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ABSTRACT

Entanglement  and  quantum  correlations  between  atoms  are  not  usually
considered key ingredients  of  the superradiant  phase transition.  Here we
consider  the  Tavis–Cummings  model,  a  solvable  system  of  two-levels
atoms,  coupled  with  a  single-mode  quantized  electromagnetic  field.  This
system  undergoes  a  superradiant  phase  transition,  even  in  a  finite-size
framework,  accompanied  by  a  spontaneous  symmetry  breaking,  and  an
infinite sequence of energy level crossings. We find approximated expres-
sions  for  the  ground  state,  its  energy,  and  the  position  of  the  level  cross-
ings,  valid  in  the  limit  of  a  very  large  number  of  photons  with  respect  to
that of the atoms. In that same limit,  we find that the number of photons
scales  quadratically  with  the  coupling  strength,  and  linearly  with  the
system size, providing a new insight into the superradiance phenomenon.
Resorting  to  novel  multipartite  measures,  we  then  demonstrate  that  this
quantum phase transition is  accompanied by a crossover in the quantum
correlations  and  entanglement  between  the  atoms  (qubits).  The  latters
therefore represent suited order parameters for this transition. Finally, we
show that these properties of  the quantum phase transition persist  in the
thermodynamic limit.
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1   Introduction

The rapid experimental  progress  on quantum control  is
propelling the so-called second quantum revolution [1, 2]
forward, in which technologies based on the manipulation
of  single  quantum systems  are  being  developed.  In  this
light,  quantum information plays  a  role  of  utmost  rele-
vance, for instance, in quantum cryptography, quantum
computation,  teleportation,  the  frequency  standard
improvement problem, quantum metrology, and quantum
artificial intelligence [3]. Quantum correlation and quan-
tum entanglement are fundamental resources in quantum

information,  whose  potentialities  are  yet  not  fully
unveiled.

Very  recently,  entanglement  has  been  proposed  as  a
fundamental resource for the realization of high-efficiency
quantum  batteries  [4–6];  more  specifically,  it  has  been
shown  that  a  quantum  speedup,  resulting  in  super-
extensive power of quantum batteries, could theoretically
be achieved by entangling operation [5, 7]. Many models,
adopted to describe systems realizing quantum batteries,
are  inspired  by  the  Jaynes–Cummings,  Tavis–
Cummings,  Rabi  and  Dicke  models.  It  was  shown  in
Ref.  [8]  that  the  extensive  advantage  could  not  be
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achieved  without  global  operations,  that  is,  formally,
non-local operators acting on the whole system at once;
it  is,  however,  not  clear  if  systems  such  as  the
Tavis–Cummings  model  fall  into  this  category,  as  the
interaction  between  the  atomic  degrees  of  freedom  is
somewhat  indirect, mediated by  an  electromagnetic
cavity.  It  is  therefore  of  great  interest  to  assert  if,  the
superradiance  is  accompanied  by  multipartite  entangle-
ment  between  the  atoms,  thus  producing  an effective
global entangling operation.

In  a  previous  work  [9]  on  the  Rabi  model,  which
describes the dynamics of a two-level atom coupled with
a  single-mode  quantized  field,  it  has  been  shown  that
this  system  undergoes  a  quantum  phase  transition
(QPT),  despite  consisting of  a  finite  number of  degrees
of  freedom. On the contrary,  its  multi-atom generaliza-
tion,  namely  the  Dicke  model  [10, 11],  is  known  to
undergo a QPT only in the thermodynamic limit.

The  Jaynes–Cummings  (JC)  model  was  initially
proposed in 1963 [12] to describe the interaction of a two-
level atom with an electromagnetic field. It consists of a
simplification of the Rabi model (relying on the rotating-
wave approximation), and is thus a fully solvable quantum
model of a two-level atom (qubit) in interaction with a
quantized  single-mode  field.  The  technical  progress
nowadays achieved, has made this system experimentally
realizable  [13, 14],  and this  has renewed the interest  to
this class of models. Besides the applicative interest, the
JC  model  is  still  considered  an  intriguing  model  by
virtue  of  the  many  physical  effects  it  exhibits,  like,  for
instance, Rabi oscillations, collapses and revivals of Rabi
oscillations  and  the  superradiant  phase  transition
[15–18].  Very  recently,  in  Ref.  [19]  it  has  been  shown
that the JC model, despite the finite number of degrees
of freedom of the system, also exhibits a QPT. In partic-
ular, this QPT is a second-order superradiant transition:
in  the  broken-symmetry  phase,  the  ground  state  corre-
sponds  to  a  photon  condensate  with  a  macroscopic
photon occupation number.

In this view, it is of crucial importance to carry out a
study of the Tavis–Cummings (TC) model, which is the
multi-atoms generalization of the JC model as well as an
exactly  solvable  simplification  of  the  Dicke  model.  The
superradiant  QPT  has  been  demonstrated  in  this  case,
both in the resonant regime [20], and in the off-resonant
one [21].

While  entanglement  between  atoms  has  been
addressed extensively in the bipartite case [20, 22–24], it
is not true, up to our best knowledge, of the multipartite
case  (more  than  two  atoms).  In  fact,  only  bipartite
entanglement has been studied for  multi-atoms systems
[20], whereas, as we will show, most of their entanglement
content must be genuinely multipartite in nature.

In the present  work,  we thus tackle  the study of  the
TC model, and obtain the following results:
 
　● In  the  regime  of  a  large  number  of  photons  with

respect  to  the  number  of  atoms,  we  derived  an
approximated  expression  for  the  eigenenergy  and
eigenvector of the ground state, and for the positions
of  the  successive  level  crossings  occurring  in  this
QPT.
 

　● In  the  same  asymptotic  regime,  we  show  that  the
number of photons increases linearly with respect to
the  system  size  and  quadratically  with  respect  to
the  coupling  strength.  This  turns  out  to  be  a  good
approximation soon after the transition point.
 

　● The  QPT  is  accompanied  by  a  crossover  of  the
quantum  correlations  between  the  atoms,  which
converges, in the broken symmetry phase, to a finite
value in the thermodynamic limit. We were able to
perform this analysis thanks to a recently developed
measure  of  quantum  correlations,  the  quantum
correlation  distance  (QCD)  [25],  which  has  the
desirable  property  of  possessing  a  closed-form  very
easy to compute.  Consequently,  this  quantity plays
the role of an order parameter for this QPT.
 

　● The QPT is also accompanied by a crossover of the
entanglement,  i.e.,  a  breaking  of  separability.  The
degree of the said entanglement is not well captured
by bipartite measures, such as the two-tangle. Leaning
on the observation that quantum correlations maintain
a  high  value,  even  in  the  thermodynamic  limit,  we
conjecture that the entanglement per atom does not
vanish either in this limit.
 

　● Combining  the  previous  observations  lead  to  the
hypothesis  that  the  ground  state  of  the  TC  model
consists  of  genuinely  multipartite  entangled  states,
in the broken symmetry phase; the exact nature and
magnitude  of  the  entanglement  of  these  states
depends on an appropriate tuning of the parameters,
that will be studied in more details in a future work.
 

In this study, we limit ourselves to the zero-temperature
regime,  thus  only  investigating  the  ground  state  of  the
model  and  its  dependence  to  the  control  parameters;
thus,  thermal  decoherence  effects  are  not  taken  into
account. Besides its use in quantum battery realisation,
the  TC  Hamiltonian  can  also  model  the  dynamics  of
solid-state  systems  employed  in  quantum  information
processing applications [26].

This article is organized as follows: i) In Section 2 we
summarize the relevant definitions concerning the QCD
and entanglement distance (ED), which are measures for
pure  and  mixed  multi-partite  states  derived  from some
of  us  in  former  works  [25, 27–31].  ii)  We introduce the
TC model in Section 3. iii) In Section 4 we address the
superradiant  phase  transition  undergone  by  the  system
at any finite size, showing that it corresponds to successive
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crossings, in a narrow region, of the subspaces of minimal
energy. iv) Section 5 shows our computations and results
concerning  the  degree  of  quantum correlations  between
the  two-level  atoms,  showing  that  the  latter  reaches  a
finite value in the thermodynamic limit. v) In Section 6,
we  apply  an  entanglement  criterion  to  various  finite-
sized  system;  then,  computing  the total  two-tangle in
these systems, we apply the monogamy theorem [32] and
recall  the  QCD  previously  calculated,  to  provide  lower
and upper bounds for the total amount of entanglement
in  the  system.  Our  observations  strongly  suggest  that
the superradiant phase transition in this model is accom-
panied by a transition in the entanglement between the
atoms,  also  in  the  thermodynamic  limit.  Section  7
reports final comments. 

2   Methods

In  the  present  paragraph,  we  summarize  the  definition
of  the  QCD and  the  ED measures  for  pure  and  mixed
states that some of us have derived in former works [25,
27–31, 33, 34].

We chose to investigate the QPT occurring in the TC
model  using  these  measures  because  the  QCD presents
the advantage of being very easily computable and is a
proven valid measure of  quantum correlations.  The ED
is  itself  a  valid  measure  of  entanglement  that  has  been
shown to be related to the linear entropy of entanglement
[31, 34].  It  is  essentially  the  reduction  of  the  QCD  to
pure  states,  and  thus  can  be  used  to  provide  an  upper
bound for the mixed state ED. In the absence of a scalable
measure  of  entanglement  that  is  straightforwardly
computable  in  the  case  of  a  general  multipartite  mixed
state,  we  resort  to  the  quantities  introduced  in  this
section.

S M

H = H0 ⊗ · · · ⊗ HM−1

ρ ∈ S

Let  be the set of states on the tensor product of -
qubits  Hilbert  spaces ,  i.e.,  the  set
of  all  positive  operators  with  unit  trace.  We defined  in
Ref. [25] the QCD per qubit for a state  as 

C(ρ) = tr(ρ2)− 1

M

M−1∑
µ=0

λµmax(ρ) , (1)

µ = 0, . . . ,M − 1 λµmax(ρ)

Aµ(ρ)

where  is  a  label  for  the  qubits, 
are  the  maximal  eigenvalues  of  the  matrices 
defined as follows: 

Aµ
ij(ρ) = tr[ρσµ

i ρσ
µ
j ] , (2)

σµ
j j = 1, 2, 3 µwith  ( ) the Pauli matrices acting on qubit .

Note  however  that  the  QCD  (1)  scales  as  the  purity.
This is deemed an undesirable property for a measure of
quantum correlations, as it implies that it may increase
under  the  removal  of  an  uncorrelated  subsystem  [31,
35–37].  It  can  therefore  be  relevant  to  also  consider  a

ρ
√
ρ

rescaled  QCD.  Following  [37],  this  issue  can  be  solved
by  substituting  the  target  density  matrix  with  its
square root , namely, 

C̃(ρ) := C(
√
ρ) . (3)

C(ρ)/tr(ρ)
Another  workaround  for  the  purity-scaling  problem,  is
to simply consider the quantity . This somewhat
more  naive  trick  does  not  solve  all  of  the  problems
raised by this scaling issue [35–37]. It should however be
noted that, in all the cases covered in the present work,
it yields results sensibly identical to that of the rescaled
QCD.

ρ = |ψ⟩⟨ψ|When  computed  on  a  pure  state ,  both
Eqs.  (1)  and  (3)  reduce  to  a  measure  of  entanglement,
ED [28, 31, 33] 

E(|ψ⟩) = 1−
M−1∑
µ=0

∑
j=1,2,3

∣∣∣⟨ψ|σµ
j |ψ⟩

∣∣∣2 . (4)

ρ

{pj , ρj}

Yet, for mixed states, quantum correlations include, but
are  not  limited  to,  entanglement.  Given  a  state ,
consider  all  of  its  possible  decomposition ,  such
that 

ρ =
∑
j

pjρj , (5)

∑
j pj = 1 tr[ρj ] = 1where  and .  A  conventional  method

for  building  a  mixed-state  entanglement  measure  from
any pure-state entanglement measure is the convex roof
construction [38], namely, 

E(ρ) = min
{pj ,ρj}

∑
j

pjE(ρj) . (6)

The latter formula is not generally tractable, due to the
exponential complexity of the minimization procedure.

E(|ψ⟩) = 0 |ψ⟩ E

E

We have shown in Ref.  [34]  that the ED, along with
its  convex  roof  expansion  to  mixed  states,  fulfils  the
three  conditions  required  for  an  entanglement  measure:
that  is  i)  iff  is  fully  separable;  ii)  is
invariant  under  local  unitary  transformations;  iii) 
does  not  increase  under  local  operation  and  classical
communications.

Note  that  the  QCD,  as  well  as  the  ED,  behaves  as
averages of the quantum correlation or entanglement of
each qubit with the rest of the system, respectively.

ρ

ρ

We have proposed [25, 31, 33] a regularization procedure
for , that suppresses the quantum correlations unrelated
to  entanglement.  By  this  procedure,  the  measure  of
quantum  correlations  (1)  catches  the  true  degree  of
entanglement  of .  However,  the  implied  procedure
remains quite difficult to perform, and we were not able
to  apply  it  to  the  multipartite  cases  arising  in  this
study. 
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3   Tavis–Cummings model

M

The TC model is an interesting generalization of the JC
model,  where  two-level  atoms  (qubits)  interacting
with  a  single-mode  of  a  quantized  electromagnetic  field
are  considered  [39].  The  TC  model,  indeed,  gives  the
opportunity to observe further non-classical effects, such
as  state  squeezing  and  quantum  state  entanglement.
These latter phenomena, in particular, are considered of
primary importance, for instance, in pushing the perfor-
mance  of  optical  atomic  clocks  toward  the  Heisenberg
limit [40].

The TC Hamiltonian reads 

H = ωca
†a+ ωzS3 −

λ√
M

(a†S− + aS+) , (7)

a† a

[a, a†] = 1

Sj j = 1, 2, 3

[Si, Sj ] = iϵijkSk S± = S1 ± iS2

ℏ = 1

Sj =
∑M−1

µ=0 σµ
j /2 µ = 0, . . . ,M − 1

ωc

ωz

λ

where  and  are the creation and annihilation operators
of  photons  in  the  cavity  and  satisfying .  The
total spin operators components , , satisfy the
usual  commutations  and .
Here  and  in  the  following  we  consider  units  in  which

.  In  terms  of  the  Pauli  matrices,  we  have
,  where  runs  on  the

index  of  the distinguishable atoms.  The  model  has
three  tuning  parameters:  the  photon  frequency ,  the
atomic  energy  splitting ,  and  the  photon–atom
coupling .

It is clear from the form of (7) that the QPT implies
correlations  or  even  entanglement  between  the  atoms
and the  field.  However,  as  we  will  show,  it  also  entails
correlations and entanglement between the atoms them-
selves,  despite  the  absence  of  direct  interaction  among
them. While this could be expected, an extensive study
of  these  correlations  and  their  scaling  with  the  size  of
the system has yet to be conducted.

H = HI +HII

HI = ωc(a
†a+ S3) HII = ∆S3 − λ/

√
M(a†S− + aS+)

∆ = ωz − ωc [HI ,H] = 0 HI

HI HII

The  calculation  of  the  eigenstates  is  achievable  by
writing  down  the  Hamiltonian  of  the  full  system  as  a
sum  of  two  commuting  terms.  Namely, ,
where , 
and  is the detuning. Since ,  is
a  conserved  quantity.  It  results  that,  while  the  full
Hilbert space is infinite-dimensional, the energy spectrum
can be organized in multiplets of simultaneous eigenstates
for  and . 

4   Quantum phase transition

HI

EI
k = ωc(k −M/2)

dIk = min(k + 1,M + 1) k ∈ N

HII

HI
k k dIk
EI

k k

The  eigenvalues  of  the  conserved  quantity  are
 and  their  corresponding  multiplicities

,  with  the  total  excitation
number. Therefore, to determine the energy spectrum of
the full Hamiltonian, we can diagonalize  in each of
the eigenspaces  of constant  (of dimension ) asso-
ciated  with  the ’s  or,  equivalently,  with  the ’s.  Let

|nph,M3⟩ nph
S3

M3 −M/2 ≤M3 ≤M/2

|nph,M3⟩ S2

M/2(M/2 + 1) k HI
k

|k,−M/2⟩, . . . , |0, k −M/2⟩
k ≤M |k,−M/2⟩, . . . , |k −M,M/2⟩ k > M

H

HI
k Ek

HI
k k = 0, 1

us  denote  with  the  tensor  product  of  a -
photon  Fock  state  and  a  normalized  eigenstate  of 
with  eigenvalue , .  Note  that  the
states  are obviously also eigenstate of  with
eigenvalues .  The -th  eigenspace  is
spanned  by  the  vectors ,  for

 and ,  for .  Since
we are investigating the properties  of  the ground state,
we are solely interested in the lowest eigenvalue of  in
each , that we denote . The full Hamiltonian spectrum
can be determined via numerical methods. Nevertheless,
we  can  catch  some  hints  about  the  mechanism  at  the
base of the QPT, by investigating the properties of the
lowest levels of , for .

|E0(g)⟩ = |0,−M/2⟩
HI

0 E0(g) = −ωzM/2

H HI
1

The vacuum state  is the eigenstate
in  with  eigenvalue .  The  minimum
energy level of  in  reads 

E1(g) =
ωc

2
+
ωz

2
(1−M)

− ωz

2

√(
1− 1

η

)2

+
4g2

η
, (8)

η = ωz/ωc g = λ/
√
ωcωz g

g ≫ 1

η

η = 10

where we have introduced the dimensionless parameters
 and . The parameter  represents

the atom-cavity coupling strength, with  indicating
the  strong  coupling  regime.  For  the  sake  of  simplicity,
we will  drop the dependences on the parameter ,  that
we fixed to  throughout this work. The corresponding
eigenstate is 

|E1(g)⟩ = s|0, 1−M/2⟩ − c|1,−M/2⟩ , (9)

s = sin(β/2) c = cos(β/2)where  and , with 

β = arccos

[
1− η−1√

(1− η−1)2 + 4g2η−1

]
. (10)

g < 1

|E0(g)⟩ g = 1 E0(g) E1(g)

HI
k

For , the ground state of the full Hamiltonian (7) is
.  Yet,  at  level  crosses  level ,

which then becomes the ground state energy of the full
Hamiltonian.  This  first  level  crossing  is  followed  by
further  crossings  between  minimum  energy  levels  of
successive eigenspaces . Formally, 

∀k, ∃! gk s.t. ∀g < gk, Ek(g) < Ek+1(g),

and ∀g > gk, Ek(g) > Ek+1(g).

g

HI
k

k

Ek k = 0, . . . , 50

E0, E1, E2, E3, E4

In  other  words,  as  increases,  the  ground  state  of  the
full Hamiltonian is successively found in eigenspaces 
of  larger . Figure  1 shows  the  crossings  of  the  energy
levels ,  for . Figure 2 is  a  zoom, showing
the crossing of the levels .

g = 1At , the system undergoes a quantum phase tran-
sition under the form of a spontaneous symmetry break-
ing.  In fact,  the Hamiltonian (7) is  invariant under the
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U(1)

eiTϕ T = HII + I∆M/2

ϕ ∈ R [H,T ] = 0 g < 1

T |E0⟩ = 0 g > 1

continuous  symmetry  group  associated  to  the
unitary  operators ,  where  and

, since . Yet, for  the ground state is
invariant  under  the  action  of  such  operators,  since

, on the contrary, for  the ground state is
no longer invariant under the same symmetry, bringing
the  system  to  a  SSB.  A  similar  investigation  was
proposed in the context of the Jaynes–Cummings model
in Ref. [19].

k ≫M

The  regime  of  a  high  photon  occupation  number  in
the  cavity  corresponds  to  the  asymptotic  limit ,
where  the  full  Hamiltonian  can  be  approximated  as
follows: 

H ≈ ωc

(
k − M

2

)
I+ ωz

(
1− 1

η

)
J3

− 2ωzg

√
k

ηM
J1 , (11)

Jj j = 1, 2, 3

J2 J3
HI

k

where  the  operators ,  for ,  are  the  usual
angular  momenta  operators.  We  introduce  the  usual
basis of eigenstates for  and  derived from the basis
vectors of , according to the following mapping:
 

|J =M/2, J3 =M3⟩ := |k −M/2−M3, M3⟩ , (12)

M3 = −M/2, . . . ,M/2

HI
k

for .  The  minimum  energy  level  of
the  approximated  Hamiltonian  (11)  in  each  eigenspace

 writes
 

Ẽk(g) = ωc

(
k − M

2

)

− ωz
M

2

√(
1− 1

η

)2

+
4g2k

ηM
, (13)

and the corresponding eigenvector is 

|Ẽk(g)⟩ =
M∑
n=0

(
M
n

) 1
2
cM−n
k snk |k − n, n−M/2⟩ , (14)

ck = cos(βk/2) sk = sin(βk/2)where ,  and 

βk = arccos

[
(1− η−1)√

(1− η−1)2 + 4g2η−1k/M

]
. (15)

E150(g)

Ẽ150(g)

g

Ẽk(g) Ẽk+1(g)

In Fig. 3 we compare the plots of , derived by
direct  numeric  diagonalization  of  the  full  Hamiltonian
(7), and of , computed from Eq. (13). The agreement
between the  two plots  is  very  good on a  wide  range  of
values  for .  Furthermore,  after  Eq.  (13),  it  is  easy  to
prove  that  the  crossing  between  and 
occurs at the point 

g̃k ≈

 2k

ηM

1 +√
1 +

(
M(η − 1)

2k

)2


1
2

. (16)

η → ∞
Remarkably,  in  the  limit  of  strong  spin  energy  separa-
tion, that is , all the crossing-level points merge at
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−60E k
(g

) −40

−20

0

1
g

2

 
g
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Fig. 1  Minima  energy  eigenvalues  versus ,  for  the  first
fifty multiplets. The figure refers to a system of  qubits
and with .
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Fig. 2  The  figure  shows  a  zoom  the  energy  levels 
(continuous line),  (dashed line),  (dotted line),  (dot-
dash line),  (gray dot-dash line) versus . The parameters
are the same as for Fig. 1.
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E150 g

HI
k k = 150

M = 8 η = 10

E150(g)

Fig. 3  The  figure  compares  the  plots  of  the  energy  level
 versus , corresponding to the minimum energy eigenvalue

of  the  eigenspace , .  Here  we  have  considered  a
system  with  qubits  and  with .  In  continuous
black line, we report  derived by numeric diagonalization
of  the  full  Hamiltonian  (7)  and  in  dashed  red  line  the
approximated  level  given  in  Eq.  (13).  The  agreement
between the two curves is very good.
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g = 1the quantum phase transition point .
Note  that,  from  Eq.  (16),  the  distance  between  two

successive level crossings scales as 

dg̃k = (g̃k+1 − g̃k) ∼ o

(√
1

kηM

)
. (17)

M → ∞
g = 1

This  suggests  that,  also  in  limit ,  all  the  level
crossings merge at .

k̃∗
Remarkably,  the  relation  (16)  can  be  reversed  to

obtain  the  excitation  number  associated  to  the
ground state, 

k̃∗ ≈ g2ηM

4
, (18)

k ≫M

nph ≈ k k∗
valid  in  the  regime .  Note  that,  in  this  regime,

,  and  may thus be considered as  the number
of photons in the system.

k∗ g

k∗/M

k∗/M ≈ ηg2/4

g ≳ 2 k∗ M

g

k∗ g ≳ 1

g ≈ 1

In Fig.  4,  we  show  the  behaviour  of  the  excitation
number  of  the  ground state  as  a  function of .  The
curves , shown in Fig. 5, all collapse onto the same
curve,  and  agreement  with  the  analytic  approximation

 [see Eq. (18)] is very good, especially when
. It results that  is linear in  and quadratic in

,  up  to  very  small  corrections.  This  suggests  that,  in
the  thermodynamic  limit,  diverges  for  all ,  and
all the level crossings thus collapse at , accounting
for the phenomenon of superradiance.

g

o (Mk)
−1/2

M

Note that, as predicted in Eq. (17), the precision on 
required  to  capture  all  the  level-crossings  is  of  order

.  The  complexity  of  the  computations  is  all
the more increased, considering higher . 

5   Quantum correlations

g η ωc

In  this  section,  our  main  focus  lies  on  examining  how
the system responds to changes in the coupling parameter
.  We  thus  set  and  to  reasonable  fixed  values,

η = 10 ωc = 1

ρs(g) ρ(g)

ρs(g) =

trph[ρ(g)]

namely  and ,  as  we  did  in  the  previous
figures.  The  QCD  between  the  atoms  is  computed  by
applying  definition  (1)  to  the  atomic  density  matrix

. The latter is derived from the density matrix 
describing the ground state of the full system, by tracing
out  the  photonic  part  of  the  system,  namely 

.
gThe -dependent  ground  state  of  the  full  system

writes 

|GS(g)⟩ = |Ek(g)⟩ ,
where Ek(g) = min

n
{En(g)} . (19)

g < 1 g ≳ 1 k ≫M

g

In  the  general  case,  we  compute  the  QCD  by  numeric
calculations.  Nevertheless,  we  present  hereafter  the  few
analytically  tractable  closed-form  results,  namely  the
cases ,  and .  Doing  so,  we  aim  at  a
better understanding of the behaviour of the QCD in the
-parametric  space.  Furthermore,  it  provides  a  well-

suited test for the validity of the approximated Hamilton
ian (11).

|DM
n ⟩ M |S = M

2 ,M3 = n−
M
2 ⟩ = |DM

n ⟩ S3 M3 = n− M
2

n

In  our  calculation,  we  will  resort  to  the  Dicke  states
 of -qubits.  The  eigenstate 

 of , of eigenvalue , is in fact a
degenerate  state  of  excited  qubits.  Thus,  it  equates
the Dicke state 

|DM
n ⟩ =

(
M
n

)− 1
2 ∑

j

Pj

{
|e⟩⊗n ⊗ |g⟩⊗M−n

}
, (20)

∑
j Pj

µ = 0, . . . ,M − 1 |e⟩µ |g⟩µ

σµ
3 +1 −1

S3|DM
n ⟩ =(

n− M
2

)
|DM

n ⟩

where we denote with  the sum over all the possible
permutations and, for ,  and  are
the  eigenstates  of  with  eigenvalues  and ,
respectively.  It  can  easily  be  verified  that 

.
The atomic part of the ground state can thus always
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Fig. 4  The figure reports the excitation number  of the
ground  state,  as  a  function  of  the  coupling ,  derived  by
numerical  calculations,  in  the  cases 

.  Line  shows  the  asymptotic  prediction
(18), valid in the limit .
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Fig. 5  The figure reports the excitation number per qubit
 of  the  ground  state,  as  a  function  of  the  coupling ,

derived by numerical calculations. All the curves, corresponding
to  the  cases ,  are  completely
overlapping,  and  represented  by  the  single  red  curve.  The
dotted  line  shows  the  asymptotic  prediction  drawn  from
Eq. (18), valid in the limit .
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be expressed as 

ρs(g) =
M∑
n=0

pn|DM
n ⟩⟨DM

n | , (21)

µ

namely, a mixture of Dicke states. Yet, the Dicke states
(20) are clearly symmetric under any permutation of the
qubits, and so is any mixture of Dicke states. The quantities
of  interest  can  thus  always  be  calculated  considering  a
single arbitrary qubit .

As  a  preliminary  to  the  computation  of  the  QCD in
various cases, the following will prove necessary, 

⟨DM
n |σµ

1 |DM
n′ ⟩ =

√(
M − n

M

)(
n+ 1

M

)
δn,n′−1

+

√(
(M − n+ 1)

M

)
n

M
δn,n′+1 ,

⟨DM
n |σµ

2 |DM
n′ ⟩ = i

√(
M − n

M

)(
n+ 1

M

)
δn,n′−1

− i

√(
(M − n+ 1)

M

)
n

M
δn,n′+1 ,

⟨DM
n |σµ

3 |DM
n′ ⟩ =

(
2n

M
− 1

)
δn,n′ .

(22)

λµi (ρs) i = 1, 2, 3 Aµ(ρs)

From the latter identities, it is indeed possible to derive
the eigenvalues  ( ) of the matrices ,
as defined in Eq. (2).

After some calculation, we obtain the following formu-
las, valid in the most general case 

λµ1(2)(ρs) = 2
M−1∑
n=0

pnpn+1

(
M − n

M

)(
n+ 1

M

)
,

λµ3 (ρs) =
M∑
n=0

p2n

(
2n

M
− 1

)2

, (23)

λµ1(2)(ρs) = λµ1 (ρs) = λµ2 (ρs)where .
g < 1

|E0(g)⟩ ρs(g) = trph[|E0(g)⟩⟨E0(g)|] = |DM
0 ⟩⟨DM

0 |
pn = δn,0 ρ2s = ρs

Case  In this case, the full system ground state
is  and . We
hence  have .  Remark  that ,  i.e.,  the
ground state is pure. From Eq. (23) we get 

C
(
ρs(g < 1)

)
= 0. (24)

g ≳ 1 |GS(g)⟩ = |E1(g)⟩Case   reported  in  Eq.  (9)  and
we have 

ρs(g ≳ 1) = s2|DM
1 ⟩⟨DM

1 |+ c2|DM
0 ⟩⟨DM

0 | , (25)

s = sin(β/2) c = cos(β/2) βwhere ,  and  is  given  in
Eq.  (10).  Remarkably,  the  fact  that  the  partial  trace
operation  results  in  a  mixed  state,  highlights  that  the
photonic  and  atomic  parts  of  the  system are  entangled

in this case.
tr(ρ2s) =

s4 + c4 pn = s2δn,1 + c2δn,0

By  direct  calculation  we  derive  the  purity 
.  Furthermore,  inserting  in

Eq. (23), we obtain 

λµmax

(
ρs(g ≳ 1)

)
= s4 + c4 − 4

s4

M

(
1− 1

M

)
, (26)

thus 

C
(
ρs(g ≳ 1)

)
=

4s4

M

(
1− 1

M

)
. (27)

k ≫ M

|GS(g)⟩ ≈ |Ẽk(g)⟩
ρ̃s

Case  We  now  consider  the  approximated
ground  states  of  Eq.  (14), .  Let  us
denote  the  corresponding  atomic  density  matrix.  Its
probabilistic weights write 

pn(k ≫M) := αkn =

(
M
n

)
c
2(M−n)
k s2nk . (28)

Once  again,  the  mixedness  of  this  state  indicates  a
strong  entanglement  between  the  photonic  and  atomic
parts  of  the  system.  By  direct  calculation  we  get  the
purity 

tr(ρ̃2s) =
M∑
n=0

α2
kn , (29)

pn = αkn

Aµ

and,  inserting  in  Eq.  (23),  we  get  the  two
eigenvalues of  

λµ1(2)
(
ρ̃s
)
= 2

M∑
n=0

α2
kn

(
sk
ck

)2 (
M − n

M

)2

,

λµ3
(
ρ̃s
)
=

M∑
n=0

α2
kn

(
2
n

M
− 1

)2

. (30)

Finally, we get 

C(ρ̃s(g)) = min

{
M∑
n=0

α2
knβn,

M∑
n=0

α2
knγn

}
, (31)

with 

βn = 4
n

M

(
M − n

M

)
,

γn = 1− 2

(
sk
ck

)2 (
M − n

M

)2

. (32)

C(ρs)

g

M = 2, 4, 8, 16, 32, 64, 128, 256

k ≫M

M∗ = 256

k ≫M

Figure 6 reports the QCD per qubit  as a function
of , achieved by numerical calculations. The lines refer
to  the  cases  and  the
asymptotic predictions, valid in the limit , for the
case  (see the legend). The agreement between
the numerical results and the analytical prediction valid
in  the  limit  is  very  good in  the  strong coupling
regime.
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1 < g < 2Note  that,  in  the  region ,  the  QCD displays
an inflexion point in the form of a peaked discontinuity.
The  latter  corresponds  to  a  crossover  between  the  two
eigenvalues presented in Eq. (23).

M g ≳ 1

tr(ρ2s) g

M

Here, it is evident that the QCD decreases on average
as  a  function  of ,  even  near  the  transition  at .
However, this behavior is primarily driven by the purity
term in the QCD. Indeed, Fig. 7 shows that the purity,

, decreases both as a function of  and as a function
of .

Motivated by this observation, we thus deem especially
useful in this case to also consider the rescaled measure
(3).

√
ρs

pn
ρs

√
pn

g ≳ 1

The Dicke states form an orthonormal basis, so  is
straightforwardly obtained by substituting, in Eqs. (21)
and (23), the probability weights  (i.e., the eigenvalues
of ) with their square root . It results, in the case

, 

C̃(ρs(g)) =
4s2

M

(
1

2
− 1

M

)
, (33)

k ≫Mand, in the case , 

C̃(ρ̃s(g)) = min

{
M∑
n=0

αknβn,
M∑
n=0

αknγ
′
n

}
, (34)

with 

γ′n = 1− 2
sk
ck

(
M − n

M

) 3
2
(
n+ 1

M

) 1
2
. (35)

C̃(ρs(g))

g

k ≫M

M

g ≳ 1

0.6 g ≫ 1

0.5

Figure 8 reports the rescaled QCD per qubit 
as  a  function  of ,  achieved  by  numerical  calculations.
Once  again,  the  agreement  between  the  numerical
results  and  the  analytical  prediction  valid  in  the  limit

 is  very good in the strong coupling regime. The
rescaled  QCD  clearly  converges,  with  increasing ,
toward a finite value both at  (where it approaches
a  value  greater  than )  and  for  (where  it
approaches ).

pn
√
pn

Most interestingly, when the rescaled QCD is considered
(thus  we  substitute  with ),  the  third  eigenvalue
of Eq. (23) becomes 

λµ3 (
√
ρs) =

M∑
n=0

pn
∣∣⟨DM

n |σ3|DM
n ⟩

∣∣2 . (36)

gIn  the -region  previous  to  the  peak,  this  eigenvalue  is
the largest. This yields 

C̃(ρs(g < gM )) =
M∑
n=0

pnE
(
|DM

n ⟩
)
, (37)

gM M

E g < gM

ρs
g > gM

where  is  the -dependent position of the peak and
 is the ED, as defined in Eq. (4). Thus, for , the

rescaled  QCD equates  the  average  entanglement  of  the
Dicke  states  entering  in  the  statistical  mixture .  On
the contrary, for , the first eigenvalues of Eq. (23)
become  larger  than  the  third  one.  The  QCD  then
becomes smaller than this average. Quantum correlations
are hence diminished in this latter case by the interaction
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Fig. 6  The figure plots the QCD per qubits  versus ,
derived  by  numerical  calculations.  The  lines  refer  to  the
cases of a system with  qubits.
Line  shows the asymptotic prediction (31), valid in
the limit .
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pn(g)

g

g < gM

between the Dicke states entering the mixture. One can
grasps an intuition of this fact by considering the shape
of the eigenvalues in Eq. (23). Ultimately, this crossover
can be attributed to the fact that the distribution 
becomes more evenly spread as  increases, while almost
only  the  first  excitation  numbers  take  finite  values  for

.

g ≤ 1 M

g > 1

As  anticipated,  quantum  correlations  between  atoms
is  null  for ,  and  converges,  with  increasing ,  to
finite values for , thus behaving as an order parameter
marking the superradiant transition. 

6   Quantum entanglement

Quantifying the entanglement of an arbitrary state is a
notoriously  challenging  task.  Unfortunately,  Eq.  (6)  is
not  a  priori  tractable  for  general  Dicke  mixtures.  We
however have at  our disposal  a few tools  to investigate
the amount and nature of  the entanglement among the
assembly of atoms.

ρ =
∑

j pj |DM
j ⟩⟨DM

j |
pj

ρΓ Γ⌊
N
2

⌋

In  Ref.  [41],  a  separability  criterion  for  mixtures  of
Dicke  states  was  proposed.  Given  a  state  of  the  form

,  it  relies  on  the  positive  semi-defi-
niteness of Hankel matrices formed with the weights ;
an equivalent formulation of the same criterion involves
the  positive  semi-definiteness  of ,  where  stands  for
the partial transpose of  subsystems.

ρs
M ∀g > 1

η ωc

ρs(g > 1)

M

We  applied  both  of  these  methods  on  the  atomic
reduced  ground  states  and  found  that,  for  each
considered ,  it  is  entangled ,  and  separable
otherwise;  this  result  is  independent  from  the  value  of
the  other  parameters,  and .  Unfortunately,  this
criterion, as effective as it  may be, lacks a quantitative
aspect.  Hence,  though  is  entangled  for  all  the
values  of  we  considered,  the intensive degree  of
entanglement  could  be  tending  to  zero  as  we  approach
the thermodynamic limit.

E(ρs)

For  lack  of  a  general  computationally  affordable
measure  of  entanglement,  we  can  define  bounds  for

 as defined in Eq. (6). Let us first define the total
two-tangle per qubit [32] 

τtot(ρs) =
1

M

∑
(µν)

C2
µν(ρs) , (38)

Cµν(ρ) := C (ρµν)

ρµν = trµ̄ν(ρ)
(µ, ν)

where  is  the  concurrence  computed  on
the  two-qubit  reduced  state ,  obtained  by
tracing out the complement of the pair  in the set
of all the qubits. The sum is running over all the pairs of
distinct qubits.

1
M

The  factor  insures  that  this  quantity  is  intensive,
and thus comparable with the other quantities presented
in  this  work.  This  is  for  instance  in  contrast  with  the
convention chosen in Ref. [42]. It is a well-known result
that,  in  virtue  of  the monogamy  of  entanglement,  this

quantity stems as a lower bound for the total amount of
entanglement in the system [32, 43]. It is easy to verify
that the measures of the total entanglement employed in
the  latter  references  are  in  fact  equivalent  to  Eq.  (6).
The monogamy theorem is thus valid in this context.

g < gM

We  can  also  consider  the  valuable  information
provided the QCD and rescaled QCD in this context. In
fact,  the  latter  provides  an  upper  bound  for  the  total
amount of entanglement in the system, as measured by
Eq.  (6).  Furthermore,  as  emphasized  in  the  previous
section, in the region , the QCD values as shown
in  Eq.  (37),  which  constitutes  an  obvious  roof  for
Eq. (6).

ρsThus, the entanglement of , as defined in Eq. (6), is
bounded as follows: 

τtot(ρs) ≤ E(ρs) ≤ C̃(ρs) . (39)

τtot(ρs) = (M − 1)C2
µν(ρs), ∀µ ̸= ν

g

M

M = 2 g ≳ 1

M g

The Dicke  states  are  symmetric  by  permutation.  Thus,
,  making  computations

much easier. As shown in Fig. 9, we found that the total
pairwise  entanglement,  as  measured  by  the  two-tangle
per qubit, vanishes for large  for any system size. It is
furthermore a decreasing function of , thus taking its
maximal  value  for , .  It  results  that,  if  the
entanglement does not vanish for large  or large , it
must be multipartite in nature.

g ≳ 1

g

The behaviour of the rescaled QCD, shown in Fig. 8,
stems  as  a  clue  suggesting  that  entanglement  is  not
asymptotically  vanishing  in  large  systems.  It  might
attains  a  finite  value,  with  a  prominent  peak  in  the
region .  Furthermore,  as  previously  emphasized,  it
would  be,  especially  in  parametric  regions  of  larger ,
genuinely  multipartite,  rather  than  a  mere  pairwise
entanglement.

C(|DM
1 ⟩) = 2/N

In  favour  of  the  occurrence  of  genuine  multipartite
entanglement  in  the  ground state  of  the  TC model,  let
us draw another argument. It was shown that the maximal
concurrence of a pure Dicke state is  [44].
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Fig. 9  The  figure  plots  the  total  two-tangle  per  qubit
versus ,  derived  by  numerical  calculations,  in  the  cases

.  The  asymptotic  prediction
(31),  valid  in  the  limit ,  yields  uniformly  null  total
two tangle, for all values of .

RESEARCH ARTICLE FRONTIERS OF PHYSICS

Arthur Vesperini, et al., Front. Phys. 20(2), 023303 (2025)   023303-9

 



τtot(|DM
1 ⟩⟨DM

1 |) = E(|DM
1 ⟩) = 4(M − 1)/M2

M M/2

E(|DM
M/2⟩ = 1

τtot

It follows the total two-tangle, which equates the ED in
this case: . Yet,
for  even,  the  Dicke  state  with  excitations  is
maximally  entangled,  namely ,  while  its
total two-tangle is null. This emphasizes that the entan-
glement  of  high-dimensional  Dicke  states  is  in  general
poorly  bounded by the quantity .  Its “entanglement
content” is  thus  mainly  of  higher-order,  rather  than
pairwise,  and  can  be  extensive.  The  same  observation
may be applied to mixed Dicke states, hence our argument
in  favour  of  a  non-vanishing  genuinely  multipartite
entanglement, in the ground state of the TC model.

η = 10

η g

In  the  light  of  the  results  presented  in  this  section,
entanglement  stems as  an order  parameter,  at  least  for
the finite-sized superradiant phase transition undergone
by the TC model. It is possibly also the case in the ther-
modynamic  limit,  for  the  considered  regime .
Furthermore,  it  is  quite  clear  that  the  shape  of  the
distribution  (28),  describing  the  ground  state  in  the
asymptotic  regime,  strongly  depends  on the  parameters
 and . It results that an appropriate tuning the latter

parameters can lead to a quasi-pure state, and consequently
to a non negligible amount of entanglement. 

7   Conclusions

T

gc = 1

The TC model is well-known to undergo a superradiant
QPT characterized by an SSB mechanism. It corresponds
to an infinite  sequence  of  energy level  crossings.  In  our
study, we explicitly define the algebra’s operator  that
establishes  the  symmetry,  which  is  indeed broken upon
crossing a critical value . The expectation value of
this  operator  therefore  behaves  as  an  order  parameter
for this QPT. Furthermore, above this value, the cavity
field becomes macroscopically occupied.

M

gc

M

We also have answered the question if quantum corre-
lations  and  entanglement  are  relevant  features  in  this
phenomenon.  In  fact,  the  mentioned  QPT is  associated
with a crossover of the quantum correlations of the -
qubits  density  matrix  of  the  system ground  state:  they
are  vanishing  below  the  transition  point ,  and  take
finite  values  above.  Quantum  correlations  between
atoms, as measured by the QCD, can thus be considered
an order parameter for the superradiant transition in the
TC model. Furthermore, this holds both for finite sized
systems, as those studied in this work, and in the ther-
modynamic  limit,  since  the  QCD  visibly  converges
towards a finite value, as the system size  increases.

Then,  resorting  to  an  entanglement  criterion  for
mixed  Dicke  states,  we  showed  that  this  transition  is
furthermore  accompanied  by  a  breaking  of  the  ground
state separability. By computing the total two-tangle in
the system, we were able to employ the monogamy theorem
to  bound  the  total  entanglement  of  the  system  from
below.  Meanwhile,  our  previous  results  pertaining  to

η

g

quantum  correlations  immediately  provided  an  upper
bound.  These  results  all  put  together  tend  to  indicate
that  the  system  holds  a  macroscopic  amount  of  entan-
glement  in  the  broken  symmetry  phase,  and  that  this
entanglement  must  be  multipartite  in  essence.  The
precise amount and nature of multipartite entanglement
then  depends  on  the  values  of  both  the  parameters 
and .

It would thus be of great interest to extend our study
to  the  full  phase  portrait  of  this  model,  namely  its
behaviour with respect to both parameters.

We expect our results to be valid in general in super-
radiant phase transitions; further investigations (i.e., on
the Dicke model, etc.) are thus desirable.

A further interesting subject is to investigate the deep
relation  between  quantum-phase  transitions  and  entan-
glement  in  general,  and  we  think  that  the  general
method  we  have  proposed  here  is  suitable  for  this
purpose.  Our  methods  could  also  be  profitably  applied
also in the study of superradiance at finite temperature,
where thermal decoherence effects take place. 
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