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Abstract Based on the diffraction theory of beams in
uniaxial crystals, diffraction properties of a Lorentz-Gauss
beam in uniaxial crystals orthogonal to the optical axis are
derived in analytical forms. Diffraction fields, intensity
distributions and effects of beam parameters are investi-
gated by numerical examples, respectively. Results show
that, upon propagation, initial field components and
intensity distributions of Lorentz-Gauss beams would
deteriorate due to effects of anisotropic media. When the
Lorentz-Gauss beam diffracts into the far field, its intensity
distribution would convert into a four-petal profile. Beam
parameters w, and w, are shown to have a strong influence
on intensity distributions. By selecting different values of
them, profiles of Lorentz-Gauss beams would be different
upon propagation.

Keywords Lorentz-Gauss beam, uniaxial crystal, inten-
sity distribution, anisotropic media

1 Introduction

In recent years, diode lasers have been widely used as the
light source in practical applications, such as fiber
communications, optical sensors, optical measurement
instruments, etc. Among these applications, some litera-
tures describe analytical expressions for the far field of the
emitted light of diode lasers, based on Maxwell’s equations
[1-3]. For example, a simple Gaussian model of diode
laser beams has been proposed and widely used in
coupling systems between a diode and an optical fiber
[4]. Very recently, a new realizable beam type named the
Lorentz-Gauss beam has been introduced [5,6]. Compared
to the Gaussian distribution, the Lorentz-Gaussian dis-
tribution occupies higher angular spreading characteristics,
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which provides a more appropriate model to describe the
radiation emitted by a single mode diode laser [3]. Also it
has been confirmed that the Lorentz-Gaussian beam is
valid to describe a variety of commercially available
double heterojunction Ga;_,Al,As lasers, whose active
regions are as narrow as 0.1 um for a typical emission
wavelength of 0.8 um [2]. Therefore, relatively highly
divergent optical fields are realizable in the far field of this
beam. As a result, the Lorentz-Gauss beam provides a
more appropriate model to describe some non-paraxial
laser beams [7,8]. So far many investigations have been
carried out by researchers concerning propagation proper-
ties of Lorentz-Gauss beams in/through various media [9—
13].

On the other hand, presently anisotropic media has
become a hot subject both in theoretical and experimental
aspects because it plays an essential role in designing
polarizers and compensators, etc. [14]. Because of its
importance in practical applications, in past years,
researchers have studied the propagation of various laser
beams in uniaxial crystals by solving Maxwell’s equations,
in cases of beams propagating orthogonal to the optical
axis [15-21] and along the optical axis [22—27]. The works
referred above are invaluable and significant; however, to
the best of our knowledge, there has been no report on
diffraction properties of the Lorentz-Gauss beam in
anisotropic media, so it is essential to know its exact
diffraction field in uniaxial crystals.

To solve the issue stated above, in this paper, diffraction
properties of Lorentz-Gauss beams in uniaxial crystals
orthogonal to the optical axis are derived in analytical
forms, and some numerical examples are illustrated to
show their behaviors upon propagation. Effects of beam
parameters on propagation properties in uniaxial crystals
are also illustrated and further discussed. Results show
that, upon propagation in uniaxial crystals, Lorentz-Gauss
beams lose their symmetric distributions and show
different spreading speed in x and y directions, which is
induced by the effect of anisotropic refractive media. It



Jia LI et al. Diffraction of Lorentz-Gauss beam in uniaxial crystals: orthogonal to optical axis 293

also shows that, when the Lorentz-Gauss beam diffracts
into the far field, its intensity distribution would convert
into a four-petal profile. By selecting a different beam
waist width of Lorentz parts in the source plane, intensity
distributions would be different upon propagation.

2 Theory analysis

It is assumed that a Lorentz-Gauss beam is incident on
uniaxial crystals at the initial plane z = 0 and propagates
along the z axis. The optical axis of the crystal coincides
with the x-axis of the Cartesian coordinate system, which is
orthogonal to the propagation axis. In this paper, the
evanescent field component is negligible so it can be
omitted. The dielectric tensor of the crystal can be written
as [15-21]

n2 0 0
e=0 n2 0 [, (1
0 0 n

where n., n, being the refractive indices of the extra-
ordinary and ordinary light, respectively.
Assuming that a Lorentz-Gauss beam in the initial plane
= 0 is linearly polarized along the x-axis, and its
analytical expression takes the following form [8—12]:
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where w is the waist width of the Gaussian part; w,, w,, are
the beam parameters related to the width of Lorentz parts in
x and y directions, respectively. In this paper the time
variant factor exp(—iwt) is omitted in Eq. (2). Recalling the
relationship between the Lorentz function and the
orthogonal Hermite-Gaussian function [12,28]:
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where N is the expanded number, a,,, is the weight
coefficient which can be indexed in Ref. [28]. H>,,(*) is the
Hermite polynomial of the order 2m. Substituting Eq. (3)
into Eq. (2), the boundary electric field in the initial plane
becomes

E(x,;,0 ii bZnH2m< )H2n<y >

WiW, Y m=0 n=0 Wy

2 P
CXp| —77 77 | €x (4)
( fx2 fy2
where f,, f, are given by
1 1

- = + —, | — X, ). 5
7w T J=Xy ®)
According to the diffraction theory of beams in uniaxial
crystals orthogonal to the optical axis, the electric field of a
beam after propagating a distance z in uniaxial crystals can

be expressed as [15-21]
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where p and ¢ are transversal positions in the output plane
z, ko is the wave number related with the wavelength as &

=2m/A. E ; is the two-dimensional Fourier transform of the
electric field component in the plane z = 0, which is given
by

(kmkyao) )2 dedyexp(ilkxx lk ) (X Vs 0):
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k.- and k.. shown in Eq. (6) are represented by
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Equation (6) gives the exact solutions to the electric field
of electromagnetic beams through uniaxial crystals
orthogonal to the optical axis. Because of the fact that
generally the Lorentz-Gauss beam is generated by the
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double heterojunction Ga;_,Al,As laser resonators, it
would have high divergence in the far field. In this case the
non-paraxial propagation of Lorentz-Gauss beams in
uniaxial crystals must be considered. However, the integral
format in Eq. (6) cannot be further performed for non-
paraxial diffraction of Lorentz-Gaussian beams. In this
paper, it is assumed that the paraxial propagation case

Eex(ps q;Z) = eXp(ikOneZ) 'Aex(pa (];Z)
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(Eq. (15) of Ref. [15]) is applied for the Lorentz-Gaussian
beam diffracting in uniaxial crystals. Therefore, relations
k. < ko, k, << k are satisfied and the factors &, and k. in
Eq. (6) can be truncated by Taylor expansions in k,/ky and
ky/ky for the phases and amplitudes up to the second order
[15]. After some algebraic operations Eq. (6) can be
arranged into
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Substituting Eq. (4) into Eq. (7), the two-dimensional Fourier transform of the electric field in the initial plane z =0 is

obtained:
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Substituting Eq. (10) into Eq. (9) and recalling the two following formulas [29]:
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after tedious but straightforward

Aex(p: q;z ) -

Aey(p, q; Z) =

Ae(p,q:2) =

295

integrations, amplitudes of the electric field in the reference plane z can be obtained:
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where factors Oy, O,, Py, P, in Eqgs. (13) and (14) are presented by
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Utilizing the expansion formula of Hermite polynomials [29]
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and performing the partial derivative in Eq. (14), it can be further rewritten as
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By using Egs. (17a) and (17¢), the electric field component
E,, of the light inside the uniaxial crystals can be obtained:

E,(p,q;z) = exp (ikyn.z)Ae,(p, 4; 2)

—+ exp (ikonoz)Aoy(pa q;Z). (18)

Equations (13), (17) and (18) are the main analytical
results of this paper, which provide a flexible approach to
study diffraction properties of a Lorentz-Gauss beam at an
arbitrary distance z in uniaxial crystals orthogonal to the
optical axis. Based on the analytical expressions derived
above, diffraction fields and intensity distributions of
Lorentz-Gauss beams in uniaxial crystals can be investi-
gated by detailed numerical examples.

3 Numerical results

In this section, based on Egs. (13), (17) and (18), some
numerical examples are illustrated to show the diffraction
properties of Lorentz-Gauss beams in a rutile crystal
orthogonal to the optical axis. In this paper the uniform
calculation parameters in all figures are A = 632.8 nm, wy =
20 pm, n, = 2.616, n, = 2.903, unless otherwise stated. It
can be indexed from Refs. [12,28] that, ag = 0.7399, a, =
0.9298x1072. When the even number 2m (2n) subse-
quently increases, both a,,, and b,, dramatically decrease.
Therefore, the expanded number N should not be large in
computations. In this paper N = 20 is chosen for our
numerical simulations, and Ref. [28] has proved that this
approximate method is precise and convenient for
computations.

Figure 1 shows the transversal field amplitude |4
(computed by Eq. (13)) of the extraordinary beam
originated by the incident Lorentz-Gauss beam propagat-
ing in uniaxial crystals orthogonal to the optical axis, at
several planes z. Beam parameters are w, = w,, = 20 um.

From figures it can be found that |4.,| possess more side-
lobes as z increases. When z subsequently increases, |Ac,|
would finally convert into a four-petal profile (see
Fig. 1(d)).

Figure 2 describes the profile of transversal field
amplitude |E,| (computed by Eq. (18)) of Lorentz-Gauss
beams propagating in uniaxial crystals orthogonal to the
optical axis, at several planes z. Beam parameters are the
same as Fig. 1. From Fig. 2(a) it is indicated that, in the
initial incident plane, |E,| = 0. This phenomenon
corresponds well to the analytical result by substituting z
= Oum into Eq. (18), and it also corresponds well to
illustrations of some previous reports [18,21]. When
propagation distance increases, many lobes of beam profile
begin to occur. In the far field region, |E,| would also
convert into a four-petal profile, which is s1m11ar to that
shown in Fig. 1(d).

Figure 3 represents the profile of longitudinal field
amplitude |4..| (computed by Eq. (17b)) of Lorentz-Gauss
beams propagating in uniaxial crystals orthogonal to the
optical axis, at several planes z. Beam parameters are the
same as Fig. 1. From Fig. 3 we can find that, the
longitudinal field component |4..| in the initial incident
plane has many lobes. However, when propagation
distance z increases, distributions of these lobes would
be destroyed and finally four-petal lobes start to emerge.
Comparing Fig. 3 with Fig. 1 and Fig. 2, it is found that
|E,| < |Ae.| << |4e| is satisfied, which corresponds well
to some previous reports [18,21] describing diffraction
properties of some other beams in uniaxial crystals.

Figure 4 shows the intensity distributions of Lorentz-
Gauss beams propagating in uniaxial crystals orthogonal to
the optical axis, at several reference planes z. Beam
parameters are the same as Fig. 1. Comparing Fig. 4(a) to
Fig. 1 of Ref. [8], it can be concluded that, when the
Lorentz-Gauss beam propagates in anisotropic media, its
intensity distribution would deteriorate and lose its initial
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Fig. 1 Profiles of transversal fields |4.,| of Lorentz-Gauss beams propagating in uniaxial crystals at different planes. (a) z= 0 pm; (b) z=
2000 pm; (c) z = 5000 pm; (d) z = 10000 pm (beam parameters wy = w, = 20 pm)
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Fig. 2 Profiles of transversal fields |E,| of Lorentz-Gauss beams propagating in uniaxial crystals at different planes. (a) z = 0 um; (b) z =
2000 pum; (c) z = 5000 um; (d) z = 10000 um (beam parameters are the same as Fig. 1)
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Fig. 3 Profiles of longitudinal fields |4..| of Lorentz-Gauss beams propagating in uniaxial crystals at different planes. (a) z =0 pm; (b) z
= 2000 um; (c) z = 5000 um; (d) z = 10000 um (beam parameters are the same as Fig. 1)

profile due to the different spreading speed in x and y
directions. As a consequence, some side-lobes emerge
because of the effect of the anisotropic media. When the
propagation distance subsequently increases, more side-
lobes begin to occur (see Fig. 4(b)). When the Lorentz-
Gauss beam diffracts into the far field, its intensity
distribution finally converts into a four-petal profile (see
Fig. 4(d)). Numerical results also show that, when the
propagation distance is even larger, this generated four-
petal profile would preserve all along the propagation,
which is not illustrated here to save space.

Figures 5 and 6 represent the normalized intensity
distributions of Lorentz-Gauss beams with different values
of wy, w,, at planes z = 2000 um and 5000 um, respectively.
From figures it can be observed that, beam parameters w,
and w, have a strong influence on intensity distributions of
Lorentz-Gauss beams in uniaxial crystals. For example,
comparing Fig. 5(a) with Fig. 5(b), we can find that when
w, or w, increases, the beam profile correspondingly
changes. A similar phenomenon is illustrated in Fig. 6, for
propagation distance z = 5000 um. From these two figures,
we can conclude that when w, or w, changes, the beam
profile would loss its initial symmetric distribution upon
propagating in uniaxial crystals.

One significant point that needs to be stressed is that, the
analytical formulas (Egs. (16) and (17)) are only the
approximate format for the diffracted optical field of
Lorentz-Gaussian beams. This is because, according to the
deduction shown in Ref. [28], only if widths of the Lorentz
parts w,, w, are sufficiently small, the expansion method
is accurate. Also, observing from Fig. 1 of Ref. [28], one
can deduce that, the larger is the expanded number V, the
more accurate the approximate method applies. Therefore,
the exact diffracted field of Lorentz-Gaussian beams is
somewhat different from our approximated ones shown in
Fig. 1 to Fig. 6. One reason of this difference is that, when
the expanded approximation is made, a Gibbs-like
phenomenon induced by the remaining oscillation in the
wings appears but shown not to be serious for most
applications (detailed origination see Fig. 1 of Ref. [28]).
Another reason is the effect of the non-paraxial propaga-
tion. This is because, generally the Lorentz-Gauss beam is
produced in double heterojunction Ga;_,Al,As laser
resonators, so highly divergent optical fields are realizable
in the far field of this beam. In this case the non-paraxial
effect should also be considered in the exact diffracted field.
So Egs. (13), (17) and (18) in this paper can only provide an
approximate description of the diffracted field.
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Fig. 4 Intensity distributions of Lorentz-Gauss beams propagating in uniaxial crystals at different planes. (a) z = 500 um; (b) z =
2000 pm; (c) z = 5000 pum; (d) z = 10000 um (beam parameters are the same as Fig. 1)
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Fig. 5 Normalized intensity distributions of Lorentz-Gauss beams with different beam parameters propagating in uniaxial crystals at
plane z = 2000 um. (a) wy = w,, = 10 um; (b) wy = 10 pm, w,, = 20 pm
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Fig. 6 Normalized intensity distributions of Lorentz-Gauss beams with different beam parameters propagating in uniaxial crystals at
plane z = 5000 pm. (a) wy = w), = 10 pm; (b) w, = 10 pm, w), = 20 pm

4 Conclusion

Based on the diffraction theory of beams in uniaxial
crystals and analytical model expansions of beams,
diffraction properties of Lorentz-Gauss beams in uniaxial
crystals orthogonal to the optical axis are derived in
analytical forms. Diffraction field components and inten-
sity distributions of Lorentz-Gauss beams are investigated
by detailed numerical examples. Effects of beam para-
meters w, and w,, on intensity distributions are also studied.
Obtained results show that diffraction field components
and intensity distributions of Lorentz-Gauss beams would
deteriorate upon propagation in uniaxial crystals, and this
result is induced by the effect of anisotropic media. When
the Lorentz-Gauss beam diffracts into the far field (z is
large enough), its intensity distribution would finally
convert into a four-petal profile. Beam parameters w, and
w,, also have a strong influence on intensity distributions of
Lorentz-Gauss beams in uniaxial crystals. When w, or w,,
changes, beam profiles would lose their initial symmetry
upon propagation.
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