, the
results of the subsurface greenfield settlement are extracted
from the FEM. Figures 11 and 12 show the greenfield set-
tlement evolving with consolidation time at given depths
(z ¼ 11:9 m and z ¼ 18:1 m) and the settlement profile of
the ground at t ¼ 5 d, t ¼ 50 d and t ¼ 400 d. It can be
seen from the figure that the FEM can well consider



Fig. 9. Comparison of long-term tunnel responses: (a) settlement, (b)
moment, and (c) shear force.
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ground movements for both the undrained deformation
and deformation during the consolidation process.

Figure 13 shows a comparison of the maximum tunnel
displacement computed from the FEM and the predictions
from the proposed method. As anticipated, Fig. 13 shows
that the predictions for undrained deformation at t ¼ 0
and consolidation induced settlement at t ¼ 0 þ obtained
from the present solution are consistent with those made
with the FEM, especially the trend of the settlement, which
well fit the results from the FEM. Although the final settle-
ment of the tunnel is slightly smaller than that of the FEM,
the maximum error between the two approaches is on the
order of 5%, which is acceptable in engineering practice.
Figure 14(a)–(c) clearly shows the profiles of tunnel settle-
ment, bending moment, and shear forces obtained by the
proposed method and FEM at t ¼ 5 d, t ¼ 50 d and
t ¼ 400 d. The figures also show that the distributions of
the tunnel settlement and internal forces from the FEM
match the results computed by the proposed method.

The agreement shown in Figs. 13 and 14 demonstrates
the validity and accuracy of the semi-analytical solution
in predicting the time-dependent longitudinal responses
of a subway tunnel in soft soil strata induced by the sur-
charge load at the ground surface.
6 Parametric analyses

In this section, parametric analyses are performed to
explore the effects of the permeability coefficient and
ground elastic modulus on the tunnel longitudinal
responses due to the ground surcharge. Note that two fac-
tors (the permeability coefficient and ground elastic modu-
lus) represent the primary stratification properties of the
ground. Figure 15 schematically shows the information
of the ground and subway tunnel considered in the para-
metric study. The ground consists of three different layers.
The thickness of the overlying layer is identical to that of
the crossing layer, both of which are equal to 10 m. The
underlying layer is used as a semi-infinite half-space. The
tunnel is buried in the crossing layer with a buried depth
of 15 m from the ground surface. The surcharge load
imposed on the ground surface is rectangular and uni-
formly distributed with a magnitude of 80 kPa. The param-
eters of the subway tunnel used in the parametric analysis
are identical to those listed in Table 1.
6.1 Permeability coefficient

The dissipation rate of the excess pore water pressure
primarily depends on the permeability coefficient of the
soil, which governs the time-dependent responses of the
subway tunnel. Therefore, the effects of the permeability
coefficient ratio of the overlying layer, crossing layer and
underlying layer on the time-dependent tunnel responses
are investigated in this section. In the following analysis,
different permeability coefficient ratios will be considered
with the basic permeability coefficient of

k0 ¼ 2� 10�8 m=s. The elastic modulus of each soil layer
E0 is assumed to be 10 MPa, i.e., the ground is homoge-
nous. Poisson’s ratio l0 is 0.35.

Figure 16 shows the development of the settlement of
the tunnel underneath the center of the surcharge load,
where the settlement shows the maximum value. In the
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Fig. 10. Three-dimensional finite element mesh.

Fig. 11. Maximum greenfield settlement.

Fig. 12. Distribution of greenfield settlement.
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figure, the horizontal ordinate is the logarithmic dimen-
sionless time k ¼ E0k0t= 4Cwa2 1þ l0ð Þð Þ, and the vertical
coordinate is the dimensionless tunnel settlement
t ¼ E0ut= 2P 0a 1þ l0ð Þð Þ, where ut denotes the maximum
settlement along the longitudinal direction of the tunnel.
Five typical permeability ratios (k1 : k2 : k3 ¼ 1 : 1 : 1;
k1 : k2 : k3 ¼ 1 : 5 : 10; k1 : k2 : k3 ¼ 1 : 10 : 5; k1 : k2 : k3 ¼
5 : 10 : 1; k1 : k2 : k3 ¼ 10 : 5 : 1) are chosen for the three-
layered ground to explore the effect of the permeability
coefficient ratio on the time-dependent responses of the
subway tunnel.

As shown in the figure, the tunnel settlement curve
rapidly increases when k < 1 (300 d), while the curve
becomes flat after k reaches 1. The excess pore water pres-
sure quickly dissipates under the high pore pressure gradi-
ent at the beginning of consolidation, while the rate
decreases with a decrease in the pore pressure gradient with
time. Consequently, tunnel settlement occurs primarily
during the first three months after loading at the ground
surface. Note that the final settlements for all the cases
considered reach the same value because the permeability
coefficient only affects the rate of the consolidation process.
Further inspection of the figure reveals that the tunnel
settlement develops slowest for the case of
k1 : k2 : k3 ¼ 1 : 1 : 1, as the ground is homogeneous with
low permeability. In contrast, the tunnel settlement quickly
increases for the cases of k1 : k2 : k3 ¼ 5 : 10 : 1 and
k1 : k2 : k3 ¼ 10 : 5 : 1, which indicates that both k1 and k2
have a significant influence on the development of tunnel
settlement. Moreover, the development of v is relatively
slow for the cases of k1 : k2 : k3 ¼ 1 : 5 : 10 and
k1 : k2 : k3 ¼ 1 : 10 : 5, which demonstrates that k3 has
insignificant effects on the time-dependent settlement of
the tunnel. It can be concluded from Fig. 16 that the per-
meability coefficient of the soil above the tunnel has a great
influence on the time-dependent tunnel settlement, because
the ground surface is a unique drainage surface for the
investigated case.

Figure 17(a)–(c) plots the settlement, bending moment
and shear force, respectively, at t ¼ 30 d (k = 0.1) along
the longitudinal direction of the tunnel for different perme-
ability ratios. As shown in these figures, the curves of the
settlement for different permeability ratios almost overlap,
although there are some discrepancies among the maxi-
mum settlement underneath the center of the surcharge.
The same phenomenon is observed from the curves of the
internal force and the bending moment for different perme-



Fig. 13. Comparison of maximum tunnel settlement.
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ability ratios. These observations demonstrate that the per-
meability coefficient ratio has an insignificant effect on the
distributions of the settlement, internal force and bending
moment, but has pronounced impacts on the maximum
settlement, internal force and bending moment.

Further inspection of Fig. 17(a) reveals that the maxi-
mum settlement of the tunnel appears below the center of
the surcharge, while the settlement substantially decreases
with the distance from the surcharge center. The settlement
is nearly negligible beyond 90m from the center of the sur-
charge, which demonstrates that the deformation range of
the tunnel is approximately 4.5 times the width of the
ground surcharge. This observation is consistent with pre-
vious studies by Liang et al. (2020). As shown in Fig. 17(b),
the maximum moment occurs at the location underneath
the center of the surcharge, where the segments may suffer
from damage or cracking due to excessive tensile stress.
The negative bending moment reaches the maximum value
at approximately 30 m from the surcharge center, that is, 3
times the width of the surcharge (3a). Figure 18(c) shows
that the surcharge-induced maximum positive and negative
shear forces occur exactly at the edges of the surcharge
sides (x ¼ �10 m). Therefore, the bolts of the segments
underneath the edges of the surcharge will undergo a large
shear force, which would cause unpredictable shear defor-
mation and even severe dislocation between two rings.
6.2 Elastic modulus

The effects of the elastic modulus ratio of the different
ground layers on the tunnel responses are investigated in
this section, which shows the impacts of ground stratifica-
tion on the tunnel responses. In the following analysis, dif-
ferent elastic modulus ratios will be considered with the
basic elastic modulus of E0 ¼ 10 MPa. The coefficient of
permeability of each soil layer k0 is assumed to be

2� 10�9 m=s, and Poisson’s ratio l0 is 0.35.
Figure 18 shows the development of the maximum tun-

nel settlement, i.e., the settlement underneath the center of
the surcharge, with time for different elastic modulus ratios
of the ground layers (E1 : E2 : E3 ¼ 1 : 1 : 1;
E1 : E2 : E3 ¼ 1 : 2 : 4; E1 : E2 : E3 ¼ 1 : 4 : 2;
E1 : E2 : E3 ¼ 4 : 2 : 1). Figure 18 shows that the settlement
quickly develops at the beginning of consolidation when
k < 1, and then the settlements gradually approach con-
stant values. As anticipated, Fig. 18 shows that the settle-
ments apparently change for different elastic modulus
ratios, which demonstrates that the ground stratification
has substantial effects on the longitudinal responses of
the subway tunnel. During the whole consolidation pro-
cess, the tunnel settlement for E1 : E2 : E3 ¼ 1 : 4 : 2 is the
smallest among all the investigated cases, which indicates
that the elastic modulus of the crossing layer has a decisive
effect on the time-dependent tunnel settlement. The elastic
modulus of the crossing layer exerts a direct constraint on
the tunnel from deformation. Moreover, the tunnel settle-
ment for E1 : E2 : E3 ¼ 1 : 2 : 4 is between the tunnel settle-
ment in the case of E1 : E2 : E3 ¼ 1 : 4 : 2 and that in the
case of E1 : E2 : E3 ¼ 4 : 2 : 1. Thus, the impact of the elas-
tic modulus on the tunnel settlement is expressed as
E2 > E3 > E1.

Figure 19(a)–(c) shows the settlement, shearing force
and bending moment, respectively, at t ¼ 30 d (k ¼ 0:1)
along the longitudinal direction of the tunnel for different



Fig. 14. Distribution of tunnel responses from FEM: (a) settlement, (b)
moment, and (c) shear force.

Fig. 15. Illustration of layered ground.

Fig. 16. Development of maximum tunnel settlement for different
permeability coefficient ratios.
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elastic modulus ratios. Compared with the permeability
ratio shown in Fig. 19(a)–(c), the elastic modulus has sig-
nificant effects on the longitudinal responses of the subway
tunnel, which sufficiently demonstrates the importance of
incorporating the ground stratification properties in pre-
dicting the tunnel responses. Note that the range and mag-
nitude of the settlement, shearing force, and bending
moment considerably decrease with an increase in the over-
all elastic modulus of the ground as the ground deforma-
tion decreases with the overall elastic modulus of the
ground. The above observations demonstrate that the elas-
tic modulus not only impacts the magnitude of the defor-
mation, but also greatly affects the deformation range of
the tunnel. Notably, the maximum tunnel settlement,
shearing force, and bending moment of the tunnel most
obviously decrease with increasing elastic modulus of the
crossing layer, in which the tunnel is laid because the
increase in the elasticity of the layer where the tunnel is
buried not only directly restricts the deformation of the



Fig. 17. Distribution of settlement and internal force (k ¼ 0:1). (a) Settlement, (b) moment, and (c) shear force.
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Fig. 18. Development of maximum tunnel settlement.
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tunnel, but also relieves the deformation of the soil in the
vicinity of the tunnel. Hence, a tunnel buried in a soft layer
is very susceptible to ground surcharge, which demon-
strates the significance of the present solution in predicting
the responses of a subway tunnel in saturated soft soil
under ground surcharge.
7 Conclusion

This paper proposes a novel semi-analytical solution for
evaluating the longitudinal tunnel responses induced by
ground surface surcharge. Biot’s poroelastic theory is
adopted to model the consolidation of the stratified
ground, and the surcharge-induced ground movements
are obtained by taking advantage of the Laplace-Fourier
transform technique. Based on the Pasternak foundation
model and the Timoshenko beam theory, the tunnel
responses, including the settlement, moment and shear
force, are further determined based on the finite difference
method. The presented model is capable of providing accu-
rate and effective predictions for the time-dependent longi-
tudinal responses of a tunnel buried in stratified ground
induced by the surcharge load at the ground surface. Para-
metric studies involving wide ranges of soil parameters are
conducted to show the longitudinal deformation mecha-
nism of the tunnel under the surcharge load.

The results show that the predictions made from the pre-
sent solution are consistent with a well-documented field
investigation and the results extracted from the FEM,
which demonstrates the validity of the present solution.
The parametric study shows that the elastic modulus ratio
of the ground layers has substantial effects on the tunnel
responses, while the permeability coefficient ratio has an
insignificant effect on the responses of the subway tunnel,
although it impacts the time-dependent responses at the
early stage of consolidation. The present solution is cap-
able of adequately representing the time-dependent
responses of the subway tunnels, as the stratification of
the ground, the shearing and blending behaviors of the tun-
nel, and the longitudinal stiffness reduction due to the
bolted structure of the subway tunnel lining, all of which
have significant effects on the tunnel responses, have been
properly considered and incorporated in the present solu-
tion. Since the proposed solution enables a quick and reli-
able robust estimation for long-term tunnel responses
under ground surface surcharge, it is expected that the pre-
sent solution can serve as a useful tool to evaluate the
impacts of ground surcharge on tunnel responses to pre-
vent the failure of subway tunnels caused by ground sur-
face engineering activities.
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Fig. 19. Distribution of settlement and internal force (k ¼ 0:1). (a)
Settlement, (b) moment, and (c) shear force.
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Appendix A Expression of the transfer matrix

The elements of the sixth-order transfer matrix R are
listed as follows.

R11 ¼ 2Gf 2C
Ms

cosh fzð Þ � cosh mzð Þð Þ þ cosh fzð Þ þ fz

� sinh fzð Þ ðA1Þ

R12 ¼ 2Gf 3C
Ms

sinh fzð Þ � f
m

sinh fzð Þ
� �

þ f 2z

� cosh fzð Þ ðA2Þ

R13 ¼ fC
Ms

sinh fzð Þ � f
m

sinh mzð Þ
� �

þ z
2G

cosh fzð Þ

þ 1

2Gf
sinh fzð Þ ðA3Þ

R14 ¼ f 2C
Ms

cosh fzð Þ � cosh mzð Þð Þ þ fz
2G

sinh fzð Þ ðA4Þ

R15 ¼ f 2C
Ms

cosh fzð Þ � cosh mzð Þð Þ ðA5Þ

R16 ¼ f
s

sinh fzð Þ � f
m

sinh mzð Þ
� �

ðA6Þ

R21 ¼ � 2GC
Ms

f sinh fzð Þ � m sinh mzð Þð Þ � z cosh fzð Þ ðA7Þ

R22 ¼ 2Gf 2C
Ms

cosh mzð Þ � cosh fzð Þð Þ þ cosh fzð Þ � fz

� sinh fzð Þ ðA8Þ

R23 ¼ C
Ms

cosh mzð Þ � cosh fzð Þð Þ � z
2Gf

sinh fzð Þ ðA9Þ

R24 ¼ � C
Ms

f sinh fzð Þ � m sinh mzð Þð Þ þ 1

2Gf

� sinh fzð Þ � z
2G

cosh fzð Þ ðA10Þ

R25 ¼ C
Ms

m sinh mzð Þ � f sinh fzð Þð Þ ðA11Þ

R26 ¼ 1

s
cosh mzð Þ � cosh fzð Þð Þ ðA12Þ

R31 ¼ � 4G2f 2C
Ms

m sinh mzð Þ � f sinh fzð Þð Þ
þ 2Gf 2z cosh fzð Þ þ 2Gf sinh fzð Þ ðA13Þ

R32 ¼ � 4G2f 4C
Ms

cosh mzð Þ � cosh fzð Þð Þ þ 2Gf 3z

� sinh fzð Þ ðA14Þ

R33 ¼ 2Gf 2C
Ms

cosh fzð Þ � cosh mzð Þð Þ þ cosh fzð Þ
þ fz sinh fzð Þ ðA15Þ
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R34 ¼ � 2Gf 2C
Ms

m sinh mzð Þ � f sinh fzð Þð Þ þ zf 2

� cosh fzð Þ ðA16Þ

R35 ¼ � 2Gf 2C
Ms

m sinh mzð Þ � f sinh fzð Þð Þ ðA17Þ

R36 ¼ 2Gf 2

s
cosh fzð Þ � cosh mzð Þð Þ ðA18Þ

R41 ¼ � 4G2f 3C
Ms

cosh fzð Þ � cosh mzð Þð Þ � 2Gfz

� sinh fzð Þ ðA19Þ

R42 ¼ 4G2f 3C
Ms

f
m

sinh mzð Þ � sinh fzð Þ
� �

� 2Gf 2z

� cosh fzð Þ þ 2Gf sinh fzð Þ ðA20Þ

R43 ¼ 2GfC
Ms

f
m

sinh mzð Þ � sinh fzð Þ
� �

� z cosh fzð Þ ðA21Þ

R44 ¼ 2Gf 2C
Ms

cosh mzð Þ � cosh fzð Þð Þ þ cosh fzð Þ
� fz sinh fzð Þ ðA22Þ

R45 ¼ 2Gf 2C
Ms

cosh mzð Þ � cosh fzð Þð Þ ðA23Þ

R46 ¼ 2Gf
s

f
m

sinh mzð Þ � sinh fzð Þ
� �

ðA24Þ

R51 ¼ 2G cosh mzð Þ � cosh fzð Þð Þ ðA25Þ

R52 ¼ 2Gf
f
m

sinh mzð Þ � sinh fzð Þ
� �

ðA26Þ

R53 ¼ 1

m
sinh mzð Þ � 1

f
sinh fzð Þ ðA27Þ

R54 ¼ cosh mzð Þ � cosh fzð Þ ðA28Þ
R55 ¼ cosh mzð Þ ðA29Þ

R56 ¼ M
Cm

sinh mzð Þ ðA30Þ

R61 ¼ 2GC
M

m sinh mzð Þ � f sinh fzð Þð Þ ðA31Þ

R62 ¼ 2GCf 2

M
cosh mzð Þ � cosh fzð Þð Þ ðA32Þ

R63 ¼ C
M

cosh mzð Þ � cosh fzð Þð Þ ðA33Þ

R64 ¼ C
M

m sinh mzð Þ � f sinh fzð Þð Þ ðA34Þ

R65 ¼ Cm
M

sinh mzð Þ ðA35Þ
R66 ¼ cosh mzð Þ ðA36Þ
where
m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 þ s=C

q
ðA36aÞ

C ¼ kM=cw ðA36bÞ
Appendix B Details of Eq. (35)

a1 ¼ � Dt

GAð Þeq þ DtGs

ðB1Þ

b1 ¼
Dt GAð Þeq

EIð Þeq GAÞeq þ DtGs

� � ðB2Þ

a ¼ � ksDtðEIÞeq þ DtGsðGAÞeq
GAÞeq þ DtGs

� �
ðEIÞeq

� ðB3Þ

b ¼ ðGAÞeqksDt

GAÞeq þ DtGs

� �
ðEIÞeq

� ðB4Þ
Appendix C Details of the matrix and vectors presented in

Eq. (42)

K ¼ K1 þ K2 þ K3 ðC1Þ

K1 ¼ 1

l4

n2l4 þ 2 �2nl2 � 4 2

nl2 � 2 5 �4 1

1 �4 6 �4 1

1 �4 6 �4 1

. .
. . .

. . .
. . .

. . .
.

1 �4 6 �4 1

1 �4 6 �4 1

1 �4 5 nl2 � 2

2 �2nl2 � 4 n2l4 þ 2

2
666666666666666664

3
777777777777777775

ðnþ1Þ� nþ1ð Þ

ðC2Þ

K2 ¼ a

l2

nl2

1 �2 1

1 �2 1

1 �2 1

. .
. . .

. . .
.

1 �2 1

1 �2 1

1 �2 1

nl2

2
666666666666666664

3
777777777777777775

ðnþ1Þ� nþ1ð Þ

ðC3Þ
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K3 ¼ b

1

1

1

1

. .
.

1

1

1

1

2
66666666666666664

3
77777777777777775

ðnþ1Þ� nþ1ð Þ

ðC4Þ
Q ¼ Q1 þQ2 �Q3 ðC5Þ

Q1 ¼ b1

q0

q1

q2

..

.

qi

..

.

qn�2

qn�1

qn

2
666666666666666666666664

3
777777777777777777777775

; Q2 ¼
a1
l2

q1 � 2q0 þ q�1

q2 � 2q1 þ q0

q3 � 2q2 þ q1

..

.

qiþ1 � 2qi þ qi�1

..

.

qn�1 � 2qn�2 þ qn�3

qn � 2qn�1 þ qn�2

qnþ1 � 2qn þ qn�1

2
666666666666666666666664

3
777777777777777777777775

; Q3 ¼

v1

v2

0

..

.

0

..

.

0

vn�1

vn

2
66666666666666666666664

3
77777777777777777777775
ðC6Þ

where

v1 ¼ na1 � 2a1
l2

þ aa1

� �
q0 �

a1
l2

q1 � q�1ð Þ; v2 ¼ aq0
l2

;

vn�1 ¼ aqn
l2

; vn

¼ na1 � 2a1
l2

þ aa1

� �
qn �

a1
l2

qn�1 � qnþ1

	 

: ðC7Þ
Appendix D Supplemental data

See Fig. D1.
Fig. D1. Discretization of the tunnel.
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