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Abstract: Although the prime attribute problem is
nondeterministic polynomial-time complete ( NP-complete) ,
the difficulty of determining whether an attribute is prime is
related to how the attribute appears in the set of functional
dependencies ( FDs ). The prime attribute problem is
extensively studied based on the occurrence of an attribute
in the set of FDs. First, in a relation scheme R(U, F), the
attribute set U is partitioned into four distinct subsets
according to where attributes in U appear in F: U,
(attributes appearing exclusively on the left-hand sides of
FDs in F), U, ( attributes appearing exclusively on the
right-hand sides of FDs in F), U, (attributes appearing on
both sides of FDs in F), and U, (attributes not appearing
in any FD in F). Second, the occurrence patterns of
attributes in the set of FDs are mapped to an F-based
derivation tree ( F-based DT ) forest, and the features of
attributes in U, , U,, U, or U, are shown in the F-based DT
forest. Then, an algorithm for recognizing prime attributes
based on F-based DT is proposed. Finally, the following
conclusions are obtained: when an attribute belongs to U,,
the prime attribute problem is NP-complete; when an
attribute belongs to U,, U,, or U,, the problem is in
polynomial-time complexity class ( P-class) , meaning it can
be efficiently solved in polynomial time. Compared with
traditional methods, the proposed algorithm can simplify
the process for recognizing prime attributes significantly,
and improve database normalization.
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0 Introduction

Prime attributes play an important role in the process
for deciding normal forms. However, since the prime
attribute problem is nondeterministic polynomial-time
complete''" (NP-complete) , developing efficient methods
has always been a key goal in the field of database
normalization. Since keys are carriers of prime attributes,
many algorithms for finding keys have emerged over the

years'>'*’ . Existing studies can be roughly classified into
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including tableaux-based
, graph-based methods ™' attribute
classification  methods'®""'"’ and  candidate-key
construction methods'**'’.  Among these methods,
graph-based methods have shown advantages in terms of
feasibility. Feng'™ proposed a graph-based algorithm that
only included one attribute on the left-hand side of each
functional dependency ( FD ). Similarly, Saiedian
et al. """ utilized directed graphs to compute candidate
keys in polynomial time. Furthermore, they represented
the FDs among attributes in a relation scheme by using a
graph and introduced an algorithm to find all minimal
keys in the same work. Bahmani et al.'"’ suggested an
automatic method based on graph theory for generating
keys. The candidate graph, as proposed by Bordoloi
et al.'""" | serves as an approach to finding all minimal
keys. Additionally, Fernandez et al.'”’ defined port graph
rewriting rules and a strategy for determining minimal
candidate keys in a relation scheme, along with a method
based on the strategic port graph rewriting to find all
minimal keys.

Let R(U, F) be a relation scheme, where U is the set
of attributes and F is the set of FDs. Based on their
appearance in F', the attributes in U can be partitioned into
four distinct subsets: U,, U,, U,, and U,. Specifically,
U, consists of attributes that appear exclusively on the
left-hand sides of FDs in F', U, consists of attributes that
appear exclusively on the right-hand sides of FDs in F,
U, consists of attributes that appear on both the left-hand
sides and the right-hand sides of FDs in F', and U, consists
of attributes that do not appear in any FD in F. Let X and
V be subsets of U, while A and B are attributes in U. The
set of all FDs that can be derived from F by repeatedly
applying the inference rules, including the FDs in F
itself, is called the closure of F and is denoted by F*. The
feature of the prime attribute is shown in Ref. [ 19 ],
namely, an attribute A is a prime attribute if and only if
for any FD X —> A € F", there must be an FD V— B €
F*, where A € Vand B € X. Thus, it is an important step
to find pairs of FDs X > Aand V— B € F', where A €
V and B € X. The derivation of an FD plays a crucial role
in the finding process.

several
methods"

categories,
2-3,12]
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To model derivations, Beeri et al.'™ introduced a

graph model known as F-based derivation tree ( F-based
DT). It has practical value for finding pairs of FDs X — 4
and V—B € F', where A € Vand B € X. In contrast to
the aforementioned work, our focus is on addressing the
prime attribute problem. The F-based DT serves as an
effective tool for describing the derivation of an FD and
revealing features of prime attributes. Based on this
model, we propose a recognition algorithm for prime
attributes.

We aim to investigate the identification of prime
attributes based on F-based DT and make the following
contributions.

1) We prove that the prime attribute problem is in
polynomial-time complexity class ( P-class) when the
attribute is in U, ,U,, and U, , but it is NP-complete when
the attribute is in U,.

2) We propose an algorithm for recognizing prime
attributes based on the F-based DT, which can simplify
the process for recognizing prime attributes significantly ,
and improve the database normalization.

Section 1 provides an introduction to relational
model preliminaries. Section 2 first discusses the
representation of prime and nonprime attribute features in
F-based DTs, followed by the presentation of an
algorithm for recognizing prime attributes based on
F-based DTs. Section 3 analyzes the time efficiency of
Algorithm 3. Section 4 concludes the paper.

1 Preliminaries

1.1 Relation schemes and relations

A relational database is composed of a collection of
tuple sets. Each tuple set in this collection is referred to as
the state or extension of the associated relation scheme,
and it can be viewed as a relation in the mathematical
sense?'’. Therefore, the state or extension of a relation
scheme is also known as a relation. A relation scheme is
used to describe a single relation and consists of the
relation name, attributes, and a set of data dependencies.
The relation scheme is denoted as R(U, I'), where R
represents the relation name, U= {A,, A,, -+, A} is the
set of attributes appearing in the scheme, and each
attribute has an associated domain consisting of a set of
possible values. It is essential to recognize that different
attributes may have the same domain. The set of data
dependencies is represented by I. The primary data
dependency discussed in this paper is the FD, which will
be defined precisely in Subsection 1. 2.

In practical terms, a relation is typically depicted as
a table, with each column representing a distinct attribute
and each row representing a distinct entity. An <entity,
attribute> entry in the relation denotes a value linked to
the entity, chosen from the attributes domain. The set of
tuples that comprise a relation usually changes over time

as entities are inserted, deleted, or modified, while the
schema of the relation tends to remain relatively static
throughout the lifecycle of the relation.

1.2 FDs

FDs are a central concept in the database,
significantly influencing both the design of database
schemas and the optimization of queries**. FDs, serving
as fundamental integrity constraints, formally characterize
the interrelationships between attributes and constitute a
specialized instrument within relation schemes.

Let R(U, F) be a relation scheme, where U is the set
of attributes and F is the set of FDs. Let A and B be two
arbitrary attributes in U, which are denoted by A,B € U.
If A functionally determines B, or equivalently, B is
functionally dependent on A, there exists at most one
corresponding value of b € DOM ( B) for each value of
aeDOM(A), where DOM(A) and DOM(B) represent
the domains of A and B, respectively. It is common
practice to omit the DOM and use the notation f; A — B
to indicate the functional dependence of B on A. This
relationship is referred to as an FD.

By applying Armstrong’ s axioms , it is possible
to infer additional FDs beyond those explicitly provided in
F. The closure of F, denoted as F*, consists of all FDs
that can be derived from F, including both the
dependencies originally in F and those generated through
repeated applications of these axioms.

1.3 Prime attributes and keys

Let R(U, F) be a relation scheme, where U is the
set of attributes and F is the set of FDs. A subset K of U
in relation R is a superkey if every attribute in U is
functionally determined by K. A subset K of U is
considered a candidate key of R if it is a minimal
superkey , meaning that no proper subset of K can serve as
a superkey of R. An attribute A is classified as a prime
attribute if it belongs to any candidate key of R;
otherwise, it is considered as a nonprime attribute.

Lemma 1'”"  Let R(U, F) be a relation scheme,
where U is the set of attributes and F is the set of FDs.

1) Attributes in U, or U, are prime attributes, and
U, U U, is included in any key of R.

2) Attributes in U, are nonprime attributes.

3) Kis the unique key of R if and only if K N U, =

[9-10]

?.

Lemma 2!’ Let R(U,F) be a relation scheme,
where U is the set of attributes and F'is the set of FDs. If
attribute A belongs to U, , attribute A is a prime attribute if
and only if for any X - A € F", there must exist an FD
V—B e F', whereA € Vand B € X.

Lemma 3'”'  Let R(U, F) be a relation scheme,
where U is the set of attributes and F is the set of FDs.
Attribute A is a prime attribute if and only if for any X —
A e F*, there must existan FD V—B e F*, where A €
Vand B € X.

’
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1.4 F-based DT

To model derivations, Beeri et al.'™ introduced a
graph model, called F-based DTs. Let F be a set of FDs.
The set of F-based DTs is defined as follows.

Rule 1 If Ais an attribute, then a node labeled with
Ais an F-based DT.
Rule 2 If T is an F-based DT with a leaf node

labeled with A and the FD B,B,---B, — Ais in F', then the
tree constructed from 7'by adding B, B,---B,, as children of
the leaf labeled with A is also an F-based DT.

Rule 3 A labeled tree is an F-based DT only if it is
obtained by a finite number of applications of Rules 1
and 2.

If the set of leaves’ labels in a DT is contained in
the set of attributes X, then we call it an X -DT. An
X-DT with root labeled by A is called a DT for the FD
X —A.

Lemma 4'®) The FD X — Yis in F*, where X and
Y are sets of attributes, if and only if for each attribute A
in Y, there exists an F-based X-DT with root labeled A.

Lemma 5 Let 7 be an F-based DT. Y is a
nonempty set of nodes’ labels of T and X is the set of
labels for all leaves in 7. Then, the FD X — Yis in F".

2 Recognizing Prime Attributes Based
on F-based DT

The features of prime and nonprime attributes have
been presented, and the necessary and sufficient condition
for an attribute to be classified as a prime attribute has
been formally proven in early research in Ref. [ 19].

According to Lemma 3, in order to determine
whether attribute A is a prime attribute, it is essential to
identify each pair of FDs X > A,V—B € F", where A €
Vand B € X. Therefore, the derivation of an FD holds
significant importance in the decision-making process.
The F-based DT serves as an effective tool for deriving
FDs. In this section, we will present a method for
recognizing prime attributes based on the F-based DT.

Let R( U, F) be a relation scheme, where U is the set
of attributes and F' is the set of FDs. For simplicity, we
assume that all FDs have single attributes on their right-
hand sides, unless explicitly stated otherwise. According
to the definition of an F-based DT, there exists at least
one F-based DT with a root labeled as A for any attribute
in U.

We define an F-based DT as maximal if the label of
each leaf is identical to the label of only one ancestor, or
the label is in U,. The maximal F-based DT is denoted as
an MF-based DT. For the FD X — A, if there exists an
F-based DT with a root labeled as A, and the set of labels
of the leaves is a subset of the attributes in X, we refer to
it as an (X, A)-DT. Furthermore, we define a set of
F-based DTs as an F-based DT forest.

Example 1 Consider a relation scheme R(U, F) ,

where U = {A,B,C,D,E, G, H| is the set of attributes,
and F={A—-B,A—C,BC—A,BCD—E,E—G,G—
E! is the set of FDs.

The MF-based DT forest for Example 1 is illustrated
in Fig. 1.
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Fig. 1 MF-based DT forest whose roots are labeled with different
attributes: (a) A; (b) B; (¢) C; (d) D; (e) E; (f) Gy
(g) H

Lemma 6 Let R(U, F) be a relation scheme,
where U is the set of attributes and F is the set of FDs.
Attributes in U, or U, correspond to an F-based DT forest
in which every F-based DT contains only one node.

Proof IfAisin U, or U,, it does not appear on the
right-hand side of any FD in F. According to the
definition of an F-based DT, the F-based DT
corresponding to A consists of only one node labeled with
A. Therefore, A is in U, or U,, corresponding to an
F-based DT forest in which every F-based DT consists of
only one node.

In Example 1, U, = {D}, U, = {H}, Figs. 1 (d)
and 1 (g) represent the F-based DTs corresponding to U,
and U,, respectively, and they both consist of only one
node.

Lemma 7 Let R(U, F) be a relation scheme,
where U is the set of attributes and F'is the set of FDs. In
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an F-based DT forest, if an F-based DT consists of only
one node, the attribute labeled on that node belongs to
either U, or U,.

Proof According to the definition of an F-based
DT, if an F-based DT consists of only one node, the
attribute labeled on that node does not appear on the
right-hand sides of any FDs in F. Therefore, the attribute
may only appear on the left-hand sides of FDs in F or
may not appear in F at all, indicating that the attribute
belongs to either U, or U,.

In Example 1, the F-based DT forest comprises nine
MF-based DTs. Figures 1 (d) and 1 (g) represent the
F-based DTs, each consisting of only one node labeled as
D and H, respectively. Based on the attribute appearance
in F, we can deduce that attribute D belongs to U, and
attribute H belongs to U,.

Theorem 1 Let R(U, F) be a relation scheme,
where U is the set of attributes, F'is the set of FDs and the
right-hand side of each FD in F contains only one
attribute. 7T is the F-based DT forest corresponding to
attributes in U. If an F-based DT in T consists of only one
node, the attribute labeled on the node is a prime
attribute.

Proof If an F-based DT in T consists of only one
node, according to Lemma 7, the attribute labeled on that
node belongs to either U, or U,. By Lemma 1, attributes
in U, or U, are prime attributes. Therefore, the attribute
labeled on the node is also a prime attribute.

Lemma 8 Let R(U, F) be a relation scheme,
where U is the set of attributes, F'is the set of FDs and the
right-hand side of each FD in F contains only one
attribute. For an F-based DT forest in which the root of a
tree is labeled with an attribute in U, if a subtree consists
only of the root and its children, then the subtree
represents an FD in F.

Proof Let (X,A)-DT be the subtree consisting only
of the root and its children. Consequently, there exists an
F-based X -DT with root labeled as A. By Lemma 4, an
FD X — A is in F'. According to the definition of an
F-based DT, for an FD B,B,---B, — A in F', the nodes
labeled as B B,---B,, are the children of the root labeled as
A. By the definition of (X, A) -DT, BB, ---B, are
included in the set of attributes X. Thus, the subtree
(X,A)-DT can represent the FD B,B,---B, — A.

In Example 1, ( BC, A)-DT is a subtree that
consists only of the root and its children. From F', we can
deduce that BC — A € F.

Lemma 9 Let R(U, F) be a relation scheme,
where U is the set of attributes, F'is the set of FDs and the
right-hand side of each FD in F contains only one
attribute. For an F-based DT forest in which the root of a

tree is labeled with an attribute in U, if an attribute is
never labeled on a child of a root in the F-based DT
forest, then the attribute must be in U,.

Proof According to Lemma 8, a subtree consisting
of a root and its children represents an FD in F. If an
attribute is never labeled on a child of a root in the F-
based DT forest, it implies that the attribute does not
appear exclusively on the left-hand sides of FDs in F.
Therefore, the attribute must be in U,.

Lemma 10 Let R(U,F) be a relation scheme,
where U is the set of attributes, F'is the set of FDs and
the right-hand side of each FD in F contains only one
attribute. For an F-based DT forest in which the root
of a tree is labeled with an attribute in U, if an attribute
labeled on a root is also labeled on a child of another
root in the F-based DT forest, the attribute must be
in U,.

Proof According to Lemma 8, a subtree consisting
of a root and its children represents an FD in F. If an
attribute labeled on a root is also labeled on a child of
another root in the F-based DT forest, then it indicates
that the attribute appears on both sides of FDs in F.
Therefore, the attribute must be in U,.

In Example 1, A, B, C, F and G are the labels of
roots of MF-based DTs in Figs. 1 (a), 1(b), 1(c¢),
1(e) and 1(f), respectively, 4 is the label of a child of
the roots of (AB, B) -DT and (AC, C) -DT, B is the
label of a child of the root of (A, A)-DT, C is the label
of a child of the root of (A, A)-DT, E is the label of a
child of the root of (G, G) -DT, and G is the label of a
child of the root of (£, E) -DT. Based on the appearance
of attributes in ', we can deduce thatA, B, C, F and G are
in U,.

Theorem 2 Let R(U, F) be a relation scheme,
where U is the set of attributes, F is the set of FDs and
each FD in F only contains a single attribute on the right-
hand side. In an F-based DT forest, where the root of
each tree is labeled with an attribute from U, if an
attribute never appears as a child of any root in an
F-based DT forest, then it must be a nonprime attribute.

Proof By Lemma 9, if an attribute is never labeled
on a child of a root in the F-based DT forest, it must be
in U,. According to Lemma 1, all attributes in U, are
nonprime attributes. Therefore, if an attribute is never
labeled on a child of a root in the F-based DT forest, it
must be a nonprime attribute.

In our preliminary research, we have established the
relationship between an attribute *° s possibility of
becoming a prime attribute and the set U,(1 <1 < 4) it
belongs to. Algorithm 1 can determine U,(1 <: <4) that
an attribute is in.
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Algorithm 1 Recognizing attributes in U, , U,, U,, or U, based on F-based DT

INPUT: A relation scheme R( U, F) , where U is the set of attributes, F is the set of FDs and an attribute A € U

OUTPUT: If A is in U, , then return “1”; else if A is in U, , then return “2” ; else if A is in U, , then return “3” ; else if A is in

U,, then return “4”
Begin

1. Ty =0T, 0
2:fori = 1to |U]do |

3: 1, < atree consisting of only one node labeled with the ith attribute in U;

4. T, —T, U {t,};

{ //Construct the F-based DT forest with each F-based DT consisting of only one node

5. fori=1to | T,| do |
6: k<—1,

7 for j=1to | F| do {
8

If the attribute labeled on the root of ¢, appears on the right-hand side of the jth FD in F, then construct an F-based DT r,

with the root labeled as the attribute on the root of ¢, and the leaves labeled with the attributes appearing on the left-hand

side of the jth FD in F;

|

f
9: T, —T, Uirt;

10;  k<«Fk+1;} //Construct the F-based DT forest in which the leaves of the root of every F-based DT are the children of the

root

11, If attribute A is the label on the root of an F-based DT consisting of only one node and is also only the label on the leaf of

another F-based DT in T, then return “1”;

else if attribute A is the label on the root of an F-based DT consisting of only one node, then return “4” ;
else if attribute A is not the label on the leaf of an F-based DT in T, then return “2”;

else return “37;
End

Let R(U, F) be a relation scheme, where U and F
are the same as those in Example 1. We will determine
the set U, (1 < i < 4) to which each attribute in U
belongs by using Algorithm 1. In Algorithm 1, T, is the
F-based DT forest in which every F-based DT consists of
only one node, and T, is the F-based DT forest in which
the height of every F-based DT is 1. The initial values of
T, and T, are assigned as empty sets in Step 1. Step 2 to
Step 4 construct the F-based DT forest in which every F-
based DT consists of only one node, as described in
Fig. 2.

PO A

Fig.2  F-based DT forest with each F-based DT consisting of
only one node

Step 5 to Step 10 construct the F-based DT forest in
which the height of every F-based DT is 1. For ¢,, the
attribute labeled on the root appears on the right-hand side

of BC — A. Therefore, the root of r, is labeled with A,
and the leaves are labeled with B and C. For ¢,, the
attribute labeled on the root appears on the right-hand side
of A — B. Therefore, the root of r, is labeled with B, and
the leaf is labeled with A. For ¢, , the attribute labeled on
the root appears on the right-hand side of A — C.
Therefore, the root of r, is labeled with C, and the leaf is
labeled with A. For ¢,, the attribute labeled on the root
does not appear on the right-hand side of any FD in F.
Therefore, no F-based DT is constructed. For t5, the
attribute labeled on the root appears on the right-hand
sides of BCD — E and G — E. Therefore, the root of r, is
labeled with £, and the leaves are labeled with B,C and
D. The root of 4 is labeled with £, and the leaf is labeled
with G. Fort,, the attribute labeled on the root appears on
the right-hand side of £ — G. Therefore, the root of rg is
labeled with G, and the leaf is labeled with E. Fort,, the
attribute labeled on the root does not appear in ¥, so, no
F-based DT is constructed.

The resulting F-based DT forest, where the height of
each F-based DT is 1, is shown in Fig. 3.
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Lol T

Fig.3 F-based DT forest with height of each F-based DT being 1

Now, we can determine the set U, (1 < i < 4) to
which each attribute in U belongs by using Step 11 in
Algorithm 1. For D, it is labeled on the root of an
F-based DT consisting of only one node and is also the
label on the leaf of some other F-based DT in T,.
Therefore, D is in U,.

For A, it is the label on the root of an F-based DT
consisting of only one node and is not only the label on
the leaf of some F-based DT in T, but also the label on
the root of some F-based DT in T. Therefore, A is in U,.
B, C, E and G have the same characteristics as A. For H,
it is the label on the root of an F-based DT consisting of
only one node. Therefore, H is in U,.

Theorem 3 Algorithm 1 can recognize the attribute
which is in U,, U,, U, or U, exactly.

Proof In Algorithm 1, Step 8 utilizes Lemma 7 to
identify attributes belonging to either U, or U,, and
Lemma 9 to identify attributes belonging to U,. Since an
attribute can only belong to U,, U,, U, or U,, if an
attribute does not belong to U,,U, or U,, it must belong
to U,. Therefore, in Step 8, the final decision is that the
attribute belongs to U,.

Theorem 4 The time complexity of Algorithm 1 is
O(|U|x|F|), where | U|and | F| denote the cardinality
of U and F', respectively.

Proof In Algorithm 1, Step 5 is repeated O( | T, |)
times, where |T,|= |U/|. Step 7 is repeated O( | F|)
times, and since Step 7 is in the loop body of Step 5, the
longest step among all the steps is Step 8. Therefore, the
time complexity of Algorithm 1is O( |U|x |F]).

Corollary 1 When an attribute belongs to U,, U,
or U,, the prime attribute problem can be solved in
polynomial time.

Proof According to Lemma 1, an attribute in U, or
U, is a prime attribute, while an attribute in U, is a
nonprime attribute. By utilizing Algorithm 1, we can
identify whether an attribute belongs to U,, U, or U, in
polynomial time. Hence, when an attribute belongs to
U,, U,or U,, the prime attribute problem can be solved
in polynomial time.

Lemma 11 Let R(U, F) be a relation scheme,
where U is the set of attributes, F'is the set of FDs and the
right-hand side of each FD in F contains only one
attribute. For an attribute A, if X — A € F*, then there
exists an MF-based DT with its root labeled as A and its
leaves labeled with attributes in X, or there exists a
subtree of an MF-based DT with its root labeled as A and
its leaves labeled with attributes in X.

Proof If X - A € F', according to Lemma 4,
there exists an F-based DT with its root labeled as A and
its leaves labeled with attributes in X. Considering the
definition of an F-based DT forest, all F-based DTs with
their roots labeled as A are contained within the MF-based
DT with its root labeled as A. Thus, the F-based DT with
its root labeled as A and its leaves labeled with attributes
in X can be considered as an MF-based DT or a subtree of
an MF-based DT.

Theorem 5 Let R(U, F) be a relation scheme,
where U is the set of attributes, F'is the set of FDs and the
right-hand side of each FD in F contains only a single
attribute. A € U, is a prime attribute if and only if 4 is
labeled on a node of an MF-based DT, and some attribute
in X of an (X, A) -DT is labeled on the root of the
ME-based DT.

Proof To prove the sufficiency of the asserted
condition, we consider the definition of an (X, A) -DT.
There exists an F-based DT with its root labeled as A and
the set of labels of the leaves contained in the set of
attributes X. By Lemma 4, for any X - A4 € F*, ifAis
labeled on a node of an MF-based DT whose root is
labeled with some attribute B € X, then there exists a (V,
B) -DT and A € V. By Lemma 4, V— B € F'. This
shows that for X — A e F", there must exist an FD V —
B € F" whereA € Vand B € X. According to Lemma 2,
A is a prime attribute.

To prove the necessity of the asserted condition,
suppose that A € U, is a prime attribute. According to
Lemma 2, for X — A € F", there must exist an FD V —
B € F" whereA € Vand B € X. By Lemma 4, there must
exist an (X, A) -DT and a (V, B)-DT for X — A and
V — B. According to the definition of an MF-based DT,
the (V, B) -DT must be a subtree of an MF-based DT
with its root labeled as B. SinceA € Vand B € X, Ais
labeled on a node of an MF-based DT, and some attribute
in X of the (X, A) -DT is labeled on the root of the MF-
based DT.

Based on Theorem 5, we proposed Algorithm 2 to
recognize prime attributes from U, by F-based DT.
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Algorithm 2 Recognizing prime attributes from U, by F-based DT

INPUT: A relation scheme R( U, F) , where U is the set of attributes, F is the set of FDs and an attribute A € U,

OUTPUT: If A is a prime attribute, return “True” ; otherwise return “False”

Begin

. Construct the F-based DT forest T in which each F-based DT is maximal;

. f—“False” ;

A B

if A is the label of some node in the ith MF-based DT m then

1

2

3

4. whilei < | T|do |
5

6 j1

7

while j is the number of subtrees whose roots are labeled with A in m do {//Test subtrees whose roots are labeled with

A in m one by one

if A is the label of the node in the MF-based DT whose root is labeled with the jth attribute of X then k< | X |+ 2;
else k«—k + 1; | //If it is found that A is labeled on a node of an MF-based DT whose root is labeled with the jth
attribute of X, stop the loop. Otherwise, continue until every attribute in X has been checked

8. Select the jth subtree (X,A) -DT;
9: k‘*l,

10 While £ < | X | do |

11; ifk = |X|+2 then j«j+ 1

else j«—2+ the number of subtrees whose roots are labeled with A in m; | //If it is found that A is not the label of the

node in the MF-based DT whose root is labeled with an attribute of X, stop the loop. Otherwise, continue until

every subtree whose root is labeled with A in m has been checked

12. ifj = 2 + the number of subtrees whose roots are labeled with A in m then i<« | T |+ 2
else i«—i + 1} //If it is found that A is not the label of the node in the MF-based DT whose root is labeled with an attribute
of X, stop the loop. Otherwise, continue until every MF-based DT whose root is labeled with A in T has been checked

13:ifi = |T|+ 1then f+—“True”;
14, return f;
15. End

Let R(U, F) be a relation scheme, where U and F
are the same as those in Example 1. We will use
Algorithm 2 to determine whether A and G in U, are prime
attributes.

Step 1 constructs the F-based DT forest 7, where
every F-based DT is maximal as shown in Fig. 1 to Fig. 3
and |T|=9. When A is input into Algorithm 2, Step 5
selects the first MF-based DT containing a node labeled
with A as shown in Fig.1 (a). In Fig. 1 (a), there are
four subtrees whose roots are labeled with A: (AA,A) -DT
(the MF-based DT itself), (BC,A) -DT, (A, A)-DT
(left) and (A, A)-DT (right). Step 7 checks them one
by one. For (AA, A) -DT, Step 10 decides that A is the
label of the node in the MF-based DT whose root is
labeled with A, then k «— |AA|+ 2. Next, in Step 11,
j<—1 + 1, which means that the second subtree (BC,A) -
DT is selected. For (BC,A) -DT, Step 10 decides that A
is the label of the node in the MF-based DT whose root is
labeled with B, thenk<«— |BC |+ 2, and j<—2 + 1 in Step
11, which means that the third subtree (A, A)-DT is
selected. For (A, A)-DT, Step 10 decides that A is the
label of the node in the MF-based DT whose root is
labeled with A, then k<« |A|+ 2, j«—3 + 1in Step 11,
which means that the fourth subtree (A, A)-DT is
selected. For (A, A)-DT, Step 10 decides that A is the

label of the node in the MF-based DT whose root is
labeled with A, thenk < |A|+ 2, j«4 + 1 in Step 11,
sincej =4+ 1=5 > 4, Step 7 stops the while loop and
proceeds to Step 12. In Step 12, sincej<«—4 + 1, i«—1 +
1, which means that the second F-based DT in T is
selected, and the process repeats from Step 5 to Step 12.
In fact, A is the label of the node in the MF-based DT
whose root is labeled with the jth attribute of X in the
subsequent (X, A) -DTs. When Step 4 stops the while
loop,i=|T|+1=9 + 1, then f«— “True” in Step 13.
Therefore, Algorithm 2 returns “ True” in Step 14,
indicating that A is a prime attribute.

For G, when Step 5 selects the seventh MF-based DT
in which some node is labeled with G as shown in
Fig. 1 (f), there is a subtree (BCD, G) -DT. Step 10
shows that none of the attributes B, C and D is the label of
the root of an MF-based DT in which A is the label of
some node. Therefore, in Step 11, j«—2+ the number of
subtrees whose roots are labeled with G in Fig. 1 (f). In
Step 12, i« |T|+ 2. Sincei = |T|+ 2, the value of f
remains unchanged in Step 13, namely, f is set to
“False”. Therefore, Algorithm 2 returns “ False” in
Step 14, indicating that G is a nonprime attribute.

Theorem 6  Algorithm 2 can recognize the prime
attributes from U, exactly.
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Proof In Algorithm 2, Step 10 determines whether
A is the label of the node in the MF-based DT whose root
is labeled with an attribute of X. Step 7 checks every
subtree whose root is labeled with A in an MF-based DT.
Step 4 checks every MF-based DT whose root is labeled
with A. When Step 4 is completed, there are two
situations: ;= | T|+ lori= |T|+2. If i=|T|+1, then
in the MF-based DT forest T, for every subtree ¢ whose
root is labeled with A, A is the label of the node which is
in the MF-based DT whose root is labeled with the
attribute labeled on the leaf of the subtree t. According to
Theorem 5, A is a prime attribute. Ifi = | T'|+ 2, then A is
not the label of the node in the MF-based DT whose root
is labeled with an attribute of X. According to Theorem
5, A is a nonprime attribute.

Theorem 7 The time complexity of Algorithm 2 is
OC|U>x2"""), where |U| and2 """ are the cardinality
of U and the power set of U, respectively.

Proof In Algorithm 2, Step 4 repeats O( | T|)
times and | 7|= | U|. Since the maximum number of sets
of attributes that can functionally determine A is 2 L
Step 7 is in the loop body of Step 4 and repeats O( | U | x
2" times. Step 10 is in the loop body of Step 7 and
repeats O( | U]* x 2'"") times. Step 10 is the longest in
all steps, and thus the time complexity of Algorithm 2 is
oC|Ul®x2'"h.

Theorem 8 Let R(U, F) be a relation scheme,
where U is the set of attributes and F is the set of FDs.
When an attribute is in U,, the prime attribute problem is
NP-complete.

Proof To prove that the problem is NP-complete,
we must show that it is in NP and that all NP problems
are polynomial time reducible to it. First, we show that
the problem is in NP. Let (X, A)-DT be a subtree whose
root is labeled with A in the MF-based DT forest 7. We
select the set of attributes S which consists of the label of
every node in the MF-based DT whose root is labeled
with an attribute of X as a certificate, and test whether A
belongs to S. If A does not belong to S, then A4 is not a
prime attribute. It shows that when an attribute is in U,
the prime attribute problem is polynomially verifiable,
namely, it is in NP. To prove the second part, we show
that Lucchesi and Osborn’ s prime attribute problem is
polynomial time reducible to our prime attribute problem.
By utilizing Algorithm 1, we can determine whether A
belongs to U,, U,, U, or U, in polynomial time. As stated
in Corollary 1, the prime attribute problem can be solved
in polynomial time when an attribute belongs to U, , U, or
U,, so we can convert Lucchesi and Osborne’ s prime
attribute problem into our prime attribute problem by
excluding the cases where A belongs to U,, U, or U, in
polynomial time.

Combining Corollary 1 and Theorem 8, we can
deduce that attributes in U, pose the most challenging
aspect of the prime attribute problem. Hence, we can
determine whether an attribute is prime by considering the
scenarios where the attribute is in U,, U,, U, or U,.
Drawing upon Algorithm 1 and Algorithm 2, we present
Algorithm 3 for recognizing prime attributes based on the
F-based DT.

Algorithm 3 Recognizing prime attributes based on F-based DT

INPUT: A relation scheme R( U, F) , where U is the set of attributes, F is the set of FDs and an attribute A € U

OUTPUT: If A is a prime attribute, return “True” ; otherwise return “False”

Begin
LTy 05 T — 0
2. fori = 1to | U|do |

3: t, + atree consisting of a single node labeled with the ith attribute in U;

i

. fori = 1to | T|do |
k—1; forj = 1to | F|do {

~N N b

T<«—TU {t,}; } //Construct the F-based DT forest with each F-based DT having a single node

if the attribute labeled on the root of ¢; appears on the right-hand side of the jth FD in F,

then construct an F-based DT r, with the root labeled as the attribute on the root of ¢, and the leaves labeled with the

attributes appearing on the left-hand side of the jth FD in F;

8. T—T" U {r}; |

9:k«—k+ 1;} //Construct the F-based DT forest, with the leaves of each F-based DT’ s root consisting of the children of the

root

10: if A is the label on the root of an F-based DT consisting of a single node and is also the label on the leaf of some other

F-based DT in 7", then return “True” ;

’

else if A is the label on the root of an F-based DT consisting of a single node, then return “True” ;
else if A is not the label on the leaf of any F-based DT in 7", then return “False” ;

else call Algorithm 2;
11 : End
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3 Time Efficiency Analysis

Let R(U, F) be a relation scheme, where U is the set
of attributes and F is the set of FDs. The prime attribute
problem is NP-complete. Traditional algorithms,
particularly those based on key enumeration'"'"
typically require computing all candidate keys prior to
determining prime attributes. These methods incur a
worst-case time complexity of 0(2'"Ix | F|) .

02'""x [F[)y=2""""

To address this inefficiency, Kundu'®' proposed an
improved method that avoided full key enumeration,
thereby reducing the time complexity to O(2 U x
[F):

0(2\1;\—1 % ‘F‘)ZZMUH-

Our research is based on mapping the features of
prime attributes to the F-based DT forest, which offers
the potential for further optimization of time complexity.
When an attribute belongs to U, , U, or U, , the problem is
in the P-class.

As stated in Theorem 4 and Theorem 7, the time
complexity of Algorithm 1 is O( |U|x |F|), while
Algorithm 2 incurs a higher time complexity of O( | U|* x
2. In Algorithm 3, Step 1 to Step 9 and the first
three conditional branches in Step 10 reuse the structure
and logic of Algorithm 1. Therefore, when an attribute
belongs to U,, U, or U,, the time complexity of
Algorithm 3 is O( |U|x |F|). However, when an
attribute belongs to U, , Algorithm 2 is invoked, resulting
in a time complexity of O( | U|* x 2'""). Consequently,
the worst-case time complexity of Algorithm 3 is O( | U|* x
2 U \) .

OClUP x2!"hy=2""2x [U[~.

For a prime attribute problem, Algorithm 3 proposed
in this study can solve the problem in polynomial time
when an attribute is in U, , U, or U,. When an attribute is
in U,, the algorithm still achieves a lower time
complexity compared to conventional methods.
Experimental results demonstrate that the proposed
algorithm significantly improves the efficiency of prime
attribute recognition.

4 Conclusions

The features of prime and nonprime attributes are
presented'”’. To effectively recognize prime attributes,
we propose an algorithm for recognizing prime attributes
based on F-based DT. Through F-based DT, the
occurrence of attributes in the FDs is mapped to an
F-based DT forest and the features of attributes in U,
U,, U, or U, are represented in the F-based DT forest. By
the construction of F-based DT, Algorithm 3 can

recognize prime attributes among attributes in both the
complex subset ( U,) and the straightforward subsets
(U,, U, or U,). The algorithm not only significantly
reduces the exponential time complexity of traditional
methods but also improves the efficiency and reliability in
prime attribute recognition. When the attribute belongs to
U,, determining whether it is a prime attribute becomes
NP-complete.

In future work, we will explore the application of
this method to determine normal forms and address key-
related problems. The prime attribute problem has a
negative impact on the process of determining normal
forms. However, with our algorithm, membership
between an attribute and one of U,, U,,U, and U, can be
easily determined, and it is possible to determine whether
an attribute is a prime attribute when it is in U, , U, or U,
in polynomial time. Therefore, we will investigate the
relationship between attributes in U, and normal forms.
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