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Superconductivity in iron pnictides is studied by using a two-orbital Hubbard model in the large U limit.

The Coulomb repulsion induces an orbital-dependent pairing between charge carriers. The pairing

is found mainly from the scattering within the same Fermi pocket where usually one single orbital

dominates. The inter-pocket pair scatterings determine the symmetry of the singlet superconductivity,

which is an extended s-wave at small Hund’s coupling, and d-wave at large Hund’s coupling and large

U . The former is consistent with recent experiments of ARPES and Andreev reflection spectroscopy.

Spin triplet states only become important at large exchange interaction J .
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Superconducting (SC) iron pnictides have the highest
transition temperature next to the cuprates [1−7]. The
parent compounds are metallic spin density wave (SDW)
state [8−14]. Superconductivity occurs when part of
Fe2+ ions are replaced by Fe+. Because of its high
transition temperature and the unusual physical proper-
ties [15, 16], the conventional phonon mechanism seems
unlikely to explain the observed superconductivity. A
multi-orbital Hubbard model may be a starting point
to study its superconductivity; lots of works have been
devoted to this direction [17, 19−32]. Since the par-
ent compound is metallic, most theories examine the SC
instability from the weak Coulomb interaction point of
view [19, 20, 22, 23, 26, 29]. On the other hand, the ob-
served magnetic moment in the SDW phase is large [33],
indicating importance of spin couplings. The dynamic
mean field theory [17] also suggests its closeness to a
Mott insulator. This calls for an alternative approach
from the viewpoint of large Coulomb repulsion U , which
will be the purpose of the present paper, serving as a
supplemental study to the weak coupling approach. Our
main results were published in a short letter [18], and
here we include more details.

The electronic states of the compound are predomi-

nantly Fe-3d orbitals near the Fermi surface (FS) [10−12,
34], which is comprised of two hole pockets centered at
Γ = (0, 0) and two electron pockets at X = (π, 0) and
Y = (0, π), in the unfolded Brillouin zone (BZ), cor-
responding to 1 Fe atom per unit cell. Note that the
buckling of As-atoms reduces the BZ to the square en-
closed by the dashed lines in Fig. 1. The FS structure
can be reproduced by a 5-orbital model [20]. The bands
near the FS are mainly dxz and dyz orbitals [34]. Raghu
et al. [24, 25] used a 2-orbital model by combining dxz

and dyz orbitals to reproduce the FS in the reduced BZ.
Note that the 2-orbital model shifts a hole Fermi pocket
from the Γ - to the M = (π, π)-points in the unfolded
BZ, in comparison with the first principle calculations as
pointed out by Lee and Wen [29]. However, since the
experimental observables are in the reduced BZ, some
essential physics may be obtained from the simplified
model. In this paper, we also started from the 2-orbital
model and study the superconductivity at large U limit
which is required by both the strong spin coupling as ob-
served experimentally [33] and Mott physics from DMFT
study [17]. We will argue that our qualitative results will
remain unchanged by the simplification of the 2-orbital
model. We find that the virtual hopping induces orbital
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dependent pairings of charge carriers. The intra Fermi
pocket pair scattering is strongest, and the the pairing
symmetry is determined by inter pocket pair scatterings
and is extended s-wave (s±) for small Hund’s coupling
and d-wave for large Hund’s coupling and large U . The
s±- state was proposed by Mazin et al. [19] based on
the analysis of the small Fermi pockets and spin fluc-
tuations, and was found in weak coupling or small U
approaches [20, 22]. Our result at large U limit further
supports the s± symmetry. This pairing state appears
consistent with the APRES [26] and Andreev reflection
spectroscopy [16].

Fig. 1 Fermi surface in the unfolded Brillouin zone (BZ) of
H0. The square enclosed by the dashed lines is the reduced BZ.
Color scheme illustrates weights contributed from orbitals dxz and
dyz. Arrows indicate inter-pocket pair scatterings with wavevec-
tors q ∼ (0, π), (π, 0) and (π, π). Numerics (positive value: at-
tractive) are the corresponding scattering amplitudes Amm

nn (q) in
Eq. (16) in unit of t2/U at J = 0. Not shown is the intra-pocket
scattering Ann

nn(q ∼ (0, 0)) = 20t2/U .

The 2-orbital model reads [24, 25]

H = H0 +HI (1)

where HI is an on-site Coulomb term, and H0 is a tight-
binding model on a square lattice of Fe-atoms,

H0 =
∑

knmσ

(εnm
k − μ)ĉ†knσ ĉkmσ =

∑

kασ

ξkαĉ
†
kασ ĉkασ

ξkα =
ε11k + ε22k

2
− μ+ α

√[
ε11k − ε22k

2

]2

+ (ε12k )2 (2)

where εnm
k is the hopping matrix between different or-

bitals in k-space, n = 1 or (2) denote orbitals dxz (or
dyz). μ is the chemical potential. α = ± represents
the electron or upper (+) band and the hole or lower
(−) band, corresponding to the diagonalized energy ξk±.
The band and orbital representations are related by a
unitary transformation, ĉknσ =

∑

α=±
unα(k)ĉkασ. Here

we follow Refs. [24, 25] and parameterize H0 by hopping

integrals tnm
τ (or denoted as tnm

i,j in the latter context)
between two sites i and j = i + τ , which is the Fourier
transform of εnm(k). We set

t11x̂ = t22ŷ = t1, t11ŷ = t22x̂ = t2, t11x̂±ŷ = t22x̂±ŷ = t3,

t12x̂+ŷ = t4, t12x̂−ŷ = −t4 (3)

by lattice and orbital symmetry. Then εnm(k) reads

ε11k = −2t1 cos kx − 2t2 cos ky − 4t3 cos kx cos ky

ε22k = −2t2 cos kx − 2t1 cos ky − 4t3 cos kx cos ky

ε12k = −4t4 sinkx sin ky (4)

By choosing t1 = −t, t2 = 1.3t, t3 = t4 = −0.85t,
the calculated FS with electron density per site ≈ 2.10 is
reproduced in Fig. 1, which is similar to the results from
the first principle calculations [19, 24, 25] for LaFeAsO.
The weight contributed from each orbital at the FS are
illustrated in the figure. The state on the electron pocket
around the X (Y ) is mainly from dyz (dxz) orbital. The
state on the hole pocket around the Γ consists of dyz

and dxz orbitals equally if k is along the diagonals, and
mainly from dxz (or dyz) orbital if along the x or y

axis. This weight distribution affects greatly the pair-
ing strength which varies substantially among different
pair scattering channels.

The on-site interaction resulted from the general
Hamiltonian,

HI =
1
2

∑

σ,σ′

∫
dxdx′ψ†

σ(x)ψ†
σ′(x

′)

·V (x − x′)ψσ′(x′)ψσ(x) (5)

has the following form:

HI =
∑

i;m=1,2

(Un̂im↑n̂im↓ + Jĉ†im↑ĉ
†
im↓ĉim̄↓ĉim̄↑)

+
∑

i;σσ′
(U12n̂i1σn̂i2σ′ + Jĉ†i1σ ĉ

†
i2σ′ ĉi1σ′ĉi2σ)

where n̂imσ = ĉ†imσ ĉimσ, U and U12 are the intra-
and inter-orbital direct Coulomb repulsions, respectively.
The terms with J are the exchange interaction. By ro-
tational invariant symmetry, U = U12 + 2J [35]. In the
limit, U, J � t, each lattice site is doubly occupied in
the parent compound. Upon electron doping, some sites
will have 3 electrons (or 1 hole). A single hole at site i
may interchange with a two-hole state at site j, leading
to a metallic phase. The effective interaction between
two single holes on neighboring sites (i, j) can be de-
rived by using the second-order perturbation theory by
considering the virtual hopping processes [35], similar to
the super-exchange interaction derived in the single band
Hubbard model, and it is given by
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Heff =−
∑

i,j,σ

∑

n,n′,m

tn,m
i,j tm,n′

j,i ĉ†i,n,σ ĉi,n′,σ

(
U

U2 − J2
n̂j,m,σ +

U12

U2
12 − J2

n̂j,m,σ +
1

U12 − J
n̂j,m,σ

)

−
∑

i,j,σ

∑

n,n′,m

tn,m
i,j tm,n′

j,i ĉ†i,n,σ ĉi,n′,σ

(
− U

U2 − J2
ĉ†j,m,σ ĉj,m,σ +

J

U2
12 − J2

ĉ†j,m,σ ĉj,m,σ

)

−
∑

i,j,σ

∑

n,n′,m

tn,m
i,j tm,n′

j,i ĉ†i,n,σ ĉi,n′,σ

(
− J

U2 − J2
ĉ†j,m,σ ĉj,m,σ − J

U2
12 − J2

ĉ†j,m,σ ĉj,m,σ − 1
U12 − J

ĉ†j,m,σ ĉj,m,σ

)

−
∑

i,j,σ

∑

n,n′,m

tn,m
i,j tm,n′

j,i ĉ†i,n,σ ĉi,n′,σ

(
J

U2 − J2
ĉ†j,m,σ ĉj,m,σ − U12

U2
12 − J2

ĉ†j,m,σ ĉj,m,σ

)
(6)

By using the singlet and triplet pairing operators be-
tween different orbits

b̂nm(ij) =
1√
2
(ĉin↑ĉjm↓ − ĉin↓ĉjm↑)

T̂ nm
1 = ĉin↑ĉjm↑

T̂ nm
0 =

1√
2
(ĉin↑ĉjm↓ + ĉin↓ĉjm↑)

T̂ nm
−1 = ĉin↓ĉjm↓ (7)

the effective interaction shows a simple form as shown in
Eq. (8) with the singlet and triplet Hilbert spaces sepa-
rated from eachother:

H2 = −
∑

ij

∑

nmn′m′

[
Am′n′

nm (ij)b̂†nm(ij)b̂n
′m′

(ij)

+
∑

Sz

Bm′n′
nm (ij)T̂ Sz†

nm (ij)T̂ n′m′
Sz

(ij)
]

(8)

where Sz = −1, 0, 1, and

Am′n′
nm (ij)=

[
(−1)m+m′

U − J
+

1
U + J

]
tnm
ij tm

′n′
ji +

tnm̄
ij tm̄

′n′
ji

U12 + J

Bm′n′
nm (ij) =

(−1)m+m′

U12 − J
tnm
ij tm

′n′
ji (9)

where m refers to the conjugate orbital of m, and the
1st and 2nd terms in H2 are the pairing interactions in
the spin singlet and triplet channels, respectively. In
Eq. (8) and formalism hereafter, we use hole notation.
The results plotted in all the figures, however, will be
in the electron convention, consistent with other litera-
tures. About 40 years ago, Castellani et al. [35] stud-
ied the spin–spin coupling for a 2-fold orbital degenerate
Hubbard model in the context of V2O3. Our expres-
sion here is equivalent to theirs, although the pairing
forms were not explicitly given in their formalism. The
spin triplet states become important at J/U → 1/3, or
J → U12, which can be seen clearly from the second
term in Eq. (8), since Bm′n′

nm gets substantially larger
when J → U12. Below we focus on the spin–singlet state
with even parity, which is energetically more favorable
for J/U not so large, i.e. J is not so close to U12. The

pairing interaction between carriers derived in the large
U -limit should be relevant to the intermediate coupling
region [36, 37].

The effective Hamiltonian is then Heff = H0 + H2,
subject to the constraint of no more than 2 holes per
site. This can formally be represented by a Gutzwiller
projection operator to project all the unphysical states,
similar to that in the t–J model [38]. Mathematically,
Heff may be studied by using a renormalized Hamiltonian
approach to take into account the projection [39] by in-
troducing renormalization factors, gt for H0 and g2 for
H2, both are doping dependent. For a given doping, the
effect of the renormalization is to scale all the t′s to gtt

′s,
and (U, J) to (g2

t /g2)(U, J). Below we will absorb these
renormalization factors into the parameters (t′s and U)
and effectively set gt = g2 = 1 in our calculations.
Heff can then be solved using a mean field theory by

introducing mean fields for the spin–singlet pairing with
even parity and symmetric orbitals [40−43],

Δnm(τ ) = Δmn(τ ) =
1√
2
〈b̂nm(i, i+ τ )〉 (10)

with τ = ±x̂, ±ŷ, ±(x̂ ± ŷ). By symmetry analysis, we
have Δ11(x̂) = ±Δ22(ŷ), Δ11(ŷ) = ±Δ22(x̂), Δ12(x̂) =
Δ12(ŷ) = 0, Δ11(x̂ ± ŷ) = ±Δ22(ŷ ∓ x̂), Δ12(x̂ + ŷ) =
−Δ12(x̂ − ŷ). Note that Δ12(x̂ ± ŷ) = 0 for the d-wave
state. The pairing strength with A2g and B2g symme-
tries [40−43] are found to be very small, and will not be
discussed in the following context [44]. The mean field
Hamiltonian of Heff can be written in Nambu represen-
tation as:

HMF =
∑

k

ψ̂†
k

(
ξk V (k)

V †(k) −ξk

)
ψ̂k (11)

where ψ̂†
k =

(
ĉ†k+↑, ĉ

†
k−↑, ĉ−k+↓, ĉ−k−↓

)
. Pair coupling

nondiagonal component V (k) is a 2 × 2 matrix in band
picture, given by

Vαβ(k)=
∑

nmm′n′;τ

Am′n′
nm (τ )Δ∗

nm(τ )eik·τum′α(k)un′β(k)

=
∑

m′n′
Sm′n′

(k)um′α(k)un′β(k)
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where S is the 2 × 2 matrix in orbital picture. The S
matrices can be written as S(k) = S0(k)τ0 + S1(k)τ1 +
S2(k)τ2 + S3(k)τ3 with the Pauli matrix τi. According

to the symmetry analysis [40−43], S2 = 0 for both s±
states and d-wave states. According to Eqs. (3) and (9),
the S matrices for s± states are

S0(k)=4(cos kx+cosky)

[(
t21

U

U2 − J2
−t1t2 J

U2−J2

)
Δ11(x̂) +

(
t22

U

U2 − J2
− t1t2

J

U2 − J2

)
Δ22(x̂)

]

+16 coskx cos ky

[(
t23

1
U + J

+ t24
1

U12 + J

)
Δ11(x̂+ ŷ) − t3t4

( 1
U + J

+
1

U12 + J

)
Δ12(x̂ + ŷ)

]

S1(k) =−16 sinkx sin ky

[( t24
U + J

+
t23

U12 + J

)
Δ12(x̂+ ŷ) − t3t4

( 1
U + J

+
1

U12 + J

)
Δ11(x̂+ ŷ)

]

S3(k)=4(cos kx−cosky)

[(
t21

U

U2 − J2
+t1t2

J

U2 − J2

)
Δ11(x̂) −

(
t22

U

U2 − J2
+ t1t2

J

U2 − J2

)
Δ22(x̂)

]

(12)

and the ones for d-wave states are

S0(k)=4(cos kx−cosky)

[(
t21

U

U2 − J2
−t1t2 J

U2 − J2

)
Δ11(x̂) +

(
t22

U

U2 − J2
− t1t2

J

U2 − J2

)
Δ22(x̂)

]

S1(k) =0

S3(k)=4(cos kx+cosky)

[(
t21

U

U2 − J2
+t1t2

J

U2 − J2

)
Δ11(x̂) −

(
t22

U

U2 − J2
+ t1t2

J

U2 − J2

)
Δ22(x̂)

]

+
16 coskx cos ky

U − J

[
t23Δ11(x̂ + ŷ) + t3t4Δ12(x̂+ ŷ)

]

(13)

HMF can be solved self-consistently, and the energy per

site is E = − 1
N

∑
k,±E±(k), with E±(k) the quasi-

particle energy of the upper (+) and lower (−) bands,
given by

E±(k) =
√
w2

++V 2
+− ±

√
w4−+V 2

+−[(ξ+−ξ−)2+(V+++V−−)2]

(14)

where w2
± = [ξ2+ + V 2

++ ± (ξ2− + V 2
−−)]/2, and the k-

dependence is implied. In Fig. 2, the energies of the
SC states are depicted as functions of J/U for t/U = 0.1
and t/U = 0.2. At t/U = 0.2, the s± state is always
energetically favorable. At t/U = 0.1, the ground state
is s±-wave if J/U < 0.16 and a d-wave if J/U > 0.16.

In Fig. 3, we plot the intra-band pairing amplitude
V++(k) for the electron-band and V−−(k) for the hole
band. In the s± state, V (k) is invariant under a π/2
rotation. However, unlike the conventional s-wave case,
both V++(k) and V−−(k) have a nodal line in the BZ,
and the pairing amplitudes V++ on X and Y pockets

Fig. 2 Energy per site of Heff in s± state (red solid line) and d-wave state (blue dashed line) for (a) t/U = 0.1 and (b)
t/U = 0.2.
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Fig. 3 Intra-band pairing amplitude Vα,α for s± (left) and d-wave (right) symmetry states. (a) and (b): electron band; (c)
and (d): hole band. Fermi surfaces are indicated by the black lines. (e) and (f): Relative sign of the pairing amplitudes and
order parameters around Fermi pockets.

have the same sign, but are opposite to V−− on Γ , sim-
ilar to the state proposed by Mazin et al. [19]. In the
d-wave state which is stabilized by the strength and sign
of the pair scattering between the two FS on X and Y ,
the diagonal component Vαα(k) changes a sign under a
π/2 rotation, and has nodal lines along the diagonals in
the BZ.

Let us examine the pairing strength at the FS around
the Fermi pockets Y and Γ . For a Fermi wavevector
kF on the Fermi pocket centered at C = (kc

x, k
c
y), we

define an angle θ = arctan[(kF
y − kc

y)/(kF
x − kc

x)]. The
θ-dependences of V (k) on the electron pocket around Y
and the hole pocket around Γ of the s± state are plotted
in Fig. 4. For the s± state, |V++| � |V+−|, |V−−| on Y -
pocket [see Fig. 4(a)]. This suggests that the SC pairing
is mainly due to the electron pairing of the same orbital.
At the pocket centered at Γ , V+− is negligibly small,

so that the SC pairing is mainly due to the hole pair-
ings. We emphasize that although there are nodal lines,
V++ on pocket Y and V−− on pocket Γ are always finite.
There is a full gap on both Fermi pockets around Y and
Γ , consistent with recent ARPES and Andreev reflection
spectroscopy results. Because of the above analyses, we
have E−(k) ≈ V++(k) around Y and E−(k) ≈ V−−(k)
around Γ as shown in Fig. 4(c) and (d). The results for
the d-wave state are also shown in Fig. 5. The V (k) on
the electron pocket are similar with the s± result. How-
ever, the nodal line of V−−(k) crosses the hole Fermi
pocket and leads to a d-wave like quasiparticle spectrum.
The quasiparticle energy at the nodal point is given by
Ek = V 2

+−(k)/E+(k). Since V+−(k) 	= 0, but small, Ek

is non-zero but very small [not distinguishable from 0 in
Fig. 5(d)].

To better understand the SC pairing and its symme-
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Fig. 4 Angle dependence of pairing amplitude V++(k) (red line), V−−(k) (blue line), and V+−(k) (green line) along the
Fermi pocket around Y [panel (a)] and Γ [panel (b)] in the s±-state. (c) and (d): The quasiparticle gap on the electron Fermi
pocket and hole Fermi pocket for s±-states respectively.

Fig. 5 Angle dependence of pairing amplitude V++(k) (red line), V−−(k) (blue line), and V+−(k) (green line) along the
Fermi pocket around Y [panel (a)] and Γ [panel (b)] in the d-state. (c) and (d): The quasiparticle gap on the electron Fermi
pocket and hole Fermi pocket for d-states respectively.
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try found above, we examine the pair scatterings in the
orbital representation (intra and inter-orbitals) near the
Fermi pockets. The spin singlet pairing interaction in
H2 can be written as:

Horb
2 = − 1

N

∑

kk′,nmm′n′
Am′n′

nm (q)b̂†nm(k)b̂n
′m′

(k′) (15)

with q = k−k′, b̂nm(k) =
1√
2
〈ĉkn↑ĉ−km↓− ĉkn↓ĉ−km↑〉.

Am′n′
nm (q) is the Fourier transform of Am′n′

nm (ij). Horb
2 de-

scribes the pair scattering processes between two pairs of
electrons with momentum (k,−k) and (k′,−k′). Much
of physics may be gained by examining the orbital di-
agonal term b̂nn(k). Denote Ãnn′(q) = An′n′

nn (q), with
q = (qx, qy), we find

Ã11(q) =
4U(t21 cos qx + t22 cos qy)

U2 − J2

+
(

1
U + J

+
2

U − J

)
4t23 cos qx cos qy

Ã22(q) = A11(qy , qx)

Ã12(q) =
4

U + J
t23 cos qx cos qy

− 4J
U2 − J2

t1t2(cos qx + cos qy) (16)

where we have set t4 = t3 for simplicity. Since we have
small Fermi pockets, the pair scattering wave vectors are
q ≈ (0, 0) within the same pocket, and q ≈ (π, 0) or
(0, π) between the pockets Γ and X or Y , and q ≈ (π, π)
between the pockets X and Y , as illustrated in Fig. 1.
From Eq. (16), we find that the intra-pocket pair scat-
terings are always attractive (Ã(0, 0) > 0), and strongest
between the same orbital, and the pair scatterings be-
tween hole and electron pockets are always repulsive
(Ã(0, π) < 0). The pair scattering between the two
electron pockets at X and Y points is mainly between
two different orbitals, and Ã12(π, π) is attractive at small
J/U , and repulsive at large J/U . This qualitatively ex-
plains the relative signs in the order parameters among
the different Fermi pockets in both s± and d-wave states
as shown in Fig. 3. The scattering amplitudes in the
case J = 0 are shown in Fig. 1, which is of s±-symmetry.
For the case of singlet pairing, the orbital nondiagonal
scattering processes with q connecting different pockets
includes

A21
12(q) =

(
2

U − J
+

1
U + J

)
· 4t23 cos qx cos qy

+
2(t21 cos qx + t22 cos qy)

U − J

A12
21(q) = A21

12(qy, qx)

A12
12(q)=A21

21(q)=
4t23 cos qx cos qy

U + J
+

2t1t2 cos qx cos qy
U − J

(17)

but they are much less important than the orbital di-
agonal ones since substantial orbital hybridization only
happens on the diagonal direction of the hole pocket and
the pairing mainly formed between the same orbitals.

Finally, we discuss the effect to the superconductivity
due to the simplification in the 2-orbital model, which
results in the shift of a hole Fermi pocket from the Γ - to
M -point. Let us consider the effect of this Fermi pocket
to the pairings. From Eqs. (15) and (16), the pair scat-
terings between the hole pocket and the electron pockets
are repulsive for both hole pocket centered at the Γ or
M points. The pair scattering between a hole pocket at
Γ and a hole pocket at M is very small because of the
cancelation from the intra and inter-orbital scatterings,
while the pair scattering between the two hole pockets
both centered at the Γ point is attractive and strong,
which further favors the extended s-wave over the d-wave
states. In brief, the qualitative physics obtained from our
study of the 2-orbital model is expected to remain the
same except that the parameter space for the extended
s-wave state is expected to be enlarged when more accu-
rate band structure is considered. To further ensure the
qualitative conclusions of our theory, we have examined
a 3-orbital model as in Ref. [29], in which there are two
hole pockets around Γ in the unfolded BZ, which is bet-
ter in agreement with the LDA calculations. We have
extended our analyses of Eq. (15) to that model and
the pairing symmetries are found essentially the same as
from the 2-orbital model.

In summary, we have examined superconductivity in
iron pnictides using a 2-orbital Hubbard model at the
large U limit. An extended s-wave pairing is found most
stable in a large parameter space, consistent with early
theories starting with weak coupling (small U) and with
ARPES [15] and tunneling experiments [16]. Contrary
to some weak coupling theories, we find the pairing
to be mainly from the pair scattering within the same
Fermi pocket. Our analyses suggest some similarities
between the superconductivity in iron pnictides and in
the cuprates.
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